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The recent experiments on pion-nucleon scattering and photoproduction at energies up to about 1.2 Bev
are examined from a phenomenological standpoint. The most useful information seems to come from the
photoproduction angular distribution and polarization results. The data seem to imply the existence of two
“resonances” in the J=3%, odd parity and J =4, even parity states at photon energies of about 750 and 1100
Mev. These assignments satisfy several nontrivial consistency requirements. The same two states are also
a consistent assignment for the observed scattering resonances at 615 Mev and 950 Mev. A qualitative
model is proposed to explain these resonances as consequences of the 33 resonance acting in two-meson final
states; their isotopic spin dependence seems to require some additional assumptions. Finally, the relation
between the photoproduction and scattering phases in the presence of strong inelastic scattering is examined.

INTRODUCTION

VER the past two years there has been a consider-

able amount of new experimental data on inter-

actions of the pion-nucleon system at center-of-mass

(c.m.) energies corresponding to pions incident on

nucleons at rest, with kinetic energies from 300 Mev

up to greater than 1 Bev. The reactions that have been
at'least partially studied include the following:

T+N
2r+N
T+N
2r+N,

7r—|—N——>[

7+N——>[

each in several charge states. The present state of the
theory of strong interactions makes it impossible to
calculate the expected cross sections on the basis of
any formal theory, and so we have to use the qualitative
features of the results to try to obtain information
about the nature of the interactions.

Our understanding of the situation below about 300
Mev is satisfactory up to a point.! In this energy region
all processes are dominated by the 33 resonance, whose
existence can be related to the odd intrinsic parity of the
pion and the requirements of charge independence,
and whose shape and position can be fitted by the
introduction of two parameters. However, its existence
was established first on phenomenological grounds alone.
If we assume one state to dominate the scattering, the
phase shift is known from the energy dependence of the

* Work supported in part by the U. S. Atomic Energy
Commission.

t Based in part on a thesis submitted to the Graduate Faculty
of Cornell University in June, 1959, in partial fulfillment of the
requirements for the Ph.D. degree.

I Present address: Department of Mathematical Physics, The
University, Birmingham, England.

1 Geoffrey F. Chew, in Handbuch der Physik (Springer-Verlag,
Berlin, to be published), Vol. 43, issued as a University of Cali-
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cross section, because elastic scattering is the only
process allowed. The elastic-scattering angular distri-
bution determines the angular momentum and parity;
the charge dependence fixes the isotopic spin. The
photoproduction results can be analyzed similarly, and
the photoproduction matrix element must have a phase
equal to the scattering phase shift in the corresponding
state. Thus we are provided with a consistency check
on the interpretation of the scattering. This is not
quite the chronological order in which the analysis was
carried out,? but would probably be the most satis-
factory argument for the existence of the 33 resonance
if all the present data were available.

In this paper we try to find a similar phenomeno-
logical program to cover the higher energy range in
which many experiments have been done that suggest,
at first glance, the existence of more resonances. In
Sec. I we outline the experimental data. Section II
contains a discussion of the general problem of analysis
of photoproduction results. In Sec. III we give the
results of the analysis for the two new resonances.
Section IV contains a discussion of the scattering, and
a possible qualitative explanation of the existence of
the higher resonances. In Sec. V we consider the question
of the isotopic spin dependence which is not covered
by the model. Section VI contains a discussion of the
relation between the photoproduction and scattering
phases in the presence of strong inelastic scattering.

I. EXPERIMENTAL RESULTS

Figure 1 shows the energy dependence of the total
cross sections for #+ and #~ incident on protons, and
for the two photoproduction processes

at4n
w0+ p.
It should be emphasized that all the results mentioned

in this paper are only approximate representations of
the experimental data, some of which, particularly

'Y+j>—+[

2 See, for example, H. A. Bethe and F. deHoffman, Mesons and
Fields (Row, Peterson and Company, Evanston, 1956), Vol. II.
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F1c. 1. Total cross sec-
tions for 7+ and =~ incident
on protons, and for the two
charged photoproduction
processes  y-+p — ntat
and y+p — p-+=°. Approxi-
mate representation of a
variety of experimental
results quoted in the text.
i The energy E, is the labora-
tory kinetic energy of the
incident pion or, in the
photoproduction cases, of
an incident pion needed to
produce the same center-of-
4 mass energy.

sc'>o
(Mev)

1000
E

at higher energies, has poor statistical accuracy as yet.
However, the qualitative behavior is probably correctly
shown. Now let us consider the separate processes in
more detail.

A. 7-+p Cross Sections

Burrowes et al., have measured the absorption of
7~ and 7+ by hydrogen at energies from about 470 to
1200 Mev, with the results shown in Fig. 1.2 We note
that the ot cross section falls off above the 33 resonance,
has a minimum at about 650 Mev, and then steadily
rises. Other experiments indicate a broad peak in this
cross section at high energies with a maximum at about
1.5 Bev.* The 7 cross section shows two clear peaks
at 600-650 Mev and at about 950 Mev. Using a bubble
chamber, Crittenden et al., have measured the 74
cross sections in the same energy region.’ The direct
elastic-scattering cross section seems to vary with
energy following the total cross section with maxima
of about 20 mb at each peak. The inelastic cross section
seems to show the second peak much more strongly
than the first. The charge-exchange elastic cross
section falls off steadily above the 33 resonance up to
about 800 Mev, above which there are no experimental
results as yet.

