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The infrared properties and the thermal expansion of gallium phosphide are treated on the basis of a 
simple model of the anharmonic forces. In this model the anharmonic forces are nearest neighbor central 
forces characterized by a single parameter. The value of this parameter for GaP is obtained from the inte­
grated absorption recently measured for certain infrared combination bands. It is shown that the observed 
width of the fundamental resonance (reststrahl) and the observed shift with temperature of the combination 
bands are consistent with the absorption. This is presented as evidence that the anharmonic mechanism is 
predominantly responsible for the infrared absorption in the combination bands. It is also shown that the 
observed thermal expansion is consistent with the same anharmonic model. 

1. INTRODUCTION 

IN the preceding paper,1 hereafter referred to as (I), 
data is presented on the infrared absorption bands 

of GaP. The bands in the region 12-24 ju are interpreted 
as two-phonon combination bands, and a scheme based 
on five lattice frequencies is given which accounts very 
well for the frequencies observed. From a consideration 
of the integrated absorption it is concluded that these 
bands are due primarily to the anharmonic forces in 
the crystal lattice. The role of anharmonic forces in 
infrared absorption was first pointed out by Born and 
Blackman,2 who showed on the basis of a one dimen­
sional model that the absorption spectrum of a polar 
crystal should contain combination frequencies of the 
form wi±co2 as well as the fundamental infrared fre­
quency, the frequency of long wavelength transverse 
optical vibrations. More elaborate discussions for three 
dimensional crystals have been given by Blackman3 

and by Barnes, Brattain, and Seitz.4 

I t has been pointed out by Born,5 Burstein et al.,Q 

and Lax and Burstein7 that combination bands can 
also be caused by second order and higher order terms 
in the electric dipole moment of the crystal as a function 
of the ionic displacements. The detailed theory for the 
two phonon processes arising from the second order 
moment has been given by Lax and Burstein.7 On the 
basis of this theory and a theoretical8 vibration spec­
trum for diamond Stephen9 has calculated the shape of 
the absorption spectrum of diamond. In crystals like 
diamond which have no ionic charge and no first order 
moment10 the interaction of the lattice with the radia­
tion must come (in a perfect crystal) through higher 

1 D. Kleinman and W. Spitzer, preceding paper [Phys. Rev. 
118, 110 (I960)]. 

2 M. Born and M. Blackman, Z. Physik 82, 551 (1933). 
3 M. Blackman, Z. Physik 86, 421 (1933). 
4 L. L. Barnes, R. R. Brattain, and F. Seitz, Phys. Rev. 48, 

582 (1935). 
5 M. Born, Revs. Modern Phys. 17, 245 (1945). 
6 E. Burstein, J. J. Oberly, and E. K. Plyler, Proc. Indian Acad. 

Sci. 28, 388 (1948). 
7 M. Lax and E. Burstein, Phys. Rev. 97, 39 (1955). 
8 Helen Smith, Trans. Roy. Soc. (London) A241, 105 (1948-9). 
9 M. Stephen, Proc. Phys. Soc. (London) 71, 485 (1958). 
10 M. Lax, Phys. Rev. Letters 1, 131 (1958). 

order terms in the electric moment. In ionic crystals 
and heteropolar valence crystals like GaP both anhar­
monic forces and the second order moments could cause 
two phonon combination bands. Furthermore, both 
mechanisms predict the same temperature dependence 
for the absorption (see Sec. 2), and essentially the same 
shape for the absorption, which is determined primarily 
by the frequency distribution of the lattice vibrations. 
Lax and Burstein7 have suggested that even in ionic 
crystals the second order moment mechanism may be 
important. The question as to the mechanism of the 
combination bands, except for the homopolar crystals, 
has therefore not been resolved. 

In general neither the anharmonic forces nor the 
second order electric moments of crystals are quanti­
tatively known. I t is not surprising therefore that no 
quantitative estimates have been published for the ab­
sorption coefficient or the integrated absorption of 
combination bands for either mechanism. And yet it 
seems probable that only by such quantitative con­
siderations can the question of the mechanism be re­
solved. The subject was re-opened in (I) by pointing 
out that the integrated absorption in GaP should only 
be about twice as great as in silicon if the second order 
moment mechanism is responsible. In support of this 
argument it may be mentioned that the lattice con­
stants are about equal, the high-frequency dielectric 
constants are similar, and the structures are similar if 
obvious allowance is made for the heteropolar character 
of GaP. Actually the integrated absorption is about 20 
times larger in GaP than in silicon, which suggests that 
anharmonic forces are the dominant mechanism. In the 
present paper the argument is carried further by show­
ing that the width of the fundamental resonance and 
the shift with temperature of the combination bands 
observed in (I) are consistent with the integrated 
absorption, on the assumption that all three effects are 
due to a simple kind of anharmonic force described by 
a single parameter. An expression is also obtained for 
the thermal expansion. Unfortunately the velocity of 
sound which occurs in this expression has not yet been 
measured. However, by equating the expression to the 
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measured thermal expansion a reasonable estimate is 
obtained for the velocity of sound. 

As a material on which to carry out such an analysis 
GaP presents both advantages and disadvantages. The 
mechanical and thermal properties are relatively un­
known due to the difficulty in obtaining large single 
crystals. Presumably these disadvantages are only 
temporary. The advantages are that the fundamental 
resonance can be accurately described by a single reso­
nance dispersion formula, the combination bands can 
be accounted for by a simple assignment scheme, and 
the optical-optical combination bands are separated 
sufficiently from the other bands (optical-acoustical) to 
permit the integrated absorption for these bands to be 
determined. I t is especially this last advantage which 
makes possible a quantitative test of the anharmonic 
theory of infrared absorption. 

