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The basic algebraic structure of the Dirac equation for the electron is used as a model for wave equations 
for other particles of nonzero rest mass. Wave equations of the form {y^V^m^ — O, where the -/-matrices 
satisfy the usual Dirac anticommutation rules [ T M , Y J + = 2gM„ are then found for every positive integral 
and half-odd-integral spin. Wave equations of the above form describing multiple spin particles are also 
found. The improper transformations are given explicitly in their most general form, and quantization is 
performed. Finally, the vector meson field is treated as an example. 

1. INTRODUCTION 

IN the past many formulations of higher spin (s> J) 
wave equations have been given. Among these, two 

broad classes might be considered to be more or less 
Dirac-like. The first class consists of those employing 
higher rank undors1-4 (i.e., 4-spinors). The second 
class5-11 consists of those derived by algebraic rather 
than tensor-undor techniques and having the form 

(7"V|l+w)^=0, (1.1) 

where the y's are square coefficient matrices. 
The equations to be derived in the present article fall 

in the second category, but differ (for spin ^ J ) from 
the previously derived equations of this category in five 
important respects. (I) The coefficient matrices y^ of 
the earlier equations are irreducible, whereas the 
coefficient matrices of our equations are reducible. (II) 
The spin matrices of earlier equations are polynomials 
in the coefficient matrices whereas ours are not. (I l l ) 
The coefficient matrices of the earlier equations satisfy 
minimal equations of degree > 2 for spin > J , whereas 
all of our coefficient matrices satisfy a minimal equation 
of degree two. (IV) The coefficient matrices of earlier 
equations satisfy complicated commutation relations 
of degree > 2 for spin > ^ , whereas all of our coefficient 
matrices satisfy the ordinary simple Dirac anticommu­
tation relations of degree two. (V) The earlier equations 
have no subsidiary conditions, whereas our single spin 
equations have, in a sense. Our subsidiary conditions 
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consist of putting some of the components of \p equal to 
zero when the form of all the relevant matrices (i.e., 
the form of the representation) is suitably chosen. 

The reason for referring to our equations as Dirac-
like is of course that the coefficient matrices satisfy the 
Dirac anticommutation relations. The Klein equa­
tions5, 6-12 (which include the Duffin-Kemmer equations), 
on the other hand, abandon the Dirac anticommutation 
relations but retain the equation from Dirac theory 
which expresses the spin matrices as bilinear functions 
of the coefficient matrices. The Pauli-Fierz equations 
when written in the form (1.1) with irreducible coeffi­
cient matrices, have neither of these properties. 

The algebraic technique which will be employed here 
is a straightforward extension of the technique which 
was employed13 in deriving Dirac-like wave equations 
for massless particles. 

The wave equation for a particle of spin s has the 
form14 

( Y M V H - W ) ^ = 0 , ( l . i ) 

where m is the mass of the particle, the 7's are SsXSs 
square matrices satisfying the usual Dirac relations 

[YM/yJ+=2gM (1.2) 

and \p is an &y-component wave function in which 2^— 1 
components are put equal to zero. The spin J equation 
is the usual Dirac equation. As will be seen, this is a 
rather degenerate case. 

The wave equations described above are covariant 
under the proper orthochronous Lorentz group and 
also under time-reversal transformations. They are not, 
however (except for s = f ) , covariant under space 
inversion transformations. Equations invariant under 

12 For a review of Klein's theory see S. Hjalmars, Arkiv Fysik 
1, 41 (1949). 

13 J. S. Lomont, Phys. Rev. I l l , 1710 (1958). 
14 Greek indices run from 0 to 3, Latin indices from 1 to 3 

n = c = l, — goo=gn=g22=g33 = l, x°=t, xx=x, x2=y, x3=z, 
V^ — d/dx*1, t and f mean transpose and Hermitian conjugate, 
respectively. 

