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We consider an isolated system which is exposed to external
perturbations such as electric fields. The current as a linear
response to a single pulse of an electric field, namely the after-
effect function, is a sum of terms periodic in time in a finite
system, and does not vanish after a sufficiently long time. The
transfer function is defined by the Laplace transform of the
aftereffect function with respect to time and thus has poles on
the imaginary axis. By applying the idea of image charges in
two-dimensional electrostatic problems to a certain property of
the transfer function, it is shown that, in the limit of a large
system, the poles on the imaginary axis are replaced by poles in
the left-half plane and consequently the aftereffect function can

really vanish. This fact yields the various aspects of irreversibility.
It is also shown that the complex conductivity is expressed in
terms of the residues of the poles of the transfer function dis-
tributed continuously on the imaginary axis, and, in particular,
that the static conductivity is proportional to the residue of the
pole at the origin which never exists in a finite system but appears
in an infinite system. General reciprocal relations are given for
both irreversible and reversible thermodynamics, and their
connection to Onsager’s and Maxwell’s relations are discussed.
An expression for the entropy production is given and a new
interpretation of the H-function is proposed.

I. INTRODUCTION

E know that all molecular or atomic processes
are described through reversible mechanics, in
principle through quantum mechanics, but under a
certain approximation through classical mechanics.
However, we also know that there are many irreversible
processes and almost all of the phenomena in our world
are more or less irreversible. Irreversibility is rather a
universal phenomenon in the macroscopic world. Thus,
since the days of Maxwell and Boltzmann, statistical
mechanical theories of irreversible processes have been
developed in various ways by many investigators,
having in mind applications to dilute or dense gases,
liquids, crystal lattices, electrons in metals, et cetera.
These theories required, to some extent, special
assumptions in their development; for example, mo-
lecular chaos in the kinetic theory of gases, a time-
smoothing or coarse-graining procedure in the theories
of Kirkwood! and others, and the random phase
assumption in a quantum statistical treatment. The
cause of irreversibility was attributed to these assump-
tions, but the relation of these assumptions to reversible
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1J. G. Kirkwood, J. Chem. Phys. 14, 180 (1946).

mechanics is not clear. Green? determined the coeffi-
cients of the Fokker-Planck equation describing time
dependent phenomenon, assuming the Markoffian
character of the time evolution of the system. Thus
irreversibility was introduced from the outset. Yama-
moto® gave Green’s assumption a statistical mechanical
basis by introducing the assumption of local ergodicity.
Recently Kubo* developed a general theory of irre-
versible processes for a system under external fields.
This theory and its extension® to a system under thermal
disturbances are very important in the sense that they
give rigorous expressions for various kinetic coefficients.
But again Kubo gave only a suggestive discussion on
the vanishing of the aftereffect function after a suffici-
ently long time.® Lax” adopted the same formulation
taking into account the effect of the surrounding heat
reservoir in a rather conventional way so as to make the
aftereffect function vanish. But irreversibility is ex-
pected in an isolated system and the ad %oc introduction

2 M. S. Green, J. Chem. Phys. 20, 1281 (1952).

3T, Ya.mamoto, Progr. Theoret. Phys (Kyoto) 10, 11 (1953).

“R. Kubo, J. Phys. Soc. Japan 12, 570 (1957).

5 R. Kubo, M. Yokota, and S. Nakaj ima, J. Phys. Soc. Japan
12, 1203 (1957) S. Naka_uma, Progr. Theoret. Phys. (Kyoto) 20,
948 (1958).

6 See also, U. Fano, Phys. Rev. 96, 869 (1954).

7M. Lax, Phys. Rev. 109, 1921 (1958)
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of a decay term does not give any solution to the
problem of irreversibility.

In 1955, Van Hove® made an important contribution
to the theory of irreversibility. He introduced a pertur-
bation of a special character which is expected to appear
in the case of gases, crystals, et cetera, and was able to
derive from the Schrédinger equation a master equation
which is regarded as a fundamental equation leading to
irreversibility. This theory is, as far as the author
knows, a unique existing theory which has solved the
problem of irreversibility. However, this theory is
mathematically too complicated to make intuitively
clear the essential reason for irreversibility.

In Secs. II and IIT we show how irreversibility
appears from reversible quantum mechanics in the
limit of a large system under an external field such as
an electric field without introducing any assumptions.
We will follow Kubo’s theory and limit ourselves to
linear processes. In order to see that the aftereffect
functions of certain mechanical quantities vanish for a
large system we notice the following property in
electrostatics: It is generally possible to find image
charges equivalent to a continuous charge distribution
on a plane surface of a conductor, as far as the electric
field outside the conductor is concerned. A two-
dimensional analogy of this property is applied to a
certain property of the transfer function which is defined
by the Laplace transform of the aftereffect function.
It is possible to find the image charges in the limit of an
infinitely large system contrary to the case of finite
system. The appearance of image charges just corre-
sponds to the appearance of irreversibility. In this way
irreversibility is understood very clearly and rigorously
starting from a purely mechanical point of view.

In Sec. IV, the problems of electric conduction and
polarizability are treated as illustrative examples of
irreversibility, and in Sec. V, general reciprocal relations
are discussed. In Sec. VI, the entropy production is
calculated, and a new definition of entropy and a new
interpretation of the H function are proposed. In Sec.
VII, the connection between the vanishing of the
aftereffect function and irreversibility is discussed.

