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The Blatt-Biedenharn formalism for the calculation of cross sections in resonance reactions is extended 
to provide for (1) empirical spin-orbit effects in the potential scattering, (2) the interference of resonances 
of unequal spin and/or parity, and (3) the energy spread of the incident particle. Explicit formulas are 
given for the total cross section and for the Legendre polynomial expansion coefficients in the differential 
cross section, for single channel elastic scattering, in the presence of all three effects. For a general multi­
channel reaction, explicit reaction and elastic scattering formulas, both differential and total, are derived 
only for the second situation. 

I. INTRODUCTION 

THE formalism of Blatt and Biedenharn1 (hereafter 
referred to as BB) is well known and widely 

used for the calculation of differential and total cross 
sections from interaction parameters, and conversely 
for the determination of nuclear properties, such as 
phase shifts and resonance parameters, from experi­
mental cross-section data. In this formalism the cross 
sections are given as sums of terms involving the 
elements of scattering matrices SJn. 

The element Sm(a'sfl';asl) of the scattering matrix 
S / n stands for the probability amplitude for a collision 
with total angular momentum / and parity II from 
channel asl into channel a!sflf. The channel index a 
defines the type of incoming particle and the quantum 
state of the struck nucleus; the channel spin 5 is the 
total spin angular momentum in the channel; I is the 
incoming orbital angular momentum. The primed 
indices refer to the corresponding after-collision 
quantities. For an N channel reaction there are (JiV) 
X(N+1) independent elements of the unitary and 
symmetric matrix S jn, N of which are eigenphase shifts. 
The cross section formulas contain an S matrix for 
each combination of / and II which enters into the 
reaction. // is the function of a nuclear model to yield the 
elements of these scattering matrices; or failing that, at 
least to make statements which limit their complexity. 

A favorite and often satisfactory model is the 
assumption that the reaction proceeds by way of a 
single resonance level of the compound nucleus. To 
provide a specific (and important) example of the use 
of their formalism, BB have adapted the resonance 
theory of Wigner and Eisenbud2 (hereafter referred to 
as WE) to obtain an explicit formula for the S matrix 
elements. 

In many cases, however, in which a resonance 
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1 J. M. Blatt and L. C. Biedenharn, Revs. Modern Phys. 24, 
258 (1952). 

2 E. P. Wigner and L. Eisenbud, Phys. Rev. 72, 29 (1947). 

structure is clearly observed in the cross sections, and 
where one resonance clearly predominates, the descrip­
tion in terms of hard sphere phase shifts and the 
parameters of a single level has turned out to be 
inadequate. To deal with such cases some experimenters 
have adopted the practice of treating the potential 
phase shifts as wholly empiricial quantities instead of 
as hard sphere parameters which depend only on the 
channel radius and energy. These potential phase 
shifts, which can be thought of as reflecting the effects 
of distant resonances, are then determined from 
experiment along with the parameters of the explicitly 
recognized single level. 

It seems desirable to investigate the validity and 
the physical significance of this procedure in terms of 
the WE theory and to attempt to generalize the BB 
formulation to include the possibility of empirical 
potential parameters. This is done in Sec. II, in which 
we obtain an expression for the S matrix which is 
appropriate for substitution into the general BB cross 
section formalism. The elements of the S matrix 
depend on the parameters of a single level and on a 
set of empirical potential parameters which, unlike 
the hard sphere phase shifts or their usual ad hoc 
empirical generalizations, are characterized not only 
by the orbital angular momentum quantum number, 
but by the total angular momentum as well; they show 
spin-orbit coupling effects. They can be written in 
terms of (diagonal) phase shifts only for special cases. 

Another modification of the single level assumption 
seems called for when several distinguishable resonances 
combine to give the observed cross section at a partic­
ular energy. If these levels belong to the same matrix, 
i.e., have both their spins and parities in common, the 
multilevel algebra becomes very complex3; but if it 
can be assumed that the resonance levels belong to 
different matrices, the generalization of the BB formal­
ism is straightforward. In Sec. I l l we work out explicit 
formulas for the differential and total cross sections for 
single channel elastic scattering, which allow for both 
spin-orbit coupled empirical phase shifts and many 
levels of different spin and/or parity. The first of these 

3 E. P. Wigner, Phys. Rev. 70, 606 (1946). 
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generalizations becomes more complicated, when applied 
to the multichannel case, and will not be done here4; 
the second, however, can be readily undertaken and is 
performed in Sec. IV. 

