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Principles of the irreversible thermodynamics are recapitulated. Using the basic conservation principles 
and the principles of irreversible thermodynamics, the fundamental equations and constitutive relations are 
obtained for fluids, solids, and visco-elastic media. Equations for the entropy production and heat conduction 
are derived for various special media and for a general medium having internal constraints. For the latter 
case, a law generalizing Fourier's law of heat conduction is found. 

INTRODUCTION 

TH E principles of linear irreversible thermo­
dynamics have recently been used to obtain a 

unified foundation for linear continuum mechanics. The 
works of Onsager,1'2 Onsager and Machlup,3-4 Prigo-
gine,5'6 DeGroot,7 Denbigh,8 Greene and Callen,9 Staver­
man,10 Staverman and Schwarzl,11 Meixner,12,13 Biot,14,15 

and others may be mentioned as being some of 
the major contributions in this field. The viscous 
stresses in fluids and in solids are logically brought into 
the phenomenological relations, and the symmetry of 
the phenomenological constants are explained. In 
Biot's work, the Maxwell-type internal friction mecha­
nism is explained in a natural way. 

A satisfactory treatment of continuous media under­
going nonlinear reversible changes (such as large static 
deformations) accompanied by linear irreversible 
changes does not exist. Moreover, the relation of the 
viscous fluid to the visco-elastic solid is not clearly 
explained.16 Furthermore, basic equations of continuous 
media are somewhat taken for granted rather than 
being obtained as a result of the basic principles. For 
example, either the equations of heat conduction or 
the stress-strain temperature relations are obtained 

* The present work was sponsored by the Office of Naval 
Research. 

t Professor, Division of Engineering Sciences. 
I L. Onsager, Phys. Rev. 37, 405-426 (1931). 
2 L . Onsager, Phys. Rev. 38, 2265-2279 (1931). 
3 L. Onsager and S. Machlup, Phys. Rev. 91, 1505-1512 (1953). 
4 S. Machlup and L. Onsager, Phys. Rev. 91, 1512-1515 (1953). 
5 1 . Prigogine, Introduction to the Thermodynamics of Irreversible 

Processes (Charles C Thomas, Springfield, 1955). 
6 1 . Prigogine, Physica 15, 272-289 (1949). 
7 S. R. DeGroot, Thermodynamics of Irreversible Processes 

(Interscience Publishers, New York, 1952). 
8 K. A. Denbigh, The Thermodynamics of the Steady State, 

(Methuen and Company, Ltd. London, 1951). 
9 R. F. Greene and H. B. Callen, Phys. Rev. 88, 1387-1391 

(1952). 
10 A. J. Staverman, Proceedings of the Second International 

Congress on Rheology, Oxford, 1953 (Academic Press, New York, 
1954), pp. 134r-138. 

II A. J. Staverman and F. Schwarzl, Proc. Roy. Acad. Sci. 55, 
474-490 (1952). 

12 J. Meixner, Kolloid-Z. 134, 3-14 (1953). 
13 J. Meixner, Z. Naturforsch. 718a, 654-655 (1954). 
14 M. A. Biot, J. Appl. Phys. 25, 1385-1391 (1954). 
15 M. A. Biot, J. Appl. Phys. 27, 240-253 (1956). 
16 In this respect the excellent work of W. Noll [J. Rational 

Mech. and Analysis 4, 627 (1955)] represents an exception. Noll, 
however, does not employ the thermodynamical viewpoint. 

from the theory, leaving the other as an untold postulate 
or as a result of thermostatics, Biot,15 Lessen.17 A 
systematic theory is expected to fulfill all three objec­
tives, and it is with this viewpoint that the present 
paper is written. 

We find a need for a combined use of reversible and 
irreversible thermodynamics, and rely on thermo­
dynamic functions that are somewhat different from 
the ones usually used. A logical foundation based on the 
principles of the linear irreversible thermodynamics 
soon produces all basic equations of: (a) linear con­
tinuum mechanics, (b) deformable bodies undergoing 
nonlinear reversible changes accompanied by small 
irreversible changes, and (c) heat conduction; in all of 
which no additional assumptions need be used. 

The present analysis leads to an extended Fourier's 
Law of Heat Conduction which involves hereditary 
terms and which is believed to be new. Also, in the 
special cases of isothermal, isentropic, and adiabatic 
deformations, the relationships of the phenomenological 
constants to each other are brought out in a natural 
fashion. 

Below, we first postulate the principles of the ir­
reversible thermodynamics, and then apply these 
principles to obtain the basic equations of various types 
of continuous media. 

1. PRINCIPLES OF IRREVERSIBLE 
THERMODYNAMICS 

Irreversible forces that cause the irreversible changes 
in a thermodynamic system may be introduced in a 
simple way as follows. Consider a thermodynamic 
system (B) which is imbedded in an adiabatically 
isolated heat reservoir (R) (Fig. 1). The system (B) 
may have a variable temperature T, and it is acted 
upon by external forces pi. The total entropy change 
dZ of (R)-\r(B) is the sum of the entropy change dS 
of the system (B) and the entropy flow CISR from the 
reservoir (R). 

d2 = dSR+dS. (1.1) 

According to the second law of thermodynamics for 
natural changes, we have 

dX>0, (1.2) 
17 M. Lessen, Quart. Appl. Math. 15, 105-108 (1957). 
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The first law of thermodynamics tells us that 

dSR= -dQ/TR= - (l/TB)(dE-dW), (1.3) 

where hQ is the heat flow into (B), dE is the internal 
energy change of (B), and hW is the work done upon the 
system (B) by the external forces pi. Suppose system 
(B) has n degrees of freedom defined by n state variables 
5, Q2, @3, • • •, Qn measured from an origin. The state 
variables Qi may be coordinates such as volume, concen­
trations, piezoelectric charges, etc., such that 

dW=PidQi (*=2, 3, • • - , » ) , (1.4) 

where repeated indices indicate summation over the 
range (2, • • •, n). For example, when dQ2 is the volume 
change dV, then —p2 is the pressure p, etc. From (1.3) 
and (1.4), we will have 

dSR= -dQ/TR= - (l/TB)(dE-pi0Qi). (1.5) 