II. TRANSFER FUNCTION

The present theory can be developed either classically
or quantum mechanically.® But for the sake of gener-
ality, we will treat the problem by quantum mechanics.
The Hamiltonian 3C of the system under consideration
is assumed to be composed of two parts, 3=3Co— A F (1),
the unperturbed Hamiltonian 3Co and the perturbation

8 L. Van Hove, Physica 21, 517 (1955); 23, 441 (1957).

9 In order to develop the theory in classical mechanics, we have
only to adopt a system of eigenfunctions of the self-adjoint
operator L introduced by Kirkwood* and defined by

iLg= (30,g),

for an arbitrary function g, where the bracket is the Poisson
bracket and 3¢ is the unperturbed Hamiltonian.
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—AF(t). The scalar function F(¢) is in general an
arbitrary function of time representing an external
field. For example, for charged particles under an
electric field in the x direction, F(z) is the electric field,
and 4 is given by

A =Zi €:%4,

where e; is the charge of the ¢th particle and x; is its x
coordinate. In the following, we will use the terminology
employed in electrical conduction, whenever possible,
for the sake of concreteness. For example, current is
used for (4), an average of the time derivative of 4.
The system is assumed to be in a thermal equilibrium
at time {=0 described by the canonical density ma-
trix po=expB(Q—3Cy), where B=1/kT and e #%=Tr
Xexp(—B3Co). Then we let the system be isolated and
apply an electric field F (¢). Hence, after (=0, the density
matrix of the system varies with time according to

(2.2)

(2.1)

ihdp/dt=[3e,p], Fe=3Co—AF(L).

In general p can be expanded in terms of the pertur-

bation F(¢) as follows

p=potAip+Apt---,

1 t 1(t—1")3Co
Ap=— — eXp(-— ——)[A,Po]
0 %
1(t—1)3Co
Xexp(—T—)F(t’)dt’, (2.4)

A lf‘ ( 1(t—1")3Co rA ]
——— | exp(————)[4,A
T, 3 ) *

XeXp(%)—sﬁ)F(ﬂ)dt', (2.5)

(2.3)

as was shown by Kubo.* The average of an arbitrary
dynamical quantity B is given by

(B({))="TrpB

=Bo+{AB)+- -+, (2.6)
where

Bo=TI'poB,

A1B)=TrApB
(B =Txtke oo @)

=— —Tr f [A,pe1B@E—¢)F(¢)dY,
ik 0

B(t)=exp(it3Co/ %) B exp(—it3Co/#). (2.8)

This was also shown by Kubo. Now we assume that the
system is composed of a finite number of particles in a
finite volume, and has discrete eigenvalues e, (n=1,
2, -+-) of 3C. In such a representation, (A B(f)) is
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written as follows

(A1B())y= f S(t—t)F()dt, (2.9)

¢(t) = (1/7’}2) Z I:A ;PO]ntmne—“(e"—e"’)/h- (210)

Equation (2.9) shows that ¢(¢) is a response of B at
time ¢ to the pulse field applied at ¢=0. However, as
¢(#) is a sum of terms periodic in time, we cannot
expect that ¢(#) >0 as {— . For example, the
current does not disappear after the electric field is
turned off. In a finite system, irreversibility in a strict
sense never exists.

Define the transfer function ®(z), which is familiar in
electrical engineering, by the Laplace transform of the
aftereffect function

()= f o (et (2.11)
= 2 Kun/ (z+iwmn), (2.12)
where
Kopn=— (1/”‘)[14 ,POJﬂman: (2.13)
Wmn=(€x— €m)/%. (2.14)

The integral of Eq. (2.11) has a meaning only for
NRz>0 but we can define ®(z) over all the z plane by
analytic continuation using Eq. (2.12). The function
®(z) thus defined has poles at —iwmns on the imaginary
axis. As long as ®(z) has poles on the imaginary axis,
the aftereffect function never vanishes. To achieve the
vanishing of the aftereffect function, all the poles of
®(2) on the imaginary axis should disappear and, at the
same time, new poles should appear on the left half of
the z plane. This is possible in the limit of a large
system as we shall show in the following.

First of all,we notice the following property of ®(z):

P(z)=2_

Ko 9 9
(— —i— )Y K 107, (2.15)

stions \da 38/ mm

where z=a-148, and 7, is the distance between z and
a pole at —iwm, in the z plane. (See Fig. 1.) This form
of ®(z), Eq. (2.15), suggests an analogy, in which
> —KunInr,un and ®(2) are interpreted, respectively,
as the two dimensional “electrostatic potential”® and
the “electric field” at the point z in a plane where
“charges” Kumn lie at —iwn!

10 In the following electrostatic terms with “--.”” are used for
the electrostatic analogs described in the text, to avoid the
confusion with terms pertinent to the problems of electrical
conduction or polarization.

1 Strictly speaking, the amount of ‘charge” at —idwmn is
— (1/2)Kmn, but we disregard this unimportant factor — (1/2)
when we refer to the electrostatic analog. Furthermore, the
“charge” is not necessarily real.
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Z=c(+t,3

fo s

4,“

The inverse transformation of Eq. (2.11) is given by

Fic. 1. Explanation
of symbols.

1

(f)=— f B(2)etds; (2.16)
2w

where the path of the integration is along a line from

—i to 44 at the right-hand side of the imaginary

axis. Thus, the value of ®(z) used for the calculation

of (2.16) is that for Rz>0.

