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methods now available are more sensitive to the form
of the interaction.

It is of some interest to compare this work with other
calculations of the total capture rate in the closure
approximation'’ even though these have a somewhat
different purpose, namely to find the gross variation of
the rate over the periodic table as well as an estimate of
the total effective coupling constant {. They ignore the
local variations in which we are interested by using an
average nuclear model. The rather small variations
that we find in a model that, if anything, has too sharp
features suggests that for Z>8, this is a reasonable
approximation. It is still not easy to make a good calcu-
lation and in neither case does the predicted Z variation
seem soundly based.

Primakoff includes all the angular momentum states
in the same inexact fashion used here, that is, neglecting
spin-orbit interference effects that arise from the ef-
fective pseudoscalar term. This approximation is prob-
ably as good as taking one extra term in the multipole
expansion. However, he makes a more serious approxi-
mation in treating the exclusion principle as a correction
term to the capture on Z free protons, just linear in the
relative neutron excess. This correction, as one expects,

17 H. Primakoff, Revs. Modern Phys. 31, 802 (1959); and H. A.
Tolhoek, Nuclear Phys. 10, 606 (1959). We are grateful to
the authors for private communication of their results.
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cancels 75-90%, of the main term so that a 5%, error or
variation with Z of the mean nucleon correlation dis-
tance d (@® is the measure of the exclusion principle
that enters) changes the result by 1009,. Such an effect
can come, for instance, from the change in importance
of the nuclear surface as Z increases. Tolhoek has im-
proved on this by assuming that the Pauli cancellation
is complete in the zeroth order of the multipole ex-
pansion; he then calculates the next order. However,
for large Z, electromagnetic effects, which will prevent
the cancellation being exact, and the slow convergence
of the multipole expansion reduce the reliability of the
result. The experimental Z dependence is insensitive
and fits both results adequately. This suggests that
detailed calculations on a few selected light nuclei may
be more reliable for fixing the total effective coupling,
the uncertainties due to local fluctuations being smaller
than the difficulties inherent in theories which cover the
whole range of Z.
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If account is taken of the mass difference between neutral and charged pions and of the possibility that
the three coupling constants (#%#, #%-p, =+ nucleon) may differ, then the pion-nucleon system no longer
conserves isotopic spin. This effect has been investigated using Chew-Low theory with a p-state interaction.
For each J value there are ten scattering amplitudes, replacing the two of the charge-independent case. Only
eight of these amplitudes are independent due to time reversal invariance, and the mass difference effect can
be related to a change in the energy scale. The amplitudes are determined as solutions to a set of linear
integral equations which may be solved approximately in the one-meson approximation. Corrections to the
differential cross sections are then calculated. These corrections go through a maximum at about 125 Mev
and can affect the magnitude of the =~ cross sections by as much as 35%, in this region, as well as the slope
of the =~ cross section in the region 125-175 Mev. The effect on the #* cross section is small. Attempts are

made to correlate the calculation with available data.

I. INTRODUCTION

HARGE independence in pion scattering is only
an approximation. It is known, for example, that
the electromagnetic interaction destroys charge inde-

* Work done at the Laboratory for Nuclear Science, Massa-
chusetts Institute of Technology, calculations performed at the
MIT computation center and submitted as a doctoral thesis at
the University of Illinois.

1 Research supported in part by the joint program of the Office
of Naval Research and the U. S. Atomic Energy Commission.

pendence, and it is the purpose of this calculation to
determine the nature of the contributions to be ex-
pected from charge-dependent contributions, without
explicitly introducing the e-m field. It is assumed that
at low energies these effects will manifest themselves as
changes in the pion masses and coupling constants.
The fact that the mass of the neutral pion is about
39 less than that of the charged pions is a clear indi-
cation of a breakdown of charge independence. This can
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affect the charge exchange cross section, which goes as
the cube of the outgoing pion momentum (&) at low
energy in the laboratory system, by about 99,/k2. This
correction comes from phase-space considerations alone
and ignores the contribution from the scattering ampli-
tudes themselves. While the pion mass difference causes
violations in charge independence, it still preserves
charge symmetry, as it affects proton and neutron
couplings equally. The existence of a nucleon mass
difference proves that even charge symmetry is violated.
However, this mass difference is somewhat smaller than
the pion mass difference and will be completely ignored
in this calculation (though charge asymmetry will be
introduced by other means).

The other effect to be included is the possible differ-
ence between the coupling constants for the three
couplings: charged pion-nucleon, neutral pion-proton,
neutral pion-neutron. Time reversal invariance guaran-
tees that f® = f©. (This is shown in the Appendix for
the static case.) The two neutral coupling constants are
assumed to be almost equal to the charged one, the
first-order differences being left as open parameters.
After the calculation, the experimental evidence will
be examined to see if it can fix them. These pion mass
and coupling constant differences are incorporated into
a static Hamiltonian, and the calculation performed by
the techniques of Chew and Low, in the one-meson
approximation.

In the charge-independent case, the scattering
amplitude (a) depends on the energy (in a state labelled
by T and J) as a(w)~ei®® sina(w)~ (2@ —1), It is
possible to relate the mass difference effect to a change
in the energy scale, so that the major corrections to the
amplitude have the phase 2as;. The significance of this
lies in the fact that the corrections then go through a
maximum at a much lower energy (around 125 Mev)
than the cross sections themselves. In fact, if the cross
sections are analyzed in the form of Eq. (1.1), then for
coupling constant corrections on the order of a few
percent, one may expect corrections to the coefficients
B®) CO) for #~ — 7~ scattering to be as large as 35%,
at energies around 120 Mev, which can seriously affect
the values of the s-wave phase shifts as determined by
a phase-shift analysis of the scattering data. Such large
corrections, from small mass and coupling constant
differences, arise from the “resonance” in the corrections
at this energy, and are heightened by the circumstances
that the cross sections themselves are still quite small
at 120 Mev, being well below the resonance, and the
7~ cross sections in general are much smaller than the
«+ cross section. It is unfortunate that the data in this
region is still too poor to tell whether this possibly large
effect actually exists.!

A second effect arises from other corrections which

1 Some experiments are in progress to improve the data in this
region. See, e.g., York, Kim, Kernan, and Garwin, Bull. Am.
Phys. Soc. 4, 274 (1959); U. Kruse and R. Arnold, Phys. Rev.
116, 1008 (1959).
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go as e, These generally are smaller than those
going as ¢?*# and mostly of the opposite sign. When
combined, the two effects can produce a significant
change in slope for the =~ cross section in the energy
range 125-170 Mev (see Fig. 6). This change in slope
can have a strong effect on the integrals over cross
sections appearing in the dispersion relations, as these
are principal value integrals, and might lead to different
coupling constants than the uncorrected data do.
However, Cini and Agodi®> have shown that even
without charge independence the pion-nucleon system
should satisfy approximately the same dispersion
relations, so that while charge dependence can affect
the value of the coupling constant so obtained, it
cannot explain any inability of the dispersion relations
to fit the =~ data.? However, the greatest changes in
) needed to make the dispersion relations work come
about in the region where, according to the present
calculation, charge independence is least valid.

Actually, even in the charge-dependent case one can
isolate the amplitude @s; and write it in the form*
@33~e'* sinags’ where ags’ will be slightly different
from ass of the charge-independent case. However, this
as3’ is not easily accessible experimentally because the
total 7" matrix is no longer diagonal. One would have
to diagonalize it, introducing unfamiliar phase shifts,
and then analyze the raw data to find all these phase
shifts, one of which would be as3'.

At any rate one certainly cannot force the raw data
into a charge-independent analysis and expect the ass
which emerges to be simply related to either the ass’
above or to a truly charge-independent a;; because the
functional form imposed is too restrictive and the
method of analysis, a least-square fit, say, will then
impose a statistical error which is very difficult to
interpret theoretically.

