
P H Y S I C A L R E V I E W V O L U M E 1 1 7 , N U M B E R 4 F E B R U A R Y 1 5 , 1 9 6 0 

Many-Body Problem in Quantum Statistical Mechanics. V. Degenerate 
Phase in Bose-Einstein Condensation* 

T. D. LEE, Columbia University, New York, New York 

AND 

C. N. YANG, Institute for Advanced Study, Princeton, New Jersey 
(Received July 31, 1959) 

The formulation of the previous paper (paper IV) is extended so that it becomes applicable in an inter­
acting system in the presence of a Bose-Einstein degeneracy. This extension is carried out by the introduction 
of an ^-ensemble, which enables one to utilize an Ursell-type expansion even in the presence of a Bose-
Einstein degeneracy. The variational principle of the previous paper is also extended. I t is proved that in 
the presence of a Bose-Einstein degeneracy, the average occupation number of a single particle state with 
momentum p approaches infinity as p —* 0. The method is applied to a dilute system of Bose hard spheres. 

1. INTRODUCTION 

IN the previous paper1 (paper IV) it was shown that 
the logarithm of the grand partition function QQ8 

for a system of Bose particles can be expressed in terms 
of the average occupation number (^k) in the mo­
mentum space. Furthermore, both QQ8 and the integral 
equation satisfied by (n^) can be obtained from a 
variational principle. It was pointed out that for an 
infinite system, the average occupation number (nk) 
may be singular at k = 0 as the fugacity z increases to a 
certain critical value ze. For z>zc while (»k) is still well 
defined, its integral equation as derived in the previous 
paper becomes quite useless. 

The purpose of this paper is to show that by intro­
ducing the concept of an ^-ensemble, the method 
developed in the previous paper can be generalized and 
extended to the region where (n^) is singular at k=0. 
Physically, the occurrence of such a singularity in (n*) 
corresponds to a particular type of phase transition 
which is a consequence of the symmetric statistics. A 
special example is the well-known phenomenon of 
Bose-Einstein condensation for a system of free Bose 
particles. The formalism presented in this paper, there­
fore, gives a general discussion of such condensation 
for a system of interacting Bosons. It will be shown 
that in the condensed phase as well as the gaseous phase 
it is possible to express the thermodynamical functions 
in terms of the average occupation number. Further­
more, a variational principle is developed which enables 
one to compute the thermodynamical functions and 
(wk) in both phases. 

As an example, the method is applied to a dilute 
system of Bose hard spheres. 

2. J C - E N S E M B L E 

In the grand canonical ensemble the relative proba­
bility of finding N Bose particles in the configuration 

* Work supported in part by the U. S. Atomic Energy 
Commission. 

1T. D. Lee and C. N. Yang, Phys. Rev. 117, 22 (1960), 
hereafter referred to as IV. We adopt the same notations as used 
in IV. 

• ktf is given by 

(i\n)-w;ki,- -kN\WN
s\kh>--kN), (V.l) 

where WN8 is related to the Boltzmann WN function 
by [see Eq. (1.23)] 

{Wr..W\wN
8\kh.-.kN) 

^ ^ W r - V l ^ l k x , . 
p ' 

•k*>. (V.2) 

Let L be a function of k / • • • k j / which is defined by 

L(ki - • • kj/) = number of k/ that are zero. (V.3) 

As remarked in paper IV, when the fugacity z exceeds 
a certain critical value zc the most probable value of L 
for a large system is comparable to the total number of 
particles.2 Thus, in the sum (V.2) the permutations 
between particles of zero momenta give an exceedingly 
large number of identical terms. Indeed, it is easy to 
show that the main reason that the previous explicit 
expression of ln^o* in terms of (n*) [e.g., Eqs. (IV.33) 
and (IV.34)] becomes useless for z^zc is precisely due 
to such permutations between particles of zero mo­
menta. Therefore, it is desirable to sum over the LI 
identical terms in (V.2) arising from permutations 
between particles of zero momenta before the Ursell 
expansions. 

The difficulty in this procedure lies in the fact that 
after the partial summation it becomes almost im­
possible to evaluate the logarithm of the partition 
function via the usual Ursell expansion of WNS in terms 
of the Uf functions. To overcome this difficulty we 
introduce the concept of an ^-ensemble. 

We define a WNX function to be 

(k1',-.-kN'\WN*\kh--kN) 

s ( L 0 " W { k i V ' ' kj/ | J J V | k v • -kN) (V.4) 
2 For simplicity, throughout this paper we shall restrict our­

selves to systems with total momentum equal to zero. Otherwise, 
because of Galilean invariance it is necessary to consider systems 
which have macroscopic average occupation number {?%) for 
kp^O. It is, however, easy to see that the presence of these states 
with total momentum not equal to zero does not affect the form 
of any thermodynamic functions obtained in this paper. 
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where L is defined in (V.3). The corresponding ^-par­
tition function Qnx is defined to be 

00 

£a*=[exp(-xQ)] £ (iVI)-1** 
JV=O 

X E <ki,-•-kir| WV|ki , - ••**>• (V.5) 
ki-.-kj^ 

An ^-ensemble, then, represents a collection of systems, 
each of which is described by the number of particles 
N, and by their momenta ki, k2, • • • k^. The relative 
probability of occurrence of a system is given by 

(N O - V ^ i , • • • k^ | WN* | ki, • - • k*>. (V.6) 

In (V.6), as in (V.l), ki, k2, • • • and kjv are each 
independently and freely variable over the whole 
momentum space. 

The following theorem establishes the connection 
between a grand canonical ensemble and an ^-ensemble. 

Theorem 1 (proved in Appendix A).-—If 

Qr^d/dx) ln6>sf=0 at x=x (V.7) 

where x is real and positive, then 

ft-1 \n%ax(%= x) = ̂ ~1 In6>as as 0 - » oo. (V.8) 

If (V.7) has no real and positive solution for x, then 
(V.8) is still true provided we set 

x=0. (V.9) 

To evaluate ln^a* it is possible to take advantage of 
the usual Ursell expansion method. We define the Uf 
functions by 

< k i ' | J M k , > 
^ (k / l ^ lkx ) , 

<k^k2'|WV|M*> 
^<k/1 £/!-1 kiX^ | ^x-1 k2>+<ki,3k/1 f/2-1 k1?k2>, 

( k ^ W , ^ | TF»« | ki,k2,k8> 
s < k i ' | ^ I k x X k / l ^ | k 2 ) ( k / | J7!*|k8> (V.10) 

+ ( k / | ^ | k 1 X k 2 ' , k 3
/ | ^ | k 2 , k 3 ) 

+<ka
, |^ |k2><ki /

>k8
/ |J72*|ki Jk8> 

+ < k 3
/ | ^ | k 3 X k 1 ' , k 2 ' | ^ | k 1 , k 2 ) 

+<ki , ,k2
/ ,k8

, |^8lki,k2 ,kg>, 
etc. 

The relationship between Wx and Ux is the same as 
that between W and U. Using the result3 of Appendix 
A of I, one thus obtains 

o-1in«0*=EMo)«n-*, (v.ii) 
n 

where 

J»*(0)=(»!Q)-1 E (k i , . . .k„ | J7 n * |k i , . . .k n >. (V.12) 
ki • • . k n 

ST. D. Lee and C. N. Yang, Phys. Rev. 113, 1165 (1959), 
hereafter referred to as I. 

By using (V.10), (V.4) and Rule A of paper I, these 
Un

x can be expressed in terms of sums of products of the 
Boltzmann Un functions. In the following we state the 
general rule of such sums: 

Rule C (proved in Appendix B).—Let us consider 
first 

QLl',---hn'\Un*\K~-kn), 

in which, say, I of the n final momenta k / , k2' • • • k n ' 
are zero. For definiteness we denote the particles with 
zero final momenta as A i, A 2, • • • A i and particles with 
nonzero final momenta as Bh B2, • • -Bn_i\ i.e., 

k A / = W = • • • = W = 0 , (V.13) 

while the rest, ki?/, k#2 '- • • etc., are all not zero. To 
compute Un

x we first distribute the n integers 1, 2, • • -n 
into ma groups each containing a integers, with 
Ylocmaa—n. Such a grouping may be represented as 
follows: 

{(*)(*)• ••>{(«*)(«/)• ••>{(***>••)••• , (V.14) 

where a, b, c, d- - - are the integers 1, 2, • • *n. Similar 
to Rule A, in the first curely bracket there are mi round 
brackets with one integer in each, (mi=0, 1, 2, •••) 
and in the second curly bracket there are m2 round 
brackets with two integers in each, (m2=0, 1, 2, • • •), 
etc. Within each round bracket the integers are arranged 
in ascending order. Within each curly bracket the round 
brackets are arranged such that their first integers 
follow an ascending sequence. 

Next, corresponding to each such grouping (V.14) 
we form a sum 

ZPSP, (V.15) 
where 

SP= (*G) l{(ka
f | Ux | k«>< V | Ux | k&> • • •} 

X{(k7 ',k5 '|*72|kc,kd> 
X ( k / , V | Z 7 2 | k e , k / ) . . . } . . . , (V.16) 

in which a, 0, • • -7, 5, e, #, • • • is a permutation of the 
integers 1, 2, • • -n. Therefore, it is also a permutation 
of A1, • • -Ai, Bi, " -B(n-i). 

(<*,&•• "7,«,€,. - -)=P(Air' 'AhBir • •£(„_„). (V.17) 

In (V.15), we sum only over those permutations P 
which satisfy the following two conditions: 

(a) Among the set of 11 permutations which differ 
from each other only in the final positions of Av —Ai> 
only one is included in the sum (V.15). Because of 
(V.13) it is immaterial which one among the 11 permu­
tations is included. 

(b) If we set in (V.16) 

W = k i ? i [i= 1, 2, • • • ( » - / ) ] , 

W = o D'=i,2, • • . / ] , 

and regard the resulting product on the right-hand side 
as a function of ki, • • -kn, this function must not be of 
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the form of a product of two factors one of which 
depends only on some, but not all, of the variables 
ki, • • -hn while the other depends only on the rest of 
these variables. 

We then sum up all expressions (V.15) over the differ­
ent groupings (V.14). This total sum is equal to 

Qn'.-.kn'lUn'lkvkn). 

Similar to the simplification from rule A (of paper I) 
to rule A' (of paper IV) many terms in the sum (V.15) 
can be further combined by introducing [see Eq. (1.30)] 

<k^..kn ' |Tn*|kr--kn> 
= I > P W - • -kn '| tfnlkr • .k„>, (V.18) 

where the sum extends over all permutations P' of 
k / . - k n ' . 

In the following we give some examples to illustrate 
rule C. It is convenient to introduce the notation p (or 
Vh p'> P*0 which is identical with k (or k»-, k', k/) 
except that 

p^O (V.19) 

(and similarly for p*, p' and p/) while k (or k*, k', k/) 
may or may not be zero. This convention will be used 
throughout this paper. 

Example 1. 

( p ' | ^ | p ) = ( p ' | £ / i | p ) = V e x p ( - ^ 2 ) , 
and 

<0|tfi'|0>=aO. (V.20) 
Example 2. 

<PI',PI'I tf»"IM*H<Pi',P*'l £V|ki,k,> 
= (P2,|C/i|k1)<Pl'|C/1|k2) 

+<Pi',P»'|Ti*|k1,k2), 

<Pl',0| ^|k1 ,k2)=xO(p1 ' ,0| JV|k1;k2), 

and 

(0,01 £V | ki,k2)= (21)"1 («a)»<0,01T2« | k!,k2). (V.21) 

Example 3. 

(Vl,'--Vn\UnX\K'--^n) 
= (pi',"-pn'|£/„8|k1,---k„) (V.22) 

for all n. 
Example 4. If 

p ^ p V - p , 

then using momentum conservation one obtains 

<0,0,p|EV|p', -P',P> 
= (2 !)-H^)2(0,0, p |T / |p ' , - p ' , p), (V.23) 

and 

<0,0,p|J/3*|p,p',-p'> 
= (2!)-1(^)2{0 )0 )p|T3

s |p )p' )-p') 
+ (2!)->(xQ.y(pIU11p><0,0|T2-|p', - p ' ) . (V.24) 
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Example 5. 

«&»" = * E C<P2|^l|PlXPl|f/l|P2>+(Pl,P2|T2'|p1,p2)] 
P1P2 

+E(«0)[<P| Ci|0X0| ffi|p>+<P,0|T,'|p,0>] 

+ (§)2(*0)2<0,0|T2*|0,0>, (V.25) 

in which the sums4 extend over all Pi compatible with 
(V.19). 

It will be shown in Appendix C that in the sum 
(V.ll), T„" always occurs in the combination 

(pi',p2,---ps'lT8,/|pi,p2,---pi) 

= E [(»-s)!(«-0!]~1(«z^)n - i '~ i ' 

X<Pi',p»'- • -P/A- • •0|T»«|pi,pa,-- -p(,0,- • -0). (V.26) 

In (V.26) n varies from the larger of s and t to infinity. 
For example, 

<P'IT^i-Ip>= E [(»-1)!]-2(xzO)«-i 
7 1 = 1 

X ( P , , 0 , . . . 0 | T ^ I P A - ' 0 ) , (V.27) 
and 

< |T0y|pi,P2>=£ tn\(n-2)\l-i(xzti)"-i 
n=2 

X(0,...0|T^|p1 ,p2 ,0,...0). (V.28) 

It is of interest to notice that while in Un
x only the 

zero momenta in the final state carry factors (xti), in 
the sum (V.26) the zero momenta in the initial and final 
states are treated in a symmetrical way. 