337 



338 J . S . L O M O N T A N D H . E . M O S E S 

space inversion can be obtained from those of type (1.1) 
by simply doubling the number of components of \p. 
These equations are 16s-dimensional (except for $=%) 
and again have the form (1.1) where the y^ matrices 
again satisfy (1.2). 

Finally, it should be mentioned that this approach 
also yields multiple spin equations of Dirac-like form. 

2. GENERAL THEORY 

We shall begin by assuming that our wave equation 
has the form 

(7/.VM-w)^=0, (2.1) 
where 

[ 7 ^ Y J + = 2&»„ (2.2) 

Furthermore, we shall assume that under the infini­
tesimal Lorentz transformation 

Sxx=cox^, ooXfi = - co"x, (2.3) 

the wave function ^ undergoes the transformation 

ty=-WvK*d, (2.5) 

K^p— —KV(i, (2.6) 

where the infinitesimal transformations K^ satisfy the 
usual Lorentz group condition 

[KK\iKilv~]-=^gKliK\v+g\vKKii~gKVK\ii--g\llKKVJ (2.7) 

and the usual covariance condition15 

[Yx^J-^gA.TM-gx^- (2-8) 
The covariance of the wave equation (2.1) is now 

easily shown. 

<5[(YXVX+W)^]=7X(<5VX)^+ (y\Vx+m)ty 
= Tx^X/iV^-KTxVx+w)co^irM^ 
== C ^ Y X V ^ - WvK»v (YxVx+m)ip 

- 0 (2.9) 

Equations (2.1) and (2.2) assure us that \p satisfies the 
Klein-Gordon equation as in the usual Dirac theory. 

Now we shall find all possible matrix forms of the 7's 
and K's by finding all irreudible representations of the 
7's and K's. If we let 

M^K^+Hy^-]-, (2.10) 
we see that 

IM^M^-^g^M^+gxuM^-g^M^-g^M^, (2.11) 

and 
[7x,M,J_=0. (2.12) 

Consequently if 

7x->£>(7x), M»v->D(M»v) 
15 The essential difference between our approach and Klein's 

is that instead of (2.2), Klein assumes [yfi,yv']-——4:Kflv (see 
reference 5). 

is a finite-dimensional irreducible representation we see 
from (2.2), (2.11), and (2.12) that 

Z>(7X) = /(w'w)®7x, (w,»=0,J , l , f-••) (2.13) 

D(Mlii,) = D^(MliP)®IM, (2.14) 

where 7x on the right side of (2.13) is the usual 4X4 
Dirac 7x, I{m'n) is the (2m+l) (2^+1)-dimensional unit 
matrix, J(4) is the 4-dimensional unit matrix, and 
£><"»»"> (Af„„) is a (2w+l)(2^+l)-dimensional irreduc­
ible representation Am>n of the Lie algebra of the 
homogeneous Lorentz group Let us call the represen­
tation of the 7's and K's defined by (2.13) and (2.14) 
Tm>n. The dimension of Tm>n is A(2m+l)(2n+l). 

Let £ be the Lorentz Lie algebra generated by the 
K's, and let Tmtn

is) be the representation of £ "sub-
duced" by restricting Tm,n to £ We shall now decom­
pose rw>n

(s) into a direct sum of irreducible represen­
tations Am',n> of £ Let 

K=(K2z,Kn,K12), M=(M2hMshM12)y (2.15) 

St=(Koi,Ko2,Kto), m=(Moi,Mo*M, (2.16) 

Ci= K 2 - 1 2 , Di= M2-Wl2, (2.17) 

C2=K-ft, D2=M-2tt. (2.18) 

It is then a straightforward matter to show that 

(C1~D1+iy-2(Cl-D1+%)+D1±2iD2=0, (2.19) 

(D2-C2y±(i/2)(D2-C2) 
+^-iD1^(i/2)D2=0. (2.20) 

Since Di and D2 commute with the M's and 7's they 
are represented by scalar matrices in Fw ,n: 

D1=-2{m(m+l)+n(n+l)}Ii (2.21) 

D2 = i{m(m+l)~n(n+l)}I, (2.22) 

where / is the 4 (2m+l)(2#+l)-dimensional unit 
matrix. Consequently (2.19) and (2.20) are simply 
equations for the eigenvalues of Ci and C2. The eigen­
values of Ci and C2 are as follows. 