Prigogine6 by use of methods of statistical mechanics 
has shown that Gibbs' equation, TdS=dE—pdV, is 
valid for a system undergoing irreversible changes not 
far from equilibrium. This equation in our notation must 
be interpreted as 

TdS^dE-psdQi, (1.6) 

where pf are the reversible parts of the forces pi. Thus, 
we write 

Pi^pS+Xi, (1.7) 

where Xi are the purely irreversible parts of the forces 
pi. They are also called Onsager forces. Substituting 
(1.5), (1.6), and (1.7) into (1.1), we get 

TRd2=(dE-pfdQ%)l{TR-T)/T-]+XidQi. 

Using (1.6), this reads 

r * E = (TR-T)dS+XidQi. (1.8) 

This equation suggests that TR—T plays the role of a 
purely irreversible thermal force while S plays the role 
of a coordinate conjugate to it. From (1.6), it is clear 
that T is the reversible part of the thermal force. Thus, 
if we write 

pi=TB, QX=S, pS=T, Xi=TB-T, (1.9) 

we find that (1.6) and (1.8) take the form 

dE=PirdQi, (1.10) 

TM^XidQi ( i = l , 2, - • . , n). (1.11) 

( (R) JL M \ 
FIG. 1.Thermodynamic \ \fin \J T I 

The first of these indicates that we have an equation 
of state of the form: 

E=E(QhQiy...,Qn),. (1.12) 

where Qi^S. Thus, by adding the state variable S to 
our collection of coordinates Qi, we have included the 
thermal forces. The significance of this, as we shall see, 
is that for i— 1, Eq. (1.11) leads to the heat conduction 
equation. From (1.10) and (1.11), we see that 

Pir=dE/dQi, (1.13) 

Xi^TsdZ/dQi, (1.14) 

where the partial derivatives are calculated in the 
usual sense by holding all other Qj= const, jy^i. These 
expressions define the purely reversible forces pir and 
the Onsager forces Xi. From Eq. (1.11), we also have 

TRa2/dt=X&i=XiJi. (1.15) 

Here Ji^Qi are called fluxes. Consequently, the sum 
of products of Onsager forces and fluxes give TR times 
the entropy production. 

The Onsager principle states that the Onsager forces 
are linear functions of the fluxes with the coefficients 
being symmetric. 

Xi=TR(d2/dQi) = bijJh J^Qi^bij^Xj, (1.16) 

where 
bij^bji, b{j>0, (1.17) 

and bif1 is the inverse matrix to Z>#. These latter 
relations are called the Onsager reciprocal relations. 

We are now in a position to pronounce the principles 
of the irreversible thermodynamics, with reference to 
the closed system (R)+(B): 

(i) The total energy is conserved. 
(ii) The entropy production is positive definite (i.e., 

dE/di>0). 
(iii) Gibbs' equation, (1.6) or (1.8) is valid for small 

irreversible changes about a state of equilibrium. 
(iv) In the neighborhood of an equilibrium state, the 

Onsager forces Xi are linear functions of the fluxes /* 
[Eq. (1.16)].18 

(v) The phenomenological coefficients bij that relate 
Onsager forces to fluxes are symmetric tensors [Eq. 
(1.17)], provided that the forces and fluxes are selected 
in such a way that the sum of their products gives TR 

times the entropy production [Eq. (1.15)]. 

I t has been shown that when a magnetic field B exists, 
this symmetry condition is modified as bij(B) == bji(—B).7 

The first two of the foregoing principles are the same 
as those of the classical thermodynamics, the last two 
being new. Let us note that (v) also gives a method of 

18 Some authors regard this as a restriction to Onsager's principle. 
See, for instance, K. G. Denbigh, The Thermodynamics of the 
Steady State (Methuen and Company, Ltd., London, 1951), 
pp. 30, 31. We include this as a principle to complete the de scrip-
tion of linear irreversible phenomena. 
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calculating the entropy production which, in general, 
is not possible through the principles of classical 
thermodynamics. In applying these principles to 
continuous media, we shall be working with thermo­
dynamic densities which are defined as the thermo­
dynamic variables per unit mass of (B), e.g., 

<r=2/AT, s=S/M, e=E/M, 

l/p=V/M, qi=Qi/M, (1.18) 

where M is the mass of our system (B). Substitution of 
(1.18) into some of the foregoing equations, with the 
use of the principle oj mass conservation dM—0, leads to 

5Q/M = de—pidqi (principle i), (1.19) 

&>0 (principle ii), (1.20) 

de=pirdqi (principle iii), (1.21) 

Xi= TR(da/dqi) = biffi (principle iv), (1.22) 

bij—bji, bij>0 (principle v). (1.23) 

By definition, we also have 

Xi=pi-pir=pi-(de/dqi). (1.24) 

For principle (v) to be valid, we must also have 

TR&=Xiqi= bijqiq3= bi^XiXj. (1.25) 

In dealing with continuous media, we must, of 
course, use the usual conservation principles, such as 
conservation of mass, momentum, and energy (the 
first principle) and all other principles enunicated 
above. 

2. DIFFERENTIAL EQUATIONS OF STATE VARIABLES 

From Eqs. (1.22) with the use of (1.24), we get 

TB(d<r/dqi)+d€/dqi=Pi. (2.1) 

Two other versions of this system are 

bijqj+de/dqi=pi, (2.2) 
and 

(dd/dqi)+de/dqi=Pi, (2.3) 
where 

2 J = TR&=XiJi= biMh (h i = 1, 2, • • •, ») (2.4) 

is the well-known Rayleigh dissipation function per unit 
mass whose positive definite character is guaranteed by 
the Onsager relations (1.23). 