3. PRIMARY GRAPHS AND CONTRACTED GRAPHS 

A convenient way to express lni^* as a sum over 
products of TS)t

x is to use the graphical method. Similar 
to the discussions presented in paper IV, we introduce 
the general definition of a primary graph. 

A primary graph is a single (i.e., all parts are con­
nected) graphical structure containing at least one 
vertex. The lines are connected with each other at 
various vertices. Each line has a direction indicated 
by an arrow. Each vertex is characterized by two 
numbers s and / where s and t can be any positive 
integers 0, 1, 2, • • • provided 

(s+i)^2. (V.29) 

An (s,0-vertex connects / incoming (i.e., with their 
arrows pointing towards the vertex) lines and s outgoing 
(i.e., with their arrows pointing away from the vertex) 

4 Throughout this paper we adopt the convention that for a 
cube of volume Q, a vector k (or ki, k', k / ) refers to momentum 
whose components are 2TrQr^(miym2,ms), where mi = 0, =bl, ± 2 , 
• • •. A vector p (or pi, p', p/) always refers to a similar momentum 
2?rf2~* (mi,m2,ms) except that nti, m% m3 cannot be all equal to 
zero. All sums with respect to p (or p^, p', p/)|therefore extend 
over all integral values of m% except m\ — m2—m% — ̂ . 
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lines. A line which has vertices at both of its ends is 
called an internal line; otherwise, it is called an external 
line. 

A primary (n,v) -graph is a primary graph which has 
v external incoming lines and fx external outgoing lines.5 

To every external line we assign a nonzero momentum 
qt, where 

f= l , 2 , • • • ( J I+IO. 

These external momenta are always considered to be 
distinguishable. Two primary graphs are different only 
if their topological structures, which include the 
positions of these distinguishable external momenta, 
are different. 

To each primary (/*,?>)-graph we assign a term deter­
mined by the following procedures: 

(i) Associate with each internal line a different 
integer i (i=l,2, • • •/) and a corresponding (nonzero) 
momentum p*. 

(ii) To each (s,t) -vertex, assign a factor 

(p2*lV • -VB*'\T8,t*\VAl,- -pAt), (V.30) 

where p^i, • • pAt are the momenta associated with its 
incoming (internal or external) lines and pj?/, - - p ^ / 
are the momenta associated with its outgoing (internal 
or external) lines. 

(iii) Assign a factor z to each internal line. 
(iv) Assign a factor 

(symmetry number)-1 

to the entire graph where the symmetry number is 
defined as follows: 

^£Ll-% O • 
( i ) 

• oo * oo 
( 2 ) ( I ) 

o • o 
( I ) 

FIG. 1. (ln^fi—9C) as a sum of primary (0,0)-graphs. The numbers 
under these graphs are their symmetry numbers. 

8 In paper IV, the a-vertex corresponds to the present (a,a)-
vertex. Similarly the |"-graph corresponds to the present (£",f )-
graph. 

Consider the I! permutations of the positions of the 
integers associated with the internal lines. The total 
number of permutations that leave the topological 
structure of the graph [which includes the positions of 
these numbers 1, 2, • • •/] unchanged [from the situ­
ation after step (i) above] is defined to be the symmetry 
number of the graph. 

The term that corresponds to each primary (fi,v)-
graph is given by4 

X] [product of all factors in (ii)-(iv)]. (V.31) 

In terms of these primary graphs we can write the sum 
(V.ll) as (proved in Appendix C) 

ln«o*=9C 
+X) [all different primary (0,0)-graphs], (V.32) 

where 

9C=-xfi+E (nl)-*(xzn)n(0,' • -0|Tn«|0,- • -0). (V.33) 

In explicit form we can write (V.32) as4 

( l n ^ - 9 C ) = Z &(p|T l t l-|p)+iS
2(p|Ti,i^p)2+- • •] 

+ E (Pi,P2|T2,2-|p1,p2)[^2+^(p1|T1,1-|p1)+. • •] 
P1P2 

+E<|TO.,*|P,-PXP,-P|T1 I 0- |> 

X [*22+23(p | Ti.i-1 p>+ • • • ]+ • • • • (V.34) 

The sum (V.34) is illustrated in Fig. 1. 
By a procedure similar to that used in the previous 

paper,1 we may eliminate6 the (1,1)-vertices in these 
graphs by defining 

OTa!(p) = s C l - 2 ( p | T M - | p ) ] - 1 . (V.35) 

We, then, define a contracted (n,v)-graph to be of the 
same topological structure as that of a primary (Air­
graph except that it does not have any (1,1)-vertex. To 
each contracted (n7v)-graph we assign a term which is 
determined by the same rules (i)-(iv) used to obtain 
(V.31) except that (iii) is replaced by 

(iii)' Assign a factor 
mx(pi) 

to the ith. internal line (i= 1, 2, • • •/). 
The term that corresponds to a contracted (Air­

graph is then given by 

]C [products of all factors in (ii), (iii)', and (iv)]. 
P1- - -PZ 

(V.36) 
6 The elimination of the (l,l)-vertex is merely a matter of 

convenience. It is not a necessary step for the later introduction 
of irreducible graphs. See Appendix F for a more detailed 
discussion. 
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( P ) f 2 \9T\ ( P > - ™ X < P O 

P I p 1 

• n + • 
D h. 

( I ) 

X 
( I ) 

p i,-+. 

P ' 

1 P 
(2) 

p;.>N 

+ n\ + f Y > + ( ) 
'p 

(2) 
(2) 

FIG. 2. [ma;(p)]~2[9QT(p)—^(pjjas a sum of contracted (1,1)-
graphs. The numbers under these graphs are their symmetry 
numbers. 

In terms of these contracted graphs, (V.32) becomes 

ln£o*= 9 C + E P l n ^ w ^ p ) ] 
+ E [all different contracted (0,0)-graphs]. (V.37) 

4. AVERAGE OCCUPATION NUMBER IN 
MOMENTUM SPACE AND Wl(p) 

As in the discussions given in IV, it is useful to 
introduce (tttk) which is defined to be the statistical 
values of the occupation number in momentum space 
averaged over an x-ensemble. These average numbers 
can be expressed in terms of Uf by (proved in Appendix 
D)4 

(tnP)=ECa-l)!]-V 

X E <ki,--.kw ,p|^|ki,...kw,p>, (V.38) 
k i . . . k j - i 

and 
<mo>=*(a/a*)[(in«o*)+«Q]. (V.39) 

At x=x9 where x is given either by (V.7) or (V.9), 
(V.39) becomes 

O~i(m0)=^. (V.40) 

It is convenient to define $TC(p) as 

9fTC(p)^C<mP>+l]. (V.41) 

By using Rule C, it is straightforward to express 2flX(p) 
explicitly as sums over expressions (V.15). These sums 
can be further simplified in terms of either primary or 
contracted graphs. We write (proved in Appendix C) 

2rc(p)=H-s2 

X E [all different primary (1,1)-graphs], (V.42) 
and 

3TC(p) = mx(p)+Zmx(p)J 
X E [all different contracted (l,l)-graphs]. (V.43) 

Each of the external lines in these graphs carries a 
momentum p. In the sums (V.42) and (V.43), each 
graph contributes a term given by (V.31) and (V.36), 

respectively. More explicitly, we can write, e.g., (V.43) 
as 

[m-(p)]-2[rni(p)~^(p)]-E<P,Pi|T2,2a;|pJPiV(pi) 
pi 

+ ( |T0,2*|p, -p)(p, -p|T2 i 0*| )m*(-p) 

+i E <P,Pi,p21 T3,3*[ P,Pi,p2)W(pi)m*(p2) 
P1P2 

+ ••.. (V.44) 

This sum is illustrated in Fig. 2. For clarity we use 
dotted lines for all contracted graphs. The first three 
terms on the right-hand side of (V.44) correspond, 
respectively, to the first three graphs in Fig. 2. 

5. IRREDUCIBLE GRAPHS 

In the previous paper (IV) the contracted graphs 
were simplified by the introduction of the irredicible 
graphs. As was explained in Sec. 6 of paper IV such 
reduction is not only mathematically advantageous 
but also physically necessary. The same reasoning also 
applies directly to the present case. 

However, the actual technique of reducing the sum 
of these contracted (n,v)-graphs into a sum of the 
appropriate irreducible graphs is much more compli­
cated in the present case. To see the difficulty let us 
consider as an example a subset of all contracted 
(1,1)-graphs that contain at least one (2,0)-vertex and 
one (0,2)-vertex. Furthermore, in each of these graphs 
the external incoming line must terminate at a (0,2)-
vertex. Such a set of contracted (1,1)-graphs is illus­
trated in Fig. 3. It is easy to see that 

[w*(p)]2 E [contracted (l,l)-graphs in Fig. 3] 
5^w(p)3n:(-p)9fn:(p) 

X<|To,2*|p, -p><P,-p|T2,o1>. (V.45) 

In particular, e.g., if we substitute (V.43) into (V.45), 
the coefficient of 

[m*(p)]3[m*(-p)]2[< | T 0 , 2 1 P , -p}<p, -p|T2,o*| )]2 

I P 

* 
V + j 
1 1 

1 
'p 

1 P 

t 1 
V"- i 

i + '* 
"-' t 1 

1 : 
I P 

P 

• 

\ + 

P 

p ^ 

( \ 

• 

P 

r 
t 
• 
i t 
i P 

i p 

k 

* 
t 
f _ 
Y 
I 
1 P 

FIG. 3. A subset of all contracted (l,l)-graphs that contain at 
least one (0,2)-vertex and one (2,0)-vertex. In each graph the 
external incoming line must terminate at a (0,2)-vertex. 
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on the right-hand side of (V.45) is 2 while that on the 
left-hand side, which corresponds to the second graph 
in Fig. 3, is 1. 

To overcome this difficulty it is necessary to define 
two new functions 9fTCin(p) and 3TC0ut(p). 

£fnin(p)=22 ]jjT [all different primary (0,2)-graphs], 

and 

£TCout(p)=s2 

X L [ah different primary (2,0)-graphs], (V.46) 

where the momenta associated with the two external 
lines in each of these graphs are p and — p. In terms of 
the contracted graphs, (V.46) becomes 

9 ^ i n ( p ) = = [ ^ ( p ) ^ ( - p ) ] 
X £ [all different contracted (0,2)-graphs], 

and 
^ t ( p ) = [>* (p>»*( -p ) ] 

X L [ah different contracted (2,0)-graphs]. (V.47) 

From their definitions it is clear that 

9TC«(p)=9frc«(-p), (V.48) 

where a=in or out. 
Next we introduce a completely new type of graphs 

called dual graphs. In the following for expediency we 
shall not discuss the gradual evolution of these new 
graphical methods but only present the final rules. 
[See Appendix E for the detailed steps.] 

A dual (ji,v)-graph is defined in exactly the same way 
as a contracted (n,v)-graph except that every internal 
line carries two arrows, one for each end. Thus, there 
are three different kinds of internal lines depending on 
whether these two arrows are parallel to each other, 
point towards each other, or point away from each 
other. The external lines, however, carry only one 
arrow each. Each external line is associated with a 
nonzero momentum. These external momenta are, 
again, considered to be distinguishable from each other. 
Two dual graphs are different only if they have different 
topological structures which include the positions of 
these distinguishable external momenta. 

Throughout this paper we are only interested in the 
special cases of (/>t,^)= (0,0) and 

G M ) = ( 1 , 1 ) , or (0,2), or (2,0). (V.49) 

If (fj/Jv)= (1,1), then the momenta of the two external 
lines are both p. If 0 ^ ) = (0,2) or (2,0), the momenta 
of the two external lines are p and —p. 

Similar to the discussions given in Sec. 6 of paper IV, 
we shall discuss the question of the reducibility of these 
dual graphs. Let us imagine that any one of the internal 
lines in such a dual (/x,^)-graph is cut open. The two 
ends of this particular internal line would then be 
separated into two external lines each retaining the 
original direction of its arrows. 

A dual (/*,*>) -graph is called reducible if by cutting 

two of its internal lines open the entire graph can be 
separated into two (or more) disconnected dual (fxa,va)-
graphs with at least one of the disconnected graphs 
satisfying (V.49). Otherwise, it is called irreducible [or, 
irreducible dual (/JL,V)-graph]. 

To each irreducible dual graph we assign a corre­
sponding term which is determined by the following 
procedures: 

(i)" Assign to each arrow of the internal lines an 
integer i and a corresponding momentum p;, [ 7 = 1 , 2, 
• • • 2m, where m is the total number of internal lines]. 

(ii)" Assign a factor 

W W , - • •P J B/ |T S , ^ |PAI ,PA2,* • -pAt) 

to each (s,t) -vertex which connects the incoming 
arrows (i.e., pointing towards the vertex) of momenta 
PAI, VA2- • pAt with the outgoing arrows (i.e., pointing 
away from the vertex) of momenta p ^ / , PB2—'PBS'-
These arrows can be associated with either internal or 
external lines. 

