PION THEORY OF NUCLEAR FORCES WITH NUCLEON RECOIL

the treatment of nuclear forces may seem rather
questionable. However, it seems to us doubtful whether
the effect of nucleon recoil can be adequately taken
into account in the extended-source meson theory.
Moreover, as we have already pointed out, the per-
turbation theory even with strong coupling can be
applied to derive the nuclear potential outside the
phenomenological core, while there does not seem to
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be any theoretical justification at all for applying the
perturbation theory to the pion-nucleon scattering.
Therefore, it seems to us more reasonable to separate
the problem of nuclear forces from the problem of pion-
nucleon scattering, and test the validity of the present
nuclear potential (both with as well as without the
contribution of the p° meson) by applying it to the
interaction of two nucleons at nonrelativistic energies.

PHYSICAL REVIEW

VOLUME 117, NUMBER 4 FEBRUARY

Some Analytic Properties of the Vertex Function*

REINHARD OEHME
Lawrence Radiation Laboratory, University of California, Berkeley, California, and Enrico Fermi Institute for
Nuclear Studies and Department of Physics, University of Chicago, Chicago, Illinois

(Received September 3, 1959)

The absorptive part of the vertex function F[k2, p?, (k— )?]is an analytic function of the mass variables
k% and p2. On the basis of causality and the spectral conditions, the region of regularity D (o) of the absorptive
part 4 (k%,p%,0?) is obtained for fixed values of ¢ 2> ¢. The boundary of D(c) is calculated explicitly for the
case k®=p?%, which is of interest in connection with form factors. By the use of examples based upon pertur-
bation theory, it is shown that this boundary is characteristic for the physical assumptions that have been
made. The intersection D of all domains D(c¢) for ¢ 2 ¢ is the region for which F is an analytic function of all
three variables, with (k—p)? in the cut plane and (%% in D. The relation of these general results to the
composite structure of particles is discussed.

A simple, direct representation for the vertex function F is used in order to find limits for the region in the
(k— p)? plane where singularities are allowed by the axioms. For real k2= p?=3, it is shown that the singu-
larities are restricted to a finife region, and the static cut (k—p)?2>¢% provided z is below the onset of the
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corresponding cut in the z plane.

I. INTRODUCTION

N an earlier article! we have shown that in local field
theories the electromagnetic form factors of particles
can have singularities which are a consequence of the
structure of these particles as composite systems. These
“structure singularities” are related to the quantum-
mechanical tunnel effect. They appear in the physical
sheet of the complex z; plane [ z3= (k— p)?=momentum-
transfer variable] only if the particle in question can be
considered as a loosely bound system of its constituents
such that the binding energy, B, does not exceed a
certain limit. In the case of two constituents with
masses 7 and ms, we have the limitation

B<m—+ms— (m2-|—'m:;2)§. (11)

The restriction (1.1) can be obtained by the use of
examples from perturbation theory, but it is actually
more general. It also appears, in a somewhat different
form, if one derives analytic properties of the vertex
function on the basis of Lorentz invariance, causality,
and the spectral conditions.? In fact, it was in this

* Work supported in part by the U. S. Atomic Energy
Commission.

1 R. Oehme, Nuovo cimento 13, 778 (1959). This paper will be
referred to as II; it contains further references.

2 R. Oehme, Phys. Rev. 111, 1430 (1958). This paper will be
referred to as I.

context that limitations corresponding to Eq. (1.1)
were first obtained.?

In this paper we discuss some further analytic
properties of the vertex function which can be obtained
from the axioms mentioned above. In the first two
sections, we explore the “cut-plane” representation of
the vertex function. This representation has been
introduced in a previous reference.? It defines the
domain D in the space of the complex variables z;= k2
and zy=p? for which F(2:2:23) is an analytic function
for (21,2¢)eD, and 23 in the whole 23 plane except for
the static cut x32> ¢?, y3=0. The region D is the inter-
section of all D(c¢) for ¢>¢, where D(¢) denotes the
domain of analyticity of the absorptive part

A (21200%) = lirgl (1/23)[F (z1220%+1¢€)
—F(21220'2—i6):| (12)

as a function of z; and 2,. The mass ¢ 0 is given by the
spectral conditions. For the case z;=2,=2, which is of
interest in connection with form factors, we compute
the boundary of D(o) in the complex 2 plane. Then we
show, using examples based upon perturbation theory,
that the boundary is characteristic for the axioms that

3 H. J. Bremermann, R. Oehme, and J. G. Taylor, Phys. Rev.
109, 2178 (1958).
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we have used. This means that the region D(s) can
only be enlarged by introducing additional, new
assumptions into the problem.