In the limit of an infinitely large system,'? the eigen-
values e, are presumably continuous, and the poles of
&(2z) are distributed continuously on the imaginary axis.
In the electrostatic analogy, these continuously dis-
tributed poles are regarded as ‘“‘charges” continuously
distributed on the imaginary axis. We denote this
continuous distribution of “charges” on the imaginary
axis by f(p), where p is the distance from the origin.
In this electrostatic analogy, we assume that we can
find a discrete or continuous distribution F(—x, y) of
“charges” in the left half of the z plane which is equiva-
lent to this f(p), in so far as the “electrostatic potential”
in the right half of the z plane is concerned. More
precisely, we replace the left half of the z plane by a
“conductor’ and assume that we can put an appropriate
discrete or continuous “charge” distribution —F(x,y)
on the right-hand side of the ‘“conductor” so as to
make the distribution of induced “charges” on the
surface of the ‘“conductor” the same as the given
distribution f(p). The image ‘“charge” distribution of
—F(x,y) about the imaginary axis is just F(—z, ¥).
Thus we have

00
> Kpn In7pp — f F(p) lnr,dp

m,n

- f f F(—x, y) nr_p.dudy, (2.17)

rp =+ (8—p),
r——:c,y2= (a+x)2+ (B‘y)%

12 By an infinitely large system, we mean that the volume of the
system is infinitely large. However, in a system of very many
interacting particles (~10%) in a finite volume, the eigenvalues
are distributed practically continuously. We can include this
case also in the discussion of infinitely large systems. This point
of view is connected with the time-smoothing or coarse-graining
procedure (see Sec. VII).
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+00
- o,

— 3 ¢p

2.18
2+ 1wmn ( )

0

- f d f dy F(—2, y)/[z— (—a+ip)]  (2.19)

[} -0

Substituting ®(z) from Eq. (2.19) into Eq. (2.16), we
have

¢(5)=f dxf dy F(—ux, y)e~@=iwt,  (2.20)
0 —00

If F(—=,y) does not allow any ‘charge” on the
imaginary axis at =0, we get ¢(f) =0 for t— .
This is just what we want to show as a manifestation
of irreversibility. Mathematically, ®(z) of Eq. (2.18),
which is obtained as a limit of Kun/(2+%wms) has a
branch cut on the imaginary axis. The function defined
by Eq. (2.19) is the analytic continuation of the
function (2.18), originally defined in the right half of
the z plane, into the left half of the z plane on a Rie-
mannian surface contiguous to the right half of the 2
plane across this branch cut. If the function ®(2) thus
defined has a pole (i.e., image ‘“‘charge’”) on the (nega-
tive) real axis, we have a Debye-type dispersion or
absorption, and if it has a pole apart from the real axis,
we have a Lorentz-type resonance absorption. In
general, we have a superposition of many Debye and
Lorentz-type dispersions.’

III. PROPERTIES OF IMAGE “CHARGE”

From the definition Eq. (2.13), we have Kpn=Kun*
and wma=—wam. Therefore, we have f(p)=f(—p)* in
the limit of the continuous distribution. Therefore, we

have
F(_x7 y)=F(——x, _'y)* (31)

This property is consistent with the physical require-
ment that the aftereffect function ¢ (7) is a real function,
as is easily shown in Eq. (2.20).

In Egs. (2.18) and (2.19), we put 2=a-+iw, and let
a— 0. Then, since

lim ———————=78(w

0 gt-i(w—p)

18See N. Saitd, Introduction to Polymer Physics (Syokabo,
Tokyo, 1958), p. 219 (in Japanese).

In the case where a function ¢ (¢) has a continuous spectrum,
such as expressed by

s()= . 4 @eide,

we can see in many examples of Fourier transforms that ¢(f)
vanishes as  — «. G. O. Hultgren of the California Institute of
Technology showed that the electric field correlation in a hohlraum
has the form of the above equation with

A (w)=wd/(eh/*T—1),

and ¢() —0 as ¢ — o, but this decay is of an overdamped
type (private commumcatlon)

1
—p)—iP—, (3.2)
w—p
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where P denotes the principal value of Cauchy, we have

(#)
l_i_'rilofb(a-}—iw)=1rf(w)—il) B %dp (3.3)
A F(— 73’)
d d (3.4)
S I P

This function will be called the generalized admittance
If f(w) and F(—x, y) are real, we have

)= | dxf K Y o oy

XF(_x: 3’),
f(®) ” w=y
Pf —dp= f d f dy ———— F(—z, ). (3.6)
—w WP 0 —0 x2+(w—y)2
These relations (3.5) and (3.6) hold in general even if
f(w) and F(—x, y) are not real, as is seen on differ-

entiating Eq. (2.17) with regard to « and 3, respectively.
Integrating f(w) in Eq. (3.5) with respect to w, we have

f " o f dx f byF(=29). (1)

Equation (3.5) is the electrostatic expression for the
induced ‘‘charge” on the surface of the “‘conductor”
due to a “charge” distribution —F(x,y), and Eq. (3.7)
shows that the total amount of the induced ‘““charge” is
numerically equal to the total amount of “charge”
distributed outside the “conductor.” That is, Egs. (3.5)
and (3.6) are, respectively, interpreted as the x and y
components of the “electric field” on the imaginary
axis due to “charges” on this axis or image ‘“charges”
in the left half of the z plane. As we will see later, if
we take A for B, F(—x, y) is real and if we take 4 for
B, the corresponding F(—x, ) is pure imaginary. In
the former case, ®(iw) corresponds to the complex
conductivity, and in the latter case, to the complex
polarizability. In either case, Eq. (3.5) stands for the
dissipative part of the generalized admittance (real
part of the complex conductivity or imaginary part of
the complex polarizability), and Eq. (3.6) corresponds
to its storage part [imaginary part of the complex
conductivity or real part of the complex polarizability,
see Egs. (4.14) and (4.25)7]. This fact, together with
the electrostatic interpretation given above, is very
important to the understanding of the nature of
irreversibility as seen in Sec. IV.