Because of the energy spread of the particles, the 
actually observed cross sections, near a resonance, will 
differ from those given by BB and those so far men­
tioned in this paper. The precise correction will, of 
course, depend on the nature of the resolution function. 
While there is generally little difficulty in making the 
required correction for well isolated levels, no general 
formalism seems to exist for the case of overlapping 
resonances. We therefore devote Sec. V to a calculation 
of the cross sections for single level elastic scattering 
with spin-orbit phase shifts and many levels, taking 
account of the finite energy spread of the particles. 
We use a square resolution function and observe that 
the results will not be very different for any other 
reasonable distribution.5 

II. THE S MATRIX WITH SPIN-ORBIT 
POTENTIAL EFFECTS 

We recall WE's expression for the scattering matrix 
in terms of the derivative matrix (R 6: 

l+i®>6{J(&+ie 
$J=co co. 

l-i@>(RJ(R-ie 
(1) 

In this expression co, (B, and 6 are diagonal matrices; 
(B and 6 are real, co is of modulus 1, and all three can 
be readily calculated once the energy, channel radius, 
and non-nuclear interactions (centrifugal and Coulomb 
forces) are specified.7 

The real and symmetric (R matrix is wholly deter­
mined by the goings on in the interior region, i.e., by 
the nuclear interactions. I t may be expressed in terms 
of the set of eigenstates of the nuclear system by 

RJ(c/s'l';ast) = j : -
x 

y/(a's'l')y/(asl) 

E/-E 
(2) 

The E\J are the eigenvalues (resonance energies) of 
the system and y\J(asl) is an energy independent 
coefficient which depends on the size of the Xth eigen-

4 Note added in proof.—An expression for the $ matrix for the 
general (multichannel) case has now been obtained. [H. Lustig, 
Nuclear Phys. (to be published).] 

5 After submission of this paper, the author was informed that 
results similar to those of Sees. I l l and IV are described by 
Willard, Biedenharn, Huber, and Baumgartner in the forthcoming 
book Fast Neutron Physics, edited by J. L. Fowler and J. B. 
Marion (Interscience Publishers, New York, 1959). 

6 Actually we write down not the WE CU/ matrix, but the BB 
matrix, by letting the elements of the matrix range over the 
three indices a, s, I, instead of over the two indices s} I, and by 
letting the matrix element o)(asl;asl) equal il times the WE 
element a)(sl;sl). The superscript for the parity, which serves 
no useful purpose at this stage, is left out. 

7 This notation differs from that used in the authoritative 
review paper of A. M. Lane and R. G. Thomas [Revs. Modern 
Phys. 30, 257 (1958)]. We use the WE notation since it forms the 
basis of the BB formulation which, in turn, we consider partic­
ularly well suited for calculation and comparison with experiment. 

function at the entrance to channel asl; it may be 
considered as the asl component of a vector y\J. 

The single level approximation consists of replacing 
the sum in Eq. (2) by a single term 

RJ(c/s'l';asl) = — — — — . (3) 
E/-E 

This approximation leads to the Breit-Wigner formula 
and also to the more general single level formulas of BB. 
Significantly for our work, the derivation of the single 
level formula is done by WE in two steps; first the 
infinite sum in expression (2) is replaced by 

Tx 'CaVOTx 'M) 
R^a's'V;asl)= +RJ(afs'V;asl), (4) 

E/-E 

where (&«/ is an energy independent matrix, and only 
after an expression is obtained for the scattering matrix 
is terms of this "generalized one level formula" is the 
further assumption made that (R</ is equal to zero. 

We make the basic assumption in this paper that not 
only is (Si J not equal to zero but that it is to be replaced 
by a matrix (R/ which varies slowly with energy: 

Y X ' V S ' O Y X ' M ) 
RJ{a's'V; asl) = +R/(afs7; asl). (5) 

E/-E 

Since, however, the formal work of WE does not make 
use of the fact that their (&J is independent of E, we 
can, in part, follow their procedure in arriving at an 
expression for the scattering matrix. This procedure 
introduces the symmetric and real matrix (BfJ, which in 
out case is given by 

e ' J =(B(R/ (B+e ; 
the vectors ax*7",8 

axjr=(i-^e,jr)-1(ErxJ; 

the partial widths I V (asl) and the total width T\J, 

Tx
J(asl) = 2ax*

J(asl)ax
J(asl), 

rx'=2(ax*W)=i:rxJM); 
asl 

and the level shift A / , 

A 3 /= - (ax* / ; e / J V) . 