(hi)" Assign, respectively, a factor 

or 
S ( p ~ Py)3TC(p;), 8(pi+p3)W,in(pi) 

5(pt+Pi)9TCout(p») 

to each internal line which carries two arrows, i and j 
that are pointing parallel to each other, towards each 
other or away from each other. The <5(p) function is 
defined here for discrete p by 

«(p) = l for p = 0 , 

5(p) = Q otherwise. 

(iv)" Assign a factor 

(symmetry number) - 1 

to the entire graph. We consider the (2m)! permutations 
of the positions of the integers 1, 2, "-2m that are 
assigned to the arrows of the internal lines in\step (i). 
The symmetry number of the irreducible dual'graph is 
defined to be the total number of such permutations 
that leave the topological structure of the graph [which 
includes the positions of these numbers] unchanged 
[from the situation after step (i)]. 

The term corresponding to an irreducible dual graph 
is then given by4 

J2 [products of all factors in (ii)", 
Pl"-P2m 

(iii)", and ( iv)"] . (V.50) 
We now define 

3£(p) — Z) [ a u different irreducible dual (1,1)-graphs], 

5Cin(p) = X) [all different irreducible dual (0,2)-graphs], 
and 

Xout(p) 

= £ [all different irreducible dual (2,0)-graphs]. 
(V.51) 

file:///step
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( p ) 
• f 

t; 
p4 

to -do • (P 

-H-
P "P 

A. fx—<A 

( i ) ( i ) ( i ) 

( i ) 

KD * )o 
( 2 ) 

p r ( I ) p ' ( I ) 

P1 ( 2 ) 

* p ( l ' ) 

P ' ( I ) 

+ ĉ  + ĉ  
p - p 

(2) 

$e. ( P ) = 

p - P 

V 
( I ) 

p - p 

(I) 

FIG. 4.3C(p) as a sum of irreducible dual (l,l)-graphs. The 
numbers under these graphs are their symmetry numbers. 

P -P P. -v 

• K^ • to1 

FIG. 5. 3Cin(p) and 5C0Ut(p) as sums of irreducible dual (0,2)-
These sums are illustrated in Fig. 4 and Fig. 5. In graphs and (2,0)-graphs. The numbers under these graphs are 
terms of these graphs, (V.51) becomes t h e i r symmetry numbers. 

5C(p) = E(p,Pi |T2 ) 2
a ; |p,Pi)^(pi) 

P 1 2 

+ E KP,Pi,P2|T3,3*|p,Pi,P2>II 9fTC(p*) 

+ E l[<P,Pl|T2i2»|P2,P8>] 

represent, respectively, the various graphs listed in the 
same order in Fig. 4 and Fig. 5. 

In terms of these graphs it is easy to see that if we 
interchange p and — p, 3Cm(p) and 3C0ut(p) must remain 
the same. Thus we have, in addition to (V.48), 

mn . v A ™ / x 3€a(p) = 0 e a ( - p ) , (V.52) 

%~1 where a = o u t or in. 
^i^^lp) Pi) — Pi)3^out(pi) The following theorem now establishes the relations 

P1 between 9TC(p), 9TCin(p), 9TCout(p) and these irreducible 
+ E 4<P, Pi, - P i I T , , i " | p>3Mp)+ • • •, graphs: 

P1 Theorem 2 (proved in Appendix E).— 

3Cin(p) = ( |To,i-|p, -p )+E(p i |T 1 , 3 a ; | p 1 , p, -p )3 t l ( P l ) 

+z<P2iT1.2-ip,p,xp1|T l l i-i-PlP2)n3rc(PJ) where 
P1P2 4 = 1 

+ Z i(Pi,p2|T2,ia:|p) 
P1P2 j 

®(pH ,, , J> 
V3C0ut(p) K ( - p ) / 

and and 

3Cout(p) = <P, - p | T , l 0 » | ) + Z ( P i , P, - p | T 3 , i 1 P i ) ^ ( p i ) 

ft(p) = [m-(p)] ->-a«- i (p) , 

/ 3C(p) 3Cin(p) 

,3C0Ut(p) 3C( 

( 3TC(p) SfTCtaCp) \ 

9̂TCout(p) 9TC(-p)/ 

/*»(p) 0 \ 
m*(p)=( ). 

V 0 •mx(—p)/ 

(V.53) 

a»(p) 

(V.54) 

+ E <P,Pi I T,.i-1 p 2 ) ( -p , p, | TM» | P l }I I 3R(P») 
P1P2 4 = 1 . 

Furthermore, from the definitions (V.46) and (V.51) 
it can be shown directly that by using the Hermitian 

+ E K - P I Tif2*| pi, P2>(p,pi,p21 Ts.o* | >E[ 9^(P*) property of the Hamiltonian we have 

+ •••. 
In the above, the terms are so arranged that they 

and 
9Tlin(p)=91Iout(p)-9Tl,(p), 

3ein(p) = 3Cout(p)^3C'(p). (V.55) 
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? • co • o • o In (V.60) the first five terms correspond to, respectively, 
the first five irreducible dual graphs in Fig. 6. 

The above formula (V.58) is valid for any ^-ensemble 
(2) (2) (2) of arbi t rary x values. However, in order to obtain the 

thermodynamical functions for the original system in a 
grand canonical ensemble it is necessary t ha t x should 
assume a particular value determined by (V.7) or (V.9). 

6. VARIATIONAL PRINCIPLE 

CO 
(2) 

(2) Equat ions (V.51) and (V.53) may be regarded as 
integral equations for 3TC, from which one m a y compute 
9HZ and consequently the average occupation number 

h ... (tttk). Furthermore, the determination of SflX enables 
one, through (V.58), to compute the part i t ion function 
Qax. We shall demonstrate in this section t h a t these 

„ m, r . i M , i wn «N i ™ , procedures can be formulated in terms of a single 
FIG. 6. I{5 as a sum of irreducible dual (0,0)-graphs. The numbers . . . . . . 

under these graphs are their symmetry numbers. variational principle. 
1. In (V.59) we can regard ty as an explicit functional 

If the interactions between particles are isotropic, then of x, z, 9TC(p), 911'(p). I t is shown in Appendix G tha t 
mx(W) = fn*(-v) 3rcf tO=3It f -o) t h e e ( l u a t i o n s f o r determining 91Z(p), 9fTC'(p) and x can 

a n d
 Kyj v yh Kyj K Vh be obtained by setting the variation of $ l%,z$KL$tt!) 

3C(p) = 3£(—v) (V 56) w *^ r e s P e c t t o x> ̂  a n d 9TC' separately to zero. Thus if 
Some additional properties of these functions are given [8 l 
in Appendix F. ~-^(x,zyM^) = 0, (V.61) 

Next , we proceed to express l n i ^ * in terms of sums Loyic(p; Ax,zp\l 
over irreducible dual graphs. Similar to the^notat ions r 5 1 
used in paper IV, we define [see Eq . (IV.34)] <$(x,z,m$tt!) = 0, (V.62) 

¥ ' ( * ^ i ^ and
 lm'(p) ]x>*>™ 

= E [all different irreducible dual (0,0)-graphs]. p ^ -, 
(V.57) \x—%(x,z9m,Wlr)\ = 0, (V.63) 

L dx h^WL' 
By using (V.55), it can be shown that (proved in 

Appendix G) then (V.53) holds and7 

ln£a*=^(* ,z ,^X) , (V.58) %=z^ 
where 
^(^ )3R,9H0 = i :p ln{^C^(p) -9n ' 2 (p ) ]n where x is given by (V.7) or (V.9) according to the 

- Z , C * - ( p ) ^ D l K ( p ) - » - ( p ) ] W + a C (V.59) Jules stated in Theorem 1. Thus by usmg Theorem! 
t~,u i_ \*V_J i- \r/ v^/j -r the pressure ̂  of a system m the original grand canonical 

X and ty' are given by (V.33) and (V.57), respectively, ensemble is given by 
The sum (V.57) is illustrated in Fig. 6. In terms of 
these graphs we find (*TYlP=stationary value of R r 1 ^ (#,z,9TC,9Tl')] (V.64) 

W=i Z<Pi,P2|T2t2
iC|pi,P2)3Tl(Pi)31l(p2) ^ constant z as Q-» oo.. 

pip2 The part ial derivative of *?J3 with respect to z is 

+ i Z < I To.2* | P, P>9TCout(p) 7 I t .s i m p o r t a n t t 0 no t ice t h a t 

+iHP, -p|Tii0-i )^n(P) [£ w]r[s»fe^^]. 
P 3 r a n 

+ * E (P1,P2,P3|T3,3^|P1,P2,P3)II^(P0 " L ^ 5 ^ ^ ^ 0 ] ^ 

STLSTC' 

P1P2P3 • = ! 
SfTT 

provided (V.61) and (V.62) holds. Thus, if (V.63), or 

+ * E [<Pi,P2|T2,2*!P3,p4> r»fg(Vl9K?rcol =0 

X(p3,p41 T2,2a?| Pi?p2)3 I I 9H(pi)+ • • •. (V.60) has two solutions x=0 and x=x>0, then according to Theorem 1 
i=i it is always the nonzero solution that prevails. 
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related to the particle density p by that as Q —* » , 

( Q / M ^ M p i ' , • • • P/1 T..,» | Pi, • • • p(> - » 5P 

where 

r 5 1 (0/8«J)»<rf ' )- I<Pi',---P.' |T..."|pi>---pi>-»*P>P' 
Q-i «-^(*A3rc,3rc') = P (V.65) X < P i V " P . W | P i , - P ^ (V.71) 

L OX J#,JIC,JiC where 

provided (V.61) and (V.62) are satisfied. P = £ p; P ' = ] £ P' 
2. An alternative variational principle can be for- t=i ' ,=i 

mulated in terms of a Legendre transformation. We 
define a n d <*P,P' is a Kronecker 5-symbol. Thus, for example, 

^ ^ - K t o - W v W M ) , (V.66) -O-.00 w l ( p ) = s [ 1 _ 2 ( p | u M l p ) ] _ 1 > ( V 7 2 ) 

*• " ' ° The Us,^ functions are, by definition, independent of 
z=z(tf,p,9Tl,2(R'). (V.67) the volume. 

Thus we have A s ° "* °° > ^ ^ b e c o m e s 

I —g(x,p,9Tl,3T<;')l , r 

L53Ti(p) Jx,p,9n;' = (g^)-i 1 d»^ infr-^snPfpJ-arc^Cp)]*} 

LS3Tl(p) Jx,3,9TC' - ( S x 3 ) - 1 ! <fM>*(p)]~T3TC(p)--w*(p)] 

r 5 <w n l +0-1SC+£2-«P', (V.73) 
—--g(x,p,9TC,9E0 where ' 

L53Tl'(p) Ja;,p,3n; 
5 (V-68^ 0-19C=-x+E(w!)-2(x3)"(87r3)»-1 

= "L^(p]^ ( X , Z ' 9 T l ' 9 I l U, Z ,91l "_1 X(0,...0|un"|0,-..0), (V.74) 
and 

\x—g(x,p,2fH,9H')l ( 8 x 3 ) i 2 - ^ ' = - f ^ i . p ^ l w i . i ' l p i . i ^ n a r c f p ^ i ' ^ 
L dx Jp,9TC,9lr 2 •/ *-i 

= -\x—$(*A9rc,3rc') 1 . + - f[< |uc-lp, - P ) + ( P , -P |v2 ,0*| yym'(p)d>p 
L OX J2>,Ji6,JiG 2 *̂  

1 /» 3 
+ ~ I <Pl,p2,p3|u3,3aJ|pl,p2,p3>Il9n:(pi)^i 

6«/ *=i 

By using (V.64) we find that the Helmholtz free energy 
F of a system in the original grand canonical ensemble ^Z ^ 
is given by 

1 r 

(&KT)-1F= stationary value of ZQr1$(x9p,WC,Wl')'] + - I [<pi,p2| V2,2x|p3,p4>]2S3(pi+p2--p3--p4) 
(V.69) 8 J 

at constant p as ft —> co. 4 ^ 

7. LIMIT OF INFINITE VOLUME 

4 1 /» 

X l l 9 r c ( p < ) ^ d - C ( P i | ^ 3 l p i , p 2 , - p 2 ) 
i=l 2 •/ 

To study the forms of the functions $ and % as +<Pi, P2, - p 2 | u 3 , i a J | P i ) ] ^ / ( p 2 ) 9 ^ ( p i ) ^ i ^ 2 

12—» oo it is useful to introduce , 

H . (V.75) 
< P I V - - P . ' I W 1 P I , - - - P * > _. OT , . , £ 

= Y\nL(n-s)Kn-t)n-1(8^xz)n-^-'-t Regarding *p as a functional of x, z, 9TC, and 9fTC' and 
*, , \ n *n. ,, n n x / V 7 M demanding that it be stationary with respect to 

A u>i,: • • P. ,u, • • • u | i;tt I Pi, • • • p*,u, • • • u;, (, v. /uj independent variations of x and 9fll and M' at fixed z, 
where „„• is defined in (IV.54) and is related in a simple ™ e o b t a ? f t

J
h e ^ l i b r i u m values of x, 9fTC, and 2TC. 

