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Euclidean Gauge Transformation*
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The Green’s function gauge transformation induced by the elimination of the longitudinal field in

Euclidean electrodynamics is discussed.

N a recent paper! the author examined in some detail
the transformation from Green’s functions of the
radiation gauge to Lorentz gauge functions, preliminary
to the introduction of a Euclidean metric. It was not
sufficiently emphasized, however, that the term “Lorentz
gauge,” as descriptive of a gauge in which there is no
distinguished time-like vector, refers to a class rather
than just the special gauge used in the paper. One can
also introduce, for example, the transverse? Lorentz
gauge, characterized by

(a)saG:l:(L) (x7$) = Or

together with appropriately modified Maxwell differ-
ential equations. The radiation gauge functions con-
structed from Lorentz-gauge Green’s functions are
clearly independent of the specific Lorentz gauge
employed.

Gauge transformations within the class of Lorentz
gauges are particularly simple and have received most
attention in the published literature.® In this note we
shall illustrate the Euclidean equivalent of such trans-
formations by decomposing the complementary fields
A.(x), Bu(x) into their transverse and longitudinal
parts:

a=1---vy,

4= TAM"“LAm B.u= TBM+LBM
9, T74,=9,TB,=0,
L4 ,=9,D%a, IB,=09,D%,

where

Dif(x)=(—9%)~¥f(x)
(dk) explik(x—x')] o,
o e (L)
and

[ Bu(%),4,(2")]="(Gwo (x—2"))
=f (dk)

(2m)*
i[b(x),a(x)]=08(x—x").
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(8uv— Rk, /R?) exp[ik(x—x)]

The Green’s functional is given by
G[¢'B"]=(0|exp{¢'y—iB'A—W[y,A]}|0)

in which, apart from the additive constant that assures
G[00]=1,

Wlv,4]=3 f (d2) [(8,4,)-+(@(d—ieqA) +mias)y]

and the null eigenvalue states refer to the canonical
variables ¢(x), B,(x). The dependence of W, the
Euclidean action operator, on the longitudinal com-
ponent of 4, can be expressed by

W¥,41=W[exp(—iegDa)y, TA J+%aDa.

After performing the canonical transformation that
absorbs exp[ —ieqD¥a] into ¢, we have

G[¢'B"]=(0| exp{¢’ exp (iegD*a)y—ib'a

—3aDa—i TB' TA—W[y,7A7]}|0)

=(0]exp{¢’ exp[—eqD?*(5/6b") ¥

—iTB' TA—-W[y,747}|0)
X C{0|exp(—ib'a—3aD'a)|0).
The two factors refer, respectively, to the transverse
and longitudinal electromagnetic degrees of freedom,
the Dirac field operators appearing entirely in the

former. The constant C normalizes the longitudinal
factor, which is evaluated as

C(0|exp[—3 (a+4iDb") D~*(a-+4iD0') ]| 0)
Xexp(—3b'Db")=exp(—31b'D?’),

on performing the canonical transformation? a-+:Db’,
b— @, b. Hence

G[¢’'B"]=Grlexp[eqD?(5/6b") 1¢’ TB'] exp(—3b'Db’)

where Gr[¢’ TB'] is the Green’s functional computed
from the transverse field only and

b'=—D4,B,..

As examples of this connection between the two kinds
of Euclidean Green’s functions, G(x1:*:%an, £1° ¢+ &),
we have, for =0, =2,

G(&Ez)nm‘z: GT(£152)u1u2+ anlau2/D2 (51_ Ez)

4 Such simple canonical transformations reproduce the entire
practical content of the functional integration method.
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and for =0, arbitrary #,
G(xl. . .xZn)ch(xl. . .x2n)
2n
Xexp[—3e? 3 qaqpD?(¥a—s)],
a,b=1

in which
(k) exp[ik(x—=")]
D u—af)= .
=)= [ Qrp (2

On returning to space-time these become examples of
the transformation between the original Lorentz gauge
and the transverse gauge. The general transformation
of this type continues to be expressed compactly by
the Green’s functionals. By presenting the transforma-
tion from Lorentz to radiation gauge in functional
form?®:

G®[¢'B"]
=GP [exp[—eq(8%)~19(6/6B)1¢"; Blp=[1-80d)-18,

one can verify directly that the radiation gauge func-
tions are invariant under a change of Lorentz gauge.
In writing this functional relation we have used the
equivalence of 45/6B(£)’, acting on the Green’s func-
tional, with the effect of the symbol @(%#) on the
Green’s functions. The notation ; is a reminder of the
location of the functional differential operators on the
left in the functional expansion. Now?

) 0 )
JE— L D%_’
3B, 87TB, 8b

and therefore
& ) )
(8%)~10—=(9%)"10——+Di—,
8B 0 TB ob

5 This is the form that is produced directly by the external
source techniques.
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It follows that

GPlexp[ —eg(9%)712(8/68) J¢’; Bl
=GrPexp[—eq(9%)~19(5/3 B)1¢'; TB]
Xexp(—3bDb),

where b can be directly set equal to zero, since
[1—d0(8%)~1]B'=0,

which completes the proof.

It will not have escaped attention that the factor
expressing the gauge transformation of the Euclidean
Green’s functions G(x1- - -%2,) contains, in the terms
with ¢=¥, the integral ‘

(k) 1

D2(0)=
© f (2m)* (k2)?

which is logarithmically divergent at infinity. (It also
diverges logarithmically at the origin, but this effect is
cancelled in the full summation over ¢ and 4.) Thus,
against the formal equivalence of all Lorentz gauges
must be placed the impossibility of asserting the mean-
ingful existence of the individual Green’s functions in
an arbitrary gauge. We are committed to the individual
existence of the radiation gauge Green’s functions® and,
as a working hypothesis, to the existence of Green’s
functions in some Lorentz gauge, together with their
Euclidean counterparts. From the Euclidean stand-
point the transverse gauge is uniquely distinguished,
for the longitudinal field is physically superfluous and
there is no ambiguity in the identification of a trans-
verse Euclidean field. This is the gauge that will be
used in further work on the Euclidean Green’s functions
of electrodynamics.

Note added in proof —Related remarks have been pub-
lished recently by K. Johnson and B. Zumino, Phys.
Rev. Letters 3, 351 (1959).

6 Subject to the qualifications that are associated with the
“infra-red” problem.