2. THE INFRARED ABSORPTION 

We consider a single mode of the electromagnetic 
field in a medium of volume V and dielectric constant eo 
which is the high-frequency dielectric constant of the 
crystal. The vector potential may be written 

A(r) = V-^(aeik'r+a+e-ik-r), (1) 

where y is a unit vector, k is a wave vector, and the 
destruction and creation operators a and a+ have the 
commutator 

[a^^lirfic/ke^. (2) 

We denote the positions of atoms of type a by rff and 
the displacements of atoms by u(rff), which can be 
written11 

u(r ,) = A ^ - ^ Z a K K g ^ ^ < i ^ + b ( r ^ * a ^ - ^ - r O . (3) 

Here N is the number of unit cells, q/ denotes the wave 
vector and branch of the phonon, aqt and aqt

+ are 
destruction and creation operators normalized to unit 
commutator, and the polarization vectors haqt satisfy 
the orthonormality relations 

J2<TX (b<Tqt)x(b<Tqt>)xin<T= (h/20)qt)t>tt', 

Jit Q)(Tqt)x{bc'qt}xf^qt= {h/2ma)b<T<T>§xx', 

where ma is the mass of the atoms of type a and co qt is 
the angular frequency of phonons q£. The momentum 
conjugate to u(iv) is 

p(r„) = N~* E at maaziiQi^faqt+e-**'*' 

-Kqnuqte**'1'). (5) 

The interaction of the crystal with the electromagnetic 
field is12 

H'=J2r<T (ea/mffc:)A(r£r)-p(r(r) 

+ b<r-k*a-kt+a+— hffktakta+— ba^hna-kta), (6) 
11 F. Seitz, The Modern Theory of Solids (McGraw-Hill Book 

Company, New York, 1940), Sees. 21, 22. 
12 Reference 11, Sec. 42. 

where e9 is an effective charge so defined13 that the 
electric moment produced in the crystal by displace­
ment of an ion is e<ru(r<r). In a crystal with two kinds 
of atoms the effective charges must be equal in magni­
tude and opposite in sign, so that we may write \e<r\=&. 

The wave vector k of the radiation is very small so 
that we may use H' in the limit k —» 0. In this limit the 
three acoustical branches satisfy14 

l i m ( b ^ - l v ^ ) - > 0 . (7) 

The acoustical branches therefore do not contribute 
to H\ because (6) contains the factor X ^ t f ^ O when 
(7) is satisfied. We now limit the discussion to cubic 
crystals with two kinds of atoms. In such crystals 
there are three optical branches which for very small 
wave vectors may be considered to be one longitudinal 
and two mutually perpendicular transverse branches. 
The longitudinal branch cannot interact with the trans­
verse radiation field, and one of the transverse branches 
may be chosen perpendicular to the field. We shall refer 
to the transverse optical vibration of zero wave vector 
polarized in the direction # as the fundamental vibra­
tion designated by " / . " The polarization vectors for 
the / vibration satisfy15 

b , / - b , v = ( V 2 » i t t / ) * v , (8) 

where m=m<Tm(T'/{m(T
Jrm<T') is the reduced mass. Thus 

the interaction of the crystal with the radiation re­
duces to 

H'=V-*N\M2uf/2mc*)* 
X i (<Xf+a—ce/a++a/+a+—a/a). (9) 

For a crystal of the zincblende structure (like GaP) 
the anharmonic forces can be introduced into an ideal 
harmonic model by connecting purely anharmonic 
springs between each atom and its four nearest neigh­
bors of the opposite type. The potential energy of the 
purely anharmonic spring is — Gxz, where x is the 
extension and G is a parameter whose value we hope 
to determine from a comparison of theory and experi­
ment. The anharmonic potential energy of the crystal 
in this model is 

fl"=-GE*{J-[»W-B(r)]}«, (10) 

where r is the position of one kind of atom and j is a 
unit vector in the direction tj— r, and the sum is over 
the four neighbors of atom r and over all atoms r. 
Combining (3) and (10) gives 

H"= -GN-* HjrtZqtiFjqta^" 

+Fjttt*agt+e-i*«)J9 (11) 
13 H. Callen, Phys. Rev. 76, 1394 (1949). 
14 M. Born and K. Huang, Dynamical Theory of Crystal Lattices 

(Oxford University Press, New York, 1954), Sec. 26. 
16 Reference 14, Sees. 7, 34. 
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where 
Fjqt=j'(hjqte

i',*'}-b*gt)9 (12) 

where p = | tf—r\ is the interionic distance and a refers 
to the atoms r. I t is convenient to define the operators 
Pjqt(s) where s takes on one of two values ( ± ) and 

fotS-^Fj****, PJqt
(+) = Fjqt*aqt+. (13) 

The anharmonic potential can then be written 

H»= -6GN-* £ / £ . , . , , . „ L ( 3 ) ^ q t ^ ^ v ^ j q ^ ^ 
X A ( s q + s ' q ' + s " q " ) , (14) 

where 

A(q) = 1 if q=zero or any reciprocal lattice vector, 
= 0 otherwise. 

(15) 

The triple summation over phonons has been written 
6 5Z(3\ where 6 is the redundancy factor, and S ( 3 ) is a 
nonredundant summation over the phonons qt, q't', q,rtn 

in which each combination without regard to order 
occurs once. The validity of (14) depends upon N 
being very large so that terms with repeated indices 
can be neglected. 

The matrix element Mn
fn for a process involving 

several phonons and one photon is 

M, 
Q7±n',n \ 

{n'\H"\g)(g\H'\n) 

En—Eg 

{n'\H'\g)(g\H"\n) 

En—Eg ) • 

(16) 

where En is the energy of the initial state, Ea the energy 
of the intermediate state. The transition rate is 

Qn>n= ( 2 T / A ) \Mn'n\ 2 5 ( £ m ' - £ „ ) . (17) 

The conservation of energy may be written 

±feco±feco/+E shw = 0, (18) 

where the sum is over the three phonons generated by 
H", and in the other terms ( + ) refers to emission and 
(—•) to absorption of the respective quanta. In the 
general process the three H" phonons are distinct from 
the /-phonon, so that the general process is a four 
phonon process. A process of this kind is diagrammed 
in Fig. 1 (a) for the case in which a photon k is absorbed 
with creation of phonon / (the Hf vertex) followed by 
the creation of three more phonons {JEL" vertex). We 
shall use the convention that diagrams are to be read 
from right to left, and arrows pointing into a vertex 
represent destruction while arrows pointing away repre­
sent creation of a particle. The diagram shown corre­
sponds to the left term on the right side of (16); 
a similar diagram with U" preceding (to the right of) 
H' corresponds to the right term. Disconnected dia­
grams such as Fig. 1(a) do not represent physical 

H' 

H " (a) 

J? 