In Sec. 3, we use a ‘“‘direct” representation of the
vertex function in order to obtain a limitation for the
region S in the 23 plane where complex singularities are
allowed by the axioms. In the derivation of the direct
representation, only a fraction of the consequences of
causality and spectrum are used, and hence the resulting
region of analyticity is not characteristic for these
physical principles. However, the representation is
sufficient to show that .S is finite if z is real and below
the onset of the static cut in the 2 plane.

Let us add here a few remarks concerning the
limitation (1.1). Physically we require that the masses
m and mg are restricted to the experimental masses of
existing particles having the right quantum numbers and
interactions to form the composite system with mass
Mo=m~+ms—B, the form factor of which we are
considering. However, in the general approach we use
very little information about the low-mass states in
the Hilbert space corresponding to the strongly inter-
acting particles. The spectral conditions give only
lower limits; they require for instance

2m>e. 1.3)

Often it is possible to find #nphysical masses 7 and 3
which satisfy the conditions (1.3) and lead to a binding
energy B such that the inequality (1.1) holds. Then
there appear structure singularities in the z; plane that
are unphysical, because they describe the composite
structure of the M, particle due to the probability
distribution of the physically nonexistent # and ms
particles with respect to the center of mass of the bound
system. As an example, take the form factor of the
nucleon, where e=M-+m,, ¢c=2m,, and Mo=M. For
the physical choice, m=m,, ms;=M, the inequality
(1.1) is not fulfilled, whereas the unphysical possibility
m=ms=%(M-+m,) gives

B=m,<[(V2—1)/N2](M+m.).

Physically, and according to the examples from pertur-
bation theory,! we expect that the composite structure
singularities appear always on the real axis for real
values of the mass variable z. On the other hand, we
know that in many practical cases the axioms, i.e.,
Lorentz-invariance, causality, and spectrum, do not
exclude the appearance of complex singularities in a
finite region of the 23 plane.* It is not known at present,
to what extent the additional assumptions, which are
necessary to eliminate the unphysical structure singu-
larities, will also restrict these complex singularities.

m+msz> a,

II. THE CUT-PLANE REPRESENTATION

It may be instructive to sketch briefly the main
steps in the derivation of the cut-plane representation

4R. Jost, Helv. Phys. Acta 31, 263 (1958).
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for the vertex function.? As usual, since we are interested
in the analytic properties, it is sufficient to consider only
real scalar fields. Let us introduce three such fields
o4(x), ¢p(x) and pe(x). We denote the corresponding
current operators by

Ax)=(O—m42)pa(x), etc.

The vertex function is then given as the Fourier
transforms of the vacuum expectation value of a
retarded or advanced product. We choose to write it in
the form

G(k1,ks) = f f dherdin, etrertitnGxy),  (2.1)
8C(0)

Gwy)= < |5¢B(x2)a¢,1(x1) 0>

= —0(=x1){0]6(—2)[[C(0),B(x2) ], 4 (w1)]
10 (21— 22)[C(0),L4 (21),B(x2) 111 0).

The current operators A4 (x), B(x), and C(x) satisfy
causality requirements of the form

34 (%1)/ 8¢ 5 (2) = — i (x1—w2) L4 (1),B(%2) ]=0 (2.3)
unless we have
(xl— x2)2> 0 and (xm—xgo) 2 0.

By means of an asymptotic condition, the function
G(ky,k2) is, of course, directly related to the matrix
element

where

(2.2)

<P]C(O>[k>v P=k1a k"_"—k?;

of the current operator C(0) between the one-particle
states corresponding to the fields ¢4 and ¢s,
respectively.

As a consequence of the causality condition (2.3),
the integrand in Eq. (2.1) has support only if x; and
%y both lie inside or on the past light cone; that is,
we have

G(x,9)=0,

These support properties imply that G(ki,ks) is the
boundary value of an analytic function in the com-
ponents of the four vectors %; and k.; it is regular in the
tube domain

Im k10> ]Im kl]; Im k20> IIm k2| .

unless %10 — [X1], %20 —|xe|.

(2.4)

The invariance of G(kiyk:) under orthochronous
Lorentz transformations and the analyticity in the
tube (2.4) are sufficient to assure that the analytic
function depends only upon the inner products®

and 23= (k1+k2)2. (25)

It is regular in the domain 91 over which the inner

z1=ki? 2a=k9,

5D. Hall and A. Wightman, Kgl. Danske Videnskab. Selskab,
Mat.-fys. Medd. 31, No. 5 (1957).
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products vary if the vectors vary over the tube (2.4).
The region 9 is a domain in the space of three complex
variables which is bounded by pieces of analytic
hypersurfaces.® Here we are only interested in the
property of 9 to contain the whole cut 23 plane,
provided z; and z, are real and negative. For such
values of 2; and 25 we may then write’

1 p°  A(z1290%)
F(2120%5) =— f dg?——,
0

™ 0'2—23

(2.6)

assuming that F(212:2;) is sufficiently bounded for
23— . In general a finite number of subtractions may
be required. The absorptive part A4 (21220?) is given by
Eq. (1.2); it can be directly expressed as a Fourier
transform of vacuum expectation values. Using Egs.
(2.1), (2.2), and (2.6), we find

7
ATk, b, (k] = [ [ty st

X{0[6(=#,)ILC(0),B(w2) [, A (a1)]
+0(21—22)[C(0),[4 (%1),B(x2) ]1[0).  (2.7)

The representation (2.7) will enable us to show that,
for fixed ¢?, the absorptive part 4 (2:2:0?) is an analytic
function of z; and z;, which is regular in a certain
domain D(s).