Equation (3.5) shows that f(p) is uniquely deter-
mined, if F(—x, ) is given, but the inverse is not true,
as is easily seen in many examples in electrostatics.
Unfortunately, it is still unknown how to obtain an
F(—x,y) from a given f(p). Furthermore, it is also
unknown under what conditions an F(—x, y) exists,

(3.5)

0
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for a given f(p), such that it satisfies Eq. (3.5) and
vanishes in the neighborhood of the imaginary axis.
However, as we will see later in Eqgs. (4.14) and (4.25),
we do not need to know F(—x, y) to obtain the general-
ized admittance, such as the electric conductivity or
polarizability, but instead we have only to know the
existence of an F(—x,y) with the above-mentioned
properties. Furthermore, Egs. (3.3) and (3.4) suggest
that the existence of a limgy®(a+tiw), such as the
one given by Eq. (3.3), seems to be equivalent to the
existence of an F(—wx,y) of the required character,
because, in this case, we can make an analytic continu-
ation of the ®(2) defined in the right half of the z plane
across the cut on the imaginary axis and the singularities
of ®(z) thus defined in the left half of the z plane give
the distribution F(—x, 9). Thus we have the following
statement. If a singularity is isolated, the corresponding
“image charge” is unique. However, if a singularity is
a branch point, a cut starting from this point yields the
continuous “image charge” distribution. But the cut is,
to some extent, arbitrarily deformable and thus the
corresponding “image charge” distribution is not unique
except at the branch point.

IV. ELECTRIC CONDUCTIVITY AND
POLARIZABILITY

The foregoing discussion can be applied to any
dynamical quantity B. In this section, we will study
the average behavior of I= A and 4, which correspond
to a current and a polarization in the electric case,
respectively. We will write J, instead of Kun deﬁned
by (2.13) in the case of the current:

]mn= (7'/h) I:A ,Pojnm[mn,

where I is determined by Heisenberg’s equation of
motion, and its m#n element is given by

= (A)ma= (1/i8)[A4,5C0 Imn= (1/i7%) A un(€n— €m).
Hence, we have
Jnn=172| A n| *(pom— pon) (n— €m) = T m,
and Jmn=J nm is non-negative because
(en—€m) (pom—pon) = (€n—€m) (e7Pm—gFen)ef2>0. (4.3)
The transfer function for I is given by
®1(2)=2 Jumn/ (3+iwmn).

Now, on letting the system become infinitely large,
we must keep the electron density constant, and we
define as a limit

(4.1)

(4.2)

(4.4)

a_)l <Z) =V—) eoliIZ?h-—) 0

N/V =const

1
— 2 Tn/ (3 Fi0mn).  (4.5)

4 Tn the following a bar over a symbol is used to denote quan-
tities referring to a umt volume in an infinitely large system such
as defined by Eq. (4.5)

1167

If the system has N electrons in a volume V whose
linear dimension is L, J.» given by Eq. (4.2) is of the
order of (NL)?, while the separation of two successive
energy levels €,11—€x is of the order of 1/NL?. Hence,
in the limit of an infinitely large system, the integral
form of (4.5), which may be written as's

2= [ o)/ e-iplip, 40

where f1(p) is of the orderof (1/V)[(NL)/NL*]=N/V,
and has a definite limit.
In Eq. (4.6) f1(p) is non-negative and
Fi@®)=Ffi(=p), Fr(#)20, 4.7
because of Egs. (4.2) and (4.3). Thus the image
“charge” distribution Fr(—x, ) has the property
F’I('—x; y):FI(—x, —y)7

and from the general property described in Eq. (3.1),
Fi(—x,y) is found to be real. In this way, Eq. (4.6)
can be written for J#z>0

(4.8)

1( ,y)

(=] 4d dF
3
e f x\[wyz—l—x 7y

Thus we have

(4.9)

(AI(1)y= f ¢1(1—1)F ()t

_ 1 pr_
bil)=— f &, ()e"ds

T

= j; :fI(P)e""‘dP

=f dxf dy Fr(—x,y)e~E—wt  (4.10)
0 —0

For a periodic field F(f)=Foe'?, we have for 1 — o,

(AL(0)= ( f dx f dy f:i:_jy))poet (4.11)

This yields immediately for the complex conductivity

I( x:y)

1 dfd
oliw)= f * yw—l—x—zy

15 In the case when the distribution of poles still remains
discrete in the limit of an infinitely large system keeping the
density constant, Eq. (4.5) has a limiting form

®1(2)=Z1 f1(p1)/ G—ipa),
instead of Eq. (4.6).

(4.12)

4.6')
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Comparing (4.12) with (4.9) we have

o(iw) = lim &;(a+iw)
a—+0

=1 z —(atiw)t, :
aﬂoﬁ or(t)e di, (4.13)

because the value of ®;(z) on the imaginary axis is to
be taken as an analytic continuation from the right
side of the z plane. The introduction of the convergence
factor e=* in Eq. (4.13) is very natural in contrast to
the usual introduction from physical considerations
(see reference 4).

Equations (4.12) or (4.13) can be rewritten, according
to Eq. (3.3), as

o(ie) =7 fir (i) — iP f CFr(p)/ (w—p)Jdp.  (4.14)

Therefore, Ro (iw) is positive in general as shown in
Eq. (4.7), and as it should be. Especially the static
conductivity ¢(0) is given by the ‘“charge” at the
origin f7(0) 16

o (0)==f1(0). (4.15)

On the other hand, in a finite system J,,,=0 when
wna=0, namely, when e,=¢,. This means that in a
finite system there is no “charge” at the origin. In an
infinite system, the ‘“charge” distribution becomes
continuous and a positive ‘‘charge” can appear as a
limit. This positive “charge” gives the static conduc-
tivity.

Now we take A instead of I as a dynamical quantity
and investigate its response to an electric field. The
transfer function for (A4 (¢)) is given by

B4(z)= > Dmn/ (Z+iwmn):
Dyn= (i/hN:A 7P0]nmAmn

= (i/7) | A wm| 2 (Pom—pon) (4.17)
= —Dnmzih]mn/(en__ Em),
or s
Palz)=2 M (4.18)

mn Z1Wmn

Therefore, in an infinite system, the “charge” on the
imaginary axis f4(p) is related to fr(p) by

ipfa(p)=Ji(p). (4.19)

16 A similar expression for the static conductivity was given by
H. Nakano, Progr. Theoret. Phys. (Kyoto) 15, 77 (1956); 17,

145 (1957),
0 (0)= (x#t/kT) Z (e, = emypon| Lman |- (4.16)

This is just equal to 7 Zma Jmnd (@man).