The differential elastic cross section throughout the
energy range discussed above has a large peak in the

3H. C. Burrowes, D. O. Caldwell, D. H. Frisch, D. A. Hill,
D. M. Ritson, R. A. Schluter, and M. A. Wahlig, Phys. Rev.
Letters 2, 119 (1959).
( 4?. Cool, O. Piccioni, and D. Clark, Phys. Rev. 103, 1082
1956).

5 R. R. Crittenden, J. H. Scandrett, W. D. Shepherd, W. D.
Walker, and J. Ballam, Phys. Rev. Letters 2, 121 (1959).
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forward direction, a minimum in the region of 90°, and
a second peak in the backwards hemisphere.® The
relative magnitudes and positions of these peaks and
minima vary with energy.

B. Single-Pion Photoproduction

Work at Cornell University’™® and California
Institute of Technology'®! indicates that the total
cross section for positive-pion photoproduction is as
shown in Fig. 1, showing a second maximum at an
energy somewhat below that corresponding to the peak
in 7~ scattering, and apparently rising towards a
third peak at 1100-Mev photon energy. The total cross
section for production of #° has a small second peak
at an energy corresponding to the scattering peak,
and another small peak at 1100 Mev. The angular
distributions of the photoproduced pions analyzed
in powers of cosf are shown in Figs. 2 and 3, where

dot0/dQ=3" A,*+9 cos™.

Again, these curves are only approximate; in particular,
the statistical uncertainties in 4s° and A are large.?

6 1958 Annual International Conference on High-Energy Physics
at CERN, edited by B. Ferretti (CERN Scientific Information
Service, Geneva, 1958), p. 66.

7M. Heinberg, W. M. McClelland, F. Turkot, W. M. Wood-
ward, R. R. Wilson, and D. M. Zipoy, Phys. Rev. 110, 1211
(1958); J. W. DeWire, H. E. Jackson, and R. Littauer, Phys. Rev.
110, 1208 (1958); P. C. Stein and K. C. Rogers, Phys. Rev. 110,
1209 (1958).

8 H. E. Jackson, Cornell University (private communication).

9 K. Berkelman, Cornell University (private communication);
F. Turkot, Cornell University (private communication).

( 1"st P. Dixon and R. L. Walker, Phys. Rev. Letters 1, 142, 458
1958).
1 1. Vette, Phys. Rev. 111, 622 (1958).
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F16. 2. Angular coefficients for the reaction y+p — n-+=+.
Adapted from curves provided by Turkot.?

Measurements of the polarization of the recoil proton
in 7% production have been made by Stein'? and by
Connolly and Weill.® At 700-Mev photon energy, the
polarization is found to be 0.59-£0.12 along the negative
normal to the production plane, in the sense to be
discussed below. At 550 Mev the polarization is smaller
(0.35) in the same direction, while at 900 Mev it is very
small and in the opposite direction, though in fact
statistically consistent with zero.

C. Double-Pion Photoproduction

Double-pion photoproduction has been measured by
Sellen et al.,* and by Bloch and Sands.!> At present
the statistics are not very extensive. The total cross
section rises very sharply, starting somewhat above
threshold, to a maximum at about 550-Mev photon
energy. The differential cross sections are rather
difficult to interpret since there are so many parameters
involved ; however there is some indication that in the
reaction,

7+? - P+7r+‘+"ﬂ'~,

the Q values of the (prt) pair are not distributed
statistically, but favor values near 170 Mev.

II. THE PHENOMENOLOGICAL ANALYSIS
OF PHOTOPRODUCTION

The most informative data is that from the single-
pion photoproduction. Phenomenologically the transi-
tion matrix for this process may be written as a sum
of contributions from all possible multipole transitions
a, where a stands for the multipole order /., the total

12 P, C. Stein, Phys. Rev. Letters 2, 473 (1959).

13 P, L. Connolly and R. Weill, Bull. Am. Phys. Soc. 4, 23 (1959).

1“7, M. Sellen, G. Cocconi, V. T. Cocconi, and E. L. Hart,
Phys. Rev. 113, 1323 (1959).

15 M. Bloch and M. Sands, Phys. Rev. 108, 1101 (1958).
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F16. 3. Angular coefficients for the reaction y-+p — n-+n’.
Adapted from results prepared by Berkelman.? The results for
AP and 4 have still large statistical uncertainties.

angular momentum J., the parity w., and the
isotopic spin T,. Each such contribution has an energy
dependence specified by a complex amplitude,

M e¥,

where M,, 8, are real functions of energy. If we allow
M, to take both positive and negative values, we may
restrict 8, to lie between 0 and . We consider pion
photoproduction by unpolarized photons at an angle
6 in the c.m. system. The differential cross section may
then be written as

do/dQ= 3" M2fa(x)
+ 2 MuMpg cos(8a—05) fus(x)+ -+ (1) _

a<lf
and the polarization of the recoil nucleon as P, where

P(do/dQ)= Y. M.Ms sin(8s—ds)gus(x) sinf  (2)

o>p

in which x=cos, and 7%= (kXq)/|kXq| is the unit
vector normal to the production plane, where k, q are
the momenta of the incoming photon and outgoing
pion, respectively, in the c.m. system.