In this paper we proceed differently. The object is
to isolate the charge-independent part of the scattering
cross sections from the measured, charge-dependent
data. Then one may analyze just this part of the data,
introducing the usual six charge-independent phase
shifts. This is done by writing the 7" matrix essentially
as the sum of a charge-independent part plus a part
containing first-order corrections. The corrections are
then calculated in the static theory and the cross
section is determined in the form

d(f/dﬂ= (AI— 5A)+ (31—53) cosf-+ (CI—' 5C) cos?d
= A expt+ Bexpt €080+ Cexpt cOS%. (1.1)

The minus sign is introduced in Eq. (1.1) so that one
may merely add the corrections 84, etc., plotted in Figs.
3, 4, and 5, directly to the experimentally measured

2 A. Agodi and M. Cini, Nuovo cimento 5, 1256 (1957); Nuovo
cimento 6, 686 (1957).

3 The so-called “Puppi parodox,” G. Puppi and A. Stanghellini,
Nuovo cimento 5, 1305 (1957). Its existence is still an open
question, due to insufficiently accurate data.

4R. A. Sorensen, Phys. Rev. 112, 1813 (1958). See this paper
for other references on this topic.



1380 DANIEL
PN N P
ﬁ____.—-. flo) —o _— f:’ —“—o-—— — f;ﬂ)
N,P N P
F16. 1. Basic emission and absorption processes.
quantities Aexpt, e€tc., to obtain the quantities

A;= (Aexpt104), etc., and thus have a charge-inde-
pendent cross section

do1/dQ= A1+ B cosf+Cr cos?,

on which to perform a phase-shift analysis.

The advantage of this method over one which
analyzes the raw data directly is that there the charge-
dependent phase shift ass’ is accessible only if one as-
sumes all significant corrections to charge independence
affect the amplitude as; only, which we find to be true
only for pure T'=3% scattering. Our results therefore
agree with those of Sorensen*® for the case of =+ scat-
tering, where our corrections are small. However we
find large corrections to scattering involving the 7'=%
amplitudes, even though these amplitudes themselves
are small, and our corrections to =~ scattering are
considerable.

Finally, two attempts to correlate the calculations
with available experimental data are made, and a
method is given whereby the average neutral coupling
constant might be determined from an accurate
knowledge of the slope of the =~ cross section from
125-175 Meyv.

(1.2)

II. CHARGE DEPENDENT SCATTERING EQUATIONS
A. Coupling Constants

As mentioned, the charge dependence of the scat-
tering in the static limit is assumed to arise from two
sources: first, the known mass difference between
neutral and charged pions; and second, the inequality
of the various coupling constants appearing in the
theory. Specifically, three different coupling constants

are introduced phenomenologically. They correspond-

to the three fundamental interactions shown in Fig. 1,
where the superscript (0) refers to the fact that these
are the unrenormalized coupling constants. Presumably
Fp®@ and fx©@ will differ but little from f©®, the charged
constant. The calculation will be carried out to first
order in these differences, § and d, defined by

s={L(fr O+ [r®)/2]= O}/ 1O,
dO=[(fpO~ [x®)/2]/1O; 5, d<1.

o represents the difference between the average of the
neutral constants and the charged one (we have omitted
the superscript as it turns out that drenorm.=06), while
d©® measures the difference between the neutral ones.
While both 6 and d©® destroy charge independence,

(2.1)
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8 preserves charge symmetry, as does the introduction
of the neutral-charged pion mass difference. (These
statements will be explained when we have written the
Hamiltonian explicitly.) On the other hand, the exist-
ence of d©® violates charge symmetry and in fact intro-
dues a small mass difference between the proton and
neutron. We shall ignore this mass difference and
assume that the energies of the physical proton and
neutron are equal. This is theoretically justifiable
because, by introducing a counter term into the
Hamiltonian, we could produce whatever mass differ-
ence we please. Such a term would not affect the form
of the scattering equation other than to change the
energy of the physical nucleon states. Since in the
present formalism only the renormalized nucleon
energies and coupling constants enter into results
which are to be checked experimentally,® we have the
two alternatives of either ignoring the #-p mass differ-
ence or introducing the actually measured one. We
choose to ignore it both for simplicity and because it
is smaller (the order of %) than the meson mass
difference.

The effects of § and & correspond roughly to electro-
magnetic corrections to the vertex in the relativistic
theory, coming from such diagrams as in Fig. 2(a), and
therefore lead to such self-energy diagrams as those of
Fig. 2(b), while the counterterm would correspond to
such purely electromagnetic corrections as Fig. 2(c).
Actually d produces only a very shall #-p mass differ-
ence (about 0.2 m, for d~19%,) and if we had chosen

NI n n
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F16. 2. Electromagnetic contributions to 8, d, and self energy of
nucleon. The effects of § and d are produced by vertex corrections,
as in (a), and lead to such self-energy contributions as those in
(b). An e-m counter term would produce a purely e-m self energy
contribution, as in (c).

51t is true that the theory mathematically determines the
‘“‘unphysical” quantities also, e.g., the unrenormalized coupling
constants, but they are not necessary to correlate the experimental
scattering data.
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to include this effect, the counter term would have to
support most of it.

One final caution before we write down the Hamil-
tonian. The form f/u, with u the meson mass, for the
static coupling constant, and the dispersion relation
form f= (u/2M)gr1. are merely conventions, and
cannot be used to predict § when uo#puy. The coupling
constant is determined by the pion-nucleon vertex,
and is goI'[(AP)%], where (AP)? is —p,? for charged
meson scattering, and —u? for 7 scattering. Thus the
renormalization constant depends in an intrinsic
manner on both e-m and mass difference corrections
to the vertex itself and is essentially uncalculable by
present methods.

B. Form of the Hamiltonian
The static charge-dependent Hamiltonian is

H=H,+Hr;

H0=Z wkakaTaka, (2.2)
ko

Hi=3 (0! Via®H01aVia®), (a=1,2,3),
ka

where
V}m(o) = ifa(O) TaO" k,,vk/ (Zwk) %. (23)
The unrenormalized ‘“‘coupling constants” f,(® are

defined by
[1O= f,0= fOL,
f:©=fOL 14-8)I+dOr5].
They are matrices in isotopic spin space. The indices
« refer to the type of meson and the sum ), is to be

carried out at a particular energy wg, (k=k1="Fko7%ks).
The momentum involved, &, is given by

ka(wr) = (0 —pad)t,
m=ps=1,
M3= 1—A.

(2.4)

(2.5)

Here A represents the known mass difference (in units
of the meson Compton wave number) between the
charged and neutral mesons. Throughout this paper
the combined symbol %« is to be read as k., a—a meson
of type a, momentum k..

The cutoff function v, may be considered to be a
function of either meson energy or momentum. Since
the cutoff will play no role for energies smaller than
w~6, any momentum dependence it would introduce
will be negligible. This is''because the appropriate
expansion parameter for %, is A/k*~A? for w~6 (and
A~3%,). However we shall consider it a function of w,
for the reasons given in Sec. ITI-C.

Note that H, is different from the Hy of the charge-
independent theory, as axst creates particles of different
momenta at the same energy. To first order in A we
have, from Eq. (2.5),

ky(w) = pak (w7 ng) = k(w/us) — Ak (w), (2.6)
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so that

(1+8)o-k(w) = o-k(w/ps)+ (6—A)o-k(w). (2.7)
Thus we may anticipate that § will appear in the calcu-
lation only in the form (6—A), and that the extra mass
corrections will closely resemble the effect of a change
in the energy scale.

It is clear from Eq. (2.4) that f@ and (1+46)f®
renormalize in the same manner, through the nucleon
expectation value of 730, while for f@d© the relevant
operator is e, which yields a different renormalization
constant. From Eqgs. (2.4) and (2.7) it follows that
corrections due to both A and § have the same effect
upon neutrons as protons, while from Eq. (2.4) it is
seen that d affects them differently.

A c-number term (6m)73; might have been added to
the Hamiltonian and adjusted to insure the equality
of the masses of the physical nucleons. It has no effect
on the scattering equations however, and very small
magnitude, and so has been left out though the equality
of the physical nucleon masses is assumed.

C. Scattering Equations

The scattering equations can be derived by the
methods of Wick® and Chew and Low.” The lowest
eigenstate of Hy will be denoted by ¢on, where the
subscript “0” refers to the meson vacuum and “»” to
the nucleon charge and spin state. The nucleon states
for the free Hamiltonian are Pauli spinors. The latin
indices I, m, = will be reserved for nucleon state
variables. Then

Hpo.=0. (2.8)
The free one-meson, one-nucleon states ¢rqn satisfy
H0¢kan=wk¢kam
P¢Icnm= Z kaakaTaka¢kan= ka¢kan-

The greek letters a, 8, v will in general be reserved for
meson isotopic spin. A momentum label without a
subscript will refer to the momentum of a charged
meson at a given energy.

