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The pressure shift and the temperature coefficient of the pres-
sure shift have been calculated for hyperfine spectra when radiat-
ing alkali atoms are perturbed by foreign gases. The method of
calculation is based on a suggestion by H. Margenau. Both the
pressure shift and the temperature coefficient can be calculated
on the basis of potential functions representing intermolecular
forces operative when the radiating atom is in the presence of the
perturbing atoms. The noble gas atoms have been considered
explicitly as perturbing atoms.

For weak interactions (small perturbing atoms) a Lennard-
Jones (6-12) potential is adequate to give excellent agreement
between theory and experiment. Helium and neon give rise to
weak interactions and the frequency shifts are toward the blue.
When the interactions are strong (large perturbing atoms), a
simple Lennard-Jones (6-12) potential is no longer adequate to

give reasonable agreement between theory and experiment. When
higher order attractive terms are included in the interaction, the
agreement between theory and experiment is considerably im-
proved. Argon and krypton give rise to strong interactions and
frequency shifts toward the red.

Numerical values are obtained for the dipole-dipole, dipole-
quadrupole, dipole-octupole, and quadrupole-quadrupole terms in
the intermolecular interaction. For each pair of interacting atoms,
there are two parameters to fit two sets of data. For the case of
the small perturbing atoms, one of the parameters is just the sum
of the gas kinetic radii, so that there is essentially only one pa-
rameter which is adjusted to fit two pieces of data.

The over-all agreement between theory and experiment is
very good.

I. INTRODUCTION

FOREIGN (buffer) gas causes the central fre-

quency of the spectral lines of a radiating atom
to be displaced from its unperturbed position. This so-
called pressure shift has been observed recently in
hyperfine transitions in rubidium! and cesium.? Small
atoms, of which helium and neon are examples, inter-
acting with the alkali atoms shift the central frequency
of the hyperfine live toward the blue (positive fre-
quency shifts), whereas large atoms (e.g., argon and
krypton) shift the central frequency toward the red
(negative frequency shifts).

Margenau, Fontana, and Klein® have calculated the
magnitudes of these pressure shifts on the basis of the
well-known statistical theory for the effects of perturb-
ing atoms on radiating atoms. Their expression for
obtaining the frequency (or pressure) shift is

4N p*
p= f U (r)rdr, (1)
h Yo

where 7 is the distance between perturbing atom and
radiation atom, U(r) is the difference in energy levels
(of the perturbed alkali atom) which give rise to the
hyperfine line in question, and N is the particle density
(number of atoms per unit volume) of perturbing gas
atoms. Equation (1) is based on the assumption of a uni-
form distribution of perturbing gas atoms everywhere.

A method of improving the formulation of the in-
terpretation of this pressure shift has been suggested
to this writer by Margenau.* In this new formulation,

1 Bender, Beaty, and Chi, Phys. Rev. Letters 1, 311 (1958).

2 Beaty, Bender, and Chi, Phys. Rev. 112, 450 (1958) ; M. Arditi
and T. R. Carver, Phys. Rev. 112, 449 (1958).

3 Margenau, Fontana, and Klein, Phys. Rev. 115, 87 (1959).

4 Private communication from H. Margenau during his visit to
?gggce Technology Laboratories, Inc., as consultant, June 22-24,

the distribution of perturbing atoms is not taken as
uniform; in the vicinity of the radiating atom, the
density of perturbing atoms is governed by the Boltz-
mann factor. Upon the introduction of this nonuniform
density, based on the Boltzmann factor which contains
the gas temperature, one can calculate the temperature
coefficient of the pressure shift (as well as the pressure
shift itself).

Instead of Eq. (1), the pressure shift 7 in this present
formulation is

a=47;N j; w{exp[——Kk(TL)] IU(r)rzdr, @

where V(r) is the potential between an alkali gas atom
and a buffer gas atom. The temperature coefficient of
the pressure shift is

V(r)

a=5;—=% ow{exp[—ﬁ—”U(r)V(r)ﬁdr. 3)

In the next section, the methods of obtaining suit-
able forms for the potentials U(r) and V(r) will be
discussed.

