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Irreversibility of Systems Perturbed by Random Forces*
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The irreversibility of quantum mechanical systems perturbed by random forces is investigated by means
of phenomonological equations derived from the Schrédinger equation. A semiquantitative discussion
depending on an assumption of time reversal symmetry of the ensemble of random functions leads to a
description of the irreversibility of a system with a finite number of states. A more general quantitative
method utilizing “‘smoothed” density matrices produces a macroscopic description of systems tending to

equilibrium states.

I. INTRODUCTION

NE of the basic problems of statistical mechanics

is to account for the irreversibility observed in
physical systems. The investigation of this problem has
proceeded by means of H theorems, ergodic theorems,
and the derivation of differential equations describing
the time change of the state probabilities.! From the
assumption of such an equation Thomsen? has derived
the relations between the ergodic hypothesis, the
principle of detailed balance and the so-called N hy-
pothesis for systems with a finite number of states.
More recently Jaynes® has generalized the work of
Wangness and Bloch* to obtain a phenomenological
description based on an assumption that the best
criterion to use in statistical inference is that of maxi-
mum information.

These results may be obtained otherwise by an
assumption that the quantum mechanical system in
question is perturbed by small random forces, and
certain additional assumptions characterizing the
ensemble of random functions. In order to account for
continuous measurements a smoothed density matrix is
introduced. In Sec. II a semiquantitative approach
yields a result of wide generality, while in Sec. III the
assumption of “sliding averages” produces a result
useful in describing continuous measurements.

II. RANDOM PERTURBATIONS

It is assumed: (i) That the system is acted on by a
random external force which varies unpredictably to
the extent that the probability of its being equal to
any given function in the future is the same, no matter
what function described it in the past. (ii) It is further
assumed that the probability that the force is given by
some particular function of time is equal to the proba-
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bility that it is given by the function obtained from
this one by reversal in respect to time.

The external force acting on the system will be
assumed to act through a parameter of the system,
designated by @. The system is described by a state
function ¥=3_, c.%.(q,a) where the %, are real energy
eigenfunctions and the ¢, are probability amplitudes,
and ¢ represents all the coordinates of the system. The
¢n as functions of time are given by®

n=—1W0nCm+ 4 2 UmrCr, (1)
where (0)
ou;(q,a
Q= f”Z(Q>a)_dQ7 (2)
da

and wn=E,/%. It follows immediately that a:;;j= —a;i.
If we assume a solution of the form

Cm(l)_—_Zs Amscs(o); (3)

it may be shown that the quantities 4,.; obey a differ-
ential equation of the form Eq. (1) and that the
matrix 4 is unitary.

If the random parameter ¢ is not given as a particular
function of time, but instead it is given only that a is
equal to one of a number of given functions, each of
which has a given probability of being ¢ from the
instant O to the instant #, then the prediction of a
particular value of c,c,* at the instant ¢ is impossible.
The expectation value or ensemble average, however,
is given by

<Cp(t)cq* (t»: 2om Zn(A pmd qn*>5m(0)6n* (0). (4)

Let it now be assumed that ¢ varies unpredictably
to the extent that the probability of its being equal to
any given function in the future is the same, no matter
what function described it in the past.

On this assumption, (4 ,m4 ¢»*) does not depend on
the variation in @ before the instant 0 or, consequently,
on the amplitudes produced at that instant by the
prior variation. Therefore, if only average initial values
of cmea* are given, (4 ,md »*) will be the same for all

®R. C. Tolman, The Principles of Statistical Mechanics
(Clarendon Press, Oxford, 1950).
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the particular values of ¢,,(0)c,*(0) included in the
average (¢ (0)c,*(0)). Thus

(MOIFAONES 2om 24 pmd ¢ *Nem(0)er* (0)). )

If (cm(0)c,*(0))=0mn/W, where W is the number of
possible states of the system, it follows from Eq. (5)
and the properties of 4,; that

(ea@eg* () =00/ W, (6)

and there is statistical equilibrium, with all possible
states equally probable. If @ is constant,

cp(t)=cp(0)e™". (M

If @, though not constant, is changing slowly, the
magnitudes of the probability amplitudes will change
only slowly and, during any time in which the changes
in magnitude are negligible, the approximation

¢o(1)=¢5(0) exp (i), ®)

in which &, denotes the time average of w,, will be
valid. Thus, during any such time

cr(eg* () =¢(0)c*(0) exp[i(@,—@,)¢]. )

Corresponding to the different functions of the time to
which ¢ may be equal, there will be different values of
@p— wq for any unequal numbers p and ¢. However
small may be the spread in the values of (@,—a,),
the values of (@w,—&,)! may be spread as widely as
desired by decreasing ¢ and thus increasing the time ¢
in which any given variation in @ takes place. If the
spread of extreme values of (@,—&,)¢ is made many
times w, the distribution becomes practically uniform
between 0 and 2. With a uniform distribution in phase,
(exp[i(@p—&y)t]) and hence {c,(t)cs*(¢)) are zero for
any two unequal numbers p and g.