We have to consider separate amplitudes for the
production of #t and 7° from protons. These are related
by

Mob= (Ta—1)27TeMot; Toa=3, 3, ©)
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butions of this term to the angular distributions and
polarizations are shown in Table I as Ry and R;. The
exact form of this term and the connection with e, f is
as predicted by lowest-order perturbation theory, or
from the more successful approaches to the theory of
low-energy photoproduction. In view of its success at
these lower energies, we may hope that it will be at
least an approximate representation of that part of the
photoproduction which is not connected with the strong
final-state interaction of pion and nucleon. But we
should not expect very exact agreement at higher
energies.

The so-called ‘retardation term’” R, has two im-
portant effects. Firstly, it makes the angular distri-
bution of #* production much more difficult to interpret
in terms of only low powers of cosf; in Fig. 2 the
coefficients as shown can only be taken as approximate
fits except at very low energies and very high energies
(extremely relativistic pions) when the higher powers
do not contribute. Secondly, and more important, it
has an effect on the total cross section for #*+ photo-
production. Since R contains all states, the interference
of R with any other state a will not vanish when
integrated over angles.'’'8 Instead it will be propor-
tional to

M goaM, cOS,4, )

where M g, is the component of R corresponding to the
angular momentum state (Ju, loy wa)-

In addition to the quantum numbers J, /, w, T, to be
determined for the new states B and C, we must also
determine the sign of the amplitudes. Let us fix
A=M*/|M*|. With the requirement that?|Mp|,
| M¢| have maxima as stated above, these five param-
eters for each state determine the qualitative behavior
of the cross sections. Table IT gives the values of these
parameters for the states 4, B, and C. In the next
section we discuss how these are identified for the new
states B and C.

III. IDENTIFICATION OF THE STATES B AND C

The isotopic spin assignment is trivial, because the
contribution of these states to the #+ production is
much larger than the contribution to the production
of m® (we are assuming that the states are specific
eigenstates of T" and not mixtures). The next step is to
assign ! and J. To do this, we examine the angular
distribution near each peak, where the contribution
from the corresponding state should dominate that
from the other states and the interference terms. For
the production of #° near 750 Mev, the angular distri-
bution is close to

5—347,

17.G, F. Chew, Phys. Rev. 95, 1669 (1954).

18A. M. Wetherell, California Institute of Technology,
Pasadena, 1959 (unpublished). Wetherell uses essentially this
argument in reverse, assuming the specific resonant forms for

a., and 8. The qualitative result does not depend on his
assumptions.
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TasrE II. Quantum numbers describing the second
and third photoproduction resonances.
Level l J ® A T
4 1 3 + - 2
B i - + H
c 2 + + §

which, from the table corresponds to a transition with
l=1, J=4%. This is the only assignment even approxi-
mately resembling the experimental result and, in
fact, is quite close. Looking at the #+ distribution at
1000 Mev (it would be simpler to analyze the #°
results to which S and R do not contribute, but the
results are not known well enough in this region), we
see that A¢t is small, A,% is large and positive, and
A4t is nearly as large and negative. Again there is only
one assignment even approximately fitting this, and
that is =2, J=%; this would predict

14622 — 54,

which is in quite good agreement.

Now we must try to determine the parities. The
large polarization of the recoil protons observed at
700 Mev (for x=0) means, according to Eq. (4), that
there is strong interference between states of opposite
parity. If the states in question are 4 and B, then
wp=—1. We can rule out the possibility that C is the
main contributor to this interference on several grounds.
Firstly, there is no evidence of appreciable terms in x*
in the angular distributions below 800 Mev, implying
that at 700 Mev [M¢|? is much less than |M 4|2
+|Mz|% Secondly, we must explain the strange rise
in 45" in the region of 500 Mev. For wp= —1 this comes
from interference between B and S of the form (3x2—1)
in this case. This gives us the additional information
Ap=-+1, since §s=0<6p< 7. If, on the other hand we
have wp=-+1and w¢= —1, then neither the interference
of B with S (which is odd) or of C with S (which is
isotropic) can explain this behavior. Some contribution
to Ast could come from the interference of C with R,
but consideration of the requirements that this,
together with the observed direction of the polarization,
would impose on Ap and A¢ would also imply a small
value for Ay, which is clearly not the case. So we may
conclude that wp equals —1.