II. THE INTERMOLECULAR POTENTIALS

It is well known that both U () and V () are negative
(attractive) for large r and positive (repulsive) for small
7. It is also well known that the long-range attractive
part of such potentials varies as 5. At smaller inter-
molecular distances, higher order attractive terms be-
come significant. When the intermolecular distance
becomes very small (i.e., of the order of gas kinetic
diameters) the interaction is characterized by repulsion
rather than attraction. Very little is known about the
precise form of the repulsive part of the potential.
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Two types of potentials have been used in the present
calculations: (1) the Lennard-Jones (6-12) potential for
V(r) and (2) the Lennard-Jones (6-12) potential with
added 78 and #1° attractive terms for U(r). These
potentials are

V(r)=4el (01/7)2— (01/7)%], 4)

and
U(r)=4el (o2/7)?— (02/7)¥]— (D1/7%) — (Do/7).  (5)

One could add higher order attractive terms to the form
of V(r), but this would make no essential difference in
the results in the present problem; furthermore, the
mathematical aspects would become more complicated.
The results of the calculation are more sensitive to U(r)
and hence U(r) must be given more accurately. The
basic difference between the forms of Egs. (4) and
(5) is the manner in which the repulsive parts of the
potential are weighted. The standard Lennard-Jones
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(6-12) potential, Eq. (4), essentially combines higher
order attractive terms with repulsive terms to give a
net 722 repulsion. Equation (5) weights the repulsive
part of the potential less heavily then Eq. (4) and also
keeps the repulsive and higher order attractive terms
separate.

There are several reasons for using such semiempirical
potentials as given in Egs. (4) and (5). In the first
place, these potentials have the correct qualitative
behavior and are adequate to describe interactions be-
tween many types of gas molecules. Secondly, such
potentials are handled easily from the mathematical
standpoint. Thirdly, the constants ;015 €025, D, and
D, are easily calculated.

In Egs. (4) and (5), the negative terms represent
what is called the van der Waals energy. The van der
Waals energy,® AE,, between a noble gas atom and an
alkali atom is

where the M is the smaller of L or ! and takes on values
from minus L (or !) to plus L (or }). In Eq. (6), L refers
to the noble gas atom and J, to the alkali. (2/—1)!!
means1-3-5---(2l—1), fiisthe mean oscillator strength
for transitions between the P and S levels of the alkali
and f is the mean oscillator strength for the noble gas
atom; both oscillator strengths are taken as unity in
these calculations. I is the ionization potential for the
noble gas atom and E is the weighted mean energy of
the P states of the alkali (the energy of the S states is
taken as zero). More specifically

E=2F(Py)+3E(Py)—E(S)).

Also,

1/B1= (h)*/mE, )
where m is the mass of the electron, and

1/B2=asls/ fo, ®)

where s is the polarizability of the noble gas atom.
One may write Eq. (6) as

AEais=— (Cu/r)—[(C12+C2)/7*]
—{[Cast (Ci3+C3) ]/} — - - -.

The terms Cpr;/r@L+2H2 represent dipole-dipole inter-
actions when L=I[=1; dipole-quadrupole when L=1,
=2, or L=2, I=1; quadrupole-quadrupole when
L=1[=2; they are dipole-octupole when L=1, /=3, or
L=3, I=1; etc. Margenau, Fontana, and Klein have
written the dipole-dipole terms explicitly and this writer
has evaluated Eq. (6) for the cases of dipole-quadrupole,
quadrupole-quadrupole and dipole-octupole terms. Nu-
merical values for the coefficients are calculated in this
article.