H' 

q t ' 

q t 

H' 

q t ' 

(b) 

FIG. 1. Diagrams 
for infrared ab­
sorption. (a) Dis-

/ c \ connected diagram 
^ ' which cancels, (b), 

(c) Photon absorp­
tion. (d), (e) Photon 
emission ["see Eq. 
(16)]. 

effects.16 In this case the diagram shown is cancelled by 
its counterpart with 27" preceding H' for processes 
obeying the conservation of energy (18). This comes 
about because the matrix elements in the two terms of 
(16) are the same unless H" destroys the phonon created 
by Hf or creates the phonon destroyed by 27'. Therefore 
the third order anharmonic potential H" produces only 
two-phonon processes in which the fundamental phonon 
is an intermediate state. 

In Figs. 1(b), (c), (d), and (e) are shown diagrams 
for the two-phonon processes in which both phonons are 
created or both destroyed. These are the processes 
which cause the combination bands observed in GaP. 
Not shown are the counterpart diagrams with H" 
preceding H'. As an example consider (b) representing 
photon absorption through /3f(3qt+l3-qt'+ in H" and af

+a 
in Hf. For an initial state with No, photons and ntq 

phonons (prescribed for all qt) and a final state in 
which a photon is destroyed and phonons qt, — qtf are 
created the value of the diagram is 

6ZNJ(nf+l)Xqtt>*(nqt+i)* 

X ( r t ^ + l ) V ( » « - * « / ) , (19) 
where 

Z= - iGV-^lir¥e2/2m2o)eoJ (20) 

contains the constant factors from (2), (8), (9), and 
(10). The quantity hu—huf is the energy denominator. 

16 J. Goldstone, Proc. Roy. Soc. (London) A239, 267 (1957). 



A N H A R M O N I C FORCES IN GaP C R Y S T A L 121 

The sum over j in (10) is contained in the quantity 

X*tt> = T,i(vv)F*atFi-qt>. (21) 

The counterpart diagram to (b) has a similar expression 
except that ( % + l ) is replaced by ftf and hai—haif by 
ho)/— hco; the result of adding this to (19) is to cancel the 
number of fundamental phonons tif. Diagram (c) repre­
senting absorption of radiation through p/+l3qt

+l3-.qt>
+ 

in H" and —a/a in Ef has the value 

-6ZNjnfXqU>*(nqt+l)Kn-qt>+lW(fa+faf)y (22) 

and its counterpart is obtained by replacing n/ by 
( % + l ) and ho)+hcx>f by —hu—huf. The total matrix 
element for absorption is 

6Z 2co 
Ma(qtf) = Xqtt,*Nj(ngt+l)* 

% 0)2 — 0)f2 

X (»- f f r+l )* . (23) 

Similarly we find the total matrix element for photon 
emission 

Afe(q#;) = -
6Z 2co 

* 
-xMff»+W 

-«,* 
X (»««)*(«-««')* (24) 

from diagrams (d) and (e). 
The total rate of photon absorption is 0=fia—Oe 

where 0 o and fte are the rates for absorption and emission 
processes, respectively. Combining (17), (23) and (24) 
gives 

fi = 2887r(|Z|2A3)[co2/(co2-~co /
2)2]E ( 2 ) |X^|2 

XlN.{nqt+\){n.qV+\)-{N.+ \)nqtn^qt^ 

X&(h<*>—h<aqt—h<*)-.qt>), (25) 

where ]C(2) is a nonredundant summation over two 
phonons qt and — q/'. We obtain the real conductivity 
by equating the classical expression for Joule heating 
to the quantum mechanical expression for the absorp­
tion of energy 

<rE2=2V-*hco. (26) 

The electric field E can be eliminated by equating the 
classical and quantum expressions for the energy density 

(€o/47r)E2 = iVwF-3/ko. (27) 

Use of the correspondence principle in this way is valid 
if (r/ctf<<Cl and if the polarizability due to the interaction 
is much less than eo/47r. These conditions are satisfied 
in the wavelength regions where combination bands are 
usually observed, i.e., far out on the wings of the funda­
mental resonance. As pointed out by Schmidt17 the 
transition rate ft in (26) should not contain spontaneous 
processes, so that in (25) we retain only the part pro­
portional to iVw. The absorption coefficient18 a — ira/ceo* 

17 H. Schmidt, Z. Physik 139, 433 (1954). 
18 Reference 11, Sec. 147. 

is then given by 

2 8 8 W | Z | 2 co2 

-Zw\Xqw\* 
Wc (o>2-co/2)2 

X(nqt+n-qt>+l)8(faa—fuaqt--fuaqt')' (28) 

The thermal average over initial states can now be 
carried out simply by giving nqt the value19 

* ( I«=(e*«««'* r-l)-1 . (29) 

We now restrict ourselves to processes involving two 
optical phonons. A simple and reasonable approxima­
tion is to set 

IX qW 1 2 ~ {%/2mo2 qt) (h/2mco qt'), (30) 

where m is the reduced mass appearing in (8). In this 
way we obtain 

NQG2m* co 1 (nqt+nqt>+l) 
a^36w2 £<2> 

mAce^ (o)2—o)f2)2N toqto)qt' 

X8('ho)—fia)qt--
Jhaiqt>), (31) 

where No is the number of unit cells per unit volume. 
A dimensionless integrated absorption may be defined 
as follows 