Ci 

- 2 { ( w + i ) ( w + f ) + » ( » + l ) } 
~ 2 { ( w - | ) ( w + i ) + » ( » + l ) } 
-2{m(m+l)+(n+i)(n+i)} 
-2{m(m+l)+(n-$(n+h)} 

C2 

i{ (m+i) (w+f) -n(n+l)} 
i{(m~i)(m+^)-n(n+l)} 
i{m(m+l)-(n+i)(n+i)} 
i{rn(m+i)—(n—%)(n+i)} 

Since every irreducible representation of £ is char­
acterized by a pair of eigenvalues of Ci and C2 we see 
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from the preceding table that 

rm,nM = Amtf,n®&m-l,n®Am,«+i®&m,n-h ( 2 . 2 3 ) 

The infinitesimal operators i£23, Kn> and Ku generate 
a sub-algebra (R of £ which is the Lie algebra of the 
3~dimensional rotation group, Let us denote the 
(2j + 1)-dimensional representation of (R by Ay. Then 
if Amtn

(s) is the representation of (R subduced by the 
representation Am>w of <£, we see from the Clebsch-
Gordan expansion 

m+n 

n Zw 
j—\m—n\ 

Ay, (2.24) 

together with (2.23), (2.5), and (2.1), that the wave 
equation (2.1) will in general describe multiple spin 
particles. 

We want to show now that the irreducible represen­
tation Tmtn can be chosen in a form such that the 
subduced representations of both <£ and (R are com­
pletely reduced and such that 

K t = - K , or K^=-K^\ (2.25) 

« t = ®, (2.26) 

yj=y*. (2.27) 

We shall subsequently refer to this representation as 
the C.R. (completely reduced) form of Tm>n or as the 
C.R. representation. 

One form of Tm,n is given by (2.13) and (2.14) where 
Z>(w>w)(MnV) can be chosen as follows: 

!><«.»> (M) = -C* ( w W ( n ) +/ ( m ) ®<r ( w ) ] , (2.28) 

D^m'n)(W) = - [ ( rN0/W-/W®ff (») ] , (2.29) 

where o-(w) is the irreducible (2m+1)-dimensional spin 
vector matrix, and 7(m) is the (2m+1) -dimensional unit 
matrix. Since <r(m) is Hermitian we see that D^m'n)(M) 
is skew Hermitian and D(m'n)(Wl) is Hermitian. Since 
the 4X4 Dirac 7's can be chosen to satisfy (2.27) we 
see that D(y\) given by (2.13) can also. Thus Tm,n in 
the unreduced form (2.13), (2.14) can be chosen to 
satisfy (2.25)-(2.27). Let us consider now the K^ in 
reduced form. The irreducible components of $t are of 
the form (2.29) (with different indices) and, since the 
spin matrices are Hermitian, satisfy (2.26). Also since 
the irreducible components of K are — i times spin 
matrices, K satisfies (2.25). The question now is 
whether the transformed 7's satisfy (2.27). Since the 
KpyS are all either Hermitian or skew Hermitian in 
both the reduced and unreduced form, it follows that 
the transformation matrix U can be chosen to be 
unitary. Since 

(J7T|ltf-*)t= UyJU~l= Uy»U~\ (2.30) 

It follows that (2.27) holds in the transformed repre­
sentation. 