way to the Boltzmann un functions introduced in (1.54) T h e P a r t l c l e d e n s i t ^ 1S t h e n S l v e n b y 
for 0 = o o . In (V.70) the running index n varies from 
the larger one among the two integers s and t to infinity. o = x-\- (87r3)-1 f nrfyTC (n) — 1 ld*<b (V 76^ 
By using (IV.126) in paper IV and (V.26) it follows J KPJ J y' V ; 
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+ 

+ 

which follows from (V.6S), (V.63) and the fact that all 
the vs,t

x depend on x and z only through the com­
bination xz. 
I To write down the explicit integral equations deter­
mining 9TC and 9HX7, one takes the functional derivatives 
of $ . (V.61) and (V.62) become two coupled integral 
equations: 

9fR(p) = wa?(p)+wa?(p)Sm:(p)JC(p) 

+m*(p)9TC'(p)3C'(p), (V.77) 

^ ( p ) = = ^ ( p ) ^ ( p ) 5 C ( p ) + ^ ( p ) a ^ ( p ) 5 C / ( p ) , 

where 3C and 3C' are, according to (V.7S), 

&(p) = j ( P , P l I U2. 2* | P,Pl>9fTi:(pi)^l 

1 /• 2 . 
- I <P,P1,P2 | US, 3* | P,Pl,P2>II 9fTi : (pO^ 
2 •/ *=i 

- J [<P,Pl I V2, 2* | P2,P3>]253 ( P + P l - P2~ P8) 

X I I 9TC(P<)^<+- f[<Pk>3*|p,Pi , - P i ) 
i=i 2 J 

+<P, Pi, - P i | ^ i a j | p ) ] ^ l , ( p i ) ^ i + - • •, (V.78) 
and 

K'(p) = K( k* x | p , -P>+<P, - pKo* | )] 

+ " |C<Pl|ui.8' |pl,P, ~ P ) 
2 J 

+(p i , P, - p | u 3 , i a : | p i ) ] ^ ( P i ) ^ i + - •• (V.79) 

(V.78) and (V.79) are, of course, identical with the 
limiting form of (V.51) as the volume becomes infinite. 

In the integral equations (V.77), p is regarded as a 
continuous variable. I t is of interest to know whether 
the solutions 9flfl(p) of these equations may become 
singular as p —> 0. I t can be shown that the occurrence 
of such a singularity is closely related to x>0 where x 
is determined by (V.7). 

Theorem 3 (proved in Appendix H).—If as Q—» °o 
the solution for 

[ft-1— ln$a»] =0 (V.7) 
L dx \z 

is x^x where x is real and positive, then at x=x the 
solution for the integral equations (V.77) satisfies 

9fn:-"1(p)=o at p=o. (v.80) 

Furthermore, at x— x 

[9fTC,(p)/9nfi:(p)]=-l at p = 0 . (V.81) 

Consequently, the determination of x is closely 
related to the study of the behavior 9frc-1(p—>0). As 

will be discussed in the following sections, this theorem 
together with Theorem 1 give a clear classification of 
the possible existence of two different phases in a Bose 
system; one corresponds to 

# = 0 and 9fTl-1(p=0)>0, (V.82) 

while the other corresponds to 

x>0 and 9Tl-1(p==0) = 0, (V.83) 

where x is the solution of (V.63). 
I t is easy to see that in the phase # = 0 all the equa­

tions derived in the present paper reduce to the corre­
sponding equations obtained in paper IV. 

8. DILUTE SYSTEM OF BOSE HARD SPHERES 

In this section the above results will be applied to a 
dilute Bose system of hard spheres. We shall show that 
at a given particle density p and temperature T it is 
possible to evaluate the thermodynamical functions of 
such a system in successive powers of a, provided 

and 
a p \ 2 « l , 

(<*A)«1, (V.84) 

where a is the diameter of the hard sphere and X is the 
thermal wavelength, 

X=(4ar0)*. (V.85) 

We recall that for a small diameter a the explicit 
forms of vn

s can be computed by using the binary 
kernal B. The details of such calculations have been 
discussed in previous papers. Here we list some useful 
formulas for vs,t

x, 9C, mx(p)J etc. for the case of hard-
sphere interactions [see e.g., (IV.48) and (IV.61)]. 

<PiV • - P n ' M P i , - • •p»>-0 [ ( f l \ 2 ) - i ] , (V.86) 

<P1,P2 | U2,2a?|pl,p2>= - (27T 3 ) -W 

X e x p [ - / 3 ( ^ 2 + £ 2
2 ) ] + 0 ( a 2 ) , (V.87) 

( |V0,2*[P, ~ P ) = (P, -P |U2,0* | ) 

= 4naxzp-2texp ( - 2pp2) -1] 

+0(a2), (V.S8) 
[w*(p)]-1=2r1--<p|ui fi

a! |p) 
= s ~ 1 - e x p ( - ^ 2 ) 

X [ l - 4 a X 2 a * + 0 ( a 2 ) ] , (V.89) 
and 

12-19C= -x+xz-a\2(xz)2+0{a2). (V.90) 

In the following we shall use the variational principle 
(V.69) to evaluate the free energy F in successive 
powers of a. Throughout the computation we shall 
consider p and T as fixed. 

Zeroth Approximation 

We shall calculate x, z, 201, 9flZ', § etc. as functions of 
p, T accurate to the zeroth power in a. All the zeroth 
order quantities are denoted by subscripts 0. From 
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(V.75) and (V.86) we find FQ and Fd in the two phases are given by 

Q-«p0'=0. SfWg^pKT lns0-X-3/<rg5/2(zo)+0[V] 

Thus, by using (V.89) and (V.90), the zeroth order if ?<(><» (v-102) 
expression of %, [Eq. (V.66)], becomes anc* 

^o(xo)P^o,3TloO=pln2o ^ d = - ( 1 . 3 4 2 ) X ^ r + 0 M if P > P , (V.103) 

/

These results are, of course, identical with that of a 
<pp ln(s0-

1[9^o2(p)-3^o,2(p)]^) f r e e B o s e Sas-

First Order Expression of Free Energy 

+ (8^)-^ dzpfeo-'-expi-pp^Woiv)-!} Next, taking advantage of the variational property 
_[_£0(1__£0) (V91) °^ S w e c a n substitute the zeroth order solutions %o, 

so, 9TCo, 9TCo', directly into (V.66) and (V.73). By using 
where s0 is regarded as a function of (xo,p,9^o,2^oO the explicit forms of mx(p), 9C and vs,t

x given by (V.86)-
determined by (V.76), (V.90), we find the first order expression for % to be 

[neglecting terms proportional to 0(an) where n>\~] 

p = Xo+(8ir*)-1 [lzo-lWlo(p)-lld*p. (V.92) S T ^ p ln2o-X-3g5/2(so)+4^X2(xo2o)[X-^3/2(so)] 
J +a\*(xoZo)2+2aK£\-*gz/2(zo)J, (V.104) 

By setting the variational derivatives of go with respect w h e r e X^T) a n d Z^T) a r e g i v e n b y (V>99) a n d 

to 9TC0 and 3TC0' to zero, we obtain (V.101). Thus, we obtain the following results: 
gH0(p)==2o[l-Soexp(-/5^2)]-1, (V.93) (a) I n t h e gaseous phase (p<pc) the free energy FQ 

and i s g i v e n bY 
9fTCo'(p) = 0. (V.94) QrlFg=pnT lnso-X-3(/cr)g6/2(2o) 

Substituting these results into (V.91) and (V.92), we +87raP
2+0[a2X"7], (V.105) 

find where 

CHgo(*o,p) = P In»o-X-»gB/s(«o)+*o(l-2o), (V.95) P=X-3g3/2(so). 

a n d (b) In the degenerate phase (p>pc), 

p=^o+X-3g3/2(2o), (V.96) Q-iFd= _PcKr+47ra[p2+2ppc-pc
2] 

w h e r e +0[^p^X-2]. (V.106) 
00 

#1(3/)= ]£ yw»-*. (V.97) The zeroth order expression of pc is given by (V.100). 
w=i These results have been previously obtained by using 

Next we set t n e pseudopotential method.8 That the next order 
terms are proportional to 0(a2) and 0(a*) in these two 

d \ phases will become clear after we evaluate the first 
—So I =XQ(1-ZO) = 0, (V.98) order solutions for x, %y 9TC, and 9TC'. 
d#o 

(*o So) 
d#0 / , 

which, according to Theorem 1, determines7 the First Order Solutions of 3TC and 9TC' 
functional form of *0(p T) Solving (V.96) and (V.98) I n Q r d e r tQ c a k u l a t e ^ a c c u r a t e tQ 0 ( f l ) i t i s 

hases ** ^ ^ 6X1 S m n e C e S s a r y t 0 i n d u d e i n ( V ' 7 5 ) t h e first t W 0 t e r m S i n 

/ x ™ , . -, . i the sum for $ ' . We define9 (a) The gaseous phase in which 

*o=0, X-^/2(so)=p. (V.99) Q - i ^ ^ - J ^ ^ I ^ . - l p ^ n a i l i C l N ) ^ * 

This solution obtains for the case p <pc, where 

Pc=X-3g3/2(.l)=X-3(2.612). (V.100) + 1 J : < |UOiJ,|p> _ p ) + ( p ) _ p K o , | )] 

(b) The degenerate phase in which X9fTCi'(p)<P#. (V.107) 

„ _ _ „ _A ^ A M n i N 8 T. D. Lee and C. N. Yang, Phys. Rev. 112, 1419 (1958). 
x0-p pc, zo-i, p̂ >pc. ^v.iui; 9 W e u g e s u b s c r i p t s i f o r a l ] first o r d e r solutions. These first 

order solutions include both the zeroth order solutions and their 
Thus, the zeroth order expressions for the free energy corrections. 
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Correspondingly, the integral equations (V.77) become 

and 

M1
f(p)^m^p)tmt1

,(p)3Z1(p)+m1(p)Xi,(p)2J (V.108) 

where 

ffi (P)=J(P,P' I v% *x I P,P')^I ( P ' W , 

and 

aCi ,(p)=iC(l^2
a ; |p,-p)+(p,-p| t ;2,o a ; | ) ] . (V.109) 

By using (V.87)-(V.89) and neglecting terms 0(a2) in 
these equations, we find the solutions of (V.108) to be 

3TCi(p) = * [ l - r e x p C - / ^ ) ] - 1 : ! - / ^ ) ] - 1 , (V.110) 

and 

where 
^ i ' ( p ) = /(p)9TCi(p) (V.lll) 

/(p) = - ^ax^p-^l - exp ( - 2ft£2)] 
X C l - f e x p C - ^ 2 ) ] - 1 , (V.112) 

and 

f = 0 i 1—4aX2^i2i--4aX2 

X JiSTrT^iiv) e x p ( - ^ 2 ) ^ l . (V.113) 

Correspondingly, (V.76) becomes 

P=XI+(8TT3)-1 f[zr1mi(p)-i]^p. (V.H4) 

The functional form of %\ can, then, be determined 
by applying the variational principle (V.69) with 
respect to x. The detailed forms of these functions are 
rather complicated. In the following we shall discuss 
only some simple partial results. 

(a) In the gaseous region (p<pc) 

*i=0, 9fHi'(p) = 0, 

9fKi(p) = «iCl-f exp(- /^ 2 ) ] , (V.115) 
where 

P=X^8/2(f), f=s1Cl~4apX2]. 

These results are identical with the results obtained 
in paper IV [see, e.g., (IV.66)]. To 0(a°), pc is given 
by (V.100). 

(b) In the degenerate region (p>pc), we find 

it is necessary to separate two different regions of 
momentum. 

(b.i) At ^ 2 » M , we find10 

9TCi(p) = S i [ W e x p ( - ^ 2 ) ] + 0 [ a V r 4 ] , 
and 

9TCi'(p) = ~ 4 7 r ^ i S 1
3 ^ - 2 [ l - e x p ( - 2 ^ 2 ) ] 

X [ l - f exp(~^ 2 ) ] - 2+0[a 3p^- 4 ] . (V.117) 

(b.ii) At fc^O[ap]y we find10 

m1(p)= (2aX2^1)-1(g2+l)[g2(g2+2)]-1+0[a-], 

and 

311/(p) = - (2aX2x1)-1[g2(^2+2)]-1+0[a-^], (V.118) 

where 
q2=p^Traxx)-\ (V.119) 

It is important to notice that the magnitudes of 3TCi 
and STIZi' at small >̂ are quite different from that at 
large p. 

Substituting the first order solutions of 9TZi, 911/, xh 

and Z\ back into (V.66) and (V.73) we can evaluate the 
next order term for the free energy. In the calculation 
for $ ' , the integration over p^{ap)% yields a term 
0{pX} while the integration over large momentum gives 
a term proportional to a2. These results together with 
a more complete discussion of the first order solutions 
of x and z will be given in a later publication. 

9. DISCUSSIONS 

In this section we make some general remarks about 
the present method. 

1. Throughout the present series of papers the effects 
of statistics are treated separately from the effects of 
interactions. For a system of interacting particles we 
characterize their interactions by the various Boltz-
mann Ui functions (or their symmetrized and anti-
symmetrized forms, Tj* and TiA functions) which are, 
in principle computable from the corresponding two-
body problem through an expansion in terms of the 
binary kernel. 