Pw— I att'd\= (2wc/o)2) I att'do), (32) 

where atv is the absorption coefficient for processes 
involving a phonon of branch t and one of branch t'. 
This quantity is of experimental interest in GaP, be­
cause it was shown in. (I) that the two-optical-phonon 
combination bands are well separated from the optical-
acoustical combination bands permitting their inte­
grated absorption to be measured directly. We may 
assume that the six possible optical-optical processes 
have approximately equal integrated absorptions, so 
that the quantity of experimental interest is P0V>^6Ptt. 
From (31) and (32) 

P0^247rzG2(NoM2/mW^) ( l + 2 » ) , (33) 

where for the phonon frequencies we have put coqt^o)qt' 
^w/^co/2 , which is a good approximation in GaP. 
The effective charge & is greater than the ionic charge e* 
defined by Szigeti20 by the factor (e 0 +2)/3 . The relevant 
experimental quantities1 are 

w /=6.90Xl0 1 3sec- 1 , 

eo=8.457, 

3=2.01*, 

m=3.56X10-2 3 , 

iVo=2.49X1022, 

Pop=7XlO-3 . 

(34) 

19 Reference 11 Sec 18 
20 B. Szigetti, Trans. Faraday Soc. 45, 155 (1949). 
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By equating the experimental value of Pov to the 
expression (33) we obtain the estimate 

G=3X10 1 2 g e m - 1 seer2 (35) 

for the anharmonic parameter. I t may be noted that G 
is of the order of magnitude of an elastic constant, 
which is what one would expect, since the harmonic 
and anharmonic energies should be comparable for a 
displacement of one lattice constant. We shall now use 
this value to compute theoretical estimates of the width 
of the fundamental resonance and of the temperature 
shift of the combinations bands. 

3. WIDTH OF THE FUNDAMENTAL RESONANCE 

In (I) the parameter 7 describing the width of the 
fundamental resonance in GaP was determined from 
an accurate dispersion analysis of the reflectivity. In 
terms of 7 the relaxation time r for the decay of energy 
is T= (7a)/)-1. We shall assume that the principal 
relaxation mechanism is the anharmonic perturba­
tion H". A typical decay process is the destruction of 
an / phonon and the creation of a pair of phonons 
having frequencies of sum co/ and wave vectors of sum 
zero. For simplicity we shall restrict ourselves to 
absolute zero temperature, so that no other decay 
process is possible. The relaxation time may be written 

1 / T = (27r/h)Z(2) \HQtt>"\*Kh<af-huqt--h<aqt>), (36) 

where Hqtt>
fr is the matrix element of H" for de­

stroying / and creating qt and —qff when the initial 
state has a single / phonon present. 

HqW"= -6GN-*W2nu*t)*XqW. (37) 

Thus we find 

l/r = 36ir(G2/mo:f) ( l / iV)E ( 2 ) IX qtt> |2 

Xd(fto>f—ha)qt—ftcoqt>). (38) 

The analysis in (I) of the combination bands in GaP 
shows that critical points21 in the vibration spectrum 
occur at five frequencies, which in terms of wave 
numbers (cm -1) are 66, 115, 197, 361, and 378. The 
fundamental resonance is 366. If we imagine simple 
shapes for the dispersion curves w(q), in which the 
critical points occur at the zone boundary, we conclude 
that the only decay process is the decay into two 
longitudinal acoustic phonons of frequency 183. This 
frequency is far enough from the critical point fre­
quency 197 that the perturbation treatment leading to 
(38) should be valid. The wave vector q may also be 
assumed to be not too near the zone boundary, which 
permits us to make the approximation 

Kqt~iq\q\-i(h/2Ma>qt)K (39) 

where M=Mtr+Ma> is the mass of the unit cell. We 
then obtain 

\Xqtt\
2^(h/Mcofy (40) 

21 J. Phillips, Phys. Rev. 104, 1263 (1956). 

by considering the sum over j in (21) for several typical 
directions of q. The relaxation time can now be written 

l / r ~ 9TT (G2h/mMW)D(uf/2), (41) 

where D(cc) is the normalized frequency distribution 
for the LA branch defined by 

Z>(«) = iV r - 1 E f l ^(a ) / -« ) . (42) 

The numerical coefficient in (41) takes account of the 
fact that the nonredundant summation in (38) is over 
only half of q-space for the case / = / ' . 

I t is difficult to estimate the value of JD(CO//2). 
In the absence of more accurate information we may 
suppose that the dispersion relation is of the form 
co^comax sin(f gA/Y"*) and identify o>max with the critical 
point frequency COLA, which gives Z)(CO//2)~1.6/COLA. 
Therefore we obtain finally the simple formula 

l/r-45(G2Vwif2co/o)LA) (for GaP). (43) 

Using M=1.7X10~22 g, the constants given in (34), 
the critical point frequency 197 cm -1 , and G given by 
(35) we obtain ( l / r ) ^ 3 . 7 X l 0 1 0 sec -1, which corre­
sponds to the width parameter 7 ^ 5 X 1 0 - 4 . This is to 
be compared with the experimental value 3 X 10~~3. This 
is satisfactory agreement in view of the uncertainty of 
estimating D(oS). 

4. TEMPERATURE SHIFT OF THE 
COMBINATION BANDS 

The contribution of the anharmonic potential to the 
energy of the crystal according to ordinary second order 
perturbation theory is 

1/7 " I 2 

11 on 
W O > = £ , (44) 

Q9*n En — Eg 
where an average is to be taken over the thermal dis­
tribution of initial states n. We shall define the fre­
quency shift 5ci)q of a phonon q as follows 

U^q=W^(nq+\)-W^(nq), (45) 

where all phonon occupation numbers except for q are 
the same in W(2)(nq+1) and W{2)(nq). We shall obtain 
an expression for dco q on the basis of a one dimensional 
model, since the three dimensional treatment leads to 
formidable difficulty. 