3. TIME REVERSAL 

We shall now show that there is a 4(2w+l)(2^+l)-
dimensional, unitary, time reversal matrix T such that 

r-xKr= K*, 

or T-1KlivT=K^, 

(3.1) 

(3.2) 

(3.3) 

(3.4) 

where the C.R. form of Vm,n is used. Equation (3.1)16 

assures that two time reversals (where \f/'= T\f/*) return 
a state to its original value. The numbers m, n character­
ize the irreducible representation rm,n. Equation (3.2) 
assures the covariance of the wave equation. 

To prove the existence of T we first observe that 
the two sets of matrices {yx,K,$} and {7X, K*, — $*} 
satisfy the same commutation relations. Since they 
also have the same Casimir operators they must be 
equivalent. Again since the K's and 7's are either 
Hermitian or skew-Hermitian the matrix T transform­
ing one set into the other can be chosen to be unitary. 
If N denotes a generic element of the set {7x,K,®}, then 

TL-Wr=€(iV)^*, 6 = ± 1 , 

from which it follows that 

By Schur's lemma 
[rr*,iv]_=o. 

and since T is unitary and X real17 

X = dbl. 

(3.5) 

(3.6) 

(3.7) 

(3.8) 

We shall now construct the operator T and show 
thatX=(-l)2 m + 2 n + 1 . 

It will be convenient to introduce in addition to the 
C.R. representation, a representation of the M^s and 
7x's of the form (2.13)-(2.14) and (2.28)-(2.29), which 
we shall denote by primes, such that the matrices y\ 
are real, 7 / (i= 1,2,3) are symmetric and 70' is 
antisymmetric. 

The operators M' are chosen so that Mi and Mz 
are imaginary and symmetric and M2 is real and 
antisymmetric. Furthermore Stfti', SD '̂ are real and 
symmetric and TI2 is imaginary and antisymmetric. 
Since the A ŝ are Hermitian or anti-Hermitian, a 
unitary operator V exists such that 

VNV-^N'. (3.9) 

From (2.14) and the Clebsch-Gordan expansion 
(2.24), it is seen that the eigenvalues of iMi are all 
integers if both m and n are integers or half-integers, 

16 It should be made clear that (3.1) is a consequence of the 
other requirements on T and is not itself a requirement. 

17 On multiplying (3.7) on the left by T - 1 and on the right by 
T, one has T*T=\I. By taking the complex conjugate of this 
and comparing with (3.7), one finds X*=X. 
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and are all half-odd-integers if one of the pair m, n is 
an integer and the other a half-odd-integer. Conse­
quently, we see that the eigenvalues of the square of 
the operator 

D=er*M*' (3.10) 

are all one in the first case and minus one in the second 
case. Hence 

Furthermore, 

Z>-i= <>***', D*=D, D'=D-\ (3.12) 

From the commutation rules for M M / and the symmetry 
properties and M and $R, 

D ' A f „ / D = c i r W J f M / e r ^ > ' = -M^M'i"*. (3.13) 

We maintain that the operator T given by 

f = F - I D Y I V Y S ' F - " (3.14) 

satisfies (3.1)-(3.4) as can be proved by direct calcu­
lation, using the properties of D and the real y ' matrices. 

We shall now show that the operator T is unique 
within a phase factor, i.e., if T\ and T2 are any two 
unitary operators satisfying (3.2)-(3.4), then T^—e^T^ 
From (3.2)-(3.4), it follows that 

lTr1T2,N*J.=0. (3.15) 

Since N is an irreducible set, 

r , = x r i . (3.16) 

Since T2 and T% are unitary, X must be a phase factor. 
Hence 

T*=e*Tu (3.17) 

where $ is arbitrary. Hence, generally 

T=e^T. (3.18) 

4. SPACE INVERSION 

The theory as developed so far does not in general 
possess a space inversion operator. There are, however, 
some cases in which it does. These are the cases where 
Tm>n is equivalent to rm,n*, i.e., r w , n = r m , w * . A neces­
sary and sufficient condition for these cases is m=n. 