The effect of statistics enters when we express the 
UNS and UNA functions in the case of symmetrical or 
antisymmetrical statistics in terms of the corresponding 
Boltzmann Ui functions by using Rules A and B in 
paper I. Without using the explicit forms of these 
Boltzmann Ui functions we can express these two rules 
in terms of graphs which ultimately lead to a set of 

and 

* i = p - p c + o [ > y x - 2 ] , 

2i=l+2aX2(p+pc)+0[(pa3)*], 

f=l-2aX2(p-pc)+0[(pa3)*]. (V.116) 

To study the order of magnitude of 9fTCi(p) and 9fTCi'(p) 

10 It is important to notice that2flZ(p) is related to <tnp) by 
(V.41) where (tttp) is the number of particles with momentum p 
and not the number of phonons.' The transformation between 
phonons and particles for a system of Bose hard spheres at a 
finite temperature has been studied by means of the pseudo-
potential method^ [T. D. Lee and C. N. Yang, Phys. Rev. 112, 
1419 (1958)]. Using these results, identical expressions for2HZ(p) 
such as those given by (V.117) and (V.118) can also be obtained. 
It is interesting to notice that from (V.118) for small p, (mp) ccp~2 

while the [average number of phonons with momentum p]<*i_1. 
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integral equations for the average occupation numbers 
in momentum space. 

This approach is especially useful in the case of Bose 
particles since the appearance of a Bose-Einstein con­
densation is the consequence only of the symmetrical 
statistics. While the quantitative properties are of 
course influenced by the actual forms of the Boltzmann 
Ui functions, the qualitative features of such a phase 
transition can be studied by analyzing only the effects 
of statistics. This is explicitly demonstrated, for 
example, by the general character of the coupled 
integral equation (V.77). A Bose-Einstein conden­
sation is simply a transition from a phase, called the 
nondegenerate phase, 

#^lim O~1(̂ o) = 0 
12—>oo 

(V.120) 

to a degenerate phase, 

x>0 and STC~1(p = 0) = 0, (V.121) 

where $TC(p) is the solution of the integral equations 
(V.77). 

Two different kinds of phase transitions, therefore, 
are possible. 

(a) In the nondegenerate phase, at the point of 
transition, 

x=0 and 9Tl-1(p=0)>0. (V.122) 

(b) In the nondegenerate phase, at the point of 
transition, 

*=0 but 2fTl-i(p=0) = 0. (V.123) 

In general, we expect in the former, case (a), a phase 
transition of the first order while in the latter, case (b), 
a phase transition of higher order. An example of case 
(b) is the condensation of a free Bose gas. Another 
example of case (b) is the approximate solution we 
obtained for the case of dilute hard spheres. 

2. We can apply these results to liquid He. The 
phase transition between He I and He II is of second 
order. Therefore, we expect the A transition to be of 
the type (b) discussed above. Since at the point of 
transition 9TC(p) has a singularity even in the non-
degenerate phase and since all thermodynamical 
functions can be expressed as sums of integrals of 
products of the 9fH function it is quite possible that some 
of the thermodynamical functions may become singular 
in the nondegenerate phase at the point of transition. 
This may have a direct bearing on the observed form11 

of the specific heat near the X point. 
At very low pressures and temperatures there is a 

phase transition of first order between helium gas and 
He II. This transition is an example of type (a) dis­
cussed above. 

In Fig. 7 we plot a schematic p-T diagram of helium. 
The above results can be summarized as follows: 

FIG. 7. Schematic p-T 
diagram of He. 

SOLID 

B 

(i) Along the X line AB, gE-1(p=0) = 0 on both sides. 
(ii) Along OA, 9U-1(p=0) = 0 on the liquid side but 

9n_1(p=0)>0 on the gaseous side. 
(iii) Along AC (excluding the triple point A), 

37l~1(p=0)>0 (but has a discontinuity) on both sides. 
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APPENDIX A12 

To prove Theorem 1, let us first consider a grand 
canonical ensemble of systems, each of which satisfies 
the periodic boundary condition in a cube of volume 12. 
We define (PQ(L) to be 

<Po(L)=-£ (AM)"1** 

X ZL <ki, 
k i . . • kjv 

-kN\WN*\kh---kN), (V.124) 

where the sum Y^L extends over all ki- • -kjv in which 
L of the momenta ki, k2, • • -kjv are zero. We also define 

&Q(x,L)= ( L ! ) - 1 ^ ) ^ ^ ) exp(-aG). (V.125) 

Then 
& * = £ L ( R O ( * , £ ) . (V.126) 

For volume 12 —> <*> y we have 

O"1 \n(RQ=Qr1l-xn+L ln(a*2) 

-L lnL+L+ln(P0], (V.127) 

ft-1 ln^o^flT1 ln[max of (Pa(L)], (V.128) 

and 
12"1 ln^o^ST1 ln[max of (Ra(*,L)], (V.129) 

in which "max of" stands for "maximum of, among 
various values of L." 

To prove Theorem 1, we observe that 

d d 
— ln(R0 = —ln(PQ(£)+ln(a&/Z,) = 0 (V.130) 
dL dL 

11 Fairbank, Buckingham, and Kellers, Bull. Am. Phys. Soc. 2, 
183 (1957). 

12 Throughout this Appendix we will discuss various limits of 
infinite volume and also consider effects of dividing a large system 
into two smaller but macroscopic systems. These discussions and, 
in particular, the proof of the lemma are based essentially on 
physical arguments. While these statements can be substantiated 
by considering specific systems such as that of dilute Bose hard 
spheres, a completely rigorous mathematical treatment of these 
arguments has not been found. 
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at the value of L at which lnCR® assumes its maximum 
value. Substituting (V.129) into (V.7) and using 
(V.130), one obtains 

and 
d 

— ln(P0(L) = 0. (V.131) 
dL 

Substitution of (V.131) into (V. 127)-(V.130) leads to 
Theorem 1 for the case x^O. For the case that (V.131) 
cannot be satisfied, (9Q(L) assumes its maximum at 
L=0. (V.8) then follows from the definition of ^Q*. 

To render the above arguments more rigorous we 
must first sharpen the definition (V.124). We impose 
an additional condition on the range of the summation 
over ki, • • -k^: For all nonzero k 

(number of k , = k) ^ AUa, 

where a and A are constants provided f < a < l . This 
condition is introduced so that we need not consider 
configurations which have a macroscopic [i.e., 0 ( 0 ) ] 
occupation number for k?^0. While such configurations 
are essential for the study of dynamical properties, 
they can be neglected in any computation of the thermo-
dynamical functions for a system which is at rest. [See, 
e.g., reference 2.] Thus, (V.128) still holds. Further­
more, for a large system the value of (PQ(L) gives the 
relative probability in the grand canonical ensemble of 
having L particles with zero momentum. We now prove 
the following lemma. 

Lemma,— 

12 ln(Pc(L) ^ 0 , (V.132) 

as 0 —> co, but keeping L/12=finite. 
Proof.—We consider a partition of the volume 12 

into two smaller volumes and impose separately the 
periodic boundary conditions on these two volumes 12i 
and 122, where 

Qi=rjQ and 122= (l—rj)Q. 

Correspondingly, we consider a partition of L, 

L=L!+L2, 

where L\ and L2 are, respectively, the number of 
particles with zero momentum in 12i and 122. Utilizing 
the property that a configuration of L\ particles with 
zero momentum in 12i and L2 particles with zero mo­
mentum in 122 corresponds to a configuration of L 
particles with zero momentum in 12 but not vice versa, 
we find, after neglecting the surface effects due to the 
partition, 

(Po(^)^(Pfii(^i)(Po2(L2). 

Now for every partition, 

(L/Q) = i ? ( V 0 i ) + ( I - * ? ) ( ^ 2 ) . 

Hence as 12 —> 00, 

Or1 fo(P0(jy ^ [ G r 1 ln(Poi(Li)] 
+ (l-7?)[02-1ln(P f i2(L2)] 

where rj is any positive number between 0 and 1. 
Consequently, if we plot l i m ^ ^ O - 1 ]n(Pa(L)2 against 
(L/Q) at a fixed fugacity z, the resulting curve must be 
a convex one, which proves Lemma 1. 

Suppose the maximum value of 0_1ln(Pi2(L) occurs 
at (L/Q), where 

max imum^- 1 lnCPoOQ^Q-1 ln(P0(I). (V.133) 

(V.129) becomes 

Q-i I n ^ o ^ l T 1 ln(P0(Z), (V.134) 
a s 12 —> 00. 

We now study the curves 0 _ 1 ln(Ra(x,L) vs L/Q. The 
first and second derivatives are given by 

d d 
— InCRofoZ,) = — l n ( P a ( L ) + m [ ( ^ ) / £ ] , 
dL dL 

and 

12 ln(Ro (x,L) = Q ln(P0 (L) - (Q/L). (V. 135) 
dL2 dD 

Therefore for sufficiently large volume 12, if we plot 
12-1ln(Rn(#,L) against (L/Q), the resulting curve must 
be convex just as the curve Or1 ln(Po vs L/Q is. Further­
more, at any fixed real and positive value of x, 

Or1 lnCRofoZ) ^Qr1 ln(P0(L), (V.136) 

where the equality occurs at (and only at) 

(L/Q) = x. 

Combining (V.129), (V.135), (V.136), and the lemma 
we find that for sufficiently large volume Or1 ln^o* 
varies convexly when plotted against x; i.e., 

(d^dx^Q-1 l n i^O (V.137) 

for x^O. Furthermore, as 12—^ co, at any 

x^O, (V.138) 

12-1 l n ^ ^ l T 1 l n ^ s , (V.139) 

and the equality occurs at 

x=x=(L/Q). (V.140) 

Theorem 1 is a direct consequence of (V.139) and 
(V.140). 

APPENDIX B 

To prove Rule C, let us consider a matrix element 

(W,---kN'\WN*\kh-..kN)J (V.141) 

in which, say, L of the N final momenta are zero. We 
denote by A1A2" -AL the L particles with zero final 
momenta and by BxBz- -BN„L the (N—L) particles 
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with nonzero final momenta. 

L i / = 0 p = 1,2, • • . £ ] , 
and 

k*,V0 [7 = 1,2, 

From (V.2) and (V.4) we find 

•(N-L)J (V.142) 

( k / ^ . - V I I F ^ I k ! , •k^)=(xO)^ E i V ( £ ) 
Ptf'(L) 

X ( k / , . . . V | ^ ^ | k i , - " M , (V.143) 

where PN'(L) is any permutation of the TV numbers 
C4i, • • --4L,JBI,- • -BN-L) provided it does not alter the 
relative order among Ai, A2- - -AL\ i.e., 

PN'{L)[AhAv -AL,Bh.. .BN-£] 
= [• • 'Air- ^ v ^ L - I , - • -AL,.- •]- (V.144) 

In (V.143) the sum extends over all (Nl/Lty permu­
tations PN'(L) which apply on the final momenta 
ki ; • • • W only. 

Next, we consider the Ursell expansion of the 
Boltzmann functions Wn: 

<k/|T^1[k>=<k'| C/iIk>, 

<ki/,ka
,|Tr2|ki,k2>=(kl

/| tfilkxXVI I7i|k2> 
+<k/,k2'|Z72|k1?k2>, etc. (V.145) 

By substituting the appropriate expressions (V.145) 
for WN into (V.143), we can express WNX as a sum of 
terms (V.15) over all different groupings (V.14), but 
without the condition (b) used in (V.15). Combining 
these results with (V.10), it is straightforward to solve 
for Uix, U2

X, Uzx, • • • in terms of sums of the form 
(V.15) and (V.16). The result is Rule C. 

APPENDIX C 

In this Appendix we shall give the steps leading from 
(V.ll) and (V.12) and Rule C to (V.32), and from 
(V.38), (V.41) to (V.42). Similarly to the introduction 
of Rule A' in paper IV, we first combine Rule C and 
(V.18) into Rule C . 

Rule C.—Rule C is exactly the same as Rule C 
except for the following two changes: 

1. In (V.16) replace every factor 

(kz>i', • • • kz>m' | Um | kci, • • • kcm) 

by a corresponding factor 

(Zo I ) - 1 ^ / , ' ' • W | Tm
s | kci, • • • kcw>, 

where h= number of zero momentum among 
kz>/ • • • kz>m'. The resulting expression is called 

Op . (V.16)' 

2. In (V.15) we sum over those permutations P 
which satisfy, in addition to the two conditions (a) 
and (b) stated in Rule C, a further condition (c): 

(Al) 

FIG. 8. Examples of numbered , „% 

(0,0),-graphs. (A,,) = 

(Aiii) = 

(c) Among all the permutations 

(aA• ' -7MJV • -) = P(Alr. -AhBh" •£(*-*)), (V.17) 

which differ from each other only in the relative 
positions of numbers within the same bra [e.g., (k7 ' ,k/| 
and (k5 ',k7 ' |] in (V.16), only one is included in (V.15). 