17In this connection, the present theory is seen to be quite
similar to the Yang-Lee’s theory of condensation [C. N. Yang
and T. D. Lee, Phys. Rev. 87, 404, 410 (1952); see also, T. L.
Hill, Statistical Mechanics (McGraw-Hill Book Company, New
York, 1956), p. 1747]. An application of the idea of image charges
to the condensation problem will be discussed in N. Saitd, J.
Chem. Phys. (submitted).
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Thus, if our system has a finite conductivity, [ f;(0)
=finite], then f4(0) is infinite. This means that the
‘““charge” at the origin is infinite and cannot be replaced
by finite image ‘“‘charges” in the left half of the z plane.
This singular part of the “charge’ distribution around
the origin is expressed by —if;(0)/p and its contri-
bution to the aftereffect function ¢4 (¢) is given by

wdpififf._(..o.z/_geztdz

—w 2w 2—1ip
=—if f}(O)e——dp=7rf1(0), 1>0. (4.20)
—® P

The contribution to ¢4 (¢) from the remaining “charge”
distribution on the imaginary axis may completely
vanish after a long time. Thus we have for { — oo

dat) — 7rf1 (0)=0c(0). (4.21)

This gives an average displacement of electrons in a
conductor due to the pulse of an electric field, and is
just the integral of ¢r(£) with respect to ¢ from 0 to o,

f ét(i)dt=f [f dxf dy Fr(—x, y)e—<r—iu>t]dt
0 0 0 —»

0

= [ [ @y Fu(=2 5/ G=ip)=o00),

—00

(4.22)

where use is made of Eq. (4.10).

Again we return to Egs. (4.17) and (4.19). We see
that D,.n is pure imaginary. Thus, the “charge” distri-
bution in an infinitely large system f4() can be written
equal to i (p), where §a(p) is real and

ga(p)=—ga(—p).

If this “charge” distribution is a continuous function
of p, it can be replaced by an image “charge” distri-
bution F4(—=x, y) (in case of an insulator). Fa(—2,y)
is also pure imaginary and is put equal to iG4(—x, ).
Thus,

(4.23)

Ba(= [ Cigatp)/ G—ip) Wiy

0 0 'G -,
:f dxf P L
0 z+a—1iy

—00

In the same way as in Eq. (4.13) the complex
polarizability is given by, referring to Eq. (3.3),

® ga(p)

— W— P

[Cae [0y G
= G4 (=%, y).
0 * _m yx2+(w—y)2 * Y

pliw)= aligo;f) (a+iw)=P dp+irda(w)

(4.25)



THEORY OF

In this case, we have §4(0)=0, because of Eq. (4.23).
Hence, this system has no static conductivity, but it
may have a dynamic conductivity in general.

Again from Eq. (4.19) we can express ®;(z) as

- ® f1(p) »ipfa(p)
re) j;w 2—1ip 4 f.w 2—1ip ?
=zf fA({p)dp=z<T>A(z), (4.26)
— 1P
or in particular we have
o (tw) =1wp (iw). (4.27)

This is a well-known relation.

Whether the system under consideration is a con-
ductor or not depends on the distribution of ‘“‘charges”
on the imaginary axis. This distribution itself comes
from the structure of the Hamiltonian 3Co, but we do
not enter into details of this problem.

If the system does not have any irreversibility, the
“charge” distribution f4(p) on the imaginary axis for
A is not continuous, but remains discrete in the limit
of an infinitely large system. Thus, the transfer function
®,(2) has a form given by Eq. (4.6") and the polariza-
bility is given by

piw)= ‘11111105 a(atiw)
_py ga(p)

l w_Pl

+im ; g-A(?l)a(w_Pl)- (4.28)

An electrostatic interpretation of this result is given
by Egs. (3.5) and (3.6). The first term of Eq. (4.28) is
the y component of the “electric field” at the point iw
on the imaginary axis. Even if the distribution of
“‘charge” is discrete, this component ‘“field” does not
vanish, while the ¥ component of the “field” on the
imaginary axis, which gives the dissipative part of the
polarizability, does.

Finally, one point should be noted in connection
with the previous discussion. If we have several polar-
izabilities (we use the terminology used in electrical
problems, but they may be elastic moduli in mechanical
problems), and if there is a relationship between them
which is known to be valid for a reversible case, this
relationship still holds for an irreversible case, provided
that the polarizabilities are introduced in a complex
form. This is because the validity of the relationship in

a reversible case originates in a relationship between -

D,..’s for different polarizabilities, and the relationship
in an irreversible case is obtained as its limit. For
example, in the theory of elasticity, we have a relation-
ship among modulus M entering in the expression for
the velocity of the longitudinal wave, the bulk modulus
k and the rigidity G

M=x+(4/3)G.
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The same type of equations hold for visco-elastic
materials if we use complex moduli M (i), k(iw), and
G(iw),

M (iw) =« (iw) + (4/3)G (iw).
Of course, this relationship is also proved by phenome-
nological considerations, as shown by Marvin et al.'®

V. RECIPROCAL RELATIONS

In a case where the Hamiltonian has several terms
representing external forces,

Je="3Co— 221 AuF1(1), (CRY)

the treatment is a simple extension of that of the
previous sections. Thus, the density matrix is expanded

- as

p=potAp+Apt---, (5.2)
where
Ap=3"1 Aipi(2), (5.3)
and

7 ¢ ——i(t—t')SCo [A ]
st [ (T
101 P A p % 1,P0

XeXp(ﬁ_—;—)ﬁ)Fl(t')dt'. (5.4)