We now would like to see how the function e changes 
in the neighborhood of equilibrium. We write (2.1) as 

Tiid(r+de=pidqi. (2.5) 

At a state of equilibrium da=0; hence, 

p?= (de/dqi)« (2.6) 

where the index e represents the equilibrium value of 
the quantities. Let us imagine that qi are changed so as 

to take the system away from the point of equilibrium 
an infinitesimal amount, while the forces pi are kept at 
their equilibrium values. From (2.5), we will have 

TRd(x+ (de/dqi) edqi-\-%(d2e/dqidqj) 4qidq'j=pfdqt. 

Using (2.6), this reduces to 

TRd<i~ -~%(d2e/dqidqj)edqidqj. 

Since T.Rd<r< 0 for an unnatural process, this shows that 

(d>e/dqidqi)e>0 (2.7) 

but, e is a function of qi alone and is independent of 
the way the forces are applied. Therefore, (2.7) must 
be valid generally. 

Let us now expand e into a power series of qi and 
retain only the first three terms 

e— € 0 =/3^+ \aaq iq h (2.8) 

where e0, &, and a^—aa are constants, and according 
to the foregoing argument, a#>0 . Through (1.13), 
we get 

pir=Pi+aijqj, aij=aji>0. (2.9) 

This shows that & are none other than the values of the 
reversible forces at the origin #;=0 

pir=(3i at qi=0. (2.10) 

Carrying (2.9) into (2.2), we obtain 

bijqj+ai3qj=Pi, a t J >0, bij>0i (2.11) 
where 

Pi=pi-fr. (2.12) 

Differential equations (2.11) are, in form, identical to 
those obtained by Biot in a different way.14 Here, 
however, Pi is much more general and is time-
dependent. Moreover, our ai3 are different from those of 
Biot. The logical extension of the present quantities to 
systems and to continuous media makes one believe 
that the variables used here are natural ones. Let us also 
note that in Eqs. (2.2), by considering e as any function 
of qi rather than a quadratic function, the formulation 
of small irreversible changes superimposed on large 
reversible changes can be made. An example of this 
is the large deformation of an elastic solid accompanied 
by small irreversible changes (internal dissipation, etc.). 

3. PHENOMENOLOGICAL RELATIONS FOR 
INTERNALLY CONSTRAINED SYSTEMS 

The principles of irreversible thermodynamics lead 
us to the phenomenological relations 

pi= (de/dqi)+bijqj. (3.1) 

In this form, the phenomenological relations are capable 
of expressing the large reversible changes through the 
term de/dqi. When the equilibrium state is reached by a 
small change from an initial state, we have found that 
(3.1) gives 

Pi^aijqj+bijqj, Pi=pi—j3i, (3.2) 
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where 

0»y = %*> 0, bij= b3i>Q (i, j= 1,2, • • •, n). 

If some of the forces, say Pk+i, P&+2, • • •, P n are zero, 
we see that the number of degrees of freedom of the 
system can be reduced to k by eliminating qk+i> • • •, qn 

from (3.2). This situation is the same as having internal 
constraints so that the system is nonholonomic. 

An example for internal constraints may be provided 
by a simple linear Maxwellian solid. This solid is 
represented by a linear spring and a dashpot in series 
(Fig. 2). Let Qi, Q2 be the displacements of the end 
of the spring and dashpot; P the external force; and k 
and c the spring and dashpot constants. We have 

P=kQh P=c(Q2-Ql). 

Eliminating P from these equations we get 

kQi=P, kQ1+c(Q1-Q2) = 0, 

which upon comparison with the form (3.2) shows that 
P i = P , P2=0 . Hence, the simple Maxwell solid has one 
internal constraint. Note that this situation does not 
arise for the Voigt solid (parallel spring and dashpot) 
where we have a single degree of freedom system. 

We now return to the set of Eqs. (3.2) and, using 
time domain analysis, give a quick solution. To get the 
general solution of the system (3.2), one solves the 
homogeneous equation 

aijqj+bijqj=0. (3.3) 

We try a solution: 
qj=Cfae^, (3.4) 

where C and fa are constants, C being introduced for 
convenience. From (3.3) and (3.4), we get 

(aij+pbififa^O, (3.5) 

which may have a nonzero solution if the characteristic 
equation is satisfied, i.e., 

\aij+pbij\=0. (3.6) 

For each root p=—\s of (3.6) we must have (3.5) 
satisfied, i.e., 

(aij—\sbij)fa*—0 (not summed over s), (3.7) 

where fa8 is a mode corresponding to the root — Xs. 
Next, one can prove tha t : 

(i) The roots —Xs of the characteristic equation are 
real and negative. 

(dttUttltt 

FIG. 2. Simple Maxwell solid. 

(ii) Any two modes far and fa8 corresponding to two 
distinct roots —Xr and —Xs are real and orthonormal, 
i.e., 

bijfarfas=drs, \sdrs=aij(l)i
rfa8 (s not summed). (3.8) 

To prove (i), one assumes that Xs is complex, and hence 
its complex conjugate As* is also a root of (3.6); corre­
sponding to these two roots, we have 

(aij—\sbij)fas=0, (aij—\,*bij)fa*'=0. 

Now, multiply these equations by 0**8 and $;s, respec­
tively, and subtract one from the other. Since a# and 
bij are symmetric and bi3fa

8fa*s>0, we get XS—Xs*=0, 
which proves that Xs is real. We also solve this way for 
Xs, giving us 

Xs= (aafasfa*s)/'(bidffa*9), 

which is the ratio of two positive quadratic forms. Thus 
X s >0 which proves (i). 