(6) 

(7) 

(8) 

(9) 

In terms of these quantities the scattering matrix may 
then be written 

SJ(a's'l';asl) 
/l+iC'J 

=o>{a's'l';a's'l')o){asl; asl)X ( (a's'l';asf) : -

\l-iC'J 

2ia/(a's'l'W(cxsl) 
ES+A/-E-±iT>; 

(asl)\ 

¥TxJ)' 
(10) 

8 We use a\J in place of the WE a\J, in order to avoid confusion 
with our channel index. 
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Except for changes in notation and for the different 
meaning of the Q'J matrix, this expression is identical 
with formula (56) of WE. We now introduce the 
observed resonance energy EoJ=E\J+A\J, by neglecting 
the energy dependence of the A\J, drop the superfluous 
index X, and introduce the square roots of the partial 
widths, gJ(asl), 

gJ(asl) = ±[2a*J(asl)aJ(asl)J= i p ^ o d ) ] * , (11) 

enabling us to write (10) as 

SJ(a's'l';asl) 

=a3(a's'l';a's'r)(aJ(a's'l')/a*J(a's'l'))$ 

Xo>(asl; asl) (aJ(asl)/a*J(asl))% 

' [l+iC'J /a*J(a's'l')\% 
X (a's'V; asl) I ) 

/a*J(asl)\S igJ(a's'l')gJ(asl)l 
X ( ) + L (12) 

\aJ(asl)/ EoJ-E-iiTJ J 

Both the primed and unprimed factors in front of the 
bracket are complex functions of absolute value 1. 
We may, therefore, write 

SJ(a's'l';asl) 

= exp[itjJ(a's'l')ll exp[irjJ (asl)2 

\\+iC'J /a*J(a's'lf)\$ 
X (a's'V; asl) ( ) 

11-iC" \aJ(a's'l')J 

/a*J(asl) \ * igJ(a's'l')gJ(asl) 1 
X ( — ) + , (13) 

\aJ(asl) / EoJ-E-±iTJ J 
or, simply, 

SJ (a's'V; asl) 

= exp[ir]J (a's'V)] exp[ir}J (asl)] 

/ igJ(a's'V)gJ(asl)\ 
x(^(a's'l';asl)+ * . , ) , (14) 

V EQ
J-E-iiTJ / 

where TJ is a unitary, symmetric matrix. This expres­
sion for the scattering matrix element may now be 
substituted into the appropriate formula for the 
Legendre expansion coefficient BL [BB, formula (4.7)] 
and the differential and total cross sections may then 
be obtained. The elements of TJ as well as the gJ are 
to be considered as empirical parameters which may, in 
principle, be found by comparison with enough experi­
ments. In practice, this task will be facilitated by the 
knowledge that all the parameters vary slowly with 
energy as long as CR/ does, and that the gJ will show up 
only near the resonance energy. I t may, for example, 
be possible to extrapolate the potential parameters 
calculated near one resonance with known resonance 

parameters to a neighboring resonance and then, in 
turn, to determine the parameters of that resonance. 

Expressions (13) and (14) undergo a drastic simplifica­
tion for single-channel reactions. Before proceeding to 
that situation it will be instructive to show how 
expression (13) goes over into BB's single level (but 
multi-channel) scattering matrix formula. Since (B, 
yJ, and 6/jr are real, expression (7) shows that 

aJ= (l-iefJ)-l(l+iefJ)a*J. (15) 

If now (R/ is set equal to zero, then &J is equal to the 
diagonal matrix C and (15) leads to 

l+iC'J aJ(asl) 
(a's'V; asl) = &a'Js's&i'i, (16) 

l-iCfJ a*J(asl) 

whereupon (13) becomes 

SJ (a's'V; asl) = eW«'*')e*ir«i> 

/ igJ(a's'l')^(asl)\ 
X I W . ' A ' r f ) . (17) 

The r)(asl) now depend only on o> and 6 and are in­
dependent of the total angular momentum / . Further­
more, if it is assumed that the channel radius is 
independent of the channel spin s (although it may 
vary for different channels a), the r](asl) may be 
expressed in terms of the known, spin independent 
"hard sphere" phase shifts, plus appropriate Coulomb 
factors for charged particle reactions. If this is done, 
the BB single level scattering matrix element is obtained 
[their formula (5.6)]. 