(10)

& ( et fife[(20—1)11(2L—1) 11(I+L) 1(+L)!] 1
L1 o \p2E2042 (28,)1(285) L (1— M) 114+ M) {(L— M) {(L+ M) | (1E+L12))’

(6)

The difference in the van der Waals energy AEny, be-
tween the levels which give rise to the hyperfine lines
is given by?®

AEyy,=AE,[A¢/ (E+12)], (11)

where Ae is the actual energy separation of the un-
perturbed hyperfine levels.
From Egs. (4), (5), and (10),

4¢,01%=Cyy, (12)
dey098=Cu[Ae/ (B+1,)]=a, (13)
D= (Cua+Co)[Ae/ (B+1))], (14)
and
Dy=[Cart (Crs+Co) A/ (E+15)].  (15)
It follows from Eqs. (6) and (10) that
somen
2 mE E+I,
(Curt Cuy = 1ol
8 mE ¢

(Gﬁ)2 (s27 %]
X(mE(2E+12) ' f2(E+212)) » (D

315 f1 (eﬁ)“ a22[22
C22=—*~ T (18)
16 f» (mE)? (E+1,)et

5 Private communication from P. Fontana of Yale University.
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TaBLE I. Parameters involved in the interaction between buffer gas and alkali atoms.

Buffer ¢ in units of 107% erg cm® Cy; in units of 107% erg cm® D; in units of 107 erg cm® D; in units of 107 erg cm®
gas Rb Cs Rb Cs Rb Cs Rb Cs
He 34.9 52.5 30.9 34.3 6.25 10.3 221 40.6
Ne 63.6 95.5 59.4 65.5 13.5 22.5 47.8 86.2
A 371 558 242 269 77.0 135 276 533
Kr 645 975 349 394 139 237 508 916
N: 430 650 264 295 89.3 147 321 582

and 1565 f, (eh)?
1 €
(C13+C31)=_‘—_‘ —Qol2
36 ¢ mE

( (eﬁ)4 1 (OIZI 2)2
(mB): 3E+Iy) fo(B+31))

(19)

The above expressions differ from those based on the
usual London formula® in that (e#)?/mE is used above
in place of a1l (for the alkali) in the London formula.
The level spacings in the alkali atoms makes it so that
Egs. (16), (17), (18), and (19) are more accurate than
the London formulas.

The calculated values of the parameters to be used
in determining the pressure and temperature shifts are
given in Table I. The van der Waals coefficient, Cyy, is
repeated in Table II in order to show how the values
used in this article compare with other listings.

III. THE PRESSURE SHIFT

In order to evaluate the integral for the pressure
shift of the hyperfine frequencies, given in Eq. (2), it is
convenient to make the following substitutions:

t=(a1/1)", (20)
v=(02/a1)", 21
B2=ei/kT. (22)
TaBrE II. The dispersion constant in the
van der Waals interaction.
Cu1 in units of 107% erg cm®
Alkali
Buffer Rbe Cs®
gas\, b c d b c d
He 254 40 30.9 29.4 44 34.3
Ne 49.0 77 59.4 56.7 87 65.5
A 249 290 242 235 325 269
Kr 349 394
N: 264 295

a The numbers in the column marked b and ¢ are taken from H. S. W.
Massey and E. H. S. Burhop, Electronic and Ionic Impact Phenomena
(Oxford University Press, New York, 1952), p. 397. A measured value of 370
is also listed for the He-Cs interaction.

b Measured by collision cross section technique.

© Calculated by H. S. W, Massey and E, H. S. Burhop.

d Calculated in this article.

8 E.g., Hirshfelder, Curtiss, and Bird, Molecular Theory of
Gases and Liguids (John Wiley & Sons, Inc., New York, 1954),
p- 965.

It follows that
V(r)/kT=48*(2—1), (23)
and
U(?’) = 452(72t2—*yt) - (D1/0‘18)t4l3— (Dz/o’zm)la/s.

Equation (2) becomes

8T N ®
ﬁ=?-h—ez‘yol3{v [ 8 expl-ag(e-00
0

(24)

- f wt"% exp[—4ﬁz(¢2—t)]dt}

0

2r N Dl{fw e [ 462(2 )]dt
—_—— =% exp|l.— =t :
3 h (T15 1] p
D, p*
+ f e exp[-—4ﬁ(t2—t)]dt]. (25)
a1?D1/

It will be convenient to use the following substitution:

I(x,6)= f b exp[—4@ (P~ (26)