To prove (ii), write (3.7) for two distinct roots 
Xs3^Xr, multiply them, respectively, by far and fa8, and 
subtract one from the other. This gives the ortho­
gonality of faT [i.e., the first of (3.S) with T9^s~\. Since, 
through (3.7), <$>f are determined up to a constant factor 
for each s, we can choose these constants to make 
bijfa8fas=l for each sy thereby, orthonormalizing fa8. 
The second of (3.8) follows by using the first in one of 
these equations [i.e. (3.7)] multiplied by far. 

Introducing the normal coordinates £r and expanding 
Pi into an expansion in terms of the normal modes 

qi=fartr, Zs^Pifa* (3.9) 

from (3.2) we get 

£S+XS£S=ZS (not summed over s). (3.10) 

When this is solved and substituted into (3.9), we get 

Qi= E Csfa
8e~^+ E Ktf f P5(r)e-^-^dry (3.11) 

where 
Kijs=fasfas, (3.12) 

which, incidentally, is valid for repeated roots as well. 
Here, Kif are completely determined since fa8 are all 
known through (3.7) and (3.8), while Cs are constants 
of integration to be determined from the initial condi­
tions. This part, of course, dies out quickly with time. 
In the case of internal constraints, this result may be 
modified as follows. Write (3.2) as 

(dijqj+bijqj)+ (aiaqot+biaqa) = Pi 
(i,j=l,2,...,k), (3.13) 

(aa^+ba^)=-- (aajqj+bajqj)^Pa 
(a, 0 = * + l , " . , * ) , (3.14) 

where we assume that the Greek indices take the values 
( £ + 1 , • • •, n) and Latin ones (1, 2, • • •, k). Then, the 
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solution of (3.14) is identical in form to (3.11). Hence, parts of the forces in (3.18) and those of the internal 
constraints and write 

(3.20) ? a = E Ic^e-^ p.=p.r+Xi, pa=par+Xl 
c * where 

~Kaf f La^qji^+^MT^e-^-^drl. (3.15) Pir=^+Amh par=^+aajqj+aa^ (3.21) 

We thus expressed qk+h • • •, qn [ the left side of (3.15)] Z*'=^+ £ J dfiMtr^^dr, 
<r »/0 in terms of qi, • • •, qk. Now, substitute (3.15) into (3.13) (3.22) 

and use the identity: Xa=baiqiJrbcc&qpJ (i, j= 1, 2, • • •, k), 

I ^•(r)e_Xff( f- r )Jr= I qj(r)e~^(t-T)dr in which 

•'o x^o r 
q*= E ( i /Xa)Qr — api?y 

(a,0 = ft+l, •••,»), 

This gives 

cr Jn 

l q<*= E (i/x«r)Qr -apfait) 
+-LqM-qj(0)e~^. 

- / ' < • + 1 ( % - U ^ W ^ ^ i r . (3.23) 

ff • /<> 

where 

-4iy=flty—L (1/Xcr)^^/, 

According to (1.15) we may now calculate the entropy 
+ Z ( k / W 1 ] - (X.)^/} production by 

TRa=Xiqi+Xaqa. (3.24) 

X[(X (7)*C ( r+^(0)a//(X<r)*>-^ f, (3.16) I n t h e f o l l o w i n g s e c t i o n j w e show how this result may be 

applied to the mechanics of continuous media. 

4. THERMODYNAMICS OF HOMOGENEOUS FLUIDS 

Bij—bij—llbfbf, We define a homogeneous fluid free from chemical 
° (3.17) and electrical phenomena by the equation of state: 

<v={[>.'/(x,)*;]-(x,)v> «=«(M/p). (4.i) 
Thus, our coordinates (state variables) are qi=s, 

- < r _ A <xn h<r—rk<rh ^2= 1/p. Gibb's equation for densities now takes the 

In the expression (3.16), the terms containing the de—Tds—pd(l/p), (4.2) 
coefficients Aih B;h and <V, respectively, correspond w h i c h d e f i n e g t h e t h e r m o d y n a m i c temperature T and 
to elastic spring, Voigt damping, and Maxwell damping u r e [ j u s t a s i n ( U 3 ) ] b 

elements. Ignoring the transient effect of the initial 
conditions, we may write T= (de/ds)„-i, p= — (de/dp~l)s. (4.3) 

p.==pi__fii~j±i.q.-\-^i.q. We would now like to compute the entropy production. 
To this end, we must use the well-known conservation 
equations of continuum mechanics: 

P+pfli,t=0 (conservation of mass), (4.4) 

where from (3.17) we see also that the phenomenological ffa, »+U ~ ?ah <*a = °7* 
coefficients Aih Bih and df are symmetric, i.e., (conservation of momentum), (4.5) 

Aij=Aji, Bij^Bji, Cif=Cjf. (3.19) pe= < r ^ — qit{ (conservation of energy), (4.6) 

Thus, in a thermodynamic system with internal con- where the time rate is now interpreted as the sub­
s t ra ins , in addition to elastic and Voigt elements [the stantial derivative, and a subscript after a comma 
first two terms on the right of (3.18)], we must super- represents differentiation, i.e., 
pose a functional term representing the Maxwell Model. p >s= dp ,Q , , p , , , /d _ , 
Let us note that the effect of the forces at the point **-***/o*1r[p**/dx,)v„ vt axt/at, vt,,-dv%/dx„ 

qi—0 is taken into account by the term & which enables and o^, //, a3; and & are, respectively, the stress tensor, 
us to treat initial stress problems. Finally, it is meaning- the body force per unit volume, the acceleration vector, 
ful to separate the purely reversible and irreversible and the heat input vector per unit surface area, and 

+ L f CMT)<r**WdT, (3.18) 
c Jn 
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dij is the deformation rate tensor; then, 

2dif=Vitj+vJti. (4.7) 

Eliminating e between (4.2) and (4.6) and using (4.4), 
we have 

pTs= (p—p)vit i+Sijdij— qit i, (4.8) 

where we wrote 

(Tij= —pdij+Stjy 3p= —Gi, (4.9) 

in order to introduce the deviator stress s# and the 
mechanical pressure p. 