Let it be supposed that this has taken place before
the instant 0. Then {cx(0)c,*(0)) is O for all unequal
numbers 7 and # and

{ep(t)es™ (1))=ZmlA pmd p*Yem(0)em*(0)).  (10)

Now {c,6,*) is the probability of finding the system
in the state p. Let it be denoted by fp. (4 pmd pm™) is &
function of ¢. Let it be denoted by Bpn(f). Then

fo()=2m Bpm(t) fu(0), (11)
where since 3y Amrd ¥ =8mn=2_r Armd ¥,
Zm Bpm(t)ZZm Bmp(t)- (12)

Differentiating these equations with respect to ¢ and
letting ¢ be zero, we have

F2(0)=2n Bon(0)fn(0),
Zm pm(o) Zm mp(0)7

The first of these equations shows that B,.(0)dt is
the probability of the transition in the time d¢ from
the state m to the state p, when it is given that the

*

(13)
(14)
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system is initially in the state m. To the extent that
transitions are probable only between states of equal
energy, the second equation is what Thomsen? has
called the A hypothesis, which, he has shown, implies
the ergodic theorem and the second law of thermo-
dynamics but not the principle of detailed balance or
Onsager’s reciprocities. Whether or not transitions are
restricted to states of equal energy, these equations,
derived from assumption (i) alone, are enough to show
that random changes in an external coordinate can
only increase the entropy of a system.

We may now show that under assumptions (i) and
(ii) the system under consideration will exhibit micro-
scopic reversibility.? Let us now make use of assumption
(i), that the probability that e is given by some
particular function of the time is equal to the proba-
bility that it is given by the function obtained from
this one by reversal in respect to the time. Thus, the
graphs shown as I and IT in Fig. 1 are equally probable
as expressions for a.

To any point P’ on Graph I, at the interval 7 after
the instant 0, there corresponds a point P” on Graph IT,
at the same interval 7 before the instant ¢, such that a
has the same value at P" as at P’. If Q' is a point on
Graph I following the point P’ at the interval dr, there
is a corresponding point Q"' on Graph II, preceding the
point P” by the same interval dr, at which & has the
same value as at Q.

Let Eq. (1) and its complex conjugate equation be
written in the form

d6m= i imemdt‘l‘Zn amnC"dd’ (15)
ACm* = 10mCn* A=+ p Amncn*da. (16)

At the point P on Graph II, wn and am., which are
functions only of @, have the same values as at P’
Also a increases by the same amount da between P’/
and Q” as between P’ and Q’. But, from P’ to (’, d¢
has the value dr, whereas, from P to Q”, it has the
value —dr. Thus, if we write the preceding equations
for these points on Graphs I and II, distinguishing by
superscripts (/) and (") the probability-amplitudes
reckoned for the two graphs, we have:

dem' = —10mCn' AT+ 0 Amacy da,

. 17
dem” =10mtn’ AT+ 1 amncy' da, {an
e/ * = 1wnCn*dT+2_ 1 amncn’*da, (18)
dey/"* = —tomCw/ ¥ AT+ 0 amacy'*da.
e 1 @ o
Pl Q' Q" Pll
e T~
|

0 \ O/F L
b———t——-] L-dr? rdr—l

Fic. 1. a=a(¢) and its time-reversed graph.
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Comparing these equations, we see that the proba-
bility-amplitudes reckoned for either graph vary with
7 according to the equation which describes the complex
conjugate amplitudes along the other graph. On Graph
I, 7 is O at the instant O and ¢ at the instant ¢ but, on
Graph II, it is O at the instant ¢ and ¢ at the instant 0.
Thus, if we write for Graph I,

n! () =220 Amn'ca’ (0), (19)
we have for Graph II
en! (0)=220n Amn" e (£). (20)
But we have also for Graph II, from Eq. (17),
e (0)=2n ca’ () A nm'"* (21)
Thus, we see that
Apw!"*=Ama*. (22)
Similarly,
A=A . (23)

Here let us choose the initial amplitudes the same
on both graphs. We may write for Graph I

¢ (e (1) =2 m 2on Apm/ A gn*cn(0)c*(0)  (24)

¢ e () =2 m 2on Amp A *em(0)ca™(0).  (25)

Adding the corresponding members of these two
equations and dividing by 2, we obtain

¢ (e *)=3% 2om 2n(Apm' A gn’™*

or

+Amp" Ang*)em(0)cn*(0)." (26)
An exchange of superscripts gives
¢ (e () =5 2om 2on(Apm’ Ao
+An,' 4 nq’*)cm (0)cn*(0).  (27)

Again adding corresponding members and dividing by
2, we obtain

3o e * )+, (e ™*(1)]
= % Zm Zn[% (A pm”A qnl*+A pm”A qn”*)
+34 mp,A ng *+A4 Mp”A nd’"®) ]Cm (0)c,*(0).