Our more general expressions (13) and (14), unlike 
(17) contain quantities other than diagonal phase 
shifts and resonance parameters. This is because only 
N of the (%N)(N+1) independent elements of §>J 

are eigenphase shifts. For a single channel reaction 
(i.e., elastic scattering without change of channel spin 
or orbital angular momentum, for a given total angular 
momentum and parity) the one potential parameter is 
ipso facto a phase shift. Even though & does not equal 
6, equation (16) now holds a fortiori, and we obtain 

SJ (asl; asl) = exp[2^ J (asl) ] 
Xll+iTJ/(E0

J-E-iiTJ)li. (18) 

Expression (18) looks similar to the single channel 
case of (17) or of BB. We should note, however, that 
our potential phase shifts f]J(asl) are J dependent; 
they are potential phase shifts in the presence of 
spin-orbit coupling. They vary slowly with energy and, 
unlike the equivalent parameters in the single level 
case, must be determined from experiment. Before this 
can be done, expressions for the observable quantities, 
viz., the cross sections, must be obtained. This is 
done in the following section. There is, or course, no 
formal reason why the matrix element for a single 
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channel reaction should be made to depend on three 
parameters 07, T, and JEO. In fact we can write the single 
element of §>J as 

SJ(asl;asl) = expl2i5J(asl)2, (19) 
where 

5J (asl)=rjJ (asl) - arctan[jr7 {E- EQ
J)J 

There is, however, a good practical reason for retaining 
the form (18), for only in this way can we take advan­
tage of the different effects on the cross sections of the 
potential and of the resonance level parameters, 
respectively. 

One further remark may be in order. The formulation 
of nuclear reaction theory in terms of the (R matrix 
is completely general and is valid whether a true 
compound nucleus is formed or not. The single level 
approximation, however, introduces into the theory 
the Bohr assumption of a compound nucleus in which 
the incident particle "loses its memory" and in which 
the mode of decay is independent of the mode of forma­
tion ; the single level postulate is a sufficient (but not nec­
essary) condition for requiring the Bohr assumption to 
hold.9 There is, by now, ample experimental evidence 
against the general validity of the Bohr assumption. Our 
formalism does not require the picture of a true 
compound nucleus; it is therefore valid for the treat­
ment of direct interaction processes, and may be 
particularly suitable for those cases, in which part of 
the cross section may be ascribed to a direct interaction 
and the remainder to a single level of the compound 
nucleus. 

III. CROSS SECTIONS FOR SINGLE-CHANNEL 
REACTIONS 

The general formulas for the cross sections in terms of 
the S matrices have been given by BB. The differential 
cross section <ra'; «(#) must be derived from cross 
sections with definite incoming and outgoing channel 
spins by averaging over the possible values of s and 
summing over the possible values of s': 

w i'+if 2s+l 
<ra>;a(0)= £ Z " " "<W; «(*), (20) 

«HJ-»| 8'H/'-;'l (2J+1)(2H-1) 

where i and 7" are the spins of the incoming particle and 
of the struck nucleus, and V and V the spins of the 
emerging particle and residual nucleus, respectively. 
The differential cross section for the as —» a's' collision 
can then be written in terms of the Legendre expansion 
coefficients J5L, 

cv*';«s(0) = [*«2/(2*+l)] £ BL(a's';as) 

XPL(COS0), (21) 
9 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 

(John Wiley & Sons, Inc., New York, 1952), Chap. X. 

where Xa is the de Broglie wavelength (divided by 2w) 
in the center-of-mass system and the Pj,(cos0) are the 
usual Legendre polynomials. The expansion coefficients 
BL(OL'S''} as) are given by 

BL(a's';as) 

= E ZZZZ T,z(hJii*J*,sL) 
4 J\ J 2 h h W hf 

XZVM'Ji/L) R.P.{[8a'«M«i'n 

- ^ ( a W ; a ^ ) ] * 

X C W ^ i ^ - ^ V A ' j t t f W ] } . (22) 

The Z (Racah) coefficients arise from having performed 
explicitly the sums over the magnetic quantum 
numbers10; they have been tabulated by Biedenharn.11 

The dummy indices 1 and 2 have their origin in the 
multiplication of amplitudes.12 R.P. stands for the 
real part of the expression in brackets. The sums over 
angular momenta, except one, are restricted by vector 
addition and parity conservation rules13; we shall 
explicitly give these for our final expressions. The one 
unrestricted momentum runs, in principle, to infinity; 
in practice there is, for short range forces, a maximum 
effective value. The total cross section <ra'; « is given by 

^ ;«=[47rXa
2/(2/+l)(2^+l)] £ . £ . , BQ(a's';as). (23) 

For a single-channel reaction these formulas simplify 
considerably. Since there is only one value of s=s', the 
differential cross section becomes 

*«; «(0) = [X a
2 /(2/+l)(2i+l)] £ L BL(as;as) 

XPL(COS0), (24) 

and the total cross section is 

o-a; a=C4xXa
2/(2/+l)(2^+l)]^o(^;o:5). (25) 

Since for a given value of / and II only one I is allowed, 
BL is given by14 

BL(as;as)= (J) £ > Z\hJxhJ^sL) 
X R . P . { [ l - S J l I I l M i ; arfi)]* 

X[l -S '*»(ar i 2 ; a***)]}. (26) 
10 Biedenharn, Blatt, and Rose, Revs. Modern Phys. 24, 249 

(1952). These Z coefficients differ from the Z coefficients of Lane 
and Thomas by lacking a factor ih-i*-L. 