We may further write (4.8) as 

where 

and 

ps+(qi/T)ti=p&, 

pT&= Tijdji— (\/T)c[idT/d%i, 

(4.10) 

(4.11) 

(4.12) 

Note that in this form & is the entropy production per 
unit mass. In order to get back into macroscopic 
irreversible thermodynamics, we must multiply both 
sides of (4.10) by the volume element dV and integrate 
over the volume. Using the Green-Gauss theorem, the 
second term on the left of (4.10) is converted to a 
surface integral. Hence, 

S+ f {<iiVi/T)dA^d2/di, (4.13) 
J A 

where A is the surface of B, vi is the exterior normal, and 

(4.14) S= f psdV, 2 = f padV 

are the total entropy of our system (B) and the universe 
(B)+(R), respectively. 

Clearly, d2/dt>0, according to principle (ii) of the 
irreversible thermodynamics; then from (4.13) there 
follows the well-known Clausius-Duhem inequality: 

S+ f L(&Pi)/TldA>0 (4.15) 
J A 

Truesdell19 includes (4.15) in the definition of homoge­
neous fluids. 

From (4.11), it is clear that r»y and T~l dT/dXi play 
the role of Onsager forces and di3- and — qi that of the 
fluxes. Phenomenological relations accordingly should 
read 

T,i/T=—bij$j+Cijkdjk, ,AASK 

Tij — dijkqk-v Oijh idk h 

where ##, a^ dijk, and bijki are phenomenological 
coefficients of the Onsager theory and for which, 

19 C. Truesdell, J. Rational Mech. and Analysis 1, 163 and 228 
(1952). 

according to Onsager's principles, we have 

bij=bji>0, bijki=bkuj>0. (4.17) 

The Onsager theory does not tell us anything about odd 
order coefficients djk, d^k. In order to simplify the 
discussion, we consider only the isotropic fluids. In this 
case, the terms containing c^k and d^k drop out on 
account of symmetry conditions,20 and 

bij = K~l5ij, bijk i=Xvdifik i+Vv (dikdji+di idjk), (4.18) 

where 5# is the Kronecker delta and K, \V and \xv are 
constants. Substitution of (4.18) into (4.16) gives 

4i=-(K/T)(dT/dXi), (4.19) 

<iij= (—p+\vdkk)5ij+2t*vdij. (4.20) 

The first relation is the well-known Fourier's Law of 
Heat Conduction and the latter is the stress-deformation 
rate relation of the Newtonian fluids. I t is interesting 
to note that in (4.19) K/T appears as a coefficient 
instead of K. 

In fluid dynamics often it is argued that 7r=0 or 
p—p. This is known as the Stokes condition?1 We would 
like to see precisely when this is permissible. From 
(4.20), writing i=j, we get 

* = # - P = ( X + I M X * (4.21) 

In incompressible fluids ^ , ; = 0 ; hence, p = p. Now, the 
argument that for a compressible fluid X=— 2ju/3 is 
contradictory to experimental facts. There is one more 
case in which p=p; that is when the fluid is undergoing 
a reversible change only. In this case, Onsager forces 
nj=0 which according to (4.12) is satisfied if 

<r*yr= -pdij, (4.22) 

where superscripts r represents the reversible value of 
the stress tensor ai3\ From (4.9), it now follows that 

<rijr=-p&i3=-p&ij or p=pr. (4.23) 

Therefore, the Stokes condition is justified in two cases: 
Incompressible fluids and fluids undergoing reversible 
changes. 

Next, we calculate the entropy production by simply 
substituting r# and T JT back into (4.11). This gives 

<r=crd+crT, (4.24) 
where 

pT&d=bijkidijdki, pT&T=bijqiqj, (4.25) 

and &d and &T are the entropy production due to 
deformation and heat input, respectively. They are 
positive definite on account of (4.17). Substituting 
(4.18) into (4.25) we get 

pT&d=X (dkk)2+2p,dijdji, 

pT&T= ( l /*)54<= WT2)(dT/dXi)(dT/dXi). 
(4.26) 

20 This is sometimes known as Curie's theorem [P. Curie, 
Sur la symmetrie dans Les Phenomenes Physique, Oevres (Gauthier-
Villars, Paris 1908), p. 127]. 

21 For a discussion of this condition, see reference 19, p. 228. 
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The pressure p can be determined from (4.3). For a van 
der Waal's gas, one has 

p=[RTP/<\-hpy]-ofi (4.27) 

where a and b are constants. A few manipulations 
through classical thermodynamics produce 

'p+constant, E= j cvdT—a^ 

?=i? l n [ ( l / p ) - 6 ] + r ^ ( r f r / r ) + c o n s t a n t , 

(4.28) 

where cv is the specific heat at constant volume. 

c9= (de/dT)p-i=T(ds/dT)p-h (4.29) 

which is a constant for an ideal gas; in such a case, we 
also have a=b=0. 

5. HEAT CONDUCTION IN FLUIDS 

The equation of heat conduction in fluids (Van der 
Waal's fluid) would be obtained through (4.10). From 
the second of (4.28), we have 

pTs=[-RTp/(l-bp)l+cvPT. 