The left-hand member of this equation is simply the
average of the two values of ¢,(¢)c,*(f) characteristic of
Graphs I and II. Similarly, 1(4 pw'd oo *+ A4 pw'" A 3a/'*)
is the average of the two values of A4,.4.* and
(A mp And*+Amp' And"™) is the average of the two
values of 4.,.p4,,%. The average may be extended over
all pairs of equally probable graphs of @ to give

(Cp (Deg* (t»
=3 Zm Zn<A pmd o+ A4 mpd nq*>cm (O)Cn* (0)

If zero time is any instant after the amplitudes have
become uniformly distributed in phase, this equation
gives, in analogy with Eq. (11)

Jo()=% 2Zm[ Bpm )+ Bump(£) 1fm(0).

(28)

(29)

(30)
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where, as before,
Bpm=<ApmA:om*>- (31)

Therefore, the probability of transition in the time
dt from a state initially given as m to the state p is
[Bpm(0)4 B.np(0)]dt. Microscopic reversibility follows
from the symmetry of this expression with respect to
p and m, and Onsager’s reciprocities and the principle
of detailed balance follow from microscopic reversibility.

III. RANDOM PARAMETERS AND
SLIDING AVERAGES

In this section we discuss the irreversibility of
quantum systems in so far as they may be described
by the assumption that they are acted on by a random
perturbation which affects some parameter or several
parameters of the system. For instance, we might think
of a harmonic oscillator whose spring constant is affected
by random perturbations. A macroscopic example
would be a weight hanging on a spring which is not at
absolute zero temperature and hence has small heat
fluctuations affecting its stiffness. Another example
would be an atom affected by a small radiation field,
random in character, incoherent in nature; another
example is a particle enclosed in a potential well whose
“walls” undergo small random changes in height or
location. We wish to examine the effect of such pertur-
bations on the density matrix describing ensembles of
such systems and hence to deduce the average behavior
of systems as a function of time.

It is necessary to consider the ensemble of systems
which will be considered in this section as the appro-
priate one to describe a system undergoing random
perturbations. The density matrix is defined in terms
of an average over an ensemble of systems in order to
represent the incomplete knowledge usually obtained
in determining the initial state of a large system. The
ensemble must contain every possible system consistent
with our measurements of the initial state of a system.
It is necessary to enlarge the ensemble when additional
uncertainties are added, as in the situation considered
here where the systems are under the influence of
random perturbations. We assume that each system
with a set of initial conditions can be acted on by each
member of the set of possible random functions. Thus,
our ensemble consists of all possible sets of initial
conditions paired with all possible random perturbing
functions. We will be concerned with averages over
initial conditions, averages over the ensemble of random
functions and time averages over both dens1ty matrices
and umtary transformations.

It is clear that the equations of motion for the
density matrix, whose solution can be written p(f)
=Up(0)U™!, cannot exhibit irreversibility, as a conse-
quence of group property of the transformation on
0(0). The instantaneous value of the density matrix
depends on the instantaneous value of U(f) and can-
not in general exhibit a trend toward equilibrium.
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However, since we find in general that systems tend
toward equilibrium, we must employ reasoning outside
quantum mechanics to explain this situation. The
methods of doing this are many and various.! The aim
of many of these methods is to produce a differential
equation for the state probabilities which can yield
solutions which are asymptotic to constants, or which
show a tendency for the ensemble to ‘“relax” to an
equilibrium situation. Such treatments have been more
successful in predicting the outcome of experiments,
for example, nuclear induction experiments, than would
seem warranted by the results achieved under some
very far-reaching assumptions. We will show in this
section that the results can be obtained on the basis of
some simpler assumptions.

An essential element in our discussion will be the
concept of the sliding average. In many treatments of
this problem, an essential step is to average over
high-frequency contributions to the derivative of the
density matrix so as to obtain the slower ‘“‘secular”
variation. We will consider that our measuring appa-
ratus is such that it performs an averaging of the form

1 +T
—_— fHar'.
2T [——T

This is the time domain analog of the finite slit width
of a spectroscope. This average is applicable to those
cases where the measurement is a continuous process,
and an unavoidable smoothing occurs.

Specifically we will consider the sliding average of
the density matrix

(32)

1 t+T
(01 =— f oty (33)
We see that
d[p(t)]Aszp(HT)*p(t*T)' 1)
dl 2T

We will compute the right side of this equation and
thus obtain an expression for the “smoothed” density
matrix.