There are two other checks on the consistency of
this assignment, which gives A= -1 and &5 increasing
as a function of energy. Firstly the sign of the polari-
zation is correctly predicted (negative, with our
definition of 7#) by using the fact that the phase is
greater than 90°, which follows from the large positive
value of A:* (note that it is not essential to use the
relation with the scattering phase shift d33). Secondly,
there is the effect of the interference of the retardation

_term in the total cross section.'’!®* With the assignment

given above, the predicted effect is to add a term that
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has the effect of lowering the energy at which the
maximum in the total cross section occurs, and of
causing the total cross section to fall off more sharply
above the maximum. The large polarization gives us
some more information. The maximum possible
polarization due to interference between the states 4
and B, with the above assignments is 809, which is
possible for [M4|=|Mg| and 64—85=90°. The fact
that the observed polarization averaged over an energy
spread of about 70 Mev, over which |M 4| and | M |
must vary appreciably, is so large means that the
assumption about the small number of states present
is probably correct. It also confirms the phase assign-
ment above.

The final quantities to be determined are w¢ and A¢.
We observe that At is appreciable already near 700
Mev and must presumably be due to interference of C
with the dominant terms at this energy. This can only
happen if we have w¢=-41. The sign of A5+ gives the
result A¢=-1. The polarization has been measured
in the region where interference between B and C might
contribute, but unfortunately it is small because the
ratio of |M¢| to |Mp| is small at this energy, and in
fact even the sign is uncertain. It is interesting to note
that only the large size of the 33 resonance compared
with B, together with the change from a T'=$% to a
T=% state allows the energy at which |M4|=|M5|
to be close to the peak of B and the energy where
84—85=90°.

This last quantum number A¢ as yet has no very
good check on the consistency of its assigned value,
and is the least well determined. But the remainder
seem to be fairly uniquely established under the
assumptions we have made. Since it would require far
more experimental information to formally determine
the assignments, it is clear that at any particular
energy there must exist other possible combinations
that would fit. However, these would probably involve
many higher angular-momentum states with compli-
cated cancellations, and to fit the whole range of
energies would presumably require very unlikely energy
dependence of the corresponding amplitudes.

It should be emphasized that the above analysis
has considered the photoproduction data given as a
closed system, making no assumption about the relation-
ship to the scattering. In particular we have not had
to assume anything about the behavior of the phases.
It is interesting to note that the solution obtained does
seem to have the sort of phase behavior associated with
resonances, even though the usual theorem does not
hold in this energy region. This is discussed in more
detail in Sec. VI.

IV. SCATTERING RESULTS AND A POSSIBLE
CAUSE OF THE RESONANCES

The results of the scattering experiments are more

difficult to analyze as well as being much less complete -
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as far as details of the differential cross sections are
concerned. We may ask ourselves, however, whether
the same two states, B and C, that seem sufficient to
explain the photoproduction can also account for the
scattering results in the corresponding energy region.
At lower energies it was shown that, in fact, exactly
the same states should be important in the two pro-
cesses, with the addition of the terms S and R for
photoproduction. Even though this may not be possible
to prove formally for these higher energies, it is still
to be expected that the same will apply, since the
electromagnetic coupling is so weak that one would
expect the final-state interactions to dominate the
photoproduction. It is clear that the results cannot be
explained entirely by the two I'=% resonances. First
of all there is too much #* scattering to be explained
by the tail of the 33 resonance. Then, the forward
peak occurring in both «+ and 7~ scattering,® which
seems to indicate the presence of a number of higher-
angular-momentum states in both isotopic spin states.
This is supported by the observations on the charge
exchange scattering.’ FFor a pure isotopic spin state
we have

(T +p—m+n) (3 T=}
ol tp—atp) |2; T=

e

The only way the observed result of about % can be
achieved is through some angular momentum state
contributing to scattering in both isotopic spin states.

The states in question responsible for the forward
peak in the angular distribution have been interpreted
as a diffraction peak and tentatively related to the
pion-pion interaction.®?® We shall return to this
question later; for the moment, we observe that if
indeed the higher angular momenta are important, then
it is possible to understand why these particular states
do not show up in the photoproduction. For in photo-
production the higher multipoles should be strongly
suppressed. (This depends to some extent on the energy
region in question. However, we have observed that
for each of the states B and C there is very little
contribution from the higher multipoles which lead
to the same J values).

Hence, we may tentatively describe the scattering
results at these energies as being indeed due to the same
two states B and C as in photoproduction, which are
responsible for the peaks in the #~ cross section,
together with an ‘‘optical” absorption that varies
smoothly with energy and occurs in both isotopic
spin states. With this interpretation we can consider
the total cross sections, elastic plus inelastic. The
maximum total cross section coming from a state of

1 C. Goebel, Phys. Rev. Letters 1, 337 (1958); G. F. Chew and

F. E. Low, Phys. Rev. 113, 1690 (1959).
20 W, R. Frazer and J. Fulco, Phys. Rev. Letters 2, 365 (1959).
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angular momentum J can be expressed as?
Trotal STA (27 +1) (1+4), 0<p<1

where u determines the contribution of the inelastic
scattering to this maximum:

Oinel™ %‘Trxz (2J+ 1) (1 "‘[ﬂ).

At the peak of B, the total cross section is in the region
of 8rA% Bearing in mind that this must include overlap
from other states such as 4 and C, both of which should
be appreciable near the peak of B, as well as the states
discussed above, it is clear that u cannot be very large
(if all the cross section were due to B alone we would
have p=1). In other words, the inelastic scattering
must be large in this state. Certainly the experiments
indicate that the total inelastic scattering is indeed
large.