Using the continuity equation (4.4), this gives 

pTs=LRTp/(\-bp)-]viti+cvpT. (5.1) 

Now, substitute (5.1) and (4.19) into (4.10). 

cvpT+ZXpT/(l-bp)]viti- {KTti/T)^pTcrd 

= \dkk2~\-2p,dijdji. (5.2) 

For an ideal gas, we have a=b—0, R=cp—cVy and 
p=pRT where cp is the specific heat at constant 
pressure. Writing 

p=RTp+Rpf= -RTpVi,i+pRf 
= —RTpViti+p(cp—cv)T, 

in (5.2), we get 

cppt-p-£(K/T)T,i]ti=Mkk*+2tfiJdji. (5.3) 

This reduces to the usual form of the equation of heat 
conduction if we write a new coefficient k in place of 
K/T. Equations (4.4), (4.5), (4.18), (4.19), and (5.2) 
constitute the basic equations of fluid dynamics. The 
equations governing anisotropic fluids can be obtained 
in a similar fashion. 

6. THERMODYNAMICS OF VISCOELASTIC SOLIDS 

An elastic solid may be defined by an equation of 
state of the form 

e=e(s,eij). (6.1) 

Now, Gibbs' equation is written as 

e= Ts+p-Hijiij, (6.2) 

which defines temperature T and thermodynamic 

T= (de/ds)eij, tij—p(de/dei3)s,ekm 7*nj = *ji-

Substituting (6.2) into (4.6), we get 

ps+(4i/T),i=p&, 
where 

1 dT 
pT&= ((Tij—tij)dij q%—. 

T dXi 

(6.3) 

(6.4) 

(6.5) 

The positive definite character of <r indicates that for a 
reversible change, i.e., &=0, we must have one member 
from each of the pairs <r#—ty, dy and Qi, Tti/T zero. 
Four possibilities are 

jTf$-=0, <Tij=tij isothermal process and vanish­
ing dissipative stress, 

g z =0, <Tij=Uj totally adiabatic process and 
vanishing dissipative stress, (6.6) 

Tj=0, dij=0 isothermal process and rigid 
motion, 

& = 0 , dij=0 totally adiabatic process and 
rigid motion. 

The stress tensor in the first two cases takes its re­
versible value (Tif, i.e., the form of (6.5) dictates that 
the Onsager forces are aij—tij and T~1(dT/dxi) and 
fluxes dij and #». Hence, postulate (iv) is expressed as: 

( 1 / r ) (BT/dXi) = — bijqj+djkdjk, 

&ij ~~ tij — dijk$k~\-bijk idh h 

For an isotropic solid, this reduces to 

— (K/T) (dT/dXi) = &, 

c# = tij-\-\vdkJ>ij-)r 2fivdij. 

(6.7) 

(6.8) 

Let us note that through the /,-,-term this expression 
contains the potential for treating large reversible 
deformation problems. For these stresses, we have a 
stress potential pe as expressed by (4.6) which is valid 
for large strains e^ as well. The present method of 
approach also makes it possible to obtain fluid dynamics 
as a limiting case of a viscoelastic solid in which 
kj^—phij. This amounts to using in the equation of 
state (6.1) 1/p for ea> which is permissible because of 
the continuity equation. To obtain kj and T for small 
strains and temperature rise, we expand pe into a 
power series: 

p(e— €0) = U=aijeij+as+pijseij 
+W+¥imeaeki+ • • • (6.9) 

where 

e0= €(0,0), a=p(de/ds)0 , aij=p(de/deij)o, 

Pa^pi&e/dsdeido, 0=p(d2€/ds2)o, (6.10) 
Pijk i=P (d2e/de.ijdek i) 0, 

and a subscript zero indicates that the expansion is 
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about the initial state s=Q, ^ = 0 . Now, (6.3) gives 

kj—<Xij-\-PijS-\-l3ijk iek i, 

pT=a+faeij+ps. 
(6.11) 

If the initial state is stress-free fe=0 at temperature 
To), we find a*y=0, a=pTo. From (6.11) we solve for s 
and thus write in terms of temperature 

*= (p/$)0- (P*/P)e*, 0= T- To, 

ta= (p/P)W+\Jijki- (l/P)PaPki]eki 
(6.12) 

Constants a#, fa, and Pan have obvious symmetries. 
For an isotropic medium, we have 

Pij—7^iji faki=^ijdki-{-^(dik8ji+diidjk). (6.13) 

Hence, we get 

(6.14) 
Ui— (py/P)0fa+ 0^—y2/P)ekkfa+2fietj, 

Phenomenological relations thus become 

**•= (py/P)08ij+ (\-y2/t3)ekkdij 
+2txeij+\vekk$ij+2fjive\j, (6.15) 

4i=-(K/ToXd6/dXi). 

We may now obtain various special cases of interest. 
(a) Isothermal deformation. In an isothermal de­

formation the temperature at all instances is the same 
and is equal to the temperature of the initial state 
To. Hence 0 = 0 . In this case (6.14) reduces to 

s=-(y/P)eu, 

tij= (\—y2/l3)ekkdiJ+2iJieij. 
(6.16) 

In the expression (6.5) of & the term containing fa 
vanishes thus indicating that the dissipative de­
formation energy is solely responsible for entropy 
production. 

(b) Isentropic deformation. In this case, we have 
5=0 . Hence, the isentropic values of temperature rise 
and stresses are given by 

0= (y/p)ekk, 

tij= ^ekkdij+2/xeij. 
(6.17) 

This is the usual form of the generalized Hooke's Law 
which is often confused with the adiabatic case in the 
literature. Through (6.4) and (6.5) we find that 

Hence the heat input is fully used to balance the dissi­
pative deformation energy. 

(c) Totally adiabatic deformation. This means that 
during the deformation, the heat is not permitted to 
flow from one point to the next in the body, i.e., #*=0. 
This through (6.15)2 gives 0,*=O, that is, the tempera­
ture in this case is uniform throughout the body and 
it may change only with time, 0=0(0- Phenomeno­

logical relations (6.14) and (6.15) otherwise retain their 
forms. 