So far we have used only the causality conditions
(2.3), but we shall need now also the spectral conditions,
which may be expressed in the form

{0]4|ny=0 unless p.22>d%

(0| B|#)=0 wunless p.220?

(0|C|n)=0 unless p2>c
Here |#n) denotes a state with positive total energy
Pno and total momentum p,. Using the spectral condi-
tions, we can simplify the expression (2.7). The first
term in this representation may be decomposed with
respect to a complete set of intermediate states |n)
such that there always appears a factor (|4 (x1)|0) or
its complex conjugate. Hence we may use Eq. (2.8) to
show that the first term in Eq. (2.7) vanishes for

k2<a® In the region of interest, i.e., for z; and 2z,
real and negative, we may now write

ALk, ks, (kitks)*]
=—;ffd4xd4y exp[3i(ki— k) - y+i(kitk2) - x]

X0(y)(0|[C(—x), [A(3y), B(—3y)]10).

It is convenient to choose a Lorentz frame such that

(2.8)

(2.9)

6 G. Killén and A. Wightman, Kgl. Danske Videnskab. Selskab,
Mat.-fys. Skrifter 1, No. 6 (1958).

7 The relations (2 6) and (2.7) can also be obtained by the use
of the method described in Sec. 2 of reference 3.
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kitk2=(0,0), 0>0. We introduce in Eq. (2.9) a sum
over intermediate states in order to bring it into the
form

(1/2) T 1my f by exp[Ei(a— k)9 10(y)

X{0|[4(3y), B(—=%y)]ln)
X(n|C(0)]0)(2m)*5 (ks+ka— pn).

Because of ¢>0, the first term in the commutator
(2.8) gives no contribution. Let us write g=%(k1—ks)
and consider the functions

(2.10)

fral@=F(/2) f &ty oie (=)

X(0|[AGy), B(—3y)1lm), (2.11)

which are Fourier transforms of retarded and advanced
functions, respectively. As a consequence of the spectral
conditions, we find

fr(@)—fa(9)=0

unless we have

%Pu"l‘ q>2 Z @,

(%P”_ Q)z 2 bZ’ %Pno_ g0> 0.
In Eq. (2.11) we take pn=Fk1+ks=(0,0); then we have
fr=fa for all g that satisfy

jo— (*+)i<q<(@+@)—30.  (212)

The properties of the functions f, and f., as expressed
in Egs. (2.11) and (2.12), are sufficient to prove, by
the usual chain of arguments, that both functions are
boundary values of an analytic function f(g).® This
function is regular in the envelope of holomorphy of the
domain WI{JN(S), where we have

W={qg: |Im ¢o| > |Im q|}, (2.13)

and N(S) is a complex neighborhood of the region in
real space defined by Eq. (2.12). Disregarding possible
convergence factors and polynominals, the function
f(q) may be represented in the form?®

%P"O_*—q()? 0:

and (24)

® ®(x,u; %)
)= f du [ a—2T (214
w@w K—(g—u)?
where ® vanishes except for
luo| +]u| <30, kZko (2.15)

with

xo=max {0, a— [ (Fo+uo)*—u?J},
b—[ (Go—uo—w).
8 F. J. Dyson, Phys. Rev. 110, 1460 (1958); R. Jost and H.

Lehmann, Nuovo cimento 5, 1598 (1957); L. Garding and A.
Wightman (private communication).
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The envelope E[WJN(S)] is then given by the set of
points ¢ for which the denominator in Eq. (2.14) does
not vanish for amy set of parameters satisfying the
conditions (2.15). Note that f(¢) depends upon the
internal variables of the state |#) with p,= (¢,0).

We may now insert the representation (2.14) into
Eq. (2.10) and introduce, as a new weight function,
the result of the summation over all states |#) with
pa=(0,0). Then we obtain a representation for 4 (212:0?%)
which can be written in the form

4 (k12;k22;'72)

® W (ku; 0%)
=fd4uf dn .
o) K2—[5(k1—ko)—ul?

The weight function ¥ has support only for # and «
satisfying Eqs. (2.15). In addition it follows from Eq.