Under such circumstances (m=n) we can find a 
unitary, Hermitian space inversion matrix <S such that 

S*=I, (4.1) 

SKfiyS=-Kfl^=K^> (4.2) 

SyxS=-y^=-y\ (4.3) 

and \p'=S\p (where the C.R. form of r m , „ is used). The 
first equation assures the return of \j/ to its original 
value after two inversions, and the third assures the 
covariance of the wave equation. 

To prove the existence of such an 5 we first observe 
that the two sets of matrices {i£M„*,Y\*} and 
{—K^, — 7x*} satisfy the same commutation relations 
and have the same Casimir operators. They are there­

fore equivalent. Since rm > n=Tm ,n*, it follows that the 
two sets {KnV,y\} and {—KJVi — yx1"} are equivalent. 
We again see that the transformation matrix can be 
chosen unitary. Hence (letting N denote a generic 
element of {i£^,yx}) we see that there is a unitary 
matrix S' such that 

S'NSf-l=-~W. (4.4) 

From this it follows that 

DS*2V3_=0, (4.5) 
and hence that 

S'2=\I. (4.6) 

Since S' is unitary |X| = 1. We then define S by 

S=\->S'. (4.7) 
We note that S is Hermitian. 

For later purposes it will be useful to give an explicit 
construction for S. 

We recall that i fA and B are any two square d-
dimensional matrices, then there exists a ^-dimensional 
permutation matrix (P such that 

(p-14 B(P=B®A. (4.8) 

I t is important to note that (P depends on d and on the 
ordering of the rows and columns of the Kronecker 
product but not on A and B. 

We recall further that 

M ' = -i(cF^®/(w>+/^(8)<y ( M ))(8)/ ( 4 ) , (4.9) 

$0J'= _ (ao»>® j M - j c ^ ) ® ^ * ) ) ® j w . (4.10) 

We now let (P(m) be the (2w+l ) 2 dimensional permu­
tation matrix which transforms <j(w)(g)/<m> into J (m) 

®<r(m) and vice versa. Letting (P'=(pCw)®/(*> we have 

(P'-W(P'==M', (4.11) 

(P '-W(P'==--9r , (4.12) 
or 

(S>f~1Milv
,(9f=M^\ (4.13) 

The space inversion operator is then given by 

5=dbiF~1(P'yoT. (4.14) 

I t should be noted that (P' is real, (P ,2=7, and (P' 
commutes with yo'. 

I t can easily be shown that S as given by (4.14) 
satisfies (4.1)-(4.3). I t can also be shown that if Sr is 
another Hermitian matrix satisfying (4.1)-(4.3) then 
5"= ± 5 . 

In case rm,w5^rw,w* we construct a new theory with 
twice the dimension of the original. Let 

K„=l ) , (4.15) 

/Yx 0 \ 
yx=( J , (4.16) 

V0 y x * / 
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and let \j/ be a wave function transforming under K 

6$=-fa*'g„$, (4.17) 
and satisfying 

(YMVM~w)iA==0. (4.18) 

We now show that there exists a unitary Hermitian 
space inversion matrix S such that 

S2=I, (4.19) 

SEl„S= -K^=K^y (4.20) 

S f x S = - 7 x t = - 7 \ (4.21) 

where I is the identy in the doubled space. Since the 
two sets {K^yx} and {—K^} — fxt} satisfy the 
same commutation relations and have equivalent 
Casimir operators they are equivalent. Hence there 
exists a unitary S' such that 

S'JV3'-i==.--#t. (4.22) 

But rwi,n7
r£rm>n* implies {K^^yx} is not equivalent to 

{—K^y — Y\t} and hence 

S is 

From (4.22) 
\A2 0 / 

(4.23) 

Furthermore, since the operators N are either Hermitian 
or anti-Hermitian we write 

Hence 

and 

/ 0 iV~lDyQ'V*\ 
' = ( ) . (4.34) 

XiV^Wyo'V 0 / 

This statement can be proved by straightforward 
calculation. Let us consider any other Hermitian 
matrix 5 which satisfies (4.19)-(4.21). From the fact 
that 

[ 3 3 ' ^ ] - = 0 , (4.35) 

tft=p(2V)tf, 

where p(2V) = ± l . From (4.24)-(4.26) 

ZAtAi9N*l-=0. 
Hence 

A%A!=}J. 