The average deviation (A4;) and (AI) from the
equilibrium {45) and {I,)=(A}) are, respectively,?®

(Ardn) =201 A1), (5.5)
(ArA sy =TrAip A,

t
DpnPeitt= e BE(£)dY, (5.6)
0

=2
n,m
where

Dy ®P = (3/ )[4 1,00 Jam (A1) mn
= (i/%)(4 Dnm (A1) ma(pom=—pon)

= — D0,

(5.7

and

(ADh) =2 KAd 1sn),
(AT 1)y =TrAipid},

(5.8)

t
=Z J"m(l*"h)e"i(t“f')(én~€m)/hFl(t,)dt" (5'9)

n,m g
where

]nm(l_'h) =72 (A l) nm(A h) mn (en_‘ em) (POm"‘POn)
=T a0 = J D%, (5.10)
18 R. S. Marvin, R. Aldrich, and H. S. Sack, J. Appl. Phys.
25, 1213 (1954).
19} — ) means that F;is an excitation and Ajps, A, or I is its
response.
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The reciprocity expressed by Eq. (5.7) or (5.10)
leads to various reciprocal relations. If a dynamical
quantity, say A4, is transformed to 4; under time and
magnetic field (H) reversal, (4;)mn is transformed into
(A1) nm, and, by virtue of the reversibility of mechanics
in a finite system (microscopic reversibility), we have
from Eq. (5.10)

T a0 (A1, A3, H) =T ™0 (4, Ay, — H)
=T 0 (44, A4y —H).  (5.11)

Further, if 4, is either an “«a variable” or a ‘8 variable”
in the terminology of Casimir?® we can write

Ai=ed,, (5.12)

where ¢ is 1 for an o variable and —1 for a 8 variable.
Thus, we have

Jmn(lﬁh) (A l;Ah)H) = ElEhJWm(h_)l) (A l Ahi _H)' (5'13)

In the limit of an infinitely large system, we have

Fr=w (p,H) = e J1 %0 (p, — H). (5.14)
In the same way we have
F P () = cendi0-D (g, 1. (5.19)

These two relations are not independent, since we have
T nnP =400 Dy (5.16)

(l—*h),
or

Jr=w (p,H)=ip 14 (p,H), (5.17)

which is a generalization of Eq. (4.19). Neither f;(—»
nor f4%M is necessarily real or pure imaginary. Their
symmetric and antisymmetric parts defined by, for
example,

Symfr0P (@) =3[ f1P (0)+ 1+ ()],

Ant 190 () = L[ F4P (0) — Fr%0 () ] (5.18)

are related by
Symfr=m () =iw Symfa " (w), (5.19)
AntrP (@) =i AntFa®P @), (5.20)

and it follows from Eq. (5.10) that Symf;*" () and
Antf44P (w) are real and even functions of w, while
Antf;™M () and SymfsM(w) are pure imaginary
and odd functions of w. )

The generalized admittances corresponding to f;¢®
and fa%M which will be denoted, respectively, by
oW (4w, H) and p@» (iw,H), have the forms of Egs.
(4.14) and (4.25), respectively, and have from Egs.

(5.14) and (5.15) the following properties:
g prop
R SR
PP (G0 H) = €16 p " (iw, — H).

These are Onsager’s reciprocal relations.? They are not

2 H. B. G. Casimir, Revs. Modern Phys. 17, 343 (1945).
2 L. Onsager, Phys. Rev. 37, 405; 38, 2265 (1931).
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independent since

oW (jw,H) = {0 p =P (1uw,H). (5.22)

This relation is proved by making use of Eq. (5.17), and

f wa”*’” (p)dp=0. (5.23)

Equation (5.23) is obtained by observing from Eq.
(5.7) that?®

2= Dy = (i/h) Tr[A1,po]A s

= (’L/ﬁ) Trpo[A h,A l:l:O, (524)
because, in general, 4, and 4; commute.

As we have already mentioned, if the system is not
subject to any irreversible processes, the poles on the
imaginary axis of the relevant transfer function are
discrete. Nevertheless, the polarizabilities can be defined
and are real quantities. Among them relations hold,
such as Eq. (5.21), which are similar to Maxwell’s
relation in thermodynamics, except for reversal of the
magnetic field.?® Further, in the usual demonstration
of the Onsager reciprocity, one makes use of microscopic
reversibility and the regression of fluctuations which is
assumed to be described by a phenomenological relation
in irreversible processes. However, the connection
between these two controversial properties is not clear.
In the above proof, microscopic reversibility is intro-
duced in the mechanical stage into a finite system to
obtain reciprocal relations [Egs. (5.14) and (5.15)].
These reciprocal relations lead to the Onsager relation
when irreversibility appears by making the system
infinitely large.

Finally, it is noted that as mentioned above, c@=»

is given by -
] ) 0 fI(l—>h) (p)
oa"h)(lw)=7rf1<l"h)(w)——’tPf —dp. (5.26)
o W—
Thus, the real part of Syme®"(iw) is equal to

7 SymfrM (w) and is responsible for the irreversible
production of entropy, as will be shown in Sec. VI. This

% See reference 24 for the transformation from the second
expression to the third.

% Maxwell’s relation in equilibrium thermodynamics is proved
to hold under mechanical perturbations in the following way,

ase(H)
pEm (H)=— Tr[p (GC)——]

=Trp(3¢) ———
OF0F}, 93¢ dF 1 dF
=p*D(H). (5.25)

Equation (5.25) holds only for static case (w=0) with no irre-
versible elements, and is also derived directly from Eq. (5.7).
It is to be noted that by using microscopic reversibility in addition
to gilq. §5.25) we get pU—M (H)=erenp®D (—H), a special case
of (5.21).

d3c(H) [ dp 93 asc]
+T
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is also consistent with the electrostatic interpretation
given in Sec. IV that irreversibility is always connected
with the x component of the ‘“electric field.” Further-
more, we can show by making use of Eq. (5.10) that

R 2w M ()X, X
=R > 1> 1 Syme M () X, X,
=T Zz Z}. Symfz‘l_"‘) (w)XzXh

=7 Y124 frP ()Xo X>0  (5.27)

is always positive, where the X;’s are arbitrary real
quantities. Equation (5.27) will be used in Sec. VI to
prove the positive definiteness of the entropy produc-
tion.