This suggests a possible model for the existence of
resonances B and C, if we assume that the peak in the
cross section is due primarily to the inelastic scattering
and only appears as a consequence in the elastic cross
section as well. The inelastic scattering in this energy
region is due mainly to the production of another
meson, so we must ask the question : Can we understand
the occurrence of peaks in the cross section for the
process

+N — rt+a+N ) 1

in the appropriate states at the appropriate energies?
The data on reaction (1) are still fairly meager.
Attempts have been made to analyze them in terms of
the so-called “isobar model.” 2 In this model it is
assumed that one of the two final-state mesons and the
final-state nucleon always emerge in such a way that
they are in a relative resonant 33 state, while the
remaining meson is produced in an s state relative to
this “isobar.” One can immediately see that this
three-body system has angular momentum J=% and
odd parity, since the 33 state has even parity and the
pion is pseudoscalar. This model was introduced in
order to discuss the behavior of the differential cross
sections at a given total energy in the center-of-mass
system. The problem we are concerned with is slightly
different—not the relative probabilities of different
configurations of the system at a given total energy,
but the relative probabilities of producing the system
at different energies. Crudely speaking, what we shall
do is to assume that these are given by the proportion
of “strongly favored” configurations at the correspond-
ing energies.

We assume that the mechanism by which a final
state with two real mesons is reached may be extremely
complicated but probably not too sharply energy-
dependent. However, because of the possibility of one

# See, for example, J. M. Blatt and V. F. Weisskopf, Theoretical
NIuIclear Physics (John Wiley & Sons, New York, 1952), Chap.
I

VIIL.
2§, J. Lindenbaum and R. M. Sternheimer, Phys. Rev. 106,
1107 (1957).
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of the final-state mesons “rescattering” off the nucleon,
if their relative energy lies in the range in which the 33
resonance is strong it can be seen that certain of the
possible final states will be very strongly enhanced.
The situation is somewhat analogous to the single
photoproduction of pions, which may be qualitatively
interpreted as the “rescattering” off the nucleon of an
electromagnetically excited pion. In the case so far
described, only one of the mesons interacts in this way.
However, at higher energies both final state mesons
might be able to interact separately. In this case both
would be p-state mesons, and since the orbital angular
momentum of each one must be parallel to the nucleon
spin to produce an angular momentum of § for the pair,
they must also be parallel to one another. Thus the
total angular momentum must be §. This argument
treats the addition of the angular momentum classically,
but essentially the same result is true if they are added
quantum-mechanically—the J=$ state still dominates.
The parity of such a configuration is even, and therefore
it has the correct quantum numbers to describe level C.%

We have to be careful in describing the angular-
momentum states of a three-body system. There are a
great many different possible representations of the
states of such a system, and such quantities as the
relative orbital angular momentum of two of the three
particles depend on which representation is used. In
general, two orbital momenta completely specify the
system, and one should talk about the “relative orbital
angular momentum of particles 1 and 2” only when the
other quantum number used to describe the system
is the orbital angular momentum of particle 3 relative
to the center-of-mass of particles 1 and 2. In other
words, strictly speaking, we cannot really talk about a
state having both mesons simultaneously in $ states
relative to the nucleon. However, if we examine the
kinematics of the configurations at the energies con-
cerned, we find that the motion of the mesons is
relativistic, while that of the nucleon is comparatively
small. In particular, for level C, as we shall see below,
the important configurations will be those in which the
nucleon is almost at rest, in which case the ambiguity
does not arise. For level B we have already used a
correct description.

The cross section mey be written in the following

form:
o(w)=2¢ oo(@(E[p(¢w)/p(w)], @

where oo(w) would be the cross section if there were no
enhancement due to the 33 resonance, £ is some
parameter specifying the configuration of the system,
A (&) is the factor by which this particular configuration
is enhanced, p(£,w) is the density of final states with the
particular configuration £, and p(w) is the total density
of the two-body final states at the energy w. The

2 For the third resonance this model is similar to that discussed
by K. A. Brueckner, Proceedings of the Sixth Annual Rochester

Conference on High-Energy Physics (Interscience publishers
New York, 1956), p. IV-12.
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assumption we make is that in the energy region where
M%) and p(¢,w)/p(w) vary very rapidly, oo(w) changes
comparatively slowly, so that the position of the peak
in the cross section is given roughly by the maximum of
A (&)p(&,w)/p(w)]. Let ki, ko, ks be the momenta, of the
two pions and the nucleon, respectively; then, after
taking into account the requirement of momentum
conservation and ignoring the trivial integrations, we
can set

p(w,§) fdkﬂikzd(ih, Eo) k2R (w)8(8),

where 6(w) represents the restriction due to energy
conservation and §(£) represents the restriction imposed
by specifying the configuration. The total density,
o(w) is given by the same expression except for the term
8(%). The enhancement factor A (£) is given by the shape
of the 33 resonance and the energies of the pions
relative to the nucleon. The exact evaluation of the
integral would have to be done numerically, but since
this is a very rough model, we can estimate the result
at least to the accuracy to which it is meaningful.