The frequencies of the longitudinal vibrations of a 
linear chain11 are given by the so-called "normal dis­
persion" relation 

«,= (*/Jf)*l/«l, (46) 
where M is the mass of the particles and K the con­
stant of the connecting springs, and 

I / l • 1 ' ( 4 7 ) 

where p is the interparticle distance. The anharmonic 
potential can be written in the form (14) except that 
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(a) 

(b) 

q+q' 
(c) 

q+q' 

FIG. 2. Diagrams for the shift of phonon frequencies 
[see Eq. (49)]. 

(48) 

the sum over j is omitted, and 

j88<->=(»/2Jf«e)*/(1a„ 

The intermediate states |g) which contribute to 8uq 

are those in which a g phonon is created or destroyed. 
From (14), (44), (45), (46), (47), and (48) we obtain 

Q •«• iuq+q>{\+nq>+nq+q>) 

N \ —a)q—coq' — aiq+q> 

o)q-q'(l+nq>+nq-q') 2o)q+q'{nq+q'—nq') 

9G2tta>ql / 
d0)q~ XI q' Uq'i 

4 K* N \ 0)q 0)q' COg-J-g' 

Q+q>(nq+q>—nq')\ 
) , (49) 

q+q' 

where the summation is over all q' (first Brillouin 
Zone), and the redundancy of this summation has been 
taken into account in the numerical coefficient. We may 
regard (49) as the sum of the diagrams of Fig. 2. The 
two diagrams of Fig. 2 (a) give the first term in brackets; 
the diagrams on the right and left differ only in the 
order of creation and destruction of phonons. Likewise 
Figs. 2(b) and (c) show the processes of the second and 
third terms, respectively, in (49). Henceforth the tem­
perature independent part of 8o)q will be dropped, since 
it would not be observable in the experiments described 
in (I). 

The combination bands in GaP exhibit maxima which 
can be related as shown in (I) to five frequencies corre­
sponding to critical points. We may presume that these 
critical points occur at or near the boundary of the 
Brillouin Zone. Therefore we consider the case # = 2 W R 
= 7r/p for which (49) may be readily reduced to a 
simpler form. For q on the boundary of the Brillouin 
Zone the wave vectors q-\rqf and qr— q are equivalent, 
so that o)q+q' = o)q-q' = o)q\co^pqf\. We denote o v = co', 
o>q±q' = o)", nq> — nf, nq±q' = n" and note the identity 

(co'zhco , ,)2-co,2=±2coV /. 

The sum of the first two terms in (49) is then found to 
be — (n'+n") (o/+co") while the third term reduces to 
— (n"—n')(u"—a)'). Therefore we obtain for the fre­
quency shift 

8coq/a>q= -9{G*h/K*)N~lj:a> nq^q (50) 

There is no difficulty in this case with the convergence 
of the sum (49). The method breaks down, however, 
when one tries to calculate 8o)q/o)q in the limit coq —> 0. 
The difficulty arises because of the presence of inter­
mediate states which conserve energy and cause (49) to 
diverge. Since the combination bands are due to 
phonons at or near the boundary of the Brillouin Zone, 
the present treatment is adequate. 

The frequency shifts are closely related to the 
phenomenon of thermal expansion.22 The Hamiltonian 
of the linear chain is 

tf=(£/2)E<(*<-*<. .iY+Hi{piV2M) 
—GYlMr -^•-i)3, (51) 

where Xi is the displacement, pi the momentum of the 
ith. particle. If we now displace the equilibrium positions 
by adding 8 to the interparticle spacing, the new Hamil­
tonian is 

H(8) = ±(K-6G8)Zi(xi-xi„1y+Zi(pi2/2M) 

-G Zi(x~Xi~iy+N$K5*-G5*), (52) 

where now Xi is the displacement from the new equi­
librium positions. Periodic boundary conditions 
are assumed in (52), which cause the terms in 82Xi to 
cancel out; in any case we would not want linear terms 
in Xi in the Hamiltonian if Xi represents a displacement 
from equilibrium. The first three terms of (52) represent 
a set of oscillators with anharmonic coupling similar to 
the undistorted crystal (51) except for a modified 
spring constant. The frequency shift resulting from the 
modified spring constant is 

da>/a>=-3G5/K, (53) 

which is constant for all q. To relate 5 to thermal 
expansion we compute the free energy of the distorted 
crystal. The free energy to the lowest order in 5 and G is 

^^ZqLi^.+kTlnil-e-^^^+iNKd2, (54) 

where the summation is the free energy of the crystal 
oscillators with the anharmonic interaction neglected 
except for the frequency shift (53), and the second term 
is the energy of stretching the springs. The equilibrium 
condition d\f//dd = 0 reduces to the formula 

d= (3G/K*)(l/N)Zq(nq+±)ha>q (55) 
22 E. Gruneisen, Ann. Physik 39, 257 (1912); Handbuch der 

Physik, edited by S. Fliigge (Verlag Julius Springer, Berlin, 1926), 
Vol. 10, p. 1; M. Born, Atomtheorie des festen Zustandes (B. G. 
Teubner, Leipzig, 1923); J. C. Slater, Introduction to Chemical 
Physics (McGraw-Hill Book Company, Inc., New York, 1939); 
R. Peierls, Quantum Theory of Solids (Oxford University Press, 
New York, 1954); J. S. Dugdale and D. K. C. MacDonald, Phys. 
Rev. 96, 57 (1954); 89, 832 (1953). 
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giving the expansion of the unit cell in the linear chain. 
When 8 is substituted back into (53) the frequency 
shift becomes 

&>/«= -9(G%/K*)N~1 Zq(ng+±)huq. (56) 

In obtaining the perturbation result (50) we neglected 
the temperature independent terms, so that (50) and 
(56) are in agreement. The derivation of (50), however, 
applies only to the zone boundary, whereas (56) applies 
to all phonons. 