Equation (25) can be written more compactly as

p=(8r/3)(N/h)exvor[vI (3,8)—I(—%,6)]
— (22/3)(N /) (D+/a+")
X[I(—=%,8)+ (Do/o’D)I(%,8)]. (27)
Equation (27) can be written in terms of the two

parameters, 8, and v. If one divides Eq. (13) by Eq.
(12), he obtains

&= (a/Cu) (e1/7), (28)
and from Eq. (22), the above may be written
€= (a/Cn) (kTﬁ2/‘Y) (29)
From Egs. (12) and (22)
o1=C1,1/8/ (4kT) /6%, (30)
Hence, Eq. (27) becomes
=y
v B:'Y - 3 h Cu% B
X . 2 N (4kT)%¢ s
XM IGH—1(—3, 5)]‘3; e D.g
Dy (4kT)?
x[1-uo+==—ras] oo
1 Cud
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It is evident that #(8,y) can be positive or negative
depending on the values of the various parameters.

IV. TEMPERATURE COEFFICIENT OF THE
PRESSURE SHIFT

The same changes of variables, as used in connection
with the pressure shift, will now be used in obtaining
the temperature coefficient of the pressure shift [Eq.
(3)]. One sees that

UV () =16e1exy[vti— (v+1)6+22]
e[ (D1/a:®) (T B—103)+ (Dy/ 1) (13 —113) ], (32)

so that Eq. (3) becomes

a=(32xN/3hkT?)e1e201%y
XY (38— (v+DIEB+I(3,6)]
+ (87N /31kT?)(e1D1/a:%)[1(5/6,8)—1(11/6,8)]
+ (87N /3hkT?) (e1Ds/ 17)
X[L(7/6,8)—1(13/6,8)]. (33)

Because of Egs. (29) and (30), one may write Eq. (33)
as a function of the two parameters 8 and v, so that

a(B,y)= (4r/3) (N/hT)(a/Cui?) (RT)*(46°)
X[vIEB8)— (r+DIEL)+1(3,8)]
+ (8n/3) (N/1T) (Dy/Cra®®) (4R T/
XBURLI(5/6,8)—1(11/6,8)]
+ (87/3)(N/KT) (D2/C1a"'®) (4RT)"I°
XBWRLI(7/6,8)—1(13/6,8)].

As in the case of #(8,v), a(8,y) can be positive or
negative depending on 8 and +v. It is also true that
a?>0 or a?<0 depending on the parameters. The
alkali atoms perturbed by noble gas atoms show a and
7 of the same sign. When the alkali atoms are perturbed
by some hydrocarbons, then o and # have been found
(experimentally) to be of opposite sign. For 8>0.6, a is
positive, irrespective of the value of v; whereas # can
be positive or negative depending on the value of v.

(34)

V. RESULTS
1. Evaluation of Integrals

The first step involved in obtaining #(8,y) and a(8,y)
is the evaluation of the integrals I(x,8) given in Eq.
(26). Such integrals have been given in terms of con-
fluent hypergeometric functions (also in terms of so-
called Whittaker functions) in an extensive table of
Mellin transforms.” Since the functions have not been
tabulated (numerically) for the cases of interest, the
Mellin transform table is of little use in the present
problem.

There are various methods whereby one can evaluate
the integrals, numerically. Two methods are given be-

7 Erdelyi, Magnus, Oberhettinger, and Tricomi, Table of In-
tegral Transforms (McGraw-Hill Book Company, Inc., New York,
1954), Vol. 1, p. 313, Table 6.3, entry 13; also p. 386.
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low : the first method is useful for small 8 and the second
method for large 3.

In the first method, one makes the change of variable
4p%?=wu, so that Eq. (26) becomes

I(x,8)= f 1% exp[ —4B2(#—1)]Jdt
R
= 2 (2‘3) 2+1

f e exp(2Bub)u=D2dy, (35)
0

When one writes

n

exp (20u) =3 ~——ur,
=0 7!
it follows that

1 = 28"
(28)=H 30 2!
1 - (25)"P(n+x+1)
(28)=+ =0 2 2 )

I(x’ﬂ) = f g_"u(ﬂ+x+l)/2du
0

(36)

where T[(n+2+1)/2] is the well-known gamma
function.