(2.16)
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vector u. Therefore, taking ¢ real, we can perform the
angle integration in Eq. (2.16) and find a representation
that depends only upon ¢o and ¢% In order to avoid
the appearance of a logarithm it is convenient to
redefine the weight function and write the represen-
tation in the form

30 jo—u
A(z1220%) = f du f duy
0 u—3c

X (/c,uo,u 5 ‘72)

X f dx .
w K= (QO—MO)2+Q2+“2:|2_4“2‘12

(2.17)

Here go and q* may now be taken complex. They are
given in terms of the covariant variables 2;, 25, and ¢% by

qo=(21—25)/20, q*=(0%/4)— [(z1+22)/2]

—29)/20 2. (2.18
(2.10) and the spectral condition involving C(x) that Hl@—a)/20F. (218)
V¥ vanishes for o?<c%. Although we have chosen a Using the definition
special Lorentz frame, we still have to make use of the 2l g2l g d _ _
invariance of 4 under space rotations. It follows that Margzs) =2+ 2o’ = 2o — 2oz — 2mazs, - (2.19)
the weight ¥ can only depend upon the length of the we finally obtain the cut-plane representation
1 i A (21220' 2)
F(212923) =— f do? ——,
T o2—23
where . — ( 2
- ” x(k,ém; 0
A (212202)=f dsf dnf dk , (2.20)
o Y& v [224+5(1+E—1)o>— (21+22) +n (21— 22) P— EN(21220%)
and with

ko=max{0, a— o[ (1+49)*— £},
b—3o[(1—np2—£1. (2.21)

In the language of function theory, the simple angle
integration which leads from Eq. (2.16) to Egs. (2.17)
or (2.20) corresponds to an enlargement of the envelope
E[WUN (S)]. This gain is due to the fact that we have
restricted our functions to the narrower class of rotation-
invariant functions depending only upon go and g2

III. THE DOMAIN OF REGULARITY

In the space of two complex variables, the domain
D(o) is the set of all points 2, 2s for which the de-
nominator in Eq. (2.20) cannot vanish for any allowed
set of parameters. The intersection of D(s) with the
real space has already been discussed in I. Here we will
generalize these results and compute the boundaries of
the domains D(c) for certain cases of interest. As far as
form factors are concerned we are mainly interested in
the function F(212:23) for z1=2,=2% and a¢=»5. In this
case D(o) degenerates to a region in the complex z
plane. For every o>¢ we can characterize the comple-
ment of D(c) by the set of all points which may be
represented in the form

z=x+1y=124 gt ik(c®—4g>)}, 3.1)

0<g<de and x> max{0, a—g}.
Then we find that the boundary can be described by
pieces of the three curves
V= "Ymax (%,0) = {[x+a(2x—a?)t]
X[32—x+a(2x—a)¥]}3,
Y=Y min(x,0)={[x—a (22— a?)¥]
X[3o2—x—a(2x—a)i]}},

(3.2)

y=ga?,

For ¢=0 we have the cut plane 2 a2, y=0, but as soon
as ¢ becomes finite the cut is embedded into a singular
region. In the interval 0S¢ <a, the domain D(o) is
then given by

|9] > Ymax(,0) i 3o?—acta?<a<a,
and 3.3)
[y|>oxt if x>dd
For a<¢<2¢e, we find
[9] <Ymin(®,0) 0F | Y] >Ymax(%,0)
if 1a2<x<io?—aota?
19> () 1 de—aorta<aga, (34)

and
|y >ox? if x>a
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Finally we obtain for c>a

(9] <¥min(®,0)  OF  [¥]> Ymax(2,0)
for a?/2<2K@, 3.5)
and

ly|>oat for x> a2

In order to give a qualitative picture of the domains
D(c) for various values of ¢, we have plotted the
boundary in Fig. 1 for several characteristic cases.

Of special interest is the intersection of the regions
D(o) for all ¢ 2> c. Let us define

D(a,c)= Q D(o).

oz¢

Then the vertex function F(z233) is an analytic function
of the two complex variables z and 2;, which is regular
for zeD(a,c) and all values of 23 except those on the
static cut x3>c?, v3=0. For spectral conditions with
c<a, the domain D(a,c) consists of all points z which
lie to the left of the line x=2%a? — o Ly -+ . But for
c¢>a, the region D(a,c) contains, in addition to the
points with x<}a?, the set
CZ

[9] <Ymin(2,c), %0*< x<‘2‘+a?~ac.

Here the quantity ymin(%,¢) is the function given in
Eq. (3.2) with a replaced by ¢. Using Fig. 1, one can
easily visualize the shape of D(a,c) as the intersection
of all D(s) foro>c.