VI. ENTROPY AND H FUNCTION

For a while, we assume that the Hamiltonian has a
single perturbation term representing an external force,
as in Sec. IV. The current is given by Eq. (4.10), and
we can write the rate of the irreversible production of
entropy per unit volume (d.S/dt);r as

(dS/d)ier={AI())YF )/ T, (6.1)
according to the thermodynamics of irreversible
processes, I being the absolute temperature. For a
periodic field F(f)=Fe'?, both factors of Eq. (6.1)
must be taken as their real parts. Namely, the average
rate of the entropy production over one period after a
sufficiently long time, is given by

(f) __1_15}{<AI(1))*F(i)—L§R (iw)Fe, (6.2)
dt irr—Tz —ZT e |

where (AI(f)) is given by Eq. (4.11). Thus, the rate is
always positive.

However, Eq. (6.1) tells us nothing about the relation
between the H function and the entropy. The H
function H is defined by

H= lim
V-0, N>«

N/V =const

— Trp Inp. (6.3)

This function is, as is well known, invariant under the
canonical transformation, or under the motion of the
system having a Hamiltonian 3C. However, it would be
instructive to see how H remains invariant in the
course of time.
H is expanded according to the order of perturbation,
as follows
H=1lim(1/V)[Trpo Inpo+AH+AH+---].  (6.4)
On the other hand, p(f) has already been given by
Eqs. (2.3)-(2.5). Therefore, we can write
lnp=X0+A1X+A2X+ ety

X0=lnpo, (65)
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Here AlX, AzX, e
terms of Ajp, Asp, -+
other by

cannot be expressed explicitly in
-, but they are related to each

1
Ap= f A\ ¢4 NXoA XM Ko, (6.6)
[}
1
A2p=fd)\e<1—">X°A2Xe"X°
0

1 A
—I—fd)\ e(“)‘)XOAIXe*X"f du e #XoA XerXo, (6.7)
0

Hence, we have

AH=TrAp Inpo+TrpeA1 X, (6.8)

AH="TrAsp Inpe+TrpeAsX+TrApAX. (6.9)
From Eqs. (2.4) and (2.5) we have?

TrAp=0, TrAp=0, (6.10)

TrA;p Inpe=0. (6.11)

Equations (6.10) and (6.11) yield, by virtue of Egs.
(6.6) and (6.7),

TrpeA X =0, (6.12)

1
TrpohaX = — f d\ (1—)\) TrA X e FoA, X0V X0, (6.13)
0

Consequently, we have

AH=0. (6.14)

In order to see the behavior of A;H we first investigate
TrAsp Inpo. It follows from Eq. (2.5) that

T‘I'Azp lnpo

1 ¢ i(l—ﬁ/)g(:n
=— -—f Tr exp(~ ——————)
ih Jo h

X[4,A10] exp[i(t—1')3Co/h] InpoF (')dt
B t
__ 2 f FU)A S (AmnAspom
ind, oyl

_AlpmnAnm) (Q“ €m). (6.15)

% Equations (5.24) and (6.10)~(6.12) are easily proved by
making use of the relation Tr4B=TrBA. However, this relation
does not necessarily hold in general, as we can see in a simple
example given by taking Tr of the identity pg—gp=7%/i. In order
for this relation to hold, the infinite series obtained by taking Tr
must be absolutely convergent, and the order of terms is change-
able. Speaking in terms of classical mechanics, the integral of
the Poisson bracket corresponding to the commutator AB—BA
over the whole phase space must vanish, or, in other words, the
partial integration vanishes at the boundaries of the phase space.
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Ayp has already been given by Eq. (2.4):

i
Aprm () =— f i) (en—em) [
By

XAnm(POm"'pOn)F(l")dt”.
This is substituted into Eq. (6.15) to yield

(6.16)

TrAszp Inpg

B t 24
=— — f F()dt f F('dy”
1 Jy 0

X Z (g—i(l'—t")(sn—m) /h..l_ei(t’—t") (en—em) lh)

m,n

X (P()m_ POn)A mnA nm (Q'- EM)

‘3 t t’
=—— f F(t")dt f F("dt"
’ 2ﬁ2 0 0

X Z (e—i(l'—i")(én‘em)Ih+ei(i’—i")(én—ém)/h)
m,n
XA mnA nm(p0m_'p0n) (en_' em)

2

Jwun<0. (6.17)

t
f ¢t Cen—em) IR (¢')dt!
0

=—B/2 2

Here, the third expression is obtained by adding to the
second expression the same one with 7 and # exchanged
and divided by two. The fourth expression is obtained
by noting that the integrand is an even function of
#'—¢", and the upper limit of ¢/ can be extended to ¢
provided that the total integral is divided by two, and,
further, by making use of the definition of Jn. given
by Eq. (4.2). It is obvious without detailed calculation,
though it can be shown from Egs. (6.6) and (6.13),
that the last two terms of A.H in Eq. (6.9) just cancel
its first term given by Eq. (6.17).