The analysis presented shows that (50) is equivalent 
to (53) when d represents the thermal expansion. For 
comparison with experiment we therefore use (53) 
since the thermal expansion coefficient of GaP is known. 
The spring constant K may be eliminated by the rela­
tion 0)max = 2{K/M)^ and identified with COLA 
reported in (I), which gives the result [however, see 
comments above (60)] 

1 Aco Gaa 
12 , (57) 

CO AT -MCOLA2 

where a denotes the lattice constant and a the coeffi­
cient of linear thermal expansion. Using the same M 
and COLA as in (43), G from (35), and the values23 

a = 5 . 3 X l 0 - 6 O C - 1 and24 a=5.4XlO~ 8 cm we obtain 
-co- 1 (Aco/Ar)-4X lO-^C" 1 . This is in agreement with 
the experimental value1 (5±2)X10- 8°C- 1 . Therefore 
the anharmonic mechanism for the infrared absorption 
seems to be in agreement with the temperature shift 
of the combination bands. This conclusion, however, is 
based upon the simple model of a linear crystal with 
nearest neighbor interactions. 

I t will be recognized that (53) is equivalent to the 
relation 

7o} = 3Ga/K (57) 

for the one dimensional Gruneisen constants22 y^ 
= —d(logoi)/d(loga) of the linear chain. When the 
Gruneisen constants of a system are all equal to a 
single constant y the thermal expansion coefficient is 
given by the Gruneisen relation22 

a^yCJ/V, (58) 

where Cv is the specific heat of the crystal at constant 
volume and /3 is the isothermal compressibility. This 
relation holds in one, two, or three dimensions with 
appropriate definitions of y and ($. In three dimensions y 
is defined 

y=-d\oga>/d\ogV. (59) 

From the observed frequency shift and the coefficient 
of linear thermal expansion we obtain 7 ^ 3 ± 1 for the 
Gruneisen constant. This is a reasonable result, but 
data are lacking to compare (58) with experiment. The 

23 H. Welker and H. Weiss, Solid State Physics, edited by 
F. Seitz and D. Turnbull (Academic Press, Inc., New York, 1956), 
Vol. 3, p. 51. 

24 G. Geiscke and H. Pfister, Acta Cryst. 11, 369 (1958). 

thermal expansions of germanium, silicon, and indium 
antimonide have recently been measured by Gibbons25 

from 4.2° to 300°K. Silicon has a very pronounced 
negative thermal expansion in the neighborhood of 80 °K, 
with normal behavior setting in above 120°K, although 
the expansion coefficient is quite small. The Gruneisen 
parameter y denned by (58) is found to be negative for 
silicon below 120°K. These results are a dramatic 
demonstration of the limitations and short comings of 
the linear chain model for anharmonic effects in real 
crystals. I t is quite clear that the linear chain model can 
only account for normal thermal expansion and positive 
Gruneisen parameters. Blackman26 has observed that 
reasonable choices for the interatomic forces in ionic 
crystals can give negative yw for the low-frequency 
transverse waves. Barron27 has carried out detailed 
analyses of cubic lattices and shown that the resultant y 
which should appear in (58) can be negative at tem­
peratures below O.30D (02>=Debye temperature). We 
may conclude that qualitative features can come into 
the thermal expansion which are essentially three 
dimensional. We may still expect that the linear chain 
model is applicable to well behaved cases in which the 
thermal expansion is positive, normal in magnitude, 
and the Gruneisen parameter is approximately con­
stant. One might anticipate just from the abnormally 
small thermal expansion of silicon at room temperature 
that it is an abnormal material. But in general the 
abnormal materials cannot be recognized so easily, 
because InSb has a normal expansion coefficient at 
room temperature and negative expansion below 50°K. 
Therefore we can only hope at this writing that GaP is 
a normal material to which the linear chain model may 
be applied. The fact that (57) agrees with experiment 
using a G obtained from infrared absorption may be 
used as an argument in favor of the anharmonic 
mechanism for the absorption, which is the position 
taken here, or as an argument in favor of the linear 
chain model. 

The very close agreement obtained is apparently 
fortuitous, however, because the quantities G, 5, K 
appearing in (53) refer to a linear chain whereas in 
(57) G, #, M9 COLA refer to GaP. Somewhat poorer 
agreement is obtained if one proceeds in the following 
way which actually seems more plausible. We see that 
(53) is proportional to the ratio of the anharmonic 
potential energy to the harmonic potential energy 
stored in the restoring springs. The same expression 
will apply to GaP if 3 is the extension of the nearest 
neighbor distance, G is given by (35), and K is the 
spring constant for the nearest neighbor forces assumed 
to be the predominant restoring forces. I t is true that 
a crystal of the GaP structure with only nearest 
neighbor springs would be unstable with respect to 
shear along (111) type planes, but we may still imagine 

25 D. F. Gibbons, Phys. Rev. 112, 136 (1958). 
26 M. Blackman, Proc. Phys. Soc. (London) B70, 827 (1957). 
27 T. H. K. Barron, Ann. Physik 1, 77 (1957). 
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longitudinal waves in the [111] direction in such a 
structure. Accordingly we regard the particles of the 
linear chain as the planes of Ga atoms and planes of P 
atoms. One can show that the spring constant between 
neighboring planes is then just K and the masses are 
MGa and Mp. The frequency at the zone boundary for 
such a chain of two kinds of atoms is11

 COLA= (2K/MG&)** 
In this way one obtains 

1 Aco 3v3 Gaa 

wAT 2 MGacoLA2 
(60) 

which has the value 1.4X10~5°C (experimental1 5 
X10-6°C). fkg conclusion already reached on the basis 
of (57) that the anharmonic mechanism for the infra­
red absorption is consistent with the temperature shift 
of the combination bands still holds, at least insofar as 
a one dimensional model can be used to discuss the 
problem. 