(d) Locally adiabatic process. This means gt-,;=0. 
The heat conduction is steady. Again phenomenological 
relations (6.14) and (6.15) retain their forms except 
that now temperature 0 is an analytic function, i.e., 

V20=O. (6.18) 

We note in both cases (c) and (d), (6.4) and (6.5) 
reduce to 

(T== S== \&ij vij)aij. 

Hence, in both of these cases the entropy change s is 
balanced with the dissipative deformation energy. I t is 
customary to compare the elastic coefficient for various 
cases. If we express the thermodynamic stress-strain 
relations in a common form 

HJ— hekkdij\ ^f^eij, (6.19) 

we see that the isothermal and adiabatic values \T and 
Xs of the constant X are 

X r = X - 7 2 / f t V=X, 

Xr=X s -7 2 / /5 . 

(6.20) 

(6.21) 

Since 0>Q we see that \T<\8. The elastic constant ju 
is not altered. By the same token, the isothermal value 
of stress tif is never greater then the isentropic value 
of the stress. The difference — {y2/$)ekk^ij represents an 
extra pressure over the isentropic stress. Note also that 
adiabatic Lame constants are the same as the isothermal 
ones. This is contrary to the known results in the 
literature. In the literature often the adiabatic process 
($i or qi,i= 0) is confused with the isentropic case ( s=0) . 

On the other hand, for the isothermal case, qiti is set 
equal to pTs; then, the Helmholtz free energy e—Ts is 
used as the stress potential for T— constant. This 
replacement for the irreversible changes is not 
acceptable. 

The internal energy function is obtained by putting 
(6.14) into (6.9). 

U=p(e— €0) = iUjeij+^pds+pTos, (6.22) 

which may also be expressed either completely in terms 
of dj and T, or in terms of e^ and s, by using expressions 
of stresses and entropy. The first two terms in (6.22) are 
the internal energies due to straining and heating the 
body from an initial state of zero strain and zero 
entropy (s~eij=0). The last term is the energy which 
is due to an initial temperature To at the initial state. 
If we set TQ=0 at this state, we eliminate the last term 
on the right of (6.22). The internal energy Unow becomes 
a positive definite quadratic form having its minimum 
at the initial state. This situation appears to be closely 
related to the third law of thermodynamics in which 
we have s = 0 as T—> 0. 
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To obtain the equation of heat conduction, we 
substitute (6.14) and & of (6.8) into (6.4). 

Q>T/p)(p6-yekk)- (KT,i/T)ti= fa,-*,,-)^. (6.23) 

If we set T= TQ+0 when To = cons t an t s? and linearize 
(6.23), thus dropping the second order Rayleigh dissi­
pation term on the right, we obtain: 

cpd-cyekk-V
26=0, C=PT0

2/K(3. (6.24) 

According to the Lagrangian point of view, for solids 
the time differentiation is taken as the partial differenti­
ation, i.e., F=dF/dt. We must now add to the basic 
equations obtained above the equation of the conser­
vation of mass. 

p—po=Poea. (6.25) 

The basic equations of general Voigt solids therefore 
consist of the conservation of mass (6.25), conservation 
of momentum (4.5), the phenomenological relations 
(6.15), and the equation of heat conduction (6.24). 

All of this analysis must be modified for the fluids 
and solids having internal constraints. In the following 
section, we carry out the analyses for solids only. The 
situation is very similar for the fluids. 

7. SOLID WITH INTERNAL CONSTRAINTS 

When the solid has internal constraints we must add 
the Maxwellian terms, similar to those of (3.18), to the 
phenomenological equations. Therefore, we write 

1 dT rl 

= — bijqj+Cijkdjk+ X) I Lcijk'djkir) 
T dXi o- JQ 

Tij = dij ~ tij ~ d{jkqk (7.1) 

+bijkidki+Y, I [cijhfdhiij) 
<r JQ 

+dijlfqk{r)']e~^t-^dT, 

where the even-order coefficients satisfy the Onsager 
symmetry condition. For a linear isotropic medium, 
these relations become 

1 1 r* 1 

TQ K o «̂ 0 K? 

py / T 
o'ij——Obij-\-\ X +XV— li/bA&y 

8 V 6 ~et/ 

+ 2 l / x + j u i r - Itftf+X) I [\vaekk(x,T)dij 
V dt/ * JQ 

+2ixv°eij(x,r)']e-^t-^dT, (7.2) 

where 6=T—T0, and K', A/, M / are the additional 

constants due to internal constraints. They are the 
isotropic values of bif and Cijkf, i.e., 

bif= (1/^)5*7, Cijkf=\v
abifiki 

+fJ>v*(8ik&3i+f>iidjk)' (7.3) 

The first of Eqs. (7.2) is an extension of the Fourier law 
of heat conduction. To the best of my knowledge, I do 
not recall seeing in the literature the history terms 
involved under the integral sign on the right. I t is 
reasonable and logically compatible with the Max­
wellian terms arising from damping to argue in favor 
of this heat term. We shall only remark, however, that 
this term implies the change of the material conduction 
constants with heating through its heat capacity. The 
final justification of it must, however, await experi­
mental verification. 