11 L. C. Biedenharn, Oak Ridge National Laboratory Reports 
ORNL-1098, 1952 and ORNL-1501, 1953 (unpublished). 

12 We shall consistently use numerical subscripts as dummies 
in multiplying amplitudes, and primes to distinguish the exit 
channel from the entrance channel. This notation differs from 
the practice of BB who use / and /' when only two indices are 
needed and have recourse to numerical subscripts when additional 
subscripts are required, irrespective of meaning. 

13 Our expression (22) differs from that given by BB in that 
we have restored the parity index to the scattering matrix. We 
need not include a formal summation over the parity index since 
this process is implicitly included in the summations over the Ts. 

14 One may, at first sight, wonder about the presence of sums 
over h and h, considering that each S matrix now has only one 
element. We should remember, however, that for each value of / 
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It is into this formula that we must substitute our 
expression (18) for the matrix elements. The work of 
BB assumes that the entire reaction involves only a 
single level of the compound nucleus, i.e., that the S 
matrix for one value of / and II contains a parameter 
of a single resonance level as well as hard sphere 
parameters, and the S matrices for the other values of 
/ and II depend on hard sphere parameters only. This 
picture may be generalized in two ways; (1) by explicitly 
admitting one resonance level into each §>JIL matrix 
and (2) by making provision for additional resonances 
in a particular SJn matrix. We have already carried 
out the latter generalization to the extent of including 
the <RP

J matrix; we shall now deal with the former in 
admitting an arbitrary number of levels of different J 
and/or II. These two generalizations are independent 
of one another; one may be made without the other. 
We shall proceed to work out the single channel case 
in the presence of both modifications. The reduction 
for the case of only one explicitly denumerated level 
will be immediately obvious. On the other hand, if 
we wish to introduce only the generalization to many 
levels of different / and/or II and to restrict ourselves 
to the assumption that the reaction for a particular / 
and II proceeds entirely by way of a single resonance 
state, i.e., that (R/ equals zero for all / and II, there is 
no need to specialize to the single channel case. Results 
for the general multichannel case are obtained in 
Sec. IV. 

Let there be n denumerated levels of different 
/ and/or parity. The total angular momentum of the 
kXh level will be denoted by Jk and the orbital angular 
momentum (which is then determined by the parity 
of the level) by lk. The width and resonance energy 
of this level will be abbreviated as r& and E^ Dropping 
the indices a and s, expression (18) becomes 

S'(0 = exp[>y(Z)] 

x(l+\ — " L J ^ I A (27) 

The calculation which ensues upon substitution of (27) 
into (26) is straightforward. We introduce the angle /?&, 

tan/3*= (E-Ek)/iTk, (28) 

and make use of the rule10 

Z(abcd,ef)=(-iyZ(cdab,ef). (29) 

there are two matrices (one for each value of the parity) and that 
we have chosen to absorb the summation over parity into the 
summation over orbital angular momentum. In this case the 
presence of the orbital angular momentum index allows us to 
dispense with the parity index altogether. We could, instead, 
explicitly sum over Hi, and II2 and delete the sums over h and hf 
but this would make for a clumsier notation in our results. 

We write the final result as 

BL(as; as) = HL (as; as) +RL (as; as)+IL (as; as), (30) 

where, having insured for the purposes of practical 
computation that each separate term appears only 
once in a sum, 

HL(as\as) 

J max l-\-s 

= E E Z*(UU,sL)siny(l) 
1=0 J=\l-s\ 

I max h+8 h+L l2rhs 

+2 E E { E E z^hJxhJ^sL) 
lv=Q Jv=\h—s\ l2r=h+l J2HJ2—«l 

XsnVKW sirV»(Z2) cos^(h)-rj^(h)3 

+ E Z\lJxhJ^sL) shVKZx) 

X c o s i y C i W 2 ^ ) ] } , (31) 

i?x,(as;c«) 