5. THE THERMAL EXPANSION 

We have already made use of both the theory and 
the observed magnitude of the thermal expansion in the 
preceding section. Although there we were concerned 
with the temperature shift of frequencies rather than 
the thermal expansion itself, it is clear that there is no 
violent disagreement between the observed thermal 
expansion and theoretical predictions based on (35). 
For we would expect that if such a disagreement exists 
it would show up in (57) or (60). In this section we 
shall calculate the thermal expansion on the basis of 
the three dimensional GaP anharmonic model described 
in Sec. 2. 

We shall use a direct perturbation method which 
does not require explicit knowledge of the dependence 
of phonon frequencies on volume. Consider a simple 
anharmonic oscillator with the potential energy \K%<1 

—Gxz, and define the expansion 8 by the relation 

« n = ( ^ n ( 1 ) | * | ^ n ( 1 ) ) , (61) 

where ^n
(1) is the wave function to first order in the 

perturbation — Gxz corresponding to the nth. quantum 
state of the harmonic oscillator. A simple calculation 
gives 

5n=(3G/K2)(n+h)ha>. (62) 

When 8n is averaged over the thermal equilibrium distri­
bution of quantum states it may be called the thermal 
expansion of the oscillator. According to this view an 
expansion can be defined for each quantum state; if the 
perturbation could be turned on adiabatically one 
would expect to observe the expansion 8n for any 
initial state n. This approach can be readily applied to 
the linear chain by denning 

dn^N-iZittn^lXr •Xi-i W), (63) 

where the sum is over the N atoms of the chain. 
A simple calculation gives the result (55) for an arbi­

trary assignment of occupation number nq. The thermal 
expansion is obtained by assigning the equilibrium 
values (29) to nq. 

For the GaP structure the expansion of the cube 
edge is 

8n= (4/v3)A^ Er (^ ( 1 ) | j ' . [ u f o ) - u(r)] |*nc«), (64) 

where the notation is that of Sec. 2, and j ' may be any 
one of the four nearest neighbor directions. In terms of 
unperturbed states this becomes 

4 ^ ^ ^ (n\(Pm+Pi^)\g){g\H^\n) 

H , (65) 
En— Eg 

where H" is given by (10). For each branch t there are 
two intermediate states corresponding to creation and 
destruction of a phonon of zero wave vector. 

Diagrams for the processes responsible for expansion 
are shown in Fig. 3, with (a) representing the first 
term in (65) and (b) the second. The intermediate 
states are single phonon states (i.e., differ by one 
phonon from the initial state), so that two of the H" 
phonons must be the same phonon created and de­
stroyed at the B." vertex as indicated by the closed 
loops. The single phonon vertices are labelled 8 to 
represent the "expansion operator" G#o+/3o+). The 
relevant part of H" which contributes to 8 n is 

ZT'==-3Gi\M2:y2>£^, 'jot PH'V t>Wfrq>t><-">. (66) 

It may be noted that (14) is not valid for repeated 
indices such as occur in this case. 

A simple calculation involving (13), (65) and (66) 
gives 

4 3G IF 
5 W

= iLtj 
v3 N hoot 

XE^|Fi^|2(2»«'«'+l). (67) 

(f&« 

(a) 

-ot f H"< *od 

(b) 
FIG. 3. Diagrams for thermal expansion [see Eq. (65)]. 
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From (7), (8), and (12) we have 

Fjot= (]m\i)(h/2mo)ot)^ optical branches 

= (j • I*) (h/2Mc*)ot) % q • j acoustic branches. (68) 

This shows that the optical branches make no contribu­
tion to the sum X^y in (67) because the sum YLq'v is 
independent of j while S ( j , v ) = = 0 f ° r a n y phonon 
polarization y. The optical branches still contribute to 
Yla't', but the occupation numbers nq>t> strongly favor 
the acoustical branches at ordinary temperatures. In 
order to obtain the linear thermal expansion we neglect 
the optical branches entirely and make the high-tem­
perature approximation nqt^kT/huqt for the acoustic 
branches. The thermal expansion then becomes 

4 3GP*kT ( J V ) 2 ( r q ' ) 2 

8= N-iZ«>t>-> 
v5 M2 

Uq'f' 

V o)qt / Q-»0 
(69) 

where j has been summed and a compensating factor J 
supplied. In (69) the unit polarization vectors y. are 
functions of qt. A simple formula can be obtained if it 
be assumed that the acoustic branches can be repre­
sented by a single velocity of sound cs 

o)qt^csq. (70) 

This is the simplest Debye approximation. The summa­
tion over phonons then reduces to 

N^Z 
(j-y)2(j-q ')2 1 

q't' -
0)q>t'' 3cs' 

(71) 

where cs is related to the longitudinal and transverse 
velocities by the formula 

1 l r 2 1 1 
- = + — • (72) 
cs

4 5cL
2L3cT

2 CL
2\ 3c, 

The summation over j is carried out by means of the 
identity 

E , ( j - y ) ( j - q ) = 4 y q , (73) 

which shows that only the longitudinal branch con­
tributes to this summation. The final formula is 

3V3 GaAkT 

16 M2c/ 
(74) 

where a=4p/VJ is the cube edge or lattice constant. 
This gives 

3v3 Gazk 
a = (75) 

16 M2c* 

for the coefficient of linear thermal expansion, which 
must be compared with the observed value23 5.3 
x l 0 _ 6 o c _ 1 

In making the comparison between theory and experi­
ment it is necessary to estimate the effective velocity 
of sound c8, which comes into (75) as the inverse fourth 
power. In the absence of experimental information on 
the velocities of sound or the elastic constants we can 
only make rough estimates of CT and CL from the 
critical point frequencies1 COTA and COLA (we shall ignore 
C0TA2). If the critical points are at (l l l)7r/a on the 
Brillouin Zone and the normal dispersion relation (46) 
holds we have cT=3AX105, C L = 5 . 8 X 1 0 5 cm/sec, and 
(72) gives 

C S - 5 . 0 X 1 0 5 cm/sec. (76) 

The use of the normal dispersion approximation prob­
ably28 underestimates CT and overestimates CL, although 
this is not certain and little can be said about the error 
made in ignoring COTA2- If the theoretical expansion 
coefficient (75) is to agree with experiment the required 
value of cs is 6.1X105 cm/sec which is probably not in 
disagreement with (76). As best we can tell at present, 
therefore, the thermal expansion is consistent with the 
infrared absorption on the basis of the same anharmonic 
model. 