We may now ask whether or not the regions D(c)
and (or) D(e,) are characteristic for the assumptions
we have made, namely Lorentz invariance, causality,
and the spectral conditions. Here we call a domain
characteristic if it is not possible to continue analytically
beyond its boundary without introducing additional,
new assumptions into the theory. From the method used
in Sec. 2 for the derivation of the cut-plane represen-

F16. 1. Boundaries of the domains D(¢) for various values of o
and z=z,=2,;, a=b=2. The region of analyticity lies always to
the left of the corresponding curve. The region D(a,) is the
intersection of all domains D (o) foro 2 c.
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tation, it is not evident that the domains D(c) are
characteristic. However, we shall show in the following
that it is possible to find functions that satisfy all the
conditions we have imposed and that have singularities
at points on the boundary of D(s). In this way we can
account for all boundary points of the domains D(s)
and thus prove that they are characteristic.

Perturbation theory is a rich source for the construc-
tion of functions satisfying our axioms. We use here
especially the function

Fp(2,33) = F p(2233,mmms),

which has been discussed extensively in I and II. In II
we have shown that, for all z=x-+4y with x<m?+4-mg?
the function F, may be represented in the form

©  A,(z0%
R (36)
4m? at—23
where the absorptive part 4 ,(z,0?) is given by
1
AP(Z;UZ) =
mto?+[z— (m~+-ms)*J[z— (m—m;)*]
2(z— md-+m?)—a?
(3.7

[o*(o*— )]

By construction, the function F,(z,2s) satisfies all our
axioms including the spectral conditions, provided we
require

m+ms>a and 2m>c. (3.8)

We may also generalize F,(2,23) somewhat by choosing
the lower limit of the integral in Eq. (3.6) to be an
independent constant co>¢. Then we consider 4,(z,6%)
only for o> co, and the spectral conditions are satisfied
for m~+ms3>a even though the mass 2m in Eq. (3.7)
may be smaller than c.

For a given o> ¢, the absorptive part 4 ,(2,0%) has a

pair of poles at
g=a-+iy=mi+mims o> —4dm? ]}, (3.9)

Let us choose the “masses” m and m3 such that we have

m-+mz=a
and
mit+mg=x,
or
2m=a=+ (25— a?)},
and (3.10)

2ms=aF (2x— a*)},

for x> 1a2. Using the upper sign in Egs. (3.10), we see
from Eq. (3.9) that the position of the pair of poles is
given by % and y=£9ymin(%,0). On the other hand, the
lower sign gives y=ztymax(x,0). Here the quantities
Vinax (%,0) and Ymin (%,0) are just the functions that have
been defined in Egs. (3.2). We can now account for
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the complete boundary of D(c) for any given ¢>c.
For every pair of points on the boundary, we use
function (3.7) for different values of the parameters m
and m3:

(a) The points on the curve y=zyni(x,0) are
obtained by the use of the upper sign in Egs. (3.10).
This curve is applicable in the interval ia?<x<io?
—ao+a? for a<o<2¢ and in $a?2<x<a? for 2 2a. In
both cases we have ¢ 2> 2m2 a.

(b) We obtain y==9yn.x(¥,0) using the lower sign
in Egs. (3.10). For ¢> ¢ the curve is applicable in the
range $6?<x< @ and for 0<a in the interval io®—ac
+a?<x<a?. We have always a>2m>0 besides the
conditions ¢ 2> c.

(c) Points on the curve y==ox? for x>a? can be
obtained with our example if we use the parameters
m=0, ms=2x?.

In the previous considerations we have used pertur-
bation theory only as a mathematical tool for the
construction of functions which satisfy the axioms.
However, as we have seen in I and especially in II, it
can also be used as a guide for the understanding of
the relation of certain singularities to physical properties
of particles. It is the boundary of the domain D(a,c)
that is of primary interest in this connection. For real,
positive values of the mass variable z=x and real,
negative values of the momentum-transfer variable
z3=1x3, the vertex function F(z,23)=F(222;) may be
interpreted as an electromagnetic form factor of a
stable particle with mass x}. For zeD(a,c), this form
factor is an analytic function in the 23 plane except
for the static cut x3>¢, ¥3=0, which is related to
absorptive processes. For the examples in IT a condition
corresponding to zeD(e,c) guarantees the absence of
structure singularities in the physical sheet of the 23
plane. But for real values of the mass variable, which
are above the boundary point of D(a,c) on the positive
real axis, the structure singularities are in the physical
sheet ; often they determine the slope of the distribution
in coordinate space. The formal connection between
the real boundary point of D(a,c) in perturbation theory
and in representation (2.20) has been discussed in I.
In view of the results obtained in II, we can now
describe these limitations in a physical language. Let
us use an example. In perturbation theory, the nucleon
form factors have only the usual absorptive singularities
(static cuts) in the physical sheet of the 23 plane®?;
they describe the pion cloud. Because of the con-
servation of nucleon number, it is nof possible to
consider the nucleon as a loosely bound system of two
other particles with masses # and ;3 such that the
binding energy B=m-~+ms;—M is smaller than m-+m;
— (m*+mg)}. However, if we use only the axioms