From (V.ll) and (V.12) we can write Or1 ln^n* as 

^ _ 1 l n ^ = - ^ + E E zn(n\Q)~l 

X E <ki,---kn|ffn*|ki, 
k i - . . k n 

•kn>, (V.146) 

where the sum E* extends over all k r • kn provided 

(number of zero momenta among ki • • • kw) = I. (V.147) 

By using Rule C, these sums can be expressed as a sum 
over expressions (V.16)' with 

k /=ki , ( i= l -

For example, in the sum 

-n). (V.148) 

Z=3 

k i - . - k s 
•kB|J7B1k1,..-kB>, (V.149) 

let us consider a definite term (V.16)': 

(Ai) = (^)3[(3 0-KOAOIT3
S | ki,k2,k8>] 

X[<ki,k2|r2-|k4,k5>], (V.150) 

where k i ^ 0 ^ k 2 and k3=k4=kB=0. For clarity we 
write the zero final momenta in (V.150) explicitly as 0. 

In Fig. 8 we represent (Ai) by a graph, called a 
numbered (0,0)x-graph.13 In a similar way, every term 
(V.16)' which satisfies (V.148) can be represented by 
a numbered (0,0)x-graph constructed according to the 
following procedures: 

13 The term (jx,z>)argraph refers to any graph where a zero 
momentum is represented by a wavy line. 
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Every zero initial momentum k« is represented by 
an incoming wavy line with a labeling number a [e.g., 
a = 3 , 4, 5 in (Ai)']. Every zero final momentum is 
represented by an outgoing wavy line without a labeling 
number. Every nonzero momentum k^ is represented 
by a straight line with number ($ [e.g., /?= 1, 2 in {Ai)~]. 
Since in the sum (V.146) these nonzero momenta are 
to be summed over, the corresponding straight lines 
are all internal lines. The topological connectedness 
between vertices and lines follows the same order as 
given by the corresponding term (V.16)'. 

I t is easy to see that if (V.148) is satisfied, then there 
is a one-to-one correspondence between the terms of 
(V.16)' and the different numbered (0,0) ̂ -graphs. 

From any numbered (0,0)argraph with a total of N 
numbers we can generate N! numbered (0,0) ̂ -graphs by 
permuting the position of the N numbers. Among these 
N! graphs there will be a total of, say, 

co (V.151) 

numbered (0,0) ̂ -graphs (including the original graph) 
that are identical with the original one; or, a total of 

D=(N\)/a (V.152) 

numbered (0,0)argraphs that are different. I t is im­
portant to note that the different terms (V.16)' which 
correspond to these different numbered (0,0) ^-graphs 
give identical contribution to the sum (V.146) after 
summing over all the nonzero momenta. 

For example, starting from (Ai) in Fig. 8, different 
numbered (0,0)x-graphs (Aii), (Aiii), etc. can be 
formed. The corresponding terms (V.16)' are 

(AH) = (*G)*[(3 !)](0,0,01T3* | k!,k2,k4>] 

X ^ k x ^ l T ^ l k ^ k s ) ] , (V.153) 

where k i ^ 0 ^ k 2 , k 3 = k 4 = k 5 = 0 , 

(Aiii) = (xUK (3 O-KOAOIT3* I k3,k4,k5>] 
X[<k8 ,k4 |T2 ' |ki,k2>], (V.154) 

where k37^0=^k4, k i = k 2 = k 6 = 0 , etc. Altogether in­
cluding (Ai) we can construct 

D=5![(2!) (2! ) ] - i 

different numbered (0,0)a-graphs by permuting the 
positions of 1, 2, • • -5. Thus 

"=(2 0(2!). 

In general, let us consider a numbered (0,0)argraph 
with a total of N numbers, 

N=L+M, (V.155) 

where the (internal) straight lines are numbered 
BiB2—-BM and the (external) incoming wavy lines 
are numbered AiA2- • -AL. In this graph there are, say, 
A(s,t;n) vertices, each connecting s outgoing straight 
lines, / incoming straight lines, (n—s) outgoing wavy 

lines and (n—t) incoming wavy lines. Clearly 

L=Y,(n—t)A(s,t;n), 
and 

M = E tA(s,t;n) = Y, sA(s,t;n). (V.1S6) 

To give a general expression for co, let us define a 
partially numbered (0,0)x-graph which is obtained from 
the numbered (0,0) ̂ -graphs by deleting the numbers 
Ai- - -AL associated with the incoming wavy lines but 
retaining the numbers Bi • • • BM associated with the 
(internal) straight lines. We then consider Ml per­
mutations of Bx - - - BM which will generate M! partially 
numbered (0,0)x-graphs, among which the total number 
of partially numbered (0,0) ^-graphs identical with the 
original one is defined to be the partial symmetry 
number S'. I t then follows that 

a=S' I I [(»-0GA( ' ' ' ;n), (V.157) 
s,t,n 

where co is introduced in (V.151). 
Next, we define a (0,0) ̂ -graph which is obtained 

from a numbered (0,0)x-graph by deleting all the 
numbers. In an entirely similar way we can give the 
general definition of a Ou,j>)argraph. 

A (M,*>)*-graph is a single (i.e., connected) graphical 
structure which contains two different kinds of lines, 
straight lines and wavy lines. Every line carries a 
direction which is indicated by an arrow. All wavy lines 
are external (incoming or outgoing) lines. The straight 
lines can be either external or internal lines. A (n,v)x-
graph has v incoming external straight lines and /z 
outgoing external straight lines. 

These lines are connected at various vertices. Each 
vertex, called an (s,t; n) -vertex, is characterized by 
three integers s, t, and n where s, t, (n—s), (n—t) are, 
respectively, the numbers of outgoing straight lines, 
incoming straight lines, outgoing wavy lines and in­
coming wavy lines that are connected by this vertex. 
The number n must be greater or equal to 1 while s 
and t can be arbitrary integers, including zero. Each 
(Mj^argraph must contain at least one vertex. 

To each external straight line we assign a nonzero 
momentum #; [i= 1, 2, • • •, (n+v)']. All these momenta 
are considered to be distinguishable. Two (/x,^)a;-graphs 
are different only if they have different topological 
structures which include the positions of these dis­
tinguishable momenta of the external straight lines. 

Corresponding to each O^argraph we assign a term 
determined by the following procedures: 

(i) / ; / Associate with each internal line a different 
integer i (i=l'*-M) and a corresponding nonzero 
momentum pi. Associate with each wavy line a zero 
momentum. 

(ii) '" To each (s,t; n) -vertex we assign a factor 

[_(n-s)\(n-t)^-1 

X<Pcr • -Pc.,0,- • - O I T ^ I P D I , - • -pW>,- • -0), 
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where pz>i, • • *pDt, 0, • • -0 are the momenta associated 
with the appropriate incoming (straight and wavy) 
lines and pci, • • • pes, 0, • • • 0 are those associated with 
the outgoing lines. 

(hi)'" Assign a factor z to each internal straight line 
and a factor (xzti)% to each (incoming or outgoing) 
wavy line. 

(iv)"' Assign a factor 

OS')"1 (V.158) 

to the entire graph where S' is called the partial sym­
metry number defined as follows: 

Number the internal lines according to (i)'" and call 
the resulting graph a partially numbered {\i^v)x-graph. 
Among the Ml permutations of these M integers the 
total number of permutations that yield one particular 
partially numbered (/*,?) argraph is defined to be S'. 

The term corresponding to a Gu^-graph is then 
given by4 

E [products of all factors in (ii)'"-(iv)'"]. (V.159) 
V\-"VM 

By using (V.146), Rule C, (V.152) and (V.157) it 
follows that 

ln$o*= ~a*2+Z [all different (0,0) ̂ graphs]. (V. 160) 

In an entirely similar way we can express 9TC(p) as 
sums over different (ju,p)argraphs. 

9TC(p) = H-s2 E [all different (1,1)-graphs]. (V.161) 

A primary Qi,v)-graph can be obtained from a 
0***0 argraph by deleting all the wavy lines. This cor­
responds to a partial sum over those (JL,V)^-graphs that 
differ only in the number of wavy lines attached at 
various points. Performing such partial sums on (V.160) 
and (V.161) we obtain (V.32) and (V.42), respectively. 
Furthermore, after these partial sums only the com­
bination T. t occurs. 

APPENDIX D 

The proof of (V.3S) is identical with that given in 
Appendix B of paper1 IV except for replacing the 
superscript a by %, k by p, and (»k) by (mp). (IV.94), 
then, becomes exactly (V.38). 

To prove (V.39) we notice that (m0) is, by definition, 

L^T'LexpixQU E (Nl)~hN 

Liv=o 

x E L(kh...kN\wN*\kh...kN)\ 
ki..-kjv J 

where L is defined by (V.3). The above expression is 
just the right-hand side of (V.39). 

APPENDIX E 

To prove Theorem 2, we begin with the contracted 
graphs. Consider a contracted (/JL,V)-graph where 

6 ^ ) = (M), or (0,2), or (2,0). (V.49) 

Such a contracted graph is defined as improper if by 
cutting any one of its internal lines open the entire 
graph can be separated into two disconnected graphs. 
Otherwise, it is called a proper contracted (/x,^)-graph. 

We then define $(p), $ in(p) and $out(p) by 

«(P) 
^ E [all different proper contracted (1,1)-graphs], 

$in(p) 
^ E Call different proper contracted (0,2)-graphs], 

«<mt(p) 
= E [all different proper contracted (2,0)-graphs], 

(V.162) 

where each contracted graph contributes a term given 
by (V.36). In (V.162) the momenta associated with 
the two external lines are both p in the (l,l)-graph and 
p, —p in the (0,2)- and (2,0)-graphs. 

Lemma 1.— 

9TC (p) = mx (p)+mx (p)$ (p)9Tl (p) 

+m*(p)$in(p)9TCout(p), (V.163) 

9Tliu(p) = ^(p)^(p)mr in(p) 
+W(p)«in(p)9fTC(-p), (V.164) 

and 

a^out(p) = ^(-p)^(-p)9Tlout(p) 

+m*(-p)$out(p)3H(p). (V.165) 

Proof.—(V.43) can be written as 

mi (p) = mx (p)+[mx (p) ]2$ (p) + [mx (p) ]2 

X E [all different improper contracted (1,1)-graphs]. 
(V.166) 

By cutting one of its internal lines open, each of the 
improper graphs in (V.166) can be separated into two 
disconnected contracted graphs, one of which contains 
the original external incoming line and the other con­
tains the original external outgoing line. Furthermore, 
we can always choose the internal line such that after 
it is cut open the disconnected graph containing the 
original external incoming line is a proper contracted 
(JU,^)-graph where 

(M,*) = ( M ) or (0,2). (V.167) 

By summing over these two possibilities for (JJ,,V) and 
using the definitions of $(p) and $in(p)> (V.166) 
becomes (V.163). Similarly starting from (V.47) one 
can derive (V.164) and (V.165). 

By using the same argument but demanding that, 
after cutting the internal line of the improper graph in 
(V.166) open, the resulting disconnected graph con-
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taining the external outgoing line must always be a 
proper contracted (/*,*>) -graph, one obtains 

SOT (p) = mx(p)+m*(p)$ (p)9fTC (p) 
+m*(p)$out(p)3TCin(p). (V.163)' 

Similarly, by interchanging the roles of the two external 
lines, (V.164) and (V.165) become 

^in(p) = m*(-p)$( -p)^ i n (p ) 
+m*(-p)$ in(p)3E(p), (V.164') 

STCout (p) = ^*(p)$ (p)9fTCout (p) 
+m-(p)tout(p)9^(-p). (V.165)' 

These equations (V.163)-(V.165) and (V.163)'-
(V.165)' are illustrated in Fig. 9. 

Lemma 2.— 
3C(p)=fl(p), 

5Cin(p)=^in(p), (V.168) 

5 C o u t ( p ) = ^ o u t ( p ) . 

[$ 's are defined in (V.162) and 3C's are defined in 
(V.51).] 

Proof,—The direct way to prove (V.168) is to express 
3C(p), 3Cin(p) and 3Cout(p) as explicit functions of mx(p) 
by substituting (V.43) and (V.47) into (V.51). A com-

^ ( ( P ) 

^ ( p ) - m M p ) + 

m x (p) 

mx(p) 

mx(p) 

m x ( p ) . 

m (P) 
! 'out 

= m x ( p ) + %« <P> 

IV. 163) 

+27 (p) 

^ . n « P ) -

m x (p) ' A 

, (P) 

m x (p) T 7 7 { ( - p ) 

^ | i n ( p ) | 

(V. 164) 

mx(-p) 

mx(p) 

? ^ ( p ) + t m x ( - p ) 

^ f o u t W -
, ( P J 

(V.165) 

A mx(-p) 
^ (p ) + m x ( . p ) 

(V.165) 

^ o u t (P) 

FIG. 9. Graphical representations of (V.163), (V.163)'-(V.165), 
(V.165)'. The graphical structures of these boxes are illustrated 
in Fig. 4 and Fig. 5. 

parison between these expressions and (V.162) yields 
Lemma 2. 

Topologically, we may take any proper contracted 
(fj,,v)-graph where (/x,?>) satisfies (V.49); and then reduce 
it to an irreducible dual (/x,^)-graph by replacing, 
respectively, part of its internal structure that has the 
same structure as that in 3TC (p) by a single line with 
two parallel arrows, part that has the same structure 
as $Hin(p) by a single line with two arrows pointing 
towards each other, etc. It can then be shown that any 
such proper contracted (fx,v)-graph can be reduced to 
a unique irreducible dual (fx,v)-graph. Consequently 
the sums in (V.162) become identical with the corre­
sponding sums in (V.51). 