The physical nucleon states ., solutions of the total
Hamiltonian

(2.9)

H¢0n= Es\bOn, (2.10)

are given by
Yon= (ZZ,n)*[S‘bOn'I‘ (Es—HO_AH[)—1H1¢0n], (2.11)

where A is the projection operator orthogonal to the
bare nucleon states. Note that charge and angular
momentum conservation require that only the bare
nucleon of type % enters Eq. (2.11). The states ¥, are
assumed degenerate.

The ingoing and outgoing scattering states for a
meson of type o, momentum p., are given by

Ypan P = llpaf‘/’On'i' (Ep ie—H)™V pa Pfon,

8 G. C. Wick, Revs. Modern Phys. 27, 339 (1955).

7G. }'. Chew and F. E. Low, Phys. Rev. 101, 1570 (1956).
G. F. Chew, in Handbuch der Physik, edited by S. Fliigge
(Springer-Verlag, Berlin, 1958).

(2.12)
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where @,4'Yo. Is asymptotically a plane wave one-
meson state of momentum p, and energy E,=w,+ E,.
Any admixture of other plane wave states (e.g., in-
volving different type mesons) in the scattering state
of Eq. (2.12) would have the wrong asymptotic form.

The important point about Egs. (2.11) and (2.12)
is that, even though charge independence is no longer
valid, the states of the exact Hamiltonian are given
by the same formal expressions as in the charge-
independent theory. In fact they are derived analo-
gously, since the g-number structure of the two theories
is identical—the difference lying in the reduced sym-
metry of the charge-dependent V3, and the more
complicated momentum dependence.

The scattering equations now follow as in the charge-
independent theory. The equation for the 7 matrix is

pem ™,V g8 P0n)
(‘POm; Vpa((» fl//r(“)) (\[/T(—‘), VqB(O)\bOn)
r [ E,—E,+ie
oV O O) B,V )
f
E,—w,—E,

where the index 7 runs over all intermediate incoming
states.

In Eq. (2.13) the sum over the four nucleon states
can be separated out and written down explicitly. As
in the charge-independent case, the matrix element
Wor,V s @¥0s) is a multiple of the matrix element of
the same operator between bare nucleon states, which
defines the renormalized coupling constants. Since the
interaction is still invariant with respect to rotations
about the T'; axis, it follows that f; will equal f. (i.e.,
the renormalized f, matrices will have the same
structure as the unrenormalized ones, with a charged
and two neutrals). This is proved in the Appendix. We
may then work with the renormalized constants f, 8,
and d. While the unrenormalized constants were
rationalized, the renormalized ones will be taken as
unrationalized. This means that instead of making the
identification f© — f, we will let f©/(4m)} — f.

Next, we make the one-meson approximation, which
involves dropping from the sum in Eq. (2.13) all
multimeson states. We then introduce the matrix
Tw.0(2) (we are scattering from g¢B,n — pa,m) as a
function of the complex variable z, defined by the
following equations:

zlqifg((m{ T 48,pa(2) | 2)= W pam,V o6 @%0n) ; (2.14)
' T pa, iyt (@n) T g8, kv (k)

Wr—2%
LTqﬁ,k“/T(wk)Tra,k'y(wk)] (2.15)
! )

wit3
B(z)=—(1/2)[Vpa,V 8]

], (2.13)

qu,pa<z>=3<z>-§[
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Equation (2.14) defines T4s,p4(2) as a matrix with
respect to the nucleon Pauli spinors. In the limit
z2—w,t, Eq. (2.15) becomes identical to Eq. (2.13),
with 7 restricted by the one-meson approximation. In
the integral over intermediate momenta k; in Eq.
(2.15), the ks spectrum starts at a lower energy than
the % spectrum. However, we shall ignore this fact, as
the integrals all vanish as &* for p waves. So we will
feel free in what follows to change with impunity the
lower limits of integrals over intermediate momenta,
without affecting the results to first order in A. (This
would not be possible if we had included s waves.?)

T 48,5 (2) is uniquely determined by the five following
conditions,” which will be explicitly used in solving the
scattering equations:

1. T pa(2) has branch points at z==+1, and two
cuts running from z=+1to + o ;

2. There is a pole at z=0, given by B(z), and no
other singularities;

3. T4,pa(2) behaves like 1/z for large z;

4. The S matrix is unitary, where .S is given by

(‘ppam(_) 7¢qﬁn(+))

= lim_[8pam,o8n— 2118 (wp—wq) T 48,p(2)];

z—wpt

(2.16)

5. T4s,pa(2) possesses, from Eq. (2.15), the two
properties

a. T4p,pa(2) =T pa, o6 (%), (Hermiticity)
b. T4s,pa(3)=Tpa,es(—2). (Crossing (2.17)
symmetry).

D. Projection Operators

We want to write Tgs,p. as a linear combination of
matrix operators with respect to the nucleon variables.
Since angular momentum is still conserved, it is possible
to introduce the angular momentum projection
operators

Pl (pa;qﬁ) = (0 . pa) (U : qﬁ)y
P3(payqs) =3 (Pa+qs) — (0 Pa) (0 ).
The subscripts 1 and 2 refer to the J=3 and J=3}
n

states, respectively. These operators are projectio
operators in the sense that

(2.18)

dQ
f Py Dasky) P (k@) =377 Po(pastts);  (2.19)
4rk. 2

v

however their normalization depends on their isotopic
subscripts. This will cause no trouble, but will merely
introduce extra kinematical corrections into the cross
sections.

The isotopic spin dependence is considerably more
complicated. Denoting the relevant part of the matrix
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dependence by M, one can write
(om| M |1)= 3 om| TXT| M| T'XT" ),

where 7, 7”7 can be any of the six states |$,73), |3,7s).
However, even in the charge-dependent case T'; will be
conserved, so there will be ten amplitudes of the form
(T|M|T"). We shall construct matrices A,(e8) for these
ten amplitudes by noting that, besides 7, and 74, the
matrix 73 was explicitly introduced by the interaction
and can enter into the operators A, in all possible ways.
(We shall not use the labelling scheme |7,T3), which
was introduced merely to help count the number of
amplitudes. Our operators will have matrix elements
between various linear combinations of these states—
however, we shall erroneously refer to them as “Pro-
jection” operators.)

We classify the ten operators A, as “even” or “odd,”
depending upon whether they contain an even or odd
number of 73’s. The five even operators are

As= T3747p73,

(2.20)

A1= %TaTﬁ, A2= Baﬂ_ %Ta’rﬁ,

A4=%(7'3TaT3T,9+TaT3T,gT3),

A5=%(7'3Ta7'37'5—7'aT3T5T3).
The first two operators contain no 73’s and are the
projection operators onto the T'=% and T'=$% states
introduced in the charge-independent case. The five
odd operators are

Ae=0a873, A7r=T1a7378, Ag=T3ToT37T4T3,

2.21
o=} (rsramat rarar)y A= (rsrars—rargrd. o0

The ten operators A, are linearly independent in the
sense that the equation X, C,A,(afB)=0 implies that

1
ZJ: Nag’ (2)P1(payts) = _‘Z‘[faTa(“'Pu);fﬁTﬂ("'Qﬂ)jﬁ.d
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each C,=0. Actually any independent set of linear
combinations of the A, could be used for our projection
operators and later we shall introduce a particular set
for computational convenience. Our results will apply
to any set of projection operators I';, where

To=2 4 Gy, ”au”;éoy (2.22)

and where the T'; are chosen subject to three restric-
tions: they must make the charge-independent limit
easily recognizable, they must be even or odd, and
they must have specific time reversal properties. Thus
we assume I''=A; and T';=A,; I'y,2,5,4,5 are even and
I‘s,7,s'9,10 Odd, and 'I‘5=A5, P10=A10 (these operators
violate time reversal invariance and do not contribute
to the T matrix.)
We can now write

———— 2 [Hog" (2) +Nag’ (2)]

T 48,0a(2)=—1y
“(dupog)t 7
! XPJ(pa,QB),

Hog? (2)=20 To(aB)h? (2), (2.23)

th(Z)=0, (0#1, 2),
NGSJ(Z) = Za Fv(aﬁ)”w‘I(Z).