9Y. Nambu, Nuovo cimento 6, 1064 (1957); and 9, 610 (1958).
K. Symanzik, Progr. Theoret. Phys. (Kyoto) 20, 690 (1958);
R. Karplus, C. M. Sommerfield, and E. H. Wichmann, Phys. Rev.
111, 1187 (1958).
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employed in Sec. 2, the spectral conditions do not
specify the type of particles appearing in the inter-
mediate states. All they do is set a lower bound for the
total mass of a given state. Let us take the isotopic
scalar part of the electromagnetic nucleon form factor.
Then we have a=M+m,, c=3m,, and the boundary
curve of the domain D(a,) is given by the line
x=3(M-+m,)?, — o Ly< -+ . The point z=M? corre-
sponding to the mass shell lies outside of D(a,c), and
consequently there will be certain structure singularities
in the physical sheet of the z; plane. For example, the
spectral conditions do not prevent us from considering
the nucleon as a bound state of a boson with mass
m=3%m, and a baryon with ms;=M—2im, such that
m~+mz=M-+m, and 2m=3m,. This system is bound
loosely enough for the slope of the m-particle distri-
butions to reach outside the pion cloud. The maximal
range of the probability distribution of the m particle
is given by?

2M —m, 1
o= > .
dm QM +me) (M —me) ]t 3me

Although the conservation of nucleon number has been
used in order to obtain the spectral condition with
a=M-+m,, the condition itself does not exhaust the
information about the corresponding lowest inter-
mediate state |7). We have not used the fact that this
state consists of one physical nucleon and one pion.
If we want to exhaust such information in the general
approach, we are led to consider relations of the vertex
function with Green’s functions of higher order. It is
reasonable to expect that a more complete analysis of
this kind will eliminate the wumphysical structure
singularities. However, according to their definition in
II, structure singularities appear always on the real
axis, and we know, especially from Jost’s example,* that
they are not the only source of nonabsorptive singu-
larities in the z; plane. In any case, as we have seen
from the example given in I as well as in Sec. 1 of this
paper, the limitation <% (M -+m.,)? can be understood
in terms of unphysical structure singularities.’®

IV. DIRECT REPRESENTATION

In the previous sections we have discussed the
analytic properties of the vertex function F(212523)
starting with the requirement of regularity in the cut
23 plane. From Eq. (2.20) we can in general obtain a
domain D(a,b,c) such that F(z12:25) is an analytic
function of three complex variables for (21,22)eD(a,b,c)
and z; in the cut plane. If (21,22) are not in D(a,b,c), we
expect additional singularities to appear somewhere
in the 23 plane. For this case it would be of interest to
know the exact shape of the region of analyticity in the
23 plane, especially for real, positive values z1=x;<a?

10 In the case of the pion-nucleon vertex and the nucleon-

nucleon scattering amplitude, the situation is completely analogous
to the one described here.
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and go=1x, <02 The problem of finding the region that is
characteristic for the axioms is essentially equivalent
to that of computing the complete envelope of holo-
morphy of the primitive domain obtained from Lorentz
invariance, causality, and spectrum. We shall not
undertake this rather involved task.!® Instead we
derive a simple representation, which is not the best
possible, but which is sufficient to show that, for positive
a, b, and ¢, the points where singularities may occur
are restricted to a finite region in the z; plane and the
static cut %32 2, y3=0.

Let us write the vertex function (£|C(0)|#) in the
form

Gk, —p)=—i f @ e 9(— )(0|[C(0),4 ()] p),

where |p) is a one-particle state corresponding to the
field ¢. We introduce the related advanced function
and write, using translation invariance,

G,.q(k, —p)=:i:ifd4x e'4%0(4=x)
X{0|[4 (), C(—32)1( p),

where g=k—%p. We choose a Lorentz frame such that
p=1(2t,0). As a consequence of the spectral conditions
(2.8), we find then that we have G,—G,=0 for all

(4.1)
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geS’ where S’ is the region
— (@) <qo< (@*+q2)t—t. (4.2)

By arguments that are completely analogous to those
used in Sec. II, it follows that G, and G, are boundary
values of an analytic function G(g,f) which may be
represented in the form?

® o (k5 t)
G(g,)= f d*u dx ————

a@  K—(q—u)?