To show Theorem 2, we notice that (V.53) can be 
written as 

8tt(p) = m(p)+m(p)ft(p)2tt(p), (V.169) 
or 

Stt(p) = m(p)+W(p)«(p)m(p). (V.169)' 

By using (V.54), (V.169) is just the matrix form of 
(V.163)-(V.165) and (V.163)'. Similarly (V.169)' is 
the matrix form of (V.163)'-(V.165)' and (V.163). 

APPENDIX F 

In this Appendix we shall discuss briefly some miscel­
laneous properties of 9TC, 9fTCin, and 2nz0ut« 

1. Let dk and a^ be the annihilation operator and 
creation operators of momentum k, 5C be the Hamil-
tonian operator (in terms of a^ and a^) and m the total 
particle number operator 

t r t = S flkW 

We define Onx to be the operator 

00*^^(00^+l)]- i(a«)«otao^ 

X exp[ -# fe - afl], (V.170) 

where r is the gamma function. In terms of these oper­
ators, we can write 

j^*=trace[(V], 

9TC(p) = (i&i*)-1 traceCOo^pflp^, 

2TCin(p)= (^o*)-1 traceCOQ^oaoap^-p1"]^, 
and 

9TCout(p) = (i^*)-1 traceCflpa-pfloWOo^A (V.171) 

2. As remarked in reference 6, without eliminating 
the (1,1)-vertices in the primary graphs it is also 
possible to lead directly from the primary graphs to 
the irreducible graphs. 

To see this it is easiest to start from (V.53) and from 
Figs. 4 and 5, which give the 3C functions explicitly in 
terms of the STl's. The left-hand side of (V.53) does not 
contain the vertex Ti,i at all. The right-hand side of 
(V.53) contains Ti,i only in the term [m*(p)]-1 and 
contains it linearly. Moving this linear term to the 
left-hand side means the inclusion of an additional 
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diagram in 3C(p) containing the Ti,i vertex. The re­
sultant equation then reads 

ft'(p) = sri-»l-i(p), (V.172) 
where 

#(p) = ft(p)+( , , , J . 

It can be shown that this is exactly what one obtains 
by directly reducing the primary graphs without first 
going through the process of partial summation into 
contracted graphs. 

3. We can also reverse the discussion of the last 
subsection by observing that the vertices T2, o and To, 2 
are contained in (V.53) only on the left-hand side in 
two very simple terms corresponding to the simplest 
diagram for K-m and that for 3Cout in Fig. 5. Moving 
these two terms to the right-hand side of (V.53) and 
combining them with m*(p) results in an equation of 
the form 

r , ( p ) = [m"(p)]-i-9W-Kp), (V.173) 

where $"(p) is the same as $(p) except that all terms 
containing To, 2 and T2,0 are deleted, and 

m ' X p H r " 1 " ^ 1 ' 1 ^ ~ ( i T ° ' 2 ' P '~ P ) ) 
V-<p, -p|T2,o*| ) 2r-1-<-p|Ti t i* |-p>/ -

It can be shown that this is exactly what one obtains 
by first further contracting the contracted graphs 
through a partial summation over the (0,2) and (2,0) 
vertices, and then performing the reduction operation. 

APPENDIX G 

The proof of (V.58) and (V.59) is similar to, but more 
complicated than the discussion given in Appendix C 
of paper IV. 

Let us consider any dual (0,0)-graph. By cutting any 
one of the internal lines open but retaining the arrows 
of its two ends, we can obtain a dual (/*,*>)-graph, called 
a corresponding (jit, v) -graph, where 

(M," )= (1 ,1 ) 

if this particular internal line has two parallel arrows; 
otherwise, 

for) =(0,2) or (2,0), 

depending on whether the two arrows are pointing 
away from each other or towards each other. Further­
more, if the original dual (0,0)-graph is irreducible, 
then the corresponding (/z,^)-graph is also an irreducible 
dual graph. 

Similar to the discussion given in paper IV [see Eq. 
(IV-103)] there is a relationship between the symmetry 
number of any irreducible dual (0,0)-graph and its 
corresponding (/*,*>)-graph. To study such a relationship 
we first introduce the definition of equivalent arrows. 

Two arrows in an irreducible dual graph are considered 
equivalent if the labeling of these two arrows, respec­
tively, as a, p and leaving all other arrows unlabeled 
lead to the same topological structure, (which includes 
the positions of these two labels), as the labeling of these 
two arrows, respectively, as @, a. To each arrow we 
define an equivalence number 

n, (V.174) 

which is the total number of equivalent arrows in­
cluding itself. It is clear that two arrows on the same 
line must have the same equivalence number n. 

Next, we consider any irreducible dual (0,0)-graph 
with symmetry number S. By cutting one of its lines 
open one obtains an irreducible (/x,i>)-graph with sym­
metry number, say, a. 

Let n be the equivalence number of an arrow which 
is on the line that is being cut. The following lemma 
relates n with the two symmetry numbers S and a. 

Lemma L— 
ffcSL-1o-=l. (V.175) 

Proof.—In Figs. 10 and 11 we list various examples 
to illustrate (V.175). Although (V.175) is fairly self-
evident, like most combinational problems its proof is 
somewhat clumsy. 

We number every arrow of the irreducible dual 
(0,0)-graph with M lines by an integer i, where 

i = l , 2 , •••(2AQ. 

The result is called a numbered irreducible dual (0,0)-
graph. Let us fix the position of one of the integers, 

1 s 

"•A • 

* - o • 

n 1 | cr 

1 p 1 

p 

\ X \ 

• h ^ . • 
• p • 

p " p 

1 « • 
p ~p 

FIG. 10. Examples of symmetry numbers and equivalence 
numbers. If n is the equivalence number of an arrow in an irre­
ducible dual (0,0)-graph with symmetry number S, then by 
cutting open the line which contains this arrow and assigning a 
momentum p to this arrow one obtains a corresponding (ji,v)-
graph with symmetry number a—n^S [see (V.175)]. 
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S = 8 

Lemma 2.— 

= E P ^(p)59Tl(p)+Ep / 3Mp)S9TC0ut(p) 
+ E P ' 5Cout(p)69fnin(p), (V.177) 

where E P ' extends over the half p-plane. In (V.177) 
the variation 52flZ, 52nxin? and 690ZOut are completely 
arbitrary provided 

8Ma(v)=8Wla(-p), (V.178) 

where a=in or out. 
Proof.-—To show (V.177) let us consider, e.g., the 

first irreducible dual (0,0)-graph in Fig. 10: 

a = i E (Pi,P2,P8|T8i8*|pi,p2,P8>sm:(pi)9fR:(P2)OT:in(P8). 
P1P2P3 

The functional derivatives of d [subject to (V.178)] 
are given by 

r — l 
FIG. 11. Further examples of symmetry numbers and 

equivalence numbers. 

say, A , bu t consider the (2M— 1)! permutations of the 
positions of the other (2M — 1) integers. By using the 
definitions of equivalence number and symmetry 
number it can be shown tha t among these (2M— 1)! 
permutations the total number of numbered irreducible 
dual (0,0)-graphs tha t have identical structures is given 
by 

rrlS, (V.176) 

where n is the equivalence number of the arrow which 
is associated with the integer A , 

On the other hand, we can evaluate the same number 
(V.176) by considering the corresponding (/*,*>) -graph 
which is obtained by cutting open the line tha t contains 
this particular arrow (which has the equivalence 
number n), and assign to this arrow a momentum p. 
I t is easy to see tha t the number (V.176) is identical 
with the symmetry number a of this corresponding 
(v,v) -graph. Thus, we find 

= i E <P,PI>P2IT3,3*I p,Pi,P2>9irc(pi)9fn:,n(p2), 
P1P2 

and 

f — l 
= 1 E(Pl,P2,p|T3 ,3 a ; |pi ,P2,p)^l(Pl)mi(p2), 

P1P2 

where these two expressions are identical with the 
corresponding (l , l )-graph and (2,0)-graph of Ct, as 
shown in Fig. 10. 

As another example, we consider the second irre­
ducible dual (0,0)-graph in Fig. 10. 

® = § E <PiPa |TaalPsX 1X0,8*1 P i , p 2 , - P 8 > 
P1P2P3 

X9n(pi)3n(p2)afrr0ut(P3). 

The functional derivative of (B [subject to (V.178)] is 
given by 

5(B 1 

which is Lemma 1. 
Now in 

n~lS—(T, 

W(%z,m,min,mont) 
— E Ca^ different irreducible dual (0,0)-graphs] 

(V.57) 

we can consider *§' to be an explicit functional of 9TC (p), 
2ftlin(p), 20Tout(p), and the variable (xz), where the 
dependence on (xz) is implicitly through the factors 
Ts.t*. 

L<52tfZ(p)J 

and 

, = E < P , P i | T 2 i i * | P 2 > 
SflZout, (XZ) P1P2 

X< |To | 8*|p, P I , -P2>9frc(Pi)9TCout(p2), (V.179) 

r d(B I 

L59Tr0ut(p)Janx,(^) 

4 E(Pl ,P2|T 2 i i* |p>< |T0 i8*|pi ,P2, - P ) 
P1P2 

x m ( P l ) 9 n ( p 2 ) + | E < P I , P » | T S I 1 * | - P > 

x< |T0,3
a;lpi,P2,p)9Tr(p1)3rr(p2). (v. iso) 
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Comparing with Fig. 10, one finds that (V.179) is 
identical with the corresponding (1,1) -graph of (B and 
(V.180) is equal to the sum of the two corresponding 
(0,2)-graphs of (B. 

In general, let Xi be the total number of lines, each 
of which has two parallel arrows, in an irreducible dual 
(0,0)-graph. The functional derivative of such a graph 
with respect to 5TO(P> is a sum of Xi terms each of which 
can be obtained by cutting one of the Xi lines open and 
then assigning to both arrows of the opened line a 

momentum p. Each term, therefore, is equal to S~xa 
times the value of the corresponding (1,1)-graph where 
S and cr are the symmetry numbers of the irreducible 
dual (0,0)-graph and its corresponding (1,1)-graph, 
respectively. By cutting open, one at a time, these Xi 
different lines one would obtain n such identical terms 
where n is the equivalence number of the arrow which 
is on the line that is being opened. By using Lemma 1, 
one finds 

[any irreducible dual (0,0)-graph] 
UTO(P) J9frcin,9nfUt,(^) 

= E [all its different corresponding (1,1)-graphs]. (V.181) 

In this irreducible dual (0,0)-graph, let X2 be the 
total number of internal lines that have two arrows 
pointing towards each other. The functional derivative 
of such a graph with respect to 5TOin(p) [subject to 
(V.178)] is a sum of 

2X2 (V.182) 

terms, each of which can be obtained by cutting one of 
these X2 lines open and assigning to these two arrows 

momenta p and — p, respectively. The factor 2 in 
(V.182) is due to the two ways of assigning p and — p 
to these two arrows. Again, if n is the equivalence 
number of the arrow of the opened line then every such 
term would appear n times in the sum, and each term 
is equal to Srxv times the value of the corresponding 
(2,0)-graph whose symmetry number is o\ By using 
Lemma 1, one finds 

laaMp) 
[any irreducible dual (0,0)-graph] 

Similarly, one finds 

TO,TO0ut,M 

= E [all its different corresponding (2,0)-graphs]. (V.183) 

-[any irreducible (0,0)-graph] 
9frc,9frcin,(*2) l5TOout(p) 

By using (V.181), (V.183), (V.184) and summing over 
all irreducible dual (0,0)-graphs, one proves Lemma 2. 

Lemma 3.—If in 

$ 0*;,S,TO,TO')=EP l n ^ D m 2 (p) - TO'2 (p)]*} 

- E P lm*(p)l-itm(p)-m*(v)l+W+X, (V.59) 

93 is regarded as an explicit functional of x, z, TO and 
TO', then at constant x and z 

= E P { ^ ( P ) + [ ^ 2 ( P ) - ^ , 2 ( P ) ] - ^ ( P ) 

- [^ (p ) ] - 1 }5m(p)+2 £,'{3C'(p) 
-Zm?(p)-mf2(v)T^f(v)}^^(v), (v.185) 

where 
STO'(p) = 5TO'(-p). 

Proof.—Lemma 3 is a direct consequence of Lemma 
2 and (V.55). 

We remark that if 

^(x^wi^'^z^o, 
then TO and TO satisfy (V.53) and vice versa. (V.186) 

— E [all its different corresponding (0,2)-graphs]. (V.184) 

To prove (V.58), one regards TO and TO/ as given by 
(V.53). They are expressible in terms of x and z. 
Substituting these expressions into (V.59) one considers 
^ to be a function of z and (xz)y 

ty(x,z,m,m,')^(z,xz), 

where z and (xz) are treated as independent variables. 
By using (V.59), (V.33), and (V.186), one finds 

[JM|S(S,*S)1 = 
L dZ J(XZ) 

E [2-xTO(p)- 1]+*Q. (V.187) 

Furthermore, as z—*0 but keeping (xz) — constant 

DP(z,a*)+a&]--> E (nty~2(xzti)n 

X ( 0 , . - - 0 | T ^ | 0 , . . . 0 ) . (V.188) 

By using (V.34) it can be verified readily that \n^Qx 

satisfies the same equations (V.187) and (V.188) as 
9$(z,xz). Consequently, 

ln^*=$P(s,a*). (V.189) 
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The variational principles [(V.61)-(V.63)] follow 
directly from (V.186) and (V.189). 