The functions %,7(z) are the amplitudes? Ars of the
charge-independent theory and the functions #.7(2)
are of first order in the parameters A, 8, d and vanish
in the limit A, §, d — 0.

On introducing this expression for Tgs o directly
into Eq. (2.15) and keeping only terms of first order in
A, 8, d we get

1
+-F

T v.J

“u EH‘YaJT(wk)N'YﬂJ (wk)'{'NvaJT(wk)HvﬂJ (we) 1P s (Payqs)
Redwy, (
1

WE—2

wk+Z

[ (@) N () +Nog” @) Hra 1P (a0) )

1 “n Hyo? H(wi)Hsg? (0e) Pr(Dayts)  Hsp?t(wi) Hso? (wr)Pr(qs,pa)
iy f (ks k3)dwk( ;
T J VY,

wWg—2

In Eq. (2.24) the sum over states has been converted
into an integral, and a square cutoff has been assumed.?
The J values do not mix because of Eq. (2.19), the
integral over intermediate meson angles, dQ, having
been carried out. In the Born terms the nonrationalized,
renormalized coupling constant appears, as explained
previously, and the symbol [ , Js,4 refers to the fact

8 The square cutoff should. be considered a computational
convenience only, as an approximation to a function v(w) which

contributes negligibly out to w= . Otherwise it would introduce
an extra singularity.

- ) (2.24)

that only first-order terms are to be kept in the com-
mutator. The zeroth-order terms in Eq. (2.24) would
give the charge-independent Chew-Low equations.

In the first integral of Eq. (2.24) the first-order parts
arise from the interference between a first-order matrix
(V) and a zero-order matrix (H). We ignore the
intermediate w%meson phase-space difference in the
first integral, letting this effect generate the second
integral, which contains only intermediate #° con-
tributions. This phase-space difference (k3#—£%?), is of
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first order in A and so it multiplies only zero-order
matrices. Thus the second integral has only A contri-
butions and may be considered as an additional
inhomogeneous term, along with the Born terms, in
the integral equations for the #,7.

III. REDUCTION OF THE SCATTERING EQUATIONS

The products of projection operators appearing in
Eq. (2.24) can be expanded as linear combinations of
single projection operators. This will yield a set of
linear integral equations for the functions #,”. First,
however, we will investigate some general properties of
the theory, as this will lead to enormous simplifications
in the form of the equations.

A. Time Reversal Invariance

Under the operation of time reversal, the system
represented by (/) transforms into a new system
represented by 7 (¢), also a solution of the Schrédinger
equation, and such that the future behavior of this
system resembles the past behavior of the original
system. Then ¢7 ({) = Ry*(—1), where R is unitary, and
time reversed observables OT are given by

R-OR= (OT)*. (3.1)

The property (r.)T=r7y, with 7o=2%(r1%47;), which
states that charge is conserved under time reversal,
gives the rule

R7,R=v,7.%,

ri=vz=1,

(3.2)

Vo= —‘1
in the usual representation of the 7,. Also the properties
0.7':__0., (pa)T:'_pa)

which state that spin and momentum change sign
under time reversal, give the result

RP; (D) R=Ps*(—Pay — Q). (3.3

The reciprocity relation, in the one-meson approxi-
mation,? takes the form

(m|T 48, pa |n)y= vave{n” | T_pa,—qf | mT),
(wp=0wy),

where |mT), |#7), denote time reversed nucleon states.
Writing 74,0« as the sum of projection operators
(whose amplitudes we shall denote by M (w) for this
argument), this gives

ZJ(m I T'o(aB) P s (payas) l”>M¢J(wq)
=varg ZJ(”T [T6(Ba) Ps(—qs, —Dpa) | mT)

XM, (wg).

(3.4)

(3.5)
Then, using the relations

R, (Be) R=p vl .* (Ber),
P1(qs,pe) = Pr(Perds),

9 The quantities vq, vg appear because we are using the sym-
metric theory, and are absent in the charged theory.
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the right-hand side of Eq. (3.5) becomes

‘L;(m [T, (8) Py (Payds) [”)MUJ (wg)-

Inspection of Egs. (2.20) and (2.21) shows that

. PaT(ﬁa)=éuP0(aB)’
€= +17 (‘T¢57 10)
=—1, (¢=>5,10),

from which it follows that Ms=M,=0, because of the
independence of the I';. The requirement for e,;=+1 is
that the 73’s be symmetrically placed with respect to
7o and 7, as is the case for all the A, (and therefore
T,) except for ¢=35, 10.

B. Properties of the I', Operators

The operators A,, and therefore I';, form a complete
set in the sense that every operator composed of 7o, 73,
and 73 can be expanded in terms of them. Their com-
pleteness and independence guarantee the existence
and uniqueness of the following expansions.

The crossing matrix T, is defined by

PI‘ (Ba) = Zd TMUFﬂ(a,B) . (3.6)
Applying crossing twice, we obtain
Za TmrTav=5uv- (37)

T.. possesses the following two properties, which we
state without proof :

(@) T., does not mix states with different time
reversal properties.
(b) T, connects only even states to even, odd to odd.

The definition of T',, can be extended to include sums
over the angular momentum projection operators:

FH(aB)PJ (pa,qﬁ) = ZJ T}“‘TJJIFV(Ba)PJ’ (qﬁ,pa),

TWT7' =T, 7.
Products of I',’s can be expanded as follows:

Z’Y T, (O"Y)PV('Yﬁ) = Zv C,,‘“’I’.,(aﬁ). (39)

Taking the adjoint of both sides of Eq. (3.9) yields the
following symmetry property for the C,**:

Co*"= €,6,6,C,"",
C.=¢,C."",  (u, v#5, 10).

This symmetry property simplifies the first integral of
the scattering Eq. (2.24). Keeping only the time re-
versible parts, we have

> (Hyo" TN 35"+ Ny’ Hys7) P s (Daydls)

J.y
= 3 2CM Re{m"*n,7}T+(aB)Ps(Payls)-
J,Auo

(3.10)

(3.11)
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Similarly
E’ (Hyg"'Nya’+Nyg" Hya”) P (5,00
XT(aB) P (Paygs)-

In the last integral in Eq. (2.24) there is no sum over
intermediate mesons, so we must introduce products
of the form

P)\ (aS)I‘,‘ (3.6) = Zv Da)\“rv(aﬁ)- (313)

The D, have the same symmetry property as the
C M, namely,

D= exeue,Do™,

(3.12)

D M=e,D, (1, \#5, 10). (3-14)
In the last integral of Eq. (2.24) we have
; Hso?"Hsg” P 7 (Paydls)
= 2 DM h'T,(aB)Ps(paytts), (3.15)

J Apo
and

2. HsgTH3. P 7 (q5,pa)
J

P>

JJ! Appo

Dp)‘"TpvJ’Jh)\Jl*huJIPU(aB)PJ(payqﬁ)- (316)

The matrices C,*#, D, T, satisfy many interesting
identities’® which are, however, unnecessary for our
purposes. We will need one identity later though and
will derive it now. From the defining equations, Egs.
(2.20), it is seen that >_._1,2 Tu(aB) =085 so that this
sum commutes through all I', and is symmetrical in «
and 8. Thus

5 T@)T,(36) =3 5 DT, (of)

u=1 p=1 p
2
= Z Z Dp)‘”TpaPa(ﬁa)- (3.17)
u=1 po
But
2 2
M\(a3) 2 Tu(38)= 2 Tu(B3)I'r(a3)
p=1 p=1
2
= ;1 2= T\ Tu(B3)T,(3)
2
=2 2 T\D*T,(Be). (3.18)
r=1 po
Defining
2 2
D,,=3 D=3 D,**, (p,0%5,10), (3.19)
p=1 u=1

10 For example, any ‘‘crossing symmetrized” matrix A,/ of the
form A=k +2s,, Tyo!"7x,7’, will obey the identity
Z7e N Toy?7’=N\,7". (Any Born term is of this form.)
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we find, by equating coefficients in Egs. (3.17) and
(3.18), that

2o DT pe=2, Tr,oDo" (3.20)

We shall need the commutivity of T and D later.