(4.3)

The weight function ¢ vanishes unless we have

I'Ilol + Iul < A
and
k> ki=max{0, a—[ (t+uo)?—u? ]},
c—[ (t—up)?—uz]H}.
Because of rotation invariance, ¢ depends only upon

the amount of the vector u. We can perform the
redundant angle integration, and, using

21t2s  f21—23\?
and @*=£— +( ) ,
2 44

%123

qo=

we obtain the following representation for the vertex
function F(z:44%2;)

P(K:E)ﬂ 5 t)

1—¢ 00
F(Z]_4t223) = fldEf dﬂf dk .
0 £—1 [3% [2K2+2(1+£2—7)2)l2"- (Z1+Z3)+17(Z1—Z3)]2—£2}\ (2514f2Z3)

The function A(212223) has been defined in Eq. (2.19),
and «y is given by

x1=max{0, a— /[ (1+n)*—£1},
c—f (1—n—£L}. (45)

Note that in Eq. (4.4) the quantity x,=4# is a real
parameter, 2¢ being the mass of the one-particle state
| #)- The spectral condition (2.8) of the B field does not
appear explicitly in the formula (4.4), but we have
always b> 2t because the field ¢p(x) describes a stable
particle. The region of analyticity obtained from the
representation (4.4) is the envelope of holomorphy of
the primitive domain W{JN(S’) with respect to the
class of rotation-invariant functions depending upon
go and q. Here W is the tube domain (2.13) resulting
mainly from the causality condition, and N(S’) is a
suitable complex neighborhood of the real region S’
given in Eq. (4.2). The regularity of F for (21,25)eN (S’)
is a consequence of causality and the spectral conditions
for the 4 and the C field. We would like to stress that
for the derivation of Eq. (4.4) we have not used all of the

U Compare reference 6, where the envelope has been computed
for the case a=b=c=0. For arbitrary spectral conditions, it is
somewhat more difficult to guess the boundary of the envelope,
which is more or less a prerequisite for the present method of

proof. We hope that the results of this paper may be of some help
in this connection.

(44)

implications of causality and spectrum, and hence we
cannot expect that the resulting region of analyticity is
characteristic as far as these physical requirements are
concerned. However, disregarding possible subtractions,
the representation (4.4) is the most general function
that satisfies the mathematical conditions contained
in Egs. (4.1) and (4.2).

Let us now discuss the region of analyticity in the 2;
plane for real values of the mass variable z;. Since we
are mainly interested in form factors, we shall take
a=0b and x1=x,=4#, where 2/<a. In addition to the
static cut x3>¢? ¥3=0, we have then singularities at
those points of the 23 plane that can be represented
in the form z3=x3;-417y;, where %3 and y; are real, and
given by

(mDe— (=) g]-4g2

X3= 2 X (4.6)
(I4n)?=¢
and
==+ e N2+ (1+n)—£14
a (1+n)—¢ !

X{2—LA+2)’=£R=NHY,

where A2«i/t, 0<£<1 and |9 <1—% We consider
first the special case a=c¢, in order to get an idea about
the shape of the region defined by Egs. (4.6). The
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F16. 2. Region of analyticity of the vertex function in the 23
plane. The parameters are a=b=c¢=2, x;=x.=4# For a given
value of the mass variable, 2/, the function is regular outside the
corresponding closed curve and with the exception of the static
cut.

domain of analyticity is as follows:

(a) for 0<2¢<1a, we have the whole 23 plane except
for the static cut 232> a?, y3=0;
(b) in the range 1a<2t<3a[(17)—17, the region

|33 < y1(x),
2a(a—2t) 23 < 82[1+2¢/ (a—2t)]

is excepted in addition to the static cut, and

(c) for a/4[(17)}—1]<2t<a, the cut and the region

4.7)

[33] <31 (),
2a(a—2t) L 23 < 8 14+2¢/ (a—2t)];
y2(%) < | 3| <91 (s),
8 [1—a*/4(a?—42) 1< 23X 2a(a—2t)

(4.8)

are excepted. The functions y1(x3) and y.(x;) are

given by
V1,2 (x3) = H[x3)h:F (x3)]7

where we have

(4.9)

1
b (5) =
T 852‘—963

l ZaH:[Z (a®—41%)

1

2022 5
X (xa—8t2+ )] } (4.10)
aF— 4L
and

H (ws,h)=[1— W PL(82/h)*— (xs—8F)*TH.

(4.10a)

In Figs. 2 and 3 we have plotted some of the regions
(4.7) and (4.8). As long as 2t is less than @, the complex
singular region is finite; especially, we have always
analyticity in a strip along the negative real axis. But

REINHARD OEHME

as 2t approaches ¢, the point x3=a in Fig. 3 moves to
— o, the point x3=p to zero, and x3=+ to 4. At
2t=a, the mass variable x;=2¢ coincides with the
lowest branch point x1=a, ;=0 in the 2, plane, and
the singular region (4.8) covers the whole z; plane.

We have mentioned earlier that the boundaries of
the regions (4.7) and (4.8) cannot be expected to be
characteristic for the physical assumptions we have
made. That this is actually the case may be seen by
comparison with the cut-plane representation. Take
for instance the vertex function F(zi2:23) for z1=2,
=x<a? and assume a=>b=c. According to the cut-plane
representation the real points zz3=x3;<2a(e—x?), x3<a?
are inside the region of analyticity. On the other hand,
we know from Sec. 2 that F(xxz3) is analytic for x;<a?
provided x< $a?; for a2 <x<%a? we have 2a(a—«?) <a?.