= E Z\l"JHkJk,sL) cos2/3* 

+ 2 E E Z\lkiJHk*Jk*,sL) cosftucotfw 

X cos[2^fcl (/*•) - 2v
Jkl ( j u j+ fo - f tO] , (32) 

and 

TL(as;as) 

n (lk+L)<lmax l+* 

= -2E E E Z\UlkJ\sL) 

Xcos/3* shV(/) sin[2irf*(Z*)-irr(0+ft]. (33) 

The HL, RL, and II terms may be thought of as 
potential scattering, resonance scattering, and inter­
ference terms, respectively; however, we again call 
attention to the fact that our phase shifts are not true 
potential phase shifts in the BB sense, and may include 
the effect of distant resonances. We have explicitly 
given the limits on the sums which arise from the laws 
of vector addition of momenta; the value of Zmax is 
determined by the range of forces and energy of the 
incident particle.15 In addition, the requirements10 

16 In the presence of Coulomb forces the sum over I converges so 
slowly in the phase shifts as to make our expression useless for 
practical computation, as it stands. The case of the scattering of 
charged particles may, however, be treated by explicit summation 
of the Coulomb amplitudes [see BB; also H. Lustig and J. M. 
Blatt, Phys. Rev. 100, 777 (1955)]. 
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that for each Racah coefficient Z(abcd,ef), 

H A R R Y 

f<b-\-d and a+c— / b e even, (34) 

reduce the number of terms as follows: 
The first, term of HL will be present only for even 

L<2J; the terms involving Z2(hJihJ2,sL) will be 
present for even L<Ji+J2 if (— l)h= (— l)h and for 
odd L<Ji+J2 otherwise; the terms with Z2(hJihJ2i 

sL) will remain only for even L<Ji+J2. The first term 
of RL will occur only for even L<2Jk, and the second 
term for even L<Jkl+Jk2 if h and k2 have opposite 
parity. The interference term will be present if L is 
even for (— l)l= (— l)lk, and if L is odd for (— l)1 

= ( - l ) l | r H ; in any case L<J+Jk. 
Since10 Z2(abcd,eO) = 8ac5bd(2b+l)J the total cross 

section is given by 

Zmax l+s 

<r a :„=[>X ay(2/+l)(2H-l)]{Z £ (2/+1) 
!=0 J=\ls\ 

X s i n y < 7 ) + £ ( 2 / * + l ) c o s ¥ * - 2 E ( 2 / * + l ) 

Xcosft s i n ^ ( ^ ) s i n [ ^ ( ^ ) + 0 * ] } . (35) 

IV. MULTICHANNEL RESULTS FOR MANY LEVELS OF 
DIFFERENT SPIN AND/OR PARITY 

We now give results for multichannel reactions which 
involve an arbitrary number of resonance levels of the 
compound nucleus of different total angular momentum, 
parity, or both. The derivative matrix for a given value 
of / and II is, however, given by the parameters of a 
single level, and the potential phase shifts are true 
hard sphere parameters. The scattering matrix element 
is then given by expression (17) which, for purposes of 
substitution into (22) we write as 

igk{afsfl')gk(asl) 

L U S T I G 

-Bz,(aV;atf) 

n Jk+s Jk+s' 

= ( -1 ) 8 " 8 E E E Z(lkJklkJk,sL) 
&=1 ik=\jk-s\ lk'=\jk'-s'\ 

XZ(lk'Jklk'Jk/L)lTk(asl)Tk(a's'l')/T1
2'] 

Xcos2/M-2(-l)*'-* E E E 
fc!=l lku=\Jki-8\ Iki'^jki-s'\ 

( n JKZ+s JKZ+s' 

E E 
^2=^1+1 Ik2=\jk2—S\ Ik2'=\jk2—S'\ 

XZ(l^Jk^Jk^sL)Z(lk^J^lk^Jk^/L) 

X-
TkJ^k2 

+ A i - ] 8 M ] + E E 

XZ(l^Jk^Jk\sL)Z(lk^JkHk*'Jk\sfL) 

^ ( ^ ( a , W ( a s « g * W ' ) 
X 

• COS0M COS/3,fc2 

• COS20;fcl 

Xcos[?7(aP1)-^(«^2)+^(«^1 ' )- ,»7(«^2 ,)] 

+ E Z(lkiJkHkiJk\sL)Z(lki'JkHk*'Jk\s'L) 

x-
r ^ ^ Q ^ i ^ v / i O ^ i ^ v / / ) 

i *—a— f* i fc 
) 

•5jj&5nnM. (36) 

Xcos2£fcl c o s ^ a ^ O - ^ ' ^ ] Y (37) 

In addition to the restrictions on the ranges of the 
Z's indicated, these orbital angular momentum numbers 
must satisfy the parity conservation laws. If we denote 
the channel parity of channel a by IIa, that of channel 
a! by IIa>, and that of the kXh. level of the compound 
nucleus by IIk, the additional restrictions are 

For neutral particles the r}(al) are the hard sphere 
phase shifts themselves; for charged particle reactions 
Coulomb screening factors appear which, however, 
drop out of the final formulas. 