One further essential averaging must be performed,
however. This is the averaging over all possible random
perturbing forces. It is assumed that a maximal quan-
tum mechanical observation has been made on the
system at time /=0, and that at the time {—7>0, we
wish to predict the results of a measurement. During
the time /—r the random perturbations have been
acting on the system and we must average over their
possible effects. Thus the quantity

L) In" p
i

will be computed. It will be the “effective” density
matrix, to be used in the computation of the expected

(35)
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value of any observable Q according to the formula
E(Q)=1tr(Qp)-

It will be necessary to approximate p({+7") by means
of the Picard method. Brleﬂy, if p=F[tp(t)], the
method is to obtain the successive approximations:

p1(1)=p(0)+ f F(l,p(0))dY

: t (36)
pu(l) =p(0)+ f F(t o (1))dl

We will adapt this method to the solution of the
equation

p=—i[B@®),p ()], 37)

where the square brackets indicate the commutator of
B and p and B is a Hermitian matrix. We use a lower
limit of {—7T rather than zero, in order to obtain an
expression for the derivative of our “smoothed” density
matrix, dp/dt. The quantity % has been incorporated
into B.

Thus, using the approximation through second order
we obtain

p(i+T)=p(t—=T)

,i +T
e f [B(), o(1—T) il

—+T
+~ f f [B(), [B("), p(t—T)JMrdl".  (38)

We assume that a measurement has been made at
t=0, where {(—7>0, and a density matrix p(0) ob-
tained. Our measuring apparatus is assumed to perform
a continuous observation with a smoothing time of
27, and we wish to find the change with time of the
smoothed density matrix. We may compute p(t—7') in
the form U (t—T)p(0)U1(t—T), thus

p(t-+T)—p(t—=T)
2T

"‘l t+T
S f [B(), U(—T)p(O)U-(—T)Jdl
2TV p

+w f f [B(t), [B("),

U(t—T)p(0)U-1(t—T)ldrde”.  (39)

No special assumptions are made on the initial density
matrix p(0). It is not necessarily diagonal. We assume
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however that U(f) is a member of an ensemble of
transformations consisting of the possible transforma-
tions occurring with a random parameter. We now
average Eq. (39) over this ensemble, obtaining [see

Eq. (36)]

ap(d) i T , )
- L DB, =)

~

1 T At
+E ft_T fT[B(i ), [B(¢"), {p(t—T))]ld/'ds". (40)

-

The ensemble average is extended over the set of ran-
dom perturbations up to the time (¢—7T'), hence it may
be interchanged with the integration, and does not
apply to the matrices B. We now assume that (p(t—7T"))
is diagonal, due to action of the random perturbations
occurring in the time interval (0, t—7), and write

dﬁ (L‘) 7 =+7T
e Bt
dt 2T Jy p

1 t+T 124
+— f f B, [B(")ddt" paJldldr”. (41)
2T t—T t—~T

Assuming that the time average (1/27) f;_r"+TB(¢)dt
is negligible and writing p in place of § we have for the
diagonal elements

Pre=2. Pkk(l/ZT)fkaa(t')Bak(t”)dt'dt"
— S puall/2T) f f Bealt) Ban(t")d1'd1"
—5 paa(1/27) f f Bea(t") Bas(£)l'dt"

Y pe(1/27) f f Bua(t") B ({)dldt", ~ (42)

where the omitted limits are the same as in Eq. (41).
By defining
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24a)=(1/27) [ [[Buat®) Bt
4 Bia(t)Bax(¢') Jd¢'dt”  (43)
we may write Eq. (42) as
pkk= Za Qka (t) (pkk“'paa), (44)

where Q(¢) is only slowly varying, and may be con-
sidered constant if 7" is sufficiently long.

We must now investigate the characteristics of the
coefficients Q. Recalling that B is Hermitian, we see
that Qur=0%, and that Qu*=Qu, ie, @ is a real
symmetric matrix. Thus, also Thomsen’s A hypothesis?

Za Qak=2a Qka, (45)

is always satisfied in this approximation. Furthermore,
we may verify that 35 gxx=0, by observing that

2ok pork 2.8 Qs=2_p pgs 2k g

which follows immediately upon changing Qs to Qg
and reversing dummy indices on the right side.

IV. CONCLUSIONS

It has been shown that under the assumption that
the system is affected by small random perturbing
forces, it was possible to obtain, in Sec. I1, the equations
which are normally used as a description of irreversible
phenomena. There two additional assumptions were
introduced which characterized the ensemble of random
perturbations.

In order to obtain a result of wider applicability, the
assumption of sliding averages was introduced in Sec.
IIT and there the differential equation describing the
“smoothed’” density matrix was obtained. It is con-
cluded that a macroscopic description of irreversible
systems may be based on the assumption of small
random perturbing forces, and that continuous meas-
urements are described by the “smoothed” density
matrix.
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