From the fact that 5 ' is unitary 

AJ=Ac\ AJ=ArK (4.29) 

A2=\A1^=XAr1, (4.30) 

3'2=A/. (4.31) 

From the fact that S' is unitary, it follows that 

\=e~2id. (4.32) 

We define the space inversion operator by 

5 = ^ 5 , = ( I. (4.33) 

Clearly S is Hermitian and unitary and satisfies 
(4.19)-(4.21). 

It will be useful to write S explicitly. We maintain 
that a matrix S' which satisfies the requirements for 

we see that S must have the form 

~ / 0 eieA\ 

\e-ieA* 0 / 
where 

A = iV~1Dy0'V*) 

(4.36) 

(4.37) 

and 6 is thus far arbitrary but will be fixed later. 

5. TIME REVERSAL AND SPACE INVERSION 

It will be useful to obtain relations between the time 
reversal and space inversion matrices. 

Let us first consider the undoubled theory in which 
the representation is equivalent to its complex conju­
gate. On using (3.18) and (3.14) for T and (4.14) for S 
we can calculate explicitly 

(5.1) (4.24) 

(4.25) 

nitian 

(4.26) 

(4.27) 

(4.28) 

T-iST^S*. 

For the doubled theory we write 

VO T*J 

r- = ( ). 
V o r*-1/ 

We should like to obtain 

f-1ST=§*) 

(5.2) 

(5.3) 

in order to have invariant Lagrangians. Toward this 
end we set the hitherto arbitrary angle 6 equal to <f> and 
find that on using (4.36) for § (5.3) is satisfied. 

6. BILINEAR COVARIANTS 

Let us now consider theories possessing space and 
time inversion transformations which satisfy (5.1) or 
(5.3) and disregard the fact that the operators may have 
come from doubled theories. 

By using the space inversion transformation matrix 
S we can now easily form bilinear covariants. Thus 
^ t ^ is a regular scalar under the full homogeneous 
Lorentz group, and ^Sy^ is a 4-vector of the second 
kind18 under the full homogeneous Lorentz group. 

18 See M. S. Watanabe, Phys. Rev. 84, 1008 (1951) or J. M. 
Jauch and F. Rohrlich, Theory of Photons and Electrons (Addison-
Wesley Publishing Company, Inc., Reading, 1955) for a definition 
of the four kinds of tensors. See also J. S. Lomont, "Applications 
of Finite Groups" (Academic Press, Inc., New York, 1959), p. 325 
no. 5. 
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Consequently, for the Lagrangian L we can take 

L=Cf\jl/^S(yflVlt+m)\p+complex conjugate], (6,1) 

where C is a real constant. As a current we have 

j^WSyrf). (6.2) 

The Lagrangian (6.1) leads to the covariant commu­
tation relations 

DK*),0(y)]= - iC , - 1 (7 M V A t -m)A(^~^) , (6.3) 

[ * ( * ) , * ( y ) > 0 , (6.4) 

(6.5) 

N D H . E . M O S E S 

where 
ix ( i )=(d/y^x)= 

dL 

— HqiCtySyxl/, 

-^-Aq-C'VtySri**. 

(7.12) 

(7.13) 
d(V«0x) 

The equation for \p is 

(7.14) 

where 
\fs = ^S. 