The differential cross section for a reaction (as 
distinguished from elastic scattering) a'^a, or S'T^S, or 
both, is then given by 

( - 1 ) ^ 1 = n j P s ( - i y * 2 = n j p 2 , 

(-1) l k l '=n«,n*s (-1) lW=na ,W\ (38) 

The number of terms is again reduced by the require­
ments (34). 

The total cross section for the reaction a —>c/ 
becomes after introduction of r a i=23s=|/~i | I + ir a 8z 
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^;a=C47rXa
2/(2/+l)(2i+l)] 

n Jk+I+i J*+I'+if 

XE Z E (2/H-D 
fc=l Zfc=|/&-(J+i)| Zfc'HJfc-(I'+i')| 

XLrHce'ZO/r^cos2^, . (39) 

The expansion coefficient for the differential elastic 
scattering cross section (without change of channel 
spin) may again be written as the sum of an HL, an 
RL, and an II term. To obtain the potential scattering 
term we use the sum rule for Z coefficients10 

E b Z(abcd,ef)Z(abc'd,ef) = 5CC> (2a+1) (2d+1) 
XtacOO\acfOj, (40) 

where [ac00|ac/0] is a Clebsch-Gordan coefficient, 
defined as in Condon and Shortley.16 HL is then given by 

HL(OLS\ as) 

= (25+1) E (2/+l)2[//00|//LO]2sin2r7(a/) 

Zmax li+L 

+ (2s+l) E E (2h+l)(2l2+l) 
Zl=0 l2r=ll+l 

XCW2OOIW2LO]2 smri(ah) siity(a/2) 

Xcoslfi(ah)-n(ah)2. (41) 

The resonance term RL(<XS; as) is given by the entire 
BLia's'; as) for a reaction (expression 37 with af set 
equal to a and 5' set equal to s); the same parity and 
vector addition restrictions apply. The interference 
term II becomes, by virtue of (40), 

lL(as;as) 
n Jk+s lh+L 

= - 2 E E E (2/*+1) (21+1) 

X [«*001 llkL0j[_Yk (aslk)/T J 
X cos/3* sinv(al) sin[2v(alk)-v(al) +/3*]. (42) 

The values of Zfc in this expression are restricted by the 
parity rules (38). 

Using the fact that [ « 2 | ZiJ200]2=$1112(2*1+1)"1 

and using the notation T(al) = YlsT(asl), the total 
cross section for pure elastic scattering is given by 

o-*; «=47rXa
2 E (2/+1) sinVaZ) 

Jk+s 

E (2/*+D + [ 4 7 r X a
2 / ( 2 / + l ) ( 2 i + l ) ] ( ' E 

X[r*(aZ*)/r*] cos/34 [Tk(alk)/Tk'] cos/3* 

- 2 sin^a/*) sm[ri(alk)+pk']} j . (43) 

V. SINGLE-CHANNEL CROSS SECTIONS WITH 
SQUARE RESOLUTION FUNCTION 

We shall now extend our expressions for the cross 
sections in the presence of overlapping resonances 
and empirical phase shifts to provide for the energy 
spread of the incident particles. For the sake of simplic­
ity we choose a square resolution function of width 
A, i.e., we assume that at a nominal channel energy ECj 

the actual beam has a uniform energy spread from 
Ec—A/2 to Ec+A/2. The precise nature of the resolu­
tion function is not very important. For example, a 
simple calculation shows that for an isolated resonance 
whose width T equals the energy spread A, a square 
resolution function reduces the maximum value of the 
total reaction cross section to 0.78 of its uncorrected 
value, whereas a Gaussian function whose width at 
half maximum is A yields a value of 0.72 for the same 
quantity. 