Before solving Eq. (2.24) for the »n,/, we must first
choose a convenient set of I';. Then unitarity will
determine the phase of the 7,7, and the energy-scaling
properties of the theory will simplify the last integral
in Eq. (2.24).

Since the first integral of Eq. (2.24) connects only
zero-order terms (%)) to first-order terms (n,) it is
clear that C,'* and C,** are the only elements of C,**
that will be needed. Thus we will choose our I'; in such
a way as to simplify these two matrices as much as
possible. In fact, we can make them both diagonal in
their time reversible parts. The second integral connects
only zero-order terms to zero-order terms, so we need
worry about D, for N\, p=1, 2 only. We define:

T'i=Ay, o= Ag+As,

To=Ay, T3=A1+3A3+2As Tr=3As+3A7—2A,, 3.21)
Ts=As Ti=AitA, I's=3As, '
T'10=Auo, Ty=Ag—3As.

This defines the matrix a,, of Eq. (2.22), and it may be
checked that ||, #0. The matrices C,'#, C,2* are given
in Tables I and II. Only components where u#5, 10
have been considered, since #;/ =#10” =0. Notice that
except for 0=4, 9 the states appear in one but not both
matrices as unity along the diagonal; the states c=4, 9
connect to the nonreversible states, and appear in both
matrices as 3 along the diagonal.

The matrix T, is given in Table III. It possesses the
expected properties of separating even, odd, and irre-
versible states, and 7%2=1. Finally, D, (for A\, u=1, 2)
is determined by the equations

I'1(a3)T'1(38) = 3T1(ap),
T'2(a3)T2(38) =12Ts(eB),
T1(a3)T'2(36) = §[T'4(aB) —Ts(eB) ],
T'3(a3)I'1(38) = §[T4(aB) +T's(eB)].

Even if the C,'* and C,?* matrices were not diagonal,
the following general statements could be made: since
T’y and Ty are even, p and ¢ in C,'#, C,?* must be both
even or both odd; only even I', can be reached by D,
for A,u=1, 2, and therefore the inhomogeneous mass
terms [the second integral in Eq. (2.24)] are even;

(3.22)

TaBLE 1. The matrix C,».

\&1489 5 10
N

1 1000 0 0
4 0100 -3 0
8 0010 0 0
9 00 0 3} 0 —%
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TABLE II. The matrix C,?.

\0\234679 510
M

2 100000 00
3 010000 00
4 00 %000 10
6 000100 00
7 000010 00
9 0000 0 % 0 1

since in the § and d Born terms, the contributions from
d are even (they come from the even part of f;) while
those from d are odd (they come from the odd 7; part
of f3), it follows that Eqgs. (2.24) break into two sets,
one involving the even #,” and containing the A and é
contributions and the other involving the odd 7,7 and
containing the d contributions.

C. Energy-Scaling Properties

The Chew-Low equations are the zero-order con-
tributions to the 7 matrix. In our notation! they take
the form

.7 1
+-%

w m I

C M7 (wi) by (wr)
x(

wr—w—1e

he’ (w) = dor, B

+2

Je

CMT 07 T I ™ (wie) b’ (wr)
wptow )’
W\, m,0,0=1,2) (3.23)
where A,7 is defined by

2 NITo(eB)Pr(0,9)= f*L7a0 D750 q]. (3.24)
aJ
Since C1'=Cy2=1 and no other terms contribute, this

becomes

TaBLE III. The matrix T',.

X 1 3 4 6 7 8 9 510
M

1 -2 2 0 o0

2 & 1 0 o0 0 0
3 16/3 8/3 —1 8/3

4 o -5 3 3

6 1 -3 3 H

7 0 0 -5/ 289 14/9
8 0 —2/9 13/9 2/9

9 0 —8/9 —16/9 %

5 10
10 0 0 0 1

U Qur kg is the k; of reference 7. Also k2=hs! — hy, b — Iy,
Tpe?7'9 — A, of that reference.
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e () |?
w —w—ze

+C.T.

he? () = f2—~+ f do 1o 102 )

(3.25)

In Egs. (3.25) we have included the cutoff v(w) explicitly
in order to show that the scaling relations hold rigor-
ously in its presence, though in all calculations a square
cutoff has been assumed.® The crossing terms (C.T.)
have been left out in these equations because for our
purposes they have the same form as the direct terms
and do not affect the argument.

If all the mesons had mass u##1, Egs. (3. 25) would
become

2 XO_J
h,J(w,,u) = (Z
uw w
1 [ 71g7 (' yu1) |2
+- f do'’ k2 (0’)v,2(0))————+C.T.
TV, o' —w—1ie

Here we assume the convention that mesons of mass u
possess a coupling constant (f/u), and also that the
cutoff function becomes effective at an energy equal to
so many rest masses; i.e., v, (w) =v(w/u) for w>u. Then
since k,*(w) = u®k® (w/p), from Eq. (2.6), we find

J

Ao
Koha? (ueo,u) = fP—
w

| u3he” (uv,u) |2

v—w—1e

1 ©
-l-—f dv B (»)1?(v) +C.T.
™Y

Comparison with Eq. (3.25) yields the result
,Uvghu', (Mw,ﬂ) = kch (“’71) = htTJ (w)7

1 (3.26)
hu'J (w,,u) = —;ka" (w/”) .
7

This “scaling property,” relating the scattering ampli-
tude for mesons of mass u to those of mass 1, is merely
a consequence of the dimensionality of the p-wave
amplitudes. However, it is a nontrivial result that we
can relate these amplitudes (to first order) when only
the #° meson has mass u>1. This is done using the
unitarity requirement of the next section; however, we
will sketch the general idea here.

We define the differential scaling functions K,’ by
the equations

AKUJ ((/J) = hﬂ] (wnu3) - hd'J (CO, 1)

1
=—o? (@/w) = ko’ (@), (¢=1,2) (3.27)
M3
K7 (w)=0, (¢+#1,2).
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AK .7 (w) is of first order in A, which has been explicitly
factored out. Unitarity will give the following equation
for those #,7 which are first order in A:

Imn, a7=3 [2B3C * Re(IT*n,,a)
Au

+ (k—E) D"k, ], (3.28)
at a given energy wi. However, it will be possible to
satisfy this equation identically by writing

No, a7 =g, a7+ D2 DPKNT — 19706, 4. (3.29)

The &, 4 is a Kronecker é symbol, the matrix D,* is that
introduced in Eq. (3.19) and the function 7 is a known
real function. The functions #,7 will have a definite
known phase, and their amplitudes will be the only
unknowns in Eq. (3.29). The point in introducing the
functions #,7 is that they satisfy simpler equations
than the #,7, as the second integral in Eq. (2.24) will
not occur.

The function 57/ appears because of our choice of
operators T',. They have been chosen to simplify both
time reversal and the matrix C,**. However the matrix
D connects both I';T'; and T'eI'; to I'y, and 57 arises
as an interference term. This could have been avoided
only by complicating time reversal and introducing an
extra nonzero amplitude.

The functions #,7 will satisfy the equations

u,,’(w)-l-le DKy (w) =17 (w)ds,4

Im (u.,J—I— Z)\ D,,)‘K)\J)

1
=B, [wt~ f de’ [
™

o —w—1ie
Tpo”"7 Im(u,”"+ 220 DY)
* o'+w
where B,7 is the Born term of Eq. (2.24), defined by
—[fara(0-pa), fors(0-as) Js.a
= VZJ BT o(aB)Pr(payqs). (3.31)

], (3.30)

Now because T and D commute, by Eq. (3.20), we can
collect all the terms in K7 on the right-hand side:

1 ImK)\"
3 D}‘[—Ky’—i—- fdw' (——
A T W' —w—1ie

T/’ ImK 7’
-l-———-——————) ] (3.32)
o' +w

But K\’ is just the difference [%(w,u3)—k(w)] so that
the unitarity condition for the A’s, Imk=Ek3|%|? says
that expression (3.32) is just the difference between the
Chew-Low equations for mesons of mass us, and those
of mass 1—but with the Born term missing. So ex-
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pression (3.32) reduces to

O

24 &,
= _Z Dv")‘psz =A—.
4 w w

(3.33)

Thus the second integral in Eq. (2.24) for the functions
n,7 becomes, with the introduction of the functions
u,”, merely a Born term of the form 1/w, due to the
properties of the scaling functions K,’.