6. SUMMARY 

A summary of results is shown in Table I. The first 
column lists in order the infrared absorption (LA.), the 
width 7 of the fundamental resonance, the temperature 
shift of frequencies co_1(Aco/Ar), the coefficient a of 
linear thermal expansion, and the effective velocity of 
sound cs defined by (72). The second and third columns 
give, respectively, the experimental and theoretical 
values. When these two agree it means a parameter in 
the theory listed in the fourth column has been de­
termined. The parameters so determined are the anhar­
monic parameter G determined from (LA.) and the 
effective sound velocity cs determined from a. The 
experimental cs is not a direct measurement, and 
represents only a guess based on an assumed dispersion 
relation. This investigation has been carried out to 

TABLE I. Summary of results. 

I.A. 

T 
1 Aco 

co AT 

a 

C3 

Exp. 

7X10-3 

3X10-3 

(5±2)Xl0-s 

5.3 X10-6 

—5X105 

Theor. 

7X10~3 

5X10~4 (0°K) 

1.4X10-5 

5.3 X10-6 

6X105 

Parameter fitted 

G=3Xl01 2cgs 

CS = 6 X 1 0 5 cm/sec 

28 M. Lax, Phys. Rev. Letters 1, 133 (1958). 
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ascertain whether or not a single anharmonic model 
could account for the infrared absorption and a number 
of other anharmonic effects. On the basis of the results 
summarized in Table I we reach an affirmative con­
clusion. A consequent conclusion is that in the case of 
GaP it is not necessary to invoke the second order 

ONE of the best known regularities of supercon­
ductivity is the fact that the critical field curves 

of all superconducting elements can be approximately 
represented by the "parabolic law" 

Hc(T) = H0(l-t
2); t=T/Te, (1) 

where Ho and Tc are, respectively, the critical field at 
T=0°K and the critical temperature. Precise measure­
ments of HC(T) for a particular element generally 
exhibit small deviations from (1) which may be de­
scribed by the function 

D(T) = lHc(T)-Hc^T)yH0, (2) 

where HC(T) is the experimentally observed critical 
field and HC

V{T) is the value computed for the same 
temperature from (1) using the experimental constants, 
Ho and Tc. The maximum value of D(T) is never 
greater than a few percent and, until recently, D(T) 
also seemed to be negative for all superconducting 
elements—a circumstance attributed to the fact that 
the superconducting electronic specific heat, Ces, had 
an exponential dependence on T [rather than the well 
known Tz dependence which follows thermodynamically 
from (l)].1 

Recent measurements of Pb show this element to be 
exceptional in exhibiting a positive D(T).2 From this 

*This work partially supported by the Office of Ordnance 
Research, U. S. Army. 

t Alfred P. Sloan Foundation Fellow. 
1 W. S. Corak and C. B. Satterthwaite, Phys. Rev. 102, 662 

(1956); also M. A. Biondi, A. T. Forrester, M. P. Garfunkel, and 
C. B. Satterthwaite, Revs. Modern Phys. 30, 1109 (1958). 

2 D. L. Decker, D. E. Mapother, and R. W. Shaw, Phys. Rev. 
112, 1888 (1958). 

electric moment mechanism (charge deformation) to 
explain the observed infrared combination bands. 
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behavior it follows that Ce8 for Pb cannot be exponential 
above a reduced temperature t— T/Tc^0.3. It was also 
noted that the maximum value of D{T) for various 
elements shows a correlation with the ratio TC/6D, 
where $D is the limiting value of the Debye temperature 
as T —> 0°K. The same correlation indicated that Hg, 
hitherto considered to be the one true "parabolic" 
superconductor,3 should also show a positive D(T). We 
have measured D(T) for Hg and find it to be not only 
positive but of greater maximum amplitude than 
expected from the empirical correlation with TC/6D. 

Specimens of reagent grade Hg4 were cast in graphite 
molds as nearly single crystals in the form of cylinders 
(0.160 cm diamX3.05 cm long). After removal from 
the mold, the specimens were annealed for 8 hours 
about 20°K below the melting point of Hg. The speci­
mens were freely suspended in a liquid helium bath 
and the critical field measured by a ballistic induction 
method.5 Values were obtained down to a temperature 
of about 1.1°K (t^0.27) by pumping over the helium 
bath. The specimen temperature was determined from 
a vapor pressure thermometer bulb with large copper 
fins which sampled the temperature of the helium bath 
immediately adjacent to the specimen. This procedure 
eliminates some of the uncertainty due to the hydro­
static head correction required when the vapor pressure 

3 E. Maxwell and O. S. Lutes, Phys. Rev. 95, 333 (1954). 
4 Obtained from Goldsmith Brothers Smelting & Refining 

Company, of Chicago, Illinois. Stated purity: Au, Ag, less than 
0.0005%, other base metals less than 0.0001%. 

6 J. F. Cochran, D. E. Mapother, and R. E. Mould, Phys. Rev. 
103, 1657 (1956). 
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The critical field curve of mercury has been precisely measured in a range of reduced temperature, 
t=T/TCi from 1 to 0.27. The observed Hc values show an appreciable deviation from a parabolic tempera­
ture dependence, lying above the parabola which passes through the experimental values of Ho and Te. 
The general behavior is similar to that previously observed in the case of lead. Values of the temperature 
coefficient of the normal electronic specific heat, y, are derived, but are somewhat uncertain since the Hc 

data indicate an appreciable entropy contribution from the superconducting electrons at the lowest tem­
perature of measurement. The qualitative behavior of HC(T) for lead and mercury is in accord with recent 
infrared measurements which give direct indication that the energy gap value for these elements is anoma­
lously large. 