The Hamiltonian 

8. CHARGE CONJUGATION 

Again we shall consider theories with a space inversion 
matrix and drop tildes. We shall show that there 
exists a unitary matrix C, the charge conjugation 
matrix, such that 

C*C=I, (8.1) 

3 C = - C " fdzxtiyv+m)^ (6.6) 

then satisfies the usual requirement 

(6.7) 

C~hY\C = y\*, 

^ i V j u v ^ -&~}IV J 

c - I r c - l = r - l ; 

C~15C=±5'*, 

(8.2) 

(8.3) 

(8.4) 

(8.5) 

7. INTERACTION WITH THE 
ELECTROMAGNETIC FIELD 

Again we shall assume the existence of S and drop 
tildes. Let y^— —t]Vn be a set of matrices of the same 
dimension as rp satisfying 

77oyt=-77oi, Vijt = 1lij, (7.1) 

W = * r , (7-2) 

Si7MIWS=W = iT , (7.3) 

r-%,T=-rv*, (7.4) 
n^y,i7Kx]- = gJCyr7x/.+gXM «̂v—gKifl\p—g\pVKix, (7.5) 

Equation (7.6) together with [ 7 0 , $ ] - = r a n d (2-8) 
leads to the additional relations 

LyijVjk]-= 2dikyoyoj— 2dijyor]okJ (7.7) 

[yi,voj]-= ZyoVij. (7.8) 

For the interacting field we can then take the 
Lagrangian L to be 

Cf-1L=^S{y^+m+q2x
tiVV^ 

+complex conjugate, (7.9) 
where 

D^V»-iqKJ>», (7.10) 

qi and q2 are real coupling constants, C' is a real 
constant, and </3x and x^" are the, respectively, potential 
and field strength of the electromagnetic field. The 
resulting current is 

j\=j\w+hm, (7.11) 

where the C.R. representation is used again. If ^ (C) 

= C\(/* then the above equations assure that when^2 = 0, 
\p(C) satisfies the wave equation (7.14) with q\ replaced 
by —qi (if q\ is real). 

To prove the existence of C which satisfies (8.2) and 
(S.3) we note first that the two sets {y\fK^y} and 
{y\*,KnV*} are equivalent, so there exists a unitary C 
satisfying 

C-WC=iV*, (8.6) 
and hence 

[<X*,i\G_=0. (8.7) 

If the set {y^K^v} is undoubled and hence irre­
ducible then 

CC*=\I, (8.8) 

where X is real, and therefore ± 1 . To find X we must 
go into the structure of C. 

We shall now give C explicitly for both the doubled 
and undoubled theories. In the undoubled theory 
a unitary operator C satisfying (8.1)-(8.5) is given by 

C^V-WDV*. (8.9) 

Any other unitary operator C which satisfies (8.6) is 
given by 

C=eiaC, (8.10) 

where a_is arbitrary. This result is proved by using the 
factccc-yvi-=o. 

I t is easily seen that (8.1)-(8.3), are satisfied. Also 

c-isc=-s*. (8.5a) 

To obtain (8.4) we evaluate C~lTC~l using the explicit 
form of the operators 

If we pick «=<£—7r/2, then (8.4) follows. 

(8.11) 
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In the doubled theory, every operator C which 
satisfies (8.1)-(8.4) is of the form 

C 
\I 0 / 

(8.2) 

where a = (ir/2)(2m+2n+l). 
On using (4.36) and (4.37) for S and the fact that 

D~l— (— l)2m+2nD we have for the doubled theory 

C- 15C=(- l )^ 2 M + 2 r i + 1 )5*. (8.5b) 

In order for g2-terms in Eq. (7.12) to behave properly 
under charge conjugation we must require 

c v c - - ^ * . 
9. SINGLE SPIN EQUATIONS 

(8.13) 

In this section we shall see how to select from the 
wave equations (2.1), corresponding to the represen­
tation (2.13), (2.14), equations which can describe 
particles of a single spin. Let us put 

s = m+h (9.1) 
n=0, (9.2) 

so the decomposition (2.23) becomes 

r5_.,o (s) = A s , o0A s _ u 0A s _ i ) O . (9.3) 

We shall assume that (R is in completely reduced form 
with the blocks in the order (9.3) from top to bottom. 
Since the subduced representation AS_A,I(S) of (R 
decomposes according to 

A s _ u W = A s 0A s _i , (9.4) 

we shall assume that the subduced representation of (R 
is completely reduced and that the blocks have the 
order As, As, As_i, As_i. 