D. Unitarity

The unitarity condition on the S matrix, Eq. (2.16),
together with Hermiticity, Eq. (2.17), gives

Tpa,qﬁT (w) —T 48, pa (w)

&k,
=21y f 8 (k) T pa,ky (wr) T g8, 1y (wr),
v (27)?
(3.34)

(wp=w,=w).

Writing Tyg, pe as in Eq. (2.23) and making use of
Eqgs. (3.11), and (3.15) this becomes

Imn,” =2k C, M Re(ln*n,”)
A
+(k33—k3)§ D in*h,7.  (3.35)
m

Recalling the discussion at the end of Sec. II-B, we
write, explicitly factoring out the dependence on the
parameters A, §, d,

el = An,, a7 +0u,7,

1.l =du,’,

(o=1---4),
(6=6---9).
Equation (3.28) is just Eq. (3.35) for the A parts. For
the § and d parts the last term is absent, and Eq. (3.35)
takes a very simple form. Using the fact that C,*# is of
the form C,*, for A=1, 2 and ¢35, 10, and making

explicit use of the following form for the Chew-Low
amplitudes’

ke’ = (1/R) exp(ia,?) sina,”,
Eq. (3.35) is identically satisfied by

(3.36)

(e=1,2), (3.37)

u,J=A,J(w)§_‘, C7 exp[2ion’ (w)].  (3.38)
=1

For convenience, we write these phases down explicitly
[using the fact that (e?®14 ¢?i2) has phase (en+as)]:

u.7=A4,7 exp(iB,”’);
(Bq", o=1-.. 10) = (20(1", 20_’2J, 20[2", a11+a2",
—, 2057, 2097, 2017, en? e’ —),

(3.39)

so that unitarity completely determines the phase of
the coupling constant contributions.
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For the terms in A, for which the unitarity condition
is more complicated, we get the result (3.29). To see
how this comes about, consider Eq. (3.28) for e=1:

cos2a; Im#ni=sin2a; Ren,
+3[(1/F) — (1/k4) ] sin’a,
where we have used the fact that
(b —B) /B0 =L(1/8)— (1) THO(29).

If we let £ be any first-order change in a;(w), then to
first order

(3.40)

sin2a1 (w) =sin (a1— él) sin (0[1+ El)
=Im[ e~ iertD gin (a;+ &) e2ier].

Now choose £; such that
1= Aw(da1/dw),
a1(w)+E=a1(w/ps)+0(4%).
Then, from Egs. (2.6) and (3.37),
(1/k3) sino; () =Im[ (1/us®) ks* (w/us)e2ier @]
[(1/ks)— (1/k5)] sin?; (w) = — Im[ K1* (w) e¥ie1() ],
Thus Eq. (3.40) yields
Im[ e (n—§5K1)*]=0,
—1K,=Aae**1=1y4.

(3.41)

The other equations, for =2, 3, 4, give similar results,
except that for ¢=4 both a; and a, appear and the
first-order corrections & and £ give rise to an inter-
ference term, which leads to the introduction of the
term 7 in Eq. (3.29), given by

Aw[ 1) ]sin(az"—al")

n7=——|—(0s’ —a’) | .
sin(az’ +a1”)

6k dw

(3.42)

In Eq. (3.29), the functions #,, Y have the same phase
as the functions #,7 of Eq. (3.39) for the § corrections.

To recapitulate, the #,7 written in the form (3.29)
satisfy the unitarity condition identically, and the u,”
satisfy the Eq. (3.30), which has been reduced to the
form

g9 = A7 8, 4+ B [+ AL [0
1 Imu,? (')
2 fas ()
T w' —w—1e
T,.7"7 Imu,” (o)

o'+

+2

). (3.43)
e J’

We will now explicitly determine the Born terms B,7,
defined by Eq. (3.31). The zeroth-order terms of the
commutator in Eq. (3.31) are the Born term for the
Chew-Low Egs. (3.23) and (3.24):

DANIEL M. GREENBERGER

P LNIT Py= =3 [ P1(Pa)qs)T1(a)

aJ
__Pl(qﬂ,pa)rl(ﬂa)])
>\aJ= _3(6016J1_' Tlu'lJ)-

(3.44)

The first-order charge-symmetric part of Eq. (3.31) is
[with f, defined by (2.4)]

— [ rars0835F8asTarg ) P1+C.T.
Then, using Sas=3_ ue1,2T'w(c8) and the identity (3.20),
Bo,s7=—6/2%85Ds'—3, T1,7D,?)
=278 3, Do?\, T = —3,7, (3.45)

where £, is defined by Eq. (3.33). The first-order non-
symmetric part of (3.31) is

J7d(Bastst7adps) P+ C.T.
=de (T10+4Ts) P1+C.T.

a d —d§ ra
Thus the complete Born term of Eq. (3.43) reads:

A7 ()84, s+ (A—0)E:7 fe+-di 7 [ w.

The dependence on (A—3§) was predicted in the dis-
cussion following Eq. (2.7). The matrices £,7 and {,7
are given in Table IV. The equations for the #,” have
now been completely determined.

Now (and not until now) we shall make the assump-
tion that the resonance (i.e., the amplitude %s?) domi-
nates the scattering. This means we shall ignore in the
scattering equations all phases but as® (=a33). Then,
using Eq. (3.39), we may say that: (a) all the u,” for
J=1 are real; (b) #.? and us? are real; (c) us?, us?, u;?
have phase 2as%; (d) %, us® have phase as?. There are
left only five amplitudes that must be solved for; the
rest are real? and can be determined in terms of these
five. From Eq. (3.42),

(3.46)

10 \ Aw dao? e (3.47)
7'=0, Ap’=———=/fAy. 4
6k dw
Introducing the two functions
bl:;; €Xp (’L.Olzz) sinazz, (Eh22(w>),
(3.48)

by =;; exp(2ias?) sin2as?,

TABLE IV. The matrices &7 and ¢,7.

\}\ 3 4

1 16/9 0 § 10/9 1 00 —-16/3 —%
2 4/9 0 -2/9 -2/9 2 00 9/3 3
&7 [

2 The equations for the #¢” connect only to each other and have
no Born terms, so we may set #¢/ =0, leaving fourteen amplitudes.
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and noting that Imus®= A4.*(w) sin2as?=k**u?, etc.,
we can write explicitly the five equations to be solved:

u22:.._
s

1 f dow'k/3bs"us?

W —w—1e

b

1 k/3 (bg*u22+ 8b 2*’1/{32 —4b 1‘%42)
+— f do’
O w'tw
2 f2 1 dw/klgbz*usz
LI
9w

T W' —w—1e

1 , k'3(— b2*%32+b1*%42)
—_ o ,

Or o'+

2 1 dw’k'sb 1‘%42

2f
u42= _—— —(A—5)+f2A,, l f
9w T

W' —w—1e

(3.49)

1

1 k% (8bs"us> 1" us?)
-+ f do'
O o' tw

'I/l72=—
™

1 f dw'k3bs" u?

o' —w—1ie

1 k/3 ( et Sb;’lrt'zz—l— 8b1*1492)
+— f do' X
27w o'+
2712 1 pdo’k®b ug?
oy L
3w =« W' —w—1ie

1 k’3(14b2*u72+b1*u92)
} fdw’ X
27w o' +w

There are two sets of coupled equations in Egs. (3.49).
In each set, a function of phase 2as? is coupled to one
of phase a,®. The method of solution will be sketched
in the next section.