Consider the case of level B. We may make a very
rough estimate of the position of the peak if we assume
the pions to be extremely relativistic and the nucleon
to be extremely heavy. Then, the restriction on the
configuration will be essentially the specification of the
magnitude of ki, say. The energy restriction becomes
simply k14 k2= E, and we easily find that the maximum
of p(&w)/p(w) occurs, for fixed ki, at E=5k1/3. There-
fore the maximum cross section will be for this value of
E corresponding to the resonance value of £;. The same
sort of calculation can be carried out taking into
account first-order terms in the ratio of the pion mass
to energy, though still assuming a static nucleon. The
result is again similar—the ratio of p({,w) to p(w)
reaches its maximum at an energy at which the total
energy of the two pions is slightly less than the assigned
kinetic energy of the resonant pion. Let us assume that
if we could do the very complicated exact calculation,
the result would be approximately the same—the
maximum will occur in the region where the two pions
share the kinetic energy about equally. Having stated
this condition, we can calculate the corresponding
energy, taking the finite masses into account quite
exactly. For the case in which we are interested, this
predicts a peak in the region of 600 Mev. Clearly the
agreement is as accurate as the model warrants.

For the case of the third resonance, C, if we fix the
energy of both pions relative to the nucleon, then the
total energy of the system is determined by the one
remaining parameter, the angle between %; and k..
Thus such a configuration can only occur for a limited
range of energies. In the case when the two pions have
the same energy, the calculation can easily be carried
out exactly, and it turns out that the contribution to
o((,w)/p(w) comes almost entirely from the largest
values of w allowed for the particular £ In this case,

RONALD F. PEIERLS

this would be the largest total energy corresponding
to a given kinetic energy of the pions relative to the
nucleon, which comes when the nucleon is at rest and
the momenta of the two pions are equal and opposite.
In this case the shape of the peak is mainly given by the
factor A(£) or the shape of the 33 resonance. This gives
a maximum in the region of 800 Mev. This is somewhat
low ; however we must remember that we have made the
drastic approximation that the two pions must be in
the same energy state relative to the nucleon. Removal
of this restriction will presumably raise the position
of the maximum, but the agreement is not too bad in
view of the approximate nature of the model.

Hence we may say that the action of the 33 resonance
in two-meson final states is a possible explanation of
the observed resonances in the (§—) and (§+) states
at the observed energies. If this explanation is correct,
then we must conclude that the occurrence of these, at
first sight very striking, features of the cross sections
tells us nothing very new about the nature of the
interaction.

V. ISOTOPIC SPIN DEPENDENCE
OF THE INTERACTION

The mechanism proposed above makes no prediction
of the isotopic spin to be associated with these reso-
nances. In the case of the second resonance, where
there is one “free” pion together with an “isobar” of
isotopic spin %, either =% or T'=% for the whole
system will be possible. In the case of the third reso-
nance, an argument similar to that predicting the
angular momentum would predict the strongest en-
hancement in the state 7'=%. However, this cannot be
reached by any of the experiments with which we are
concerned. The other two states are about equally
likely to give the doubly resonant configuration.

Hence we must conclude that the observed pre-
dominance of the T'=% state is due to some other
mechanism. Some support for this is given by the fact
that the T'=% state shows signs of being the most
important state also near the threshold for the produc-
tion of a second pion,** when both must come out in s
states, and an isobar cannot be formed. Another thing
to be explained is the appreciable scattering in the
higher angular-momentum states and both isotopic
spin states, as discussed above.

To try to understand these facts, we can consider,
as an example, the following picture. We consider the
physical nucleon to be made up of a nucleon-like core
surrounded by a meson cloud which has components
with one, two, - - -, etc. mesons. Then we can consider
the absorption of a pion by the physical nucleon with
the emission of two pions as occurring in one of two
ways. The pion can be absorbed either through an
interaction with the cloud, in which the incoming

24 W, A. Perkins, J. C. Caris, R. W. Kenney, E. A. Knapp, and

V. Perez-Mendez, Phys. Rev. Letters 3, 56 (1959); L. Rodberg,
Phys. Rev. Letters 3, 58 (1959).
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pion “knocks out” a single meson from the cloud, or
else through an interaction in which the incident meson
is absorbed by the core, releasing the two final-state
mesons from the cloud. The former process we consider
as giving rise to the diffraction-like absorption. This
process will be dominated by the pion-pion interaction,
and if this interaction has a resonance in the 7'=1
state, at the energy required to explain the nucleon
form factor, we should expect it to contribute to both
possible isotopic spin states of the two-pion-plus-
nucleon system. Such a process might possibly be the
cause of the observed peak in #* scattering at 1.5 Bev,
with its effects spread over a very wide range of energies.
This is essentially the mechanism proposed by Dyson
and Takeda at one stage to explain the apparent single
resonance at 800 Mev in pion-nucleon scattering,? 6
before it was known that in fact this peak was due to
the two separate resonances discussed above.