Equation (6.17) is differentiated with respect to ¢,
with the result

— TrAqp Inp
dt

t
=—B2 ]mn[f e““‘—")(‘n“m)/ﬁF(t’)dt']F(t). (6.18)

0

On adding Eq. (6.18) and Eq. (6.11), the following
relation holds at least up to the second order,

1 dp 1 _
—k lim— Tr— Inpo=—(AI ())F (2). (6.19)
vV d T

For this derivation, use has been made of Eq. (4.10).
This is just the rate of the increase of entropy given
by Eq. (6.1). This relation between —% TrpInpp and
entropy has already been noticed by Mori.2s

28 H. Mori, J. Phys. Soc. Japan 11, 1029 (1956).
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Usually, —% Trp Inp is interpreted as entropy. How-
ever, it is constant in time, as already mentioned, unlike
the increase of the entropy in a closed system. Thus,
we are tempted to adopt the following interpretation:

d 140
— —k Trp lnp=——, (6.20)
dt T dit

where d’'Q/dt means the rate of flow of heat from a heat
reservoir to the system, instead of the usual interpre-
tation

as

d
— —k Trp Inp=—. (6.21)
dt dt

In a quasi-static process, we have d’Q=TdS, and
(6.20) is in accord with Eq. (6.21). In an isolated
system, such as the one we have treated in the present
article, d'Q equals zero, and Eq. (6.20) is in accord with
the requirement of mechanics. Furthermore, according
to thermodynamics, we can write

(1/T)d'Q/dt=dS/di— (dS/dL)srs.

In effect, we have shown that — (d/df)k Trplnp is
divided into two terms and one of them is just equal
to dS/di=(dS/dt)rr.

(6.22)

dp as
—lim— Tr— lnpy=—-.
dt dt

(6.23)

It is a conjecture that Eq. (6.20) will hold in case of a
system in contact with a heat reservoir.

It is easy to extend the above calculations to a case
where the Hamiltonian has several external forces as is
discussed in Sec. V. It will be sufficient here to write
only the main results. As a generalization of Eqgs.
(6.18) and (6.19), we have

. k dp
— lim — Tr— Inpy
Voo, N> dt
N/V =const

1 k
=— lim— z[z Y D
T V l h m,n

XJOJ exp(—i(—t:i(fteij—i’n—))Fh(t’?dl’]Fl(t)

=1/ T);(Af )F(1), (6.24)

where use is made of Eqgs. (5.8) and (5.9) to get the
third expression, which is the thermodynamical expres-
sion for the increase of the entropy in a closed system.
In periodic excitations given by F,=F,®¢i!t we have
after a sufficiently long time

(AL(D)Y=2 4 019 (i) Fi®eiort,  (6.25)
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If w;#w;, the two excitations do not interfere with each
other, and the entropy production is a sum of those
of single excitations. In a case where two excitations,
- say ! and %, have the same frequency w=w;=ws, then
the contribution of these two excitations to the entropy
is given, just as in Eq. (6.2), by

(dS/dt)y n= (dS/dt)1,n,ixe
= (1/21‘)93[00—»1) (w) (Fz“’))2+a(h—”‘) (w) (Fh(O))Z
42 Symg =R (o) F,OF,®7,  (6.26)

which is always positive. If all the excitations have the
same frequency w, we have

dS
( ) ____Q)stqu(mh)pl(o)ph(m (6.27)

which is always positive [see Eq. (5.27)].
Finally, if we adopt the definition of entropy accord-
ing to Eq. (6.23), i.e.,
S=—lim
V >0, N —>n
N/V =const

— Trp Inpy, (6.28)

its first order variation is zero, as is shown in Eq. (6.11).
There is no entropy production in the first order. This
means that the relation between the first order vari-
ations of thermodynamical quantities in quasi-static
processes still holds for linear irreversible processes. In
the thermodynamics of irreversible processes, one
assumption is that one can use the Gibbs relation which
describes most generally the relation between the first
order variations of thermodynamical quantities. A
special case of this assumption is thus proved.

VII. FURTHER DISCUSSION ON IRREVERSIBILITY

In the above sections, we have shown that the van-
ishing of an aftereffect function, which is expected in
the limit of an infinitely large system, is responsible for
various aspects of irreversibility, such as the positive
definiteness of the real part of the conductivity, entropy
production or the reciprocal relations. However, the
relation between the vanishing of the aftereffect func-
tion and the reversibility of mechanics itself should be
further elucidated. The former property is, in part,
closely connected with the Poincaré cycle which be-
comes infinitely long when the system is made very
large. However, this is not sufficient to get irreversi-
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bility. The free motion of a particle in an infinite space
never comes back to its original starting point, but it
obeys reversible mechanics.

If the direction of time is reversed, as well as the
magnetic field and Coriolis force, if any, the motion of
the system will just reversibly trace back the trajectory
of the previous motion in a finite system. In a linear
process, this is described by Eq. (2.9) for :<0. (AB1(¢))
in this case stands for the deviation from the initial
value of B at the moment of the reversal of time. ¢(z)
given by Eq. (2.10) can be used for :<0. The transfer
function must be defined for 2<0. Thus, in the limit
of an infinitely large system, the image ‘‘charge”
equivalent to the continuously distributed ‘“‘charges”
on the imaginary axis must be made on the right half
of the z plane, contrary to the case discussed in Sec. II.
In other words, even when we make the system return
back to the past by time and magnetic field reversal,
we again have ¢(f) — 0 for { — — . Thus the system
will never return to the initial state. This may be the
proper meaning of irreversibility. Umkehreinwand and
Wiederkehreinwand raised by Loschmidt and by Zer-
melo,?® respectively, are thus completely eliminated.
In an actual case of a finite system with many inter-
acting particles, the distribution of poles on the imagi-
nary axis is still discrete, but is almost continuous. We
cannot disclose its discrete nature in macroscopic
measurements which necessarily contain errors or
include time and/or space averages. This effectively
continuous distribution of poles for a finite system
leads to irreversibility. These measurement processes
are supposed to be provided in theroretical consider-
ations by time-smoothing or coarse-graining procedures.
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