The equation of heat conduction again follows from 
(4.10) upon using (7.2) and linearizing the result. 
This time, however, & is not expressible in a simple way 
in terms of dd/dxi. The heat conduction equation is 
included in the set of 

(poT0/p)d- (yT<t/P)en+<l[i,i=0, 

1 dd 1 cl 1 

TQ dXi K a J Q K* 

(7.4) 

of which, the first is the same as (6.4) when linearized, 
and the second is the new heat conduction law which 
reduces to that of Fourier when K*= <*>. We may 
eliminate &,{ between the two expressions of (7.4) 
leading to an integro-difTerential equation for the heat 
conduction: 

- V20+ (p0To2/Kp)d- (yToVKftea 

+ E f C(poro2//3^(T)-(7ro2A^)^(r)] 
Xe-^-^dr^O. (7.5) 

Let us finally remark that if the Laplace transforms 
of these expressions are used, a great deal of simplifi­
cation can be achieved. Thus, for example, transforms 
of the phenomenological relations (7.2) give 

&ij+(rij0= (py/0)Obij+\ekkbij+ 2jXeij, 

qt= - (jc/T0)0,i, 
where 

<Tij°=Aekk (x,0)8ij+ IMeij (xfi), 

X=X-(7
2 / /5)+Af, M=M+Mf, 

i=x,+ iv / ( r+u 
i0"=M»+£M// ( f+A») , 

1 1 1 1 
- = - + £ • 

(7.6) 

(7.7) 

K K « (Cf+X, 
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where f is the transform variable. By taking the Laplace 
transform of (7.5), we obtain 

(por o / /3 ) [ f0-0feO)] - (YTV/3) 

X\Seii-eii(xfl)]+ (K/To)V*~d=0, (7.8) 

where 6(xfi) and ea(x,0) are the temperature and 
dilatation at £=0. I t may be deduced from (7.6) and 
(7.8), and the fact that conservation laws are the same 
whether the medium has viscosity or not, tha t : 
Theorem of Correspondence: The solution of the Laplace 

INTRODUCTION 

RECENTLY we reported measurements1 of the 
thermal spin relaxation time, Th of He3 nuclei in 

pure liquid He3 at its saturated vapor pressure. Previous 
measurements in this laboratory2,3 had yielded different 
Ti values depending on the container used. I t had been 
concluded from these earlier measurements that in at 
least some of the containers used the relaxation time 
was being artificially shortened by wall relaxation or 
possibly by some impurity. The combination of the 
long relaxation time in liquid He3 and the large diffusion 
coefficient makes it difficult to avoid wall effects by 
simply using a very large sample. In these circum­
stances, the longest T\ measured at any given tempera­
ture, pressure, etc., probably lies closest to the value 
characteristic of the bulk liquid, unless there is some 
systematic error which gives spuriously long T± values. 
The safest procedure seems to be to construct containers 
of a material believed to be relatively ineffective at 
relaxing He3 spins; if then approximately the same 

* Supported by the Office of Naval Research and the Office of 
Ordnance Research, U. S. Army. 

t On leave from Amherst College, Amherst, Massachusetts, 
1958-59. This work was done during the tenure of an Amherst 
College Research Fellowship. 

1 R. H. Romer, Phys. Rev. 115, 1415 (1959), hereafter referred 
to as I. 

2 W. M. Fairbank, W. B. Ard, H. G. Dehmelt, W. Gordy, and 
S. R. Williams, Phys. Rev. 92, 208 (1953). 

3 W. M. Fairbank, W. B. Ard, and G. K. Walters, Phys. Rev. 
95, 566 (1954). 

transform of basic equations of ther mo-vis co-elasticity is 
the same as that of the thermoelasticity with the transformed 
body forces fi and surface tractions di in the latter 
replaced by f=fi—<rji,/* and <?%=(&#—orij°)nj, and X, 
/x and K replaced by %, jx and K. 
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results are obtained in two containers of quite different 
sizes, one has presumably measured something close to 
the "true" Tt. 

Fortunately, it was discovered early that Pyrex 
surfaces do not relax He3 spins very fast.2 The measure­
ments reported in I were therefore made in two Pyrex 
bulbs of different sizes and the results obtained from 
the two bulbs were in good agreement with each other. 
All the data in I were taken in a static magnetic field 
of 9000 gauss and seemed to be in reasonable agreement 
with the BPP4 theory of spin relaxation in liquids, 
provided that one makes the assumption that the 
correlation time for the motion of the atoms ( r ^ r 2 / 1 0 Z ) 
~10~1 2 seconds, where r, a typical inter-atomic distance, 
is a few A, and Z)^10~4 cm2/sec.5,6) is much less than 
the Larmor period in available magnetic fields (27r/a>o 
> 2 X 1 0 - 8 seconds). The short r c approximation would 
appear to be an extremely good one for He3, particu­
larly at high temperatures (~3.0°K). 

Shortly after the completion of the measurements 
reported in I, the subject was re-opened by the report7 

of a previously unsuspected magnetic field dependence 
of T\. Low and Rorschach, making measurements at 

4 N. Bloembergen, E. M. Purcell, and R. V. Pound, Phys. Rev. 
73, 679 (1948), hereafter referred to as BPP. 

5 R. L. Garwin and H. A. Reich, Bull. Am. Phys. Soc. 3, 133 
(1958). 

6 R. L. Garwin and H. A. Reich, Phys. Rev. 115,1478 (1959). 
7 F. J. Low and H. E. Rorschach, post-deadline paper presented 

to the American Physical Society, April 30, 1959. 
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The nuclear spin thermal relaxation time, Ti, of He3 nuclei in pure liquid He3 at its saturated vapor 
pressure has been measured at temperatures between 0.8°K and 3.1°K, at static magnetic fields from 1560 
gauss to 12 200 gauss. No dependence of T\ on the static magnetic field was observed. The measured relaxa­
tion times increase gradually from 300 seconds at 0.8°K to 650 seconds at 3.1°K. These measured relaxation 
times do not appear to have been significantly shortened by wall relaxation processes. These results, which 
do not agree with measurements made elsewhere, are in good agreement with the short correlation time form 
of the Bloembergen, Purcell, Pound theory of spin relaxation in liquids. 