E. Solutions of the Scattering Equations

Equations (3.49) are linear in the functions #,”7, and
we shall use a simple extension of a method developed
by Chew-Low for photoproduction® to solve them.
First we solve the equations with all crossing terms
neglected and then determine the crossing terms by a
“self-consistent” procedure. Then Eqs. (3.49) are of
either of the following forms?3:

1 poar BB (o )u(e’
u(z)=B(z)+- do’ ~(,—)u(~—), (3.50)
mYa w—3

1 poar B9y (o )o(w
v(2)=C(Z)+—f do’ —-(~—>EQ (3.51)
Ty w—3

18 G. Chew and F. Low, Phys. Rev. 101, 1579 (1956).
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where the solution is wanted in the limit z2— w+. In
Eq. (3.50) the function B(z) is arbitrary, with the
restriction that zB(2) is bounded as z— «. But in Eq.
(3.51) the function C(2) can have at worst a first-order
pole for our solution to work.

Since we have eliminated all amplitudes but %2, we
will henceforth use the standard notation Ag?=#%; and
the phase a?=a33. Equation (3.50) is solved by noting
that #(z) has phase ass, the singularities of B(z) plus
a branch point at w=--1 with a cut running" from +1
to 4+ and is otherwise analytic, and behaves as 1/z
at . All we need do then is construct a function
possessing these properties, which we do with the aid
of the function g3 of Chew-Low, defined by

g3(2)=Ns/2h3(3), Ns=%% (3.52)

We assume the effective range approximation to be
valid even for negative energies.!> This is equivalent to
neglecting the singularity of the crossing contribution
to it, so that g; has the following properties: it possesses
a branch point at s=-41 with a cut running to + =,
it is =1 at the origin, goes to a constant as z— o,
and gs(w), w>1 has phase —a3;. Thus we can write

As @y k3B (w)
w)=li B do’ —————
w(w) z_lgl+[ (2)+g3(z) j; ]

o' (' —2)
_ A3 “y kB (o)
= B(w)et3 COS(I33+‘-Pf do ——. (3.53)
g3 1 o’ (w'- w)

In Eq. (3.53) both terms have the proper phase and
the function possesses the appropriate singularities and
asymptotic behavior.!¢

Similarly, for the solution of Eq. (3.51), where v(w)
has phase 2a33, we may write

g3(8)
z—wt gs(z) )

9(w)= lim

E3C(w")
' ___] (3.54)

W' (w'—3)

X[C(ZH-

A3 Ou
f dw
wg3(z) J1

where C(z) has a pole at z=p8. The extra 1/g3(z) pro-
vides the proper phase, but must be normalized to give
the correct residue at z=pg. Equation (3.54) can be
easily generalized if C(z) contains more than one pole
or higher-order poles.

14 Neglecting the crossing terms is equivalent to neglecting the
branch line singularity for o< —1.

15 It has been shown by G. Saltzman and F. Saltzman, Phys.
Rev. 108, 1619 (1957) that it is not safe to extend the effective
range approximation to negative energies for g;(w); however, this
is because of the crossing contributions we have ignored. For the
approximate gs(w) on which solutions (3.53) and (3.54) are based,
the effective range approximation can be extended. The only
difference between the approximate and exact g3(w) in the physical
region is that the approximate one needs a higher cutoff to
produce the effect of the crossing terms.

16 Our numerical solutions use the parameters wy =6, f2=0.08,
1/r3=wo=2.1, g(—1.7)=1.81, in the notation of reference 7.
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Fi1c. 3. Corrections to dot®/dQ. These corrections are to be
added directly to the experimental quantities to yield the charge-
independent ones. A, §, d are defined by Egs. (2.1) and (2.5).

If we use the solutions (3.53) and (3.54) as first
approximations to the solutions of Egs. (3.49), and
place them into the crossing integrals, we find that the
crossing integrals containing 4; and b, can both be well
approximated in the region of interest (1Sw<4) by a
function of the form A/(w+1.7). Furthermore the
crossing integral of 1/(w-+1.7) can be approximated by
A/ (w+1.7). This suggests the following procedure for
solving the equations. First, replace all crossing terms
by functions of the form A4,/(w+1.7) so that they
become extra Born terms. Then the equations have
exactly the form of Egs. (3.50) and (3.51), and can be
solved. The crossing integrals are then performed and,
being proportional to 1/(w41.7), they give a set of
linear equations in the 4..

Once these five #,”7 have been determined, the other
nine real #,7 are given by crossing integrals over these
five and have the form (A4/w)+B/(w—+1.7). Then the
functions #,” are calculated by Eq. (3.29), with

AK 2 (w) = A — (3h3/k?) — Omeriass],

(3.55)
Ki=K#=Ky=0.

The T matrix for a particular scattering process, say
7t+p — wt+p is then given by Eq. (2.23) as

2w
<7r+j’l Tqﬂ,pa(w) [7r+P>= . ;:4<7"+P] I"’(aﬁ) |7F+P>

X (haJ—{'"naJ)PJ(puqﬁ)}

where the matrix element has been evaluated with
respect to the isotopic variables only. If now the s-wave
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contributions are phenomenologically placed into the
T matrix above, it assumes the form

27
=——23 [(ars+er?)Ps(pa,ds)+ards pq]

Plw I
2T
=—1UX, (3.56)
Plo
where the er’ are our calculated corrections and the

amplitudes, @, have the form ¢ sina. Then the cross
section is given by

21w
o=—273 Tr[Z a(wp_wq)Tqﬂ,paquﬁ.pajy
qg b4 (357)
do/dQ= (pa/gs)s Tr[(1/p5)XTX].
.05
(o]
daA-
-1
(ﬁq <2
" 05 B _
c 1 \I\:_l %— 1 J”*_ 1 =1 ﬁh
88- | .
=
L A
-2
|_
Sc- |
(V]
-l
-2 X * Xexpt. +8 X
i (X=A,8,0)
-
L T-+P-—»mw-+P
-4l

Fi16. 4. Corrections to doe /dQ.

Thus, besides the corrections we have calculated, there
is a kinematical correction due to the factor p./qs and
also to the p-wave projection operators. So for p-wave
charge exchange scattering there is, at low energy, a
correction of 99,/p* due to kinematical corrections
alone.

When a laboratory experiment is analyzed in the
form do/dQ= A+ B cosf+C cos?, there are no theo-
retical prejudices built into it other than the limitation
to s and p waves. If now the charge independence
hypothesis is made, the coefficients 4, B, and C are
forced into a prescribed functional dependence on the
six phase shifts which is too restrictive, because charge
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independence is only approximate. It has been the
purpose of this calculation to write the quantities
Aexpt, €tc., as first order corrections to quantities
Ar=Aexpt+064 on which it would be valid to perform
a charge-independent analysis. That is, we have
isolated the charge-independent part of the cross
section. The quantities 64, 6B, 6C are plotted in Figs.
3, 4, and 5 for the three experimental scattering
processes, including the effects of the charge-exchange
kinematical corrections. In each of the figures the
corrections due to A, §, d are plotted separately. The
numerical values are determined on the basis of
A=+43.29, (the known value) and §, d=-+19,. The
correction to the total cross section ¢ is plotted in
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F16. 5. Corrections to do@/dQ.

Fig. 6, calculated from the formula
o =4r{[AO+ (CP/3)]+[4@4(C®/3)T}. (3.58)

The contribution from d is very small, due to cancel-
lations, and has not been included in Fig. 6. The cor-
rections to ¢ are all very small and have not been
plotted there either.

IV. COMPARISON WITH EXPERIMENT

The cross-section corrections calculated above were
incorporated into a phase-shift analysis of some of the
more accurate scattering data. In this analysis, the
parameters 6 and d had to be determined along with the
phase shifts. The problem was programmed on the
IBM 704 computer at MIT. The machine was first
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sal)
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Calculated For
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F16. 6. Corrections to tota1™. This includes both 7~ elastic
and charge exchange scattering.

told to find a set of Fermi type phase shifts'” by mini-
mizing'® the quantity M =3 J[N;(@)—N;*/e;, where
the NV, are the nine experimental quantities (4%, B*, C?;
x=-4, —, 0), the N;(a) are calculated from the phase
shifts, and the e; are the mean square experimental
errors. The phase shifts so obtained are “uncorrected,”
i.e., the raw data is forced into a charge-independent
fit. The results are listed as “Run 1”” in Table V.