We must average every term in expressions (31), 
(32), (33), and (35) over the interval Ec- A / 2 < E<EC 

+ A / 2 . We shall neglect the energy dependence of X, 
7j, and Tk in this integration. The HL term then remains 
unchanged. In the first term of RL we must perform 
the integral 

/ 
Ec+A/2 

cos2fikdE 

=|rfctan-lr 
A/jr* 

• ) l+(Ec-EkY/(hTk)
2-(A/Tk)y 

sjr*#*. (44) 

The second term of RL involves the integrals 

, Ec+A/2 

' E C - A / 2 

Xsin^MsinfeKE, 
and (45) 

/.Ec+A/2 

Ql= I (C0S2/?M COS2j3jfe2+CO30*i COSfe 
•/ #*-A/2 

Xsin^MsinfeKE, 

~Ec+A/2 

Qn= I (cos^*i cos2j8jb2 sin^jbi 
*/E*-A/2 

-COS2/3M cosfe sinfik2)dE. 

16 E. U. Condon and G. H. Shortley, Theory of Atomic Spectra 
(Cambridge University Press, Cambridge, 1935). 

The first of these may be transformed into 

• Ec+A/2 

'Ec-A/2 

+ (cos^AVJr^l+sinYfci^C(sin/5kl cos fe / i l ^ i ) 

- (sinfe c o s f e / i r ^ ) ] } ^ , (46) 

^•Ec+A/2 

Ci=|r jbi jrM I {cosYM&2[(cos2/?M/|r;bi) 
J E * - A / 2 
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and the second into 

{siriyklk£(cos2Pki/%Tkl) 

+ (cos2^ft2/|r&2)]+cos7Aifc2[(sin/?Ai cospki/hTki) 

- (sinfe cospk2/hTk2)l}dE, (47) 
where 

tan7M&2= (Ekl-Ek2)/(iTki+iTk2). (48) 

The integral 

2 pE<*m 
— I sin/5 k co$fikdE 
Tk^Ec-M2 

(£»-£*+A/2)2+(§r*)* 
= | l n =**• 49) 

(£ 0 -£*-A/2)s+( f I \ ) 2 

The resonance term therefore becomes 

Ri(as;as) 

= (1/2A) E Z2(lkJHkJk
>sL)rl$k 

k=l 

+ (1/2A) £ E Z\l^Jkn^J^,sL)TkiTk2 

X { ( ^ I + ^ 2 ) C O S [ 2 ^ 2 ( ^ ) - 2 ^ 1 ( ^ ) - 7 H . 2 ) ] 

+ (**i-**2) s i n [ 2 ^ 2 ( ^ ) - 2 ^ & 1 ( ^ ) 

+7*1*2]}. (50) 

The integration of the interference term involves only-
quadratures of the types which have already been done 
and gives 

lL(ds;as) 
n (lk+L)<lm*,x Z+* 

= (-l/A)E E E Z*{lJPJ*,sL) 

Xr* simrr(J){** sin[2^ f c(/ f c)-^(0] 

+ ^ c o s [ 2 ^ ( P ) - ^ ( / ) ] } . (51) 

L U S T I G 

The total cross section is 

£ E (2/+D 

X s i n V ( 0 + ( l / 2 A ) E ( 2 7 * + l ) r A 

-(1/A) E (2/*+l)r*C*»8inV*(P) 

+Vk sinriJk(lk) cosrjJk(lk)2 f. (52) 

VI. OTHER REMARKS 

Walton, Clement, and Boreli17 have worked out a 
special case of formula (37) and applied it to an 
analysis of the angular distribution in the reaction 
016(^,a)C13. The situation is simplified by the unique­
ness of the incoming and outgoing orbital angular 
momentum values for a given / and II. Without 
making any attempt to say anything about the potential 
phase shifts, they succeed in establishing the widths, 
positions, and spins of most of the overlapping levels 
in oxygen-17, in the region of excitation energy 7 to 
9 Mev, as well as the relative parities within groups of 
levels. The presence or absence of various Legendre 
polynomial coefficients in the regions of interfering 
resonances, brought about by the requirements (34), is 
a powerful tool for the determination of the / values of 
levels. 

Using the formalism developed in this paper, work 
is currently under way at NDA to determine the 
parameters of additional levels, to tie down the parities 
of all the levels, and to find the spin-orbit coupled 
potential phase shifts for the interaction of neutrons 
with oxygen-16 for neutrons with energies in excess 
of 3 Mev.18 The tools available, in addition to the 
data of Clement, Walton, Boreli, are a precise measure­
ment of the total cross section and inaccurate measure­
ments of the differential scattering cross section at a 
few energies. 

I should like to thank Dr. M. H. Kalos for helpful 
discussions. 

17 Walton, Clement, and Boreli, Phys. Rev. 107, 1065 (1957). 
18 Harry Lustig, Nuclear Development Corporation of America 
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