It is evident that when 81, only a few terms in the
sum given in Eq. (36) are significant. Hence, for very
small values of B3, the integrals I(x,8) are easily
evaluated.

The second method involves writing the integral in
Eq. (26) as

() _exp(#)

(28)=*

where 48%?=¢. The additional change of variable,
(§—B)=¢ converts Eq. (37) into

f expl— (t—@)eds,  (37)

exp(6%)
(28)=+

When g>>1, only a few terms are required in the
expansion,
§+B)7=pT1+(x/B)
Hx(x—1)/2]*/8)+--- 1 (39)
and one can replace the lower limit in the integral in

Eq. (38) by — « without any significant error. Hence,
Eq. (38) may be written as

exp(8) T r” ,
ren =20 [ et

168)=—— [ en(-)+ords.  (39)
-8

x o0
+ f exp(—i)ids

(e—1) (=
= f exp(—;2>;2d;+---]. (40)

—00
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TaBiE III. Numerical values of 7(x,8).

If)= [ & expl—4g(2—) 1

&

N 5/2 13/6 11/6 3/2 7/6 5/6 1/2 16  —1/6  —1/2
0.100 165.13 92.42 52.95 31.171 18.952 11.987 7.976 5.687 4.506 4.280
0.200 18.945 13.175 9.372 6.843 5.154 4.032 3.312 2.907 2.823 3.250
0.300 6.009 4.718 3.785 3.114 2.640 2.320 2.137 2.097 2.266 2.877
0.400 2.908 2478 2.157 1.922 1.763 1.674 1.662 1.752 2.025 2.725
0.500 1.784 1.615 1.491 1.410 1.369 1.374 1.438 1.595 1.928 2.692
0.600 1.276 1.211 1.171 1.157 1.174 1.229 1.339 1.539 1.921 2,742
0.700 1.019 1.004 1.007 1.032 1.083 1.172 1.315 1.553 1.981 2.864
0.800 0.8856 0.8997 0.9300 0.9805 1.058 1.174 1.350 1.627 2.105 3.016
0.900 0.8234 0.8580 0.9091 0.9815 1.083 1.227 1.437 1.758 2.296 3.341
1.000 0.8096 0.8622 0.9326 1.027 1.154 1.330 1.580 1.955 2.568 3.724

The second integral vanishes as do all others involving
odd powers of {; the first integral and all others involv-
ing even powers of { are gamma functions. I(x,8), for
B8>>1, is given by

exp (8%) x(x—1)
I(x,8)= w[1+ +0(B ] 41
(x,8) (25)»*1“ 2 B} (41)

where O(8~%) means the other terms are of the order of
B~* and smaller.

To cover the desired range of x and 8 adequately, the
integrals I (x,8) were evaluated (for the values of x and
B of interest) with the Space Technology Laboratories
IBM-704 Electronic Computer. The results are given
in Table III.

2. Comparison of Theory and Experiment

It seems clear that the experimental results can be
interpreted on the basis of a variety of types of inter-
molecular potentials. The essential result of this article
is the interpretation of the mechanism giving rise to
pressure and temperature shifts, on the basis of well-
known intermolecular potentials. For many values of 3,
there are corresponding values of v which will reproduce
the experimental values of 7. Also, a can be calculated
with several values of 8 and corresponding values of «.
However, there is just one value of 8 and one value of ¥
which will give the experimental values of both # and
a for a given pair of atoms.

At this point, it is worthwhile observing that the
temperature coefficient of the pressure shift is of the
order of #/T, for T=300°K. For the case of positive
(blue) shifts, #=2Ta, approximately. One can see how
this comes about by examining Egs. (31) and (34).
From Table III, it is evident that all I(x,8) are of the
same order for 0.4 <8<0.3. Hence if y>>1, then only the
first term in Eq. (31) is significant. The terms vI(5,8)
tends to cancel — (y+1)I(3,8) and only I(},8) remains
in Eq. (34). The higher order terms are neglected.

py=aT/4B?, approximately. (42)

When 8=0.35, then #=2aT, in accordance with experi-

ment for frequency shifts toward the blue. When y<1,
then negative (red) shifts result and the relationship
between 7 and « is not so simple. Finally when 3> 0.6,
then <0 and a>0, practically independent of the
value of v (as long as v is small enough to make 7<0).
This latter situations obtains for interactions between
the alkalis and some hydrocarbons.