The absorption by the core can also be considered
from the point of view of isotopic spin. Since the two
final-state mesons at one stage were combined with a
nucleonlike core to form the physical nucleon, their
total isotopic spin must be either O or 1. In the former
case only incident 7~ can be absorbed (considering the
initial nucleon to be a proton), and in the latter case the
relative probability of absorbing #— is twice that of
absorbing =+, If the probabilities for the two cases were
equal, this would predict a ratio of 6:1 for the absorp-
tion of 7~ over that of =+, which is probably sufficient
to explain the experiments. In addition there are reasons
for expecting the 7=0 component of the cloud, which
is symmetric in the two mesons, to be more important,
which strengthens the 7~ absorption still more.

We have been talking in a rather pictorial way about
the nature of these processes. Another way of looking
at them is to say that they correspond to the two
perturbation-theory diagrams shown in Fig. 4. Note
that in the case of Fig. 4(b) we have only shown one
of the three possible diagrams that could contribute:
the one with the initial pion absorbed after the emission
of both final-state pions. This can be supported on the
grounds that in perturbation theory this is the one with
the most important energy denominators. However,
even if we do not wish to attach any great significance
to this particular argument, the main point seems to
be supported: It is reasonable to dissociate the problem
of the isotopic spin dependence of the cross sections
from that of the occurrence of the resonances. In fact
it seems that an understanding of the former problem
rather than the latter is more likely to yield information
about the nature of the pion-nucleon interaction.

VI. RELATION BETWEEN PHOTOPRODUCTION
AND SCATTERING PHASES

We consider here the problem of relating the photo-
production and scattering phases when there is inelastic

25 F. J. Dyson, Phys. Rev. 99, 1037 (1955).
26 G. Takeda, Phys. Rev. 100, 440 (1955).
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F16. 4. Perturbation-theory dia-
grams representing the two types
of pion absorption by a nucleon (a)
giving two pions: (a) absorption
by the cloud, with the pion-pion
interaction dominating; (b) ab-
sorption by the core, with the =
pion-nucleon interaction domi- ™0 N
nating the final state. ~

(b)

as well as elastic scattering. In this case, instead of the
S matrix being diagonal as for pure elastic scattering
(we ignore the electromagnetic coupling for the
moment) there are many independent three-particle
eigenstates having the same total energy, angular
momentum, parity, and isotopic spin.

Consider a general .S matrix describing a scattering
process with state vector |¢). We have

<¢|B*>=Za Sﬁa<‘/’la+>; 1)

where |a+) are a complete set of basis states with
asymptotically ingoing boundary conditions, and
|B—) are the corresponding outgoing states, with the
time-reversed boundary conditions. With this definition
(with correct choice of phase for |a+); see below) the
elements S,g form a symmetric unitary matrix. Consider
a unitary transformation U among the states |a+):

lat)' =22y Uay|v+). (2a)
The corresponding transformation on the states
|8—)is

[B—=) =22 Us|e—). (2b)

In the representation defined by these transformed
basis states, the new .S matrix is

§'=U*SU-
= (UNTSU,

since U is unitary. Note that this preserves the sym-
metry and unitarity of S”. Consider in particular the
transformation defined by

Ult)=1+)
Ul24)=eo[1—[Su[*T* 2 Sy*[8+), (1)
f>1
the rest of the elements of U being chosen so as to make
it unitary. Then we have

SaB, = Z (UT)“/QSVG U;ﬁT,
e
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whence it follows, using Eq. (4) and the fact that U
is unitary,
Si'=0. B>2 , (%)

The unitarity of S’ gives us the result
(818 )ag= 27 Sy S6"= 8.

Thus, for a=1, 3>2, as a result of Eq. (5), only one
term in the summation survives, and we have

S12,*52ﬂ/ = 0,
and therefore
S 2B, =0 8> 2 (6)

(except for the case S12’=0, but this corresponds to
pure elastic scattering in channel |1), which we are not
considering). Hence the elements
e(1— lSulz)*)
— e?inSll*

( Su
6”(1—- 151112)%

form a unitary symmetric submatrix, so that channels
[1) and |2’) are completely independent of the others.
The fact that it is possible to construct such a channel
|2') which represents the entire effects of all other

channels on the scattering in channel |1) can be easily

understood physically by considering the wave function
describing the system when there are particles incident
in channel |[1) alone. Using the completeness of the
|a—) and expressions (1) and (4), we have for this
wave function:

[1+)=2ala—Ya—[1+)
=5 (1 [
=Su|1=)+en(1—[Su|?)}[2'—).

We have still to discuss the phase 5. In general multi-
plying any state by a phase factor will transform S in
such a way that it is still unitary and symmetric, but
so that the transition amplitude 7'=1-—.5 is multiplied
also by a phase factor using the relation between the
unitary transformations (2a) and (2b) on the ingoing
and outgoing states. The point is that these are only
related by complex conjugation for sets of states
satisfying a relation such as?

la=)=(=)"]a+)*,
where M is the z component of total angular momentum.
For example, we have

[eiﬂeiq "r]*: eiflei(_q) T
for n=0 only. This condition determines the phase 7,

which we may define as (6146s-+-7/2), so that S’
becomes

AeioL $(1—A%)beiCorto
(i(l —\)RiCirtan Aetitz )
27 See, for example, M. Gell-Mann and K. M. Watson, Annual