APPENDIX H 

To prove Theorem 3 it is necessary to discuss some 
detailed properties of the (/J, ̂ -graphs introduced in 
Appendix C. 

We first observe that rules ©'"-(iv) '" used in deter­
mining (V.159) can be stated in an alternative form: 

(i)x In each (/j^-graph, assign a different integer j 
to every line (internal or external, straight or wavy) 
where 

i = l , 2 , . . . J V , 
and 

N=m+k+k+n+v, 
where m, Z0, h are, respectively, the total number of 
internal lines, wavy outgoing lines and wavy incoming 
lines. Since the total number of the external incoming 
lines in a (/x,p)argraph must be equal to that of the 
external outgoing lines, we have 

k+V = li+V. 

Next, assign to each internal line a nonzero mo­
mentum pAi (i=l,—-tn) where Ai is the integer 
associated with that internal line, and to each wavy 
line a zero momentum. 

(ii)x To each (s,t; n)-vertex we assign a factor 

<Pt71, • • 'PC.,0,- ' -0|Tn
S|p2)l,- ' -pDfcO,' • -0), 

where (pDly- • -pDtfl,- • -0) and (pew • -pc.,0,- • -0) are, 
respectively, the appropriate momenta of the incoming 
and outgoing lines connected at this vertex. 

(iii)x Assign a factor z to each internal line and a 
factor (xzti)* to each wavy line. 

(iv)x Assign a factor 

(total symmetry number)-1 

to the entire (/*,?) *-graph where the total symmetry 
number is defined as follows: 

Number the (/*,*>) ̂ -graph according to (i)x, and call 
the resulting graph a "completely numbered (/JL,V)X-
graph." Two completely numbered (j*,?)-..-graphs are 
different only if they have different topological struc­
tures which include the positions of these N integers. 
It is important to remember that the external straight 
lines are always considered to be distinguishable from 
each other. Among the N\ permutations of these N 
integers, the total number of "completely numbered 
0*>*Oargraphs" identical to any given one is defined to 
be the "total symmetry number" of the (/*,*>) argraph. 

The term corresponding to a (ju^s-graph is, then, 
given by 

23 [product of all factors in (ii)x-(iv)x]. (V.190) 
PAI* • 'pAm 

U, = 8 U2= 4 

i p -p p -p 

V, = 12 V2= 12 

P -P 

V, - 12 

1 W = 4 

^ n V ' c 3 

S * u , 8 

L(L-I) 1 1 
S s ^ v , ' 4 

L(L-I) _ 1 . 1 
S ' w " 4 

FIG. 12. Examples of total symmetry numbers for a (0,0)a;-graph 
and its related fc^-graphs [see (V.196) and (V.197)]. Notice 
that in this example S^1L=X{ uC1—J 2,- vfl—\ 2* Wk~1== J. 

We remark that the differences between (ii)x and (ii)'" 
precisely cancels the differences between (iv)x and 
(iv)'". Consequently (V.190) is identical to (V.159). 

Some examples of the total symmetry numbers are 
given in Fig. 12. 

Similar to the discussions given in Appendix E we 
classify all (/*,?) ̂ -graphs into two groups, proper and 
improper. A (n,v) *-graph is called improper if by cutting 
any one of its internal lines open the entire graph can 
be separated into two disconnected graphs. Otherwise, 
it is called a proper (/*,?) *-graph. It is clear that all 
(0,0)a.-graphs are proper. 

In terms of these proper (/*,*>) argraphs we can use 
(V.162) and (V.168) to express 0C(p), 3Cin(p), and 
3£out(p)« 

3C(P) 
= 23 [all different proper (l,l)*-graphs] 

-<P |T i . i * |P> , 
3Cin(p) (V.191) 

= 23 [all different proper (0,2)argraphs], 

3Cout(p) 

= 23 [all different proper (2,0)a;-graphs], 

where each graph contributes a term given by (V.190). 
The presence of — (p|Titl*|p) in (V.191) is due to the 

fact that a (1,1)-vertex is not present in the contracted 
(l,l)-graph but the corresponding (1,1;»)-vertices are 
present in the (l,l)x-graphs. 

There exists a close relationship between (0,0) x-
graphs and proper (ju, ̂ -graphs where 

( M = (1,1), (0,2), and (2,0). 
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Starting from a (0,0)argraph we can generate a set 
of proper (l,l)x-graphs by changing any one of the 
outgoing wavy lines in the (0,0)argraph to an external 
outgoing straight line associated with momentum p, 
and by changing any one of the incoming wavy lines 
to an external incoming straight line also associated 
with momentum p. The resulting graph is a proper 
(l,l)argraph. The totality of all different proper (1,1)ar 
graphs constructed this way is called the set of all 
related proper (1,1) ̂ -graphs. 

Similarly, we can take any two of the incoming 
(outgoing) wavy lines in a (0,0)argraph and change 
them to two external incoming (outgoing) lines asso­
ciated with momenta p and — p, respectively. The 
resulting graph is a proper (0,2) x[ (2,0) J-graph. The 
totality of all different proper (0,2)a.[(2,0)J-graphs 
thus constructed is called the set of all related proper 
(0,2)*[(2,0)J-graphs. 

Lemma 1.— 

S-'L^Zi uc1-* Ey i T 1 - * L* a*-1, (V.192) 

where 2L is the total number of wavy lines in any 
(0,0)argraph, S is its total symmetry number, Ui, Vj, Wu 
are, respectively, the total symmetry number of its ith 
related proper (l,l)argraph, the jth related proper 
(0,2)argraph and the kth related proper (2,0)argraph. 
In (V.192) the sum extends to all appropriate related 
graphs. 

An example of (V.192) is given in Fig. 12. 
Proof.—From any (0,0)x-graph we can construct 

"completely numbered (0,0)argraphs" according to 
(i)x. From the definition of the "total symmetry 
number," the total number of such different completely 
numbered (0,0)argraphs is given by 

g=NlS-\ (V.193) 

where N is the total number of lines (straight or wavy 
and internal or external) in the (0,0)argraph. From each 
of these different "completely numbered (0,0) ̂ -graphs" 
we can choose an incoming wavy line and an outgoing 
wavy line; change both to straight lines; label both 
with the momentum p but retain their numbers. The 
resulting graph is a "completely numbered proper 
(l,l)argraph." The total number of such different 
"completely numbered proper (l,l)argraph" is 

Dg=DN\S~\ (V.194) 

where the factor L2 represents the different ways to 
choose these two wavy lines among the L numbered 
incoming wavy lines and the L numbered outgoing 
wavy lines. The same set of "completely numbered 
(1,1 ̂ -graphs" can also be constructed by numbering 
the related set of proper (1,1 ̂ -graphs. By using the 
definition of the "total symmetry number" u^ the 
number of such different "completely numbered (1,1)*-

graphs" is found to be 

NIZur1. (V.195) 

Equating (V.194) with (V.195), we find 

DS-l=Y,iurl. (V.196) 

In an entirely similar way, by considering the related 
set of proper (0,2) ̂ -graphs and (2,0) ̂ -graphs it can be 
shown that 

LiL-VS-^Zj vr^Zk wh"\ (V.197) 

where L(L—1) represents the different ways to choose 
two among the L appropriate numbered wavy lines 
and label them + p and — p, respectively. 

Combining (V.196) and (V.197), we prove Lemma 1. 
Lemma 2.—If 

d 
Or1— ln£o*=0, (V.198) 

dx 
then 

2-i=5C(p_>0)-X ,(p-»0)+(0|Ti,1
iC |0), (V.199) 

where 3C and X' are given by (V.78) and (V.79). 
Proof.—From (V.160), we can write 

d 
ST1— ln«o'= - 1 + Z (^)-1L[(0,0),-graph], (V.200) 

dx 

where 2L is the total number of wavy lines in the 
(0,0)argraph. In (V.200) the sum extends over all 
different (0,0)^-graphs. Throughout this appendix, we 
use the notation [(/z, ̂ -graphs] to represent the term 
corresponding to the Ou^s-graph as given by (V.190). 

By using (V.190) and (V.196) we find 

(xzty-iDl (0,0) s-graph] 
= Zi p th related proper (l,l)a;-graph]p^o, 

where the sum extends over all different related proper 
(l,l)argraphs. The factor (xz2)~x on the left-hand side 
is due to (ii)x. Similarly, by using Lemma 1 we find for 
any (0,0)argraph that the following identity holds: 

(^2^)-xZ[(0,0) a-graph] 
= Zt pth related proper (l,l)a;-graph]p_>o 

— J Hi [jth related proper (0,2)a;-graph]p^o 
—J £& [£th related proper (2,0)a;-graph]p^o. 

(V.201) 

If (V.198) holds, then by substituting (V.201) into 
(V.200) and utilizing (V.191) it follows that 

a r ^ JC(p-> 0)-§JCin(p -» 0)-i3Cout(p -> 0) 
+<0|T1,1*|0). 

Thus, Lemma 2 is proved. 
To prove Theorem 3 we notice that (V.199) is 
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identical with 

T . D . L E E A N D C . N . Y A N G 

a n d 

{[^(p)]-1-X(p)+3C'(p)}p^o=0. (V.202) ^-1(p) = {[wa!(p)]-1-X(p)} 
n r. r. r. * * MM ~ { ^ ( p ) ] - 1 - ^ ) } " ^ ' ^ . (V.204) 
On the other hand, from (V.77), 

Combining (V.202), (V.203), and (V.204), we complete 
[^l/(p)/9TZ(p)]=X'(p){[ma;(p)]-1-5C(p)}-1, (V.203) the proof for Theorem 3. 
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Calculations of Total Cross Sections for Scattering from Coulomb 
Potentials with Exponential Screening* 
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Momentum transfer cross sections and total cross sections are calculated for scattering from the potential 
energy function V= (ZiZ2e

2/r) exp(—r/a). Here the first factor is the Coulomb term and the exponential 
factor contains a screening length a. The cross sections are obtained by integrating the differential cross 
section over all angles using a classical calculation or a Born approximation calculation according to which­
ever is valid. The validity criteria are discussed as they depend on the de Broglie wavelength of the scattered 
particle. In certain cases the Born approximation solution is valid at small angles and the classical solution 
is valid at large angles. Graphs and tables are presented showing the results as functions of suitable 
parameters. 

The momentum transfer cross section is finite in all cases and the total cross section is finite except in the 
classical limit. In this limit, however, calculations are presented showing that portion of the total cross 
section which arises from scattering through angles greater than a specified small angle. 

1. INTRODUCTION 

THE screened Coulomb potential energy function 
is often used to describe the interaction between 

two colliding atoms. It is useful in an energy range 
extending from a few hundred electron volts to several 
hundred thousand electron volts. The function under 
consideration is 

V=(Z£*?/r)exp(-r/o), (1) 

where Z%e and Z%e are the nuclear charges of the colliding 
atoms and a is a screening length. Differential cross 
sections were computed classically for scattering from 
this potential energy function in a paper,1 hereinafter 
called reference I, and similar calculations which agree 
well have been made by Firsov.2 Experimental measure­
ments of differential cross section for ion-atom collisions 
by Fuls et al? agree very well with the calculated 
values. Evidently one may use the classical calculations 
of I with some confidence to obtain values of impact 
parameter and distance of closest approach, as well as 

* This work was sponsored by the Office of Ordnance Research, 
U. S. Army, through the Ordnance Materials Research Office at 
Watertown and the Boston Ordnance District. 

f Now at Franklin and Marshall College, Lancaster, Penn­
sylvania. 

1 E. Everhart, G. Stone, and R. Carbone, Phys. Rev. 99, 1287 
(1955). Hereinafter called reference I. 

2 O. B. Firsov, J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 447 
(1958) [Soviet Phys. JETP 7, 308 (1958)]. 

3 E. N. Fuls, P. R. Jones, F. P. Ziemba, and E. Everhart, 
Phys. Rev. 107, 704 (1957). 

differential cross section at various scattering angles. 
It was, therefore, thought desirable to extend the 
calculations to obtain certain total scattering cross 
sections for this potential. 

It has long been recognized that the Coulomb 
potential gives rise to an infinite total cross section 
both classically and quantum mechanically. The 
addition of the exponential screening factor, however, 
makes this total cross section finite except in the purely 
classical limit, as seen in the values to be presented 
in Sec. 4 below. 

Although the total elastic scattering cross section is 
a well-established concept, it is not particularly useful 
because it cannot be measured. The reason, of course, is 
that extremely gentle collisions make up a large part of 
the total cross section, and one cannot experimentally 
tell the difference between an unscattered particle and 
one which has been scattered through a minute angle. 
One way of avoiding this difficulty is to calculate, as 
in Sec. 5 below, only that portion of the total cross 
section which results from scattering in excess of a 
specified angle. 

Perhaps a more useful cross section is that for 
momentum transfer. This incorporates a 1 — cos# factor 
in the integrand, which gives a low weight to the gentle 
forward collisions and a proportionally higher weight 
to the more violent collisions. The momentum transfer 
cross section enters into calculation of diffusion coefi> 