Next, the N; were changed to include the known
mass corrections. Then the phase shifts were again
varied to give a minimum in M, listed as “Run 2.”
Finally, 6 and d were allowed to vary, thus changing
the N,.—while the o’s varied, changing the N;(a). At
this stage the minimum was found as a function of eight
variables, giving a best overall minimum for M, and a
set of values for §, d and the six o, listed as “Run 3.”
These o’s should be charge independent, and the §, d
should come out the same at any energy. Of course
experimental errors will lead to a spread of values for
6 and d, when analysis of many experiments is carried
out. However, analysis of a sufficient number of experi-
ments should tend to produce consistent results. No
statistical analysis was carried out, as only the quali-
tative nature of the results was wanted.

To perform this analysis a complete set of experi-
ments (all nine N;) must be available at the energy
involved. Only the data'® at 150 Mev and 170 Mev
were accurate enough to give any meaningful corre-
lation.” The coupling constant corrections were too
small to use the data® at 220 Mev. The data at 150
and 170 Mev gave quite consistent values for § at about
(—49%) and for d~0. An analysis was also attempted
using the early poor data'® of Fermi at 135 Mev, and
while it gave a consistent value for §, it gave about 5%,
for d.

Examination of Table V shows that the only sig-
nificant change takes place in a;, which becomes much

17 These are described in H. Bethe and F. de Hoffman, Mesons
and Fields (Row, Peterson and Company, Evanston, 1955), Vol.
1I

18 The analysis is somewhat similar to that described b,
Anderson, Fermi, Martin, and Nagle, Phys. Rev. 91, 155 (1953).
( 1% Ashkin, Blaser, Feiner, and Stern, Phys. Rev. 101, 1149

1956).
2 Ashkin, Blaser, Feiner, and Stern, Phys. Rev. 105, 724 (1957).
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TaBLE V. Corrections to phase-shift analysis. Run 1—Raw data. Run 2—Mass corrections made.
Run 3—Mass plus §, d corrections made.

Energy
(Mev) Run ag g 33 a1 alg 11 A 8 d
135 1 Z148°  95°  306° 15° 16°  —20° % 0% 0%
2 —132 75 3938 20 -10  —23 +32 0" 0"
3 —132 83 415 15  —20 —15 +32  —53 —s51
150 1 —132 90 518 3.9 21 =20 0 0 0
2 —125 68 512 45 07 —20 +32 0 0
3 —124 59 533 54 03  —18 432 =31 —03
170 1 —133 90 654 34 34 —24 0 0 0
2 —147 72 656 3.2 39 —22 +32 0 0
3 —152 42 6713 5.0 36  —12 +32  —54 —01

less positive at higher energy. For the p waves: a13 goes
negative at low energy, the others are quite stable, and
all the small phase shifts remain small. The s-wave
phase shifts are strongly affected because the s-p
interference term, 6B, is strongly changed for =~
scattering.

We have used the results of Table V together with
low-energy data from Bethe and de Hoffman,!” cor-
rected for charge dependence, to draw an effective
range plot in Fig. 7. This is a graph of %(n*/w*) cotas;
vs ¥, where n and * are the center-of-mass mo-
mentum and energy (in units of the pion mass). The
effective range approximation’ assumes that this will
be a linear function and extrapolate to 1/f% at w*=0.
The charge-dependent effects definitely tend to de-
crease f2, as determined by this method. To see why,
note from Table V that for 135— 170 Mev these
corrections tend to increase ass by a few degrees, thus
decreasing cotass by a few percent. At low energies
however, the corrections tend to decrease the charge-
independent ass. This is because the extra phase space
for the lighter #° makes the charge-exchange cross
section appear larger than it should. This large cross
section needs an artificially large as; to explain it (since
o~sin’as;). The corrected as; will be smaller and so
have a larger cotangent (by ~10%). Both these effects
increase the slope of the line in Fig. 7 and thus decrease

<
Puppi, . ~
S

Ref.(3) > O
N

3
st % Locotass

(CM System, Units Of )

F1c. 7. Effective range plot for the pion coupling constant.

f2. For comparison, the line drawn by Puppi? is included
in the figure.

Finally, we present a method for determining é from
the total cross sections in the energy range 130-170
Mev. The method will not determine d, as d has little
effect on the total cross sections. '

Experimentally the cross sections are quite linear in
this region, as are our corrections dc (we ignore do).
We write

(6O — (61/3) ]=[01— (6:/3) ]—8. (4.1)
But!?

LoD — (6:P/3) = (8/3)A\2(sin’a;+ 2 sin’is+sin’es)
= (8/3)A2 sin2a;~ (87/3)A\2(a1)?,

where we ignore the small p-wave terms as they are of
second order (assuming the small p waves are of the
same order as our corrections). In this equation, X\ is
the wavelength divided by 27. Now at low energies
s-wave phase shifts go linearly with the momentum,
and in pion scattering this linearity holds approxi-
mately?! in the region we are considering, so that
N2(a1)? should be constant and

(@/dw)[a1— (a1 /3)]~0.

What is meant by zero in this equation is the assump-
tion that (d/dw)[N(a1)?]K(d/dw)[8c], which will
have to be checked experimentally when the data
permits; however, o is strongly energy dependent
and the assumption probably holds. Then Eq. (4.1)
becomes

(@/dw) o — (¢/3) ]~ — (d/dw)oc ™

~—0.18A+0.0535, (in mb/Mev). (4.2)

The values in the right-hand side are taken from the
slope of the curves in Fig. 4, which are approximately
linear in this region. Since the cross sections themselves
are approximately linear, Eq. (4.2) becomes an equation

2t J, Orear, Proceedings of the Seventh Annual Rochester Con-
ference on High-Energy Nuclear Physics (Interscience Publishers,
New York, 1957).
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for 5. At the present time the slope of these cross sections
in this region are not well known at all.

APPENDIX. FORM OF THE RENORMALIZED
COUPLING CONSTANTS

In the charge-independent theory
Won,Ta0om) = P<”[ Tal® l my, p=f/fO.

The constant p defines the renormalized coupling
constant. In the charge-dependent theory, the most
general possible form for this matrix element is

YonyTaOWom) =pal{tt| (Tat+ATs7a+Brats
+C73803+ DI+ Ers)a|m) (A.2)

(A1)

where p., 4, B, C, D, and E are constants. The term
84373 in Eq. (A.2) is equivalent to 73773

The generator of finite rotations in isotopic spin space
is

U=exp(—iT-0), T=t+=/2, (A.3)
where an explicit form for t is given by
t= Zk iaankf. (A.4)

One can show that T commutes with H, and H; of the
charge-independent theory. Our charge-dependent
Hamiltonian, Egs. (2.2) and (2.3), is still invariant to
rotations about T's. For the physical nucleon, Yo,= X¢on,
where X is given by Eq. (2.11),

UXU1=X,
e"“’“%n= Xe_i”’(ﬁ()n: 6—1:(0/2))\1y¢0n’

M=+1, n=P
=—1, #u=N.

(A.5)

Letting 6=m/2, we can show that
(Yon,T10W0m) = €TID An=2m) (Yo, To0f0m).

Thus this matrix element rotates like a vector, for
n3+m. The equation says nothing for n=m. Using

(A.6)
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Eq. (A.2) we have
Wor,m10%0n) =1 (Yop,m20%0N),

p1(1+4—B)=p:(1+4—B), (A.T)
p1=p2=p.
Time reversal gives the result
(onsTaWom) = —vaWonT, a0 0nT), (A8)

where 0,7 is a time-reversed nucleon and », is defined
in Eq. (3.2).

First, we eliminate the extaneous terms D and E of
Eq. (A.2). Specializing Eq. (A.8) to a=2 between two
protons, and remembering that yop and ¢op” have
opposite spin, yields ps(D+4E)= —ps(D+E). Had we
used two neutrons, this would read p;(D—E)
=—p3(D—E). Thus D=E=0.

Writing Eq. (A.8) in the form (A.2) gives, fora=1, 2,

p(n| (rat+Ars74+Brars)o|m)
=— vap(mT| (ratA7sratBrars)o|nT)

=p(n| (ratArars+Brsra)e|m). (A.9)
Thus A= B, and Eq. (A.2) now reads
(Yon,Ta0Wom) =p(n| (TatAdas+Coasrs)a|m). (A.10)

Only the first term contributes to charged scattering
and therefore &= f). Comparison with Eq. (2.4)
shows that the renormalized coupling constants have
the same structure as the unrenormalized ones.
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