Review of Nuclear Science (Annual Reviews, Inc., Palo Alto,
1954), Vol. IV, p. 267,
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Suppose now we perturb the scattering by the
addition of another channel |3) weakly coupled to the
other two so that

| Sas|21, [S1|K1, [Ss]K],

and with its elastic phase shift equal to zero. We
neglect the squares of the small terms. Then, for A=1,
the unitarity requirement on .S shows that Si; and Sy
can be written as 28

Siz=1ip1e®t, Saz=1pe'®,

where p; and p. are real (though not necessarily
positive). If As%1, then in general there is no such simple
result following from unitarity, but the phases depend
on the details of the scattering. If A is nearly 1, then
the phases will be close to those given above. However,
we can say something about the special case A=0. In
this case the phases 8; and 6, are not separately deter-
mined, but only their sum, 8,438, enters into the
problem which is thus symmetric in the two channels.
Now let us define new channels by the transformation

[4)=[1)+]2)
[B)=[1)—12),
so that S now becomes
et 0 Sz
0 —e 533],
Sas Sps  Sss

where n has been defined above as 8;-+08s+m/2. The
unitarity requirement, as above, tells us that we may
write

Sas=iaen?, Spy=—bein”?,

where ¢ and b are real. Hence it follows that we have
S1s=1(a+1b)e?, Sy=1i(a—ib)en?,
or, in other words,

S1s=1pe D8] Syo— peiltrn—8]
where

p=|a+ib|=|a—ib|; tans=b/a.

This is the extent of our information from unitarity.
Since we have assumed the coupling of channel |3)
to be very weak, the interaction will be dominated by
the outgoing waves in the processes with incident
waves in channel |3). Hence we may try the assumption
that the magnitudes of the transition amplitudes from
channel |3) are proportional to the elastic-scattering
amplitudes corresponding to the final states. Thus
we have
b | 14en|
tand=-=
a [1—ei|

o==[(n/2)—n/2].

28 . Fermi, Suppl. Nuovo cimento 10, 17 (1955).

= cotn/2,
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Hence of the two channels |1) and |2), one will have
the phase 6:+6; and the other phase will be /2.

The application of this to the pion nucleon problem
comes when we consider channel |1) to be the two-body,
pion-plus-nucleon channel with the appropriate total
‘quantum numbers, while |2’) as shown above can
represent the inelastic scattering. The third channel
represents the photon-plus-nucleon channel. If we have
a resonance of the sort discussed in the last section, the
elastic phase must increase through w/2 on passing
through the resonance region, while the parameter A
starts at 1, decreases to 0, and then increases to 1 again.
Hence the photoproduction phase starts off together
with the scattering phase shift and finally rejoins it,
but there is an intermediate region in which the phase
is given by one of the two forms given above. The
choice of 6;-+6; seems to agree somewhat better with
the experiments unless the phase shift §; is small.
The model as outlined in the previous section would
predict a phase shift 6; of #/2 at all energies through
the second resonance, and a phase shift increasing
through = for the third. Perhaps further experiments
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on the scattering and photoproduction will enable a
comparison to be made.
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By means of the analogy that exists between the gravitational field, in the weak, quasi-static case, and the
electromagnetic field, uncertainty relations are obtained for the average values of some of the Christoffel
symbols measured in two domains, similar to those for the components of the quantized electromagnetic
field. Furthermore, it is shown that there exists a limitation on the accuracy to which the average value of
a single one of these Christoffel symbols can be measured. The existence of uncertainty relations provides
an argument in support of the standpoint that the gravitational field must be quantized.

HERE has recently been some controversy about

the necessity of quantizing the gravitational

field.* It is therefore of interest to show that it must be

subject to some uncertainty relations. This can be done

on the basis of an analogy between the gravitational

and the electromagnetic fields.

In the case of gravitation, the motion of a test

particle is described by the equation of the geodesic?:

du®/ds = —T"%4(4°)2— 2T %0, 1s®u™ — T'%p, st ™0™,

For slow motion, #°~1, #*~0, so that the last term
can be neglected. This equation then has a form
analogous to the equation of motion of a particle of

* Partly supported by the U. S. Air Force, through the European
Office of Air Research and Development Command.

1P. G. Bergmann, Summary of the Collogue International de
Royaumont (to be published).

2y is the velocity four-vector of the particle. The velocity of
light is taken as unity. Latin indices run from 1 to 3.

charge ¢ and mass m acted upon by the Lorentz force
in a given electromagnetic field

du*/ds= — (e/m) (F*qu®+F*,u™).

Here F*=—E; and F*,=—B,, where E and B are
the electric and magnetic field vectors and (%, %, m) is
a cyclic permutation of (1, 2, 3).

We see then, that there is a correspondence between
the Christoffel symbols and the electromagnetic field
components given by

Fky— F"oo, Fr,— ZPkOn,

provided we also let e — m.

In what follows, it will be assumed that the gravi-
tational field is weak and quasi-static, and that we are
using quasi-Galilean coordinates. The analogy can then
be pursued further, because —I%, and —2I%,
(=2I'"y) are produced by masses (multiplied by G,