TasLE IV. Calculated and experimental values of
pressure and temperature shifts.2

Part 1. Results for small noble gas atoms

Rb-He Rb-Ne Cs-He Cs-Ne
a1(A) 3.24 3.43 3.39 3.58
e (ev) 4.16X107%  536X107 3.52X107% 4.85X1073
B 0.408 0.463 0.376 0.441
Y 42.0 18.5 50.0 18.0
a2(A) 6.03 5.43 6.50 5.79
ez(ev) 1.20X10™°*  3.94X107? 1.18X10™®  2.34X107°
v expthe 47200140 +3920+80 410 500 5800
v expthd -+16 000 -+6500
v calcP 47200 3820 12 000 -+6100
a exptee 410 +2.6 +15 +1
a calce +9.9 +4.2 +17 +3
Part 2. Results for large noble gas atoms
71 Rb-A Rb-Kr Cs-A Cs-Kr
B 0.30 0.40 0.30 0.45
v exptbe  —5104+10 —5800+£500 —1900 —13 000
v exptPd —2500 —13000
v calcb —2100 —4100 —3300 — 6640
aexptte  —3.0 -5 -7
a calce —1.4 -2 -3 -3
Part 3. Results for nitrogen molecules
Rb-N; CS-N2
B 0.30 0.40
v 7.5 8.5
v exptb.e -+52004-100 -+8900
» exptb.d +9300
% calcP <5300 -+9000
o expte® +6
a calce® +4.4 “+11

a Atomic radii (angstroms): Rae =0.93, RNe =1.12, Rrb =2.31, Rcs =2.43.
The atomic radii are taken from W, E. Forsythe, Smithsonian Physical
Tables (Smithsonian Institution, Washington, D. C., 1951), ninth revised
edition, p. 643. The values for Rb and Cs are the mean of the two values
listed for each alkali.

b Cycles/sec/cm of mercury.

¢ See Beaty e al., reference 2.

d See Arditi and Carver, reference 2.

e Cycles/sec/cm of mercury/deg C.
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In comparing theory with experiment, the parameters
B and v must be found by trial and error. Unfortunately,
theory has not developed to the point where these pa-
rameters can be calculated from first principles. From
the point of view of the present formulation, the experi-
ments on the frequency shifts measure 8 and v and pro-
vide a very sensitive means of studying intermolecular
forces.

It turned out rather unexpectedly that the Lennard-
Jones (6-12) potential for both V(r) and U(r) will
reproduce both # and o (almost to the same order of
accuracy as the experiments) for Rb-He, Rb-Ne, Cs-He,
and Cs-Ne interactions if one uses the sum of the gas
kinetic radii of the interacting atoms for ¢ in Eq. (4).
Since o determines 8 through Egs. (12) and (22), there
is just one adjustable parameter, v, to determine both
7 and a. In the strict Lennard-Jones (6-12) potential,
the higher order attractive terms are combined with the
repulsive terms to give a net 2 attraction; hence D,
and D; in Eq. (5) vanish for such a potential. The results
of the present calculations for the interactions involving
the small buffer gas atoms are shown in Table IV, Part 1.
The agreement between theory and experiment is
excellent.

For the cases of the larger buffer atoms, one cannot
obtain reasonable agreement between theory and ex-
periment without the higher order attractive terms. The
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comparison between theory and experiment is given in
Table IV, Part 2. The agreement between theory and
experiment is very good, though not as close as in the
case of positive frequency shifts. For the negative shifts,
¥<1. It might be helpful to note that small ¥ means
steep repulsive forces, which one would indeed expect
for the heavier rare gas atoms. This is in agreement
with reference 3, where it was found that # could be
computed with a rigid exchange-force model.

Table IV, Part 3, contains the pressure and tempera-
ture shifts with molecular nitrogen. Here the param-
eters v and B are selected to fit the data. As in the other
cases of positive frequency shifts, the agreement between
theory and experiment is excellent.
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