In view of the applications, we are especially
interested in the region of analyticity in the 23 plane
for the case c <@, x;=x,=4#. Again the direct represen-
tation (4.4) shows that we have regularity except for
the static cut 232 ¢%, y3=0 and a complex region around
the lower end of this cut. It can be seen from Egs.
(4.5) and (4.6) that the points where singularities are
allowed are restricted to a finite region as long as 2¢
is less than a. We shall not describe here the shape of
the singular region for ¢ <a, because its boundary is not
characteristic. We give only the points where the
boundary of the complex singular domain intersects the
real axis. The left-hand point has already been men-
tioned in an earlier publication.’? It corresponds to
x3=«a in Fig. 3 and is given by

4tc(a—21)

=_— (4.11)
2t+a—c

¥3

For the right-hand point, which corresponds to 3=+
in Fig. 3, we find the following expressions: for

40~

-20~

Fi6. 3. Region of analyticity of the vertex function in the z;
plane. Parameters are the same as Fig. 2, but for larger values of
the mass variable, 2¢. For 2 > ¢=2 we have a = —», 8 — 0,
and vy — 4.

2R, Ochme and J. G. Taylor, Phys, Rev. 113, 371 (1959);
see below Eq. (3.10).
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a>c>2a/3 we obtain

2t (a—c)(c—20)
+ ), (4.12)
a—2t  2t(a—2¢)
provided we have £¢< 2/ 2¢—a, and
23 =82{ 142t/ (a— 2¢) ]+ (a—2¢)/81} (4.13)
for 2c—a< 2¢t<a. For cases where we have 0<¢< 2a¢/3,
we find Eq. (4.13) provided 3e¢<2/<a. In the special
case of the electromagnetic form factors for the nucleon,
we have for the isotopic vector part a=M-+tm,,
¢=2m,, and 2¢{= M, which gives
238 =2m,22M / (2M —m,),
23N = (M/2m,) CM+m.).
The isotopic scalar part requires ¢=23m, and leads to
238 =3m2M /(M —m,),?
%3 = (M /2m) 2M+m.).

x3<v>=8t2(1+

(4.14)

(4.15)

OF VERTEX FUNCTION 1159
In problems related to the question of consistency of
quantum electrodynamics, it is sometimes useful to
know some analytic properties of the electron-photon
vertex function. From the direct representation, we
can say only the following: if one is willing to introduce
a small, auxiliary photon mass A>0 such that we have
x=ms, a=b=m, N\, ¢=3\, then the singularities in
the z; plane are restricted to a finite region and the
static cut 232 (3M\)?, 93=0. The real boundary points
of the region with complex singularities are given by
Eqs. (4.15) with M replaced by m,, and m, by A.
Note that for A — 0 the mass variable x;=x,=m.
coincides with the static cut x> @?*=limy,o(m+N)?,
y=0, and the singular region covers the whole z;
plane.
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The kinematics of an arbitrary process involving two incoming and two outgoing particles is studied in
terms of the invariants used in Mandelstam’s representation, treating the three processes described by the
same Green’s function simultaneously. It is shown that the physical regions for these processes are bounded
by a cubic curve in the plane of the two independent invariants, The unitarity conditions are discussed in
the approximation of neglecting intermediate states of more than two particles. The formula for the spectral
functions of the double dispersion relation is obtained explicitly in terms of the invariants chosen.

1. INTRODUCTION

ANDELSTAM! has recently proposed a repre-

sentation of the scattering amplitude for meson-
" nucleon scattering, which is obtained from a plausible
assumption about its behavior as an analytic function
of two variables, the energy and momentum transfer.
He has also been able to show,? for a more general
process, that the representation is satisfied by the lower
orders of the perturbation series, and that this series
can actually be constructed from the representation
and the unitarity relations,® in a two-particle approxi-
mation. In this paper we shall discuss certain aspects,
mainly kinematical, of the extension of this represen-
tation to a general process. We consider together the
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three processes

I: 142 — 344,
II: 14+3— 244,
II: 144 — 243

The complications of spin and isotopic spin will be
ignored, and all the particles will be assumed to be
stable.

In Sec. 2 we shall find the physical regions for the
three scattering processes in terms of the three invari-
ants 7, s, t, whose sum is equal to the sum of squared
masses of the four particles. These invariants may be
regarded as homogeneous coordinates in a plane, and
the physical regions are then bounded by a cubic curve
in this plane. The curve has three branches correspond-
ing to the physical regions for the three scattering
processes, and also a closed branch within the 7si-
triangle. The interior of this closed curve would
correspond to the physical region for the decay process

IV: 1-52+4+34+4