We shall now show that if the components of \p 
transforming under As_i,o are put equal to zero that we 
have a single spin theory describing particles of spin s. 
To do this we shall consider the spin of engergy eigen-
functions in a rest state, so \f/ = u exp(ipox°), where 

Us 

u/ 
Us-i 

0 J 
and 

— iyoU= euy =±i. 

(9.5) 

(9.6) 

We shall now show that us-i = 0. For this we first note 
that Qyo,K] = 0, SO that 

70 = 

A n / w X1 2 / ( s ) 

X 2 i / ( s ) X2 2 / ( s ) 

x43/(s~1) x 4 j ( 5 ~ 1 ) 

(9.7) 

where the X's are constants, the / ' s are unit matrices, 

and the omitted elements are zero. Thus 

-iyoU= — i 

X n ^ s + X i ^ / ' 
X2l^s+X22^/ 

X33^ s_i 

X43^s-1 

= e 

" Us ' 

Us 
U8~\ 

i 0 , 

(9.8) 

Consequently either # s _ i=0 or X43=0. If X43=0 then 
the set {yo,KpV} is reduced. Since [ Y O , $ ] - = y it follows 
that y is reduced, and hence that the entire set {y\,K^v} 
is reduced. Since the set {y^K^} is irreducible it 
follows that us-.i — 0, and hence that u describes 
particles of spin s. 

This scheme of setting some components of \p equal 
to zero is obviously covariant under proper, ortho-
chronous, homogeneous Lorentz transformations. The 
covariance of the scheme under improper transfor­
mations is not so obvious and requires proof. From 
(2.17), (3.3), and (3.4) we find that 

[r,d]-=o. (9.9) 

Consequently T must have the same block form as the 
Knv's, and thus if the last (2s—1) elements of \p are 
zero so are the last (2s—1) elements of Txfr*. 

Since the only undoubled theory with a space 
inversion transformation is the Dirac theory, s = § , 
which has no zero components, we shall consider only 
doubled theories s> J. From (2.17), and (4.20) we find 
that 

[ 5 A ] - = 0 . (9.10) 
Since 

/ 0 A\ /C i 0 \ 
S=( ) , Ci=( ) , (9.11) 

we find that 
[^A]_=o 

from which it follows that A has the same block 
structure as K^. If 

* - ( * • > 
W2/ 

where the last 2s— 1 components of both \pi and ^2 are 
zero, then \pi and fa' given by 

have the same property. 
Finally the simple form of the charge conjugation 

operator (8.2) assures us that the last 2s— 1 components 
remain zero under charge conjugation. 

10. SINGLE SPIN COVARIANT COMMUTATION RULES 

Let us consider a complete set of commuting ob-
servables consisting of H=—iyo(y'V+m), —iK-V, 
P=—iV, and other Hermitian operators which can 
always be chosen so that they commute with the 
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operator iSyo- A simultaneous eigenstate of all these 
operators will be designated by 

lKx|p,€,f), (10.1) 

where p is the momentum, e is the sign of energy and f 
collectively denotes all the other eigenvalues. We shall 
separate out the x-dependence in the usual way 

lKx|p,€,f)=——«(p,€,f), 
(2*-)* 

(10.2) 

where u is a column vector. 
For many purposes one might be inclined to normalize 

u so that 

This normalization leads to 

JV(X | p,€,f)^(x| p,,€/,f,)^=«(p-p,)««' «rr- (10-4) 

However, this normalization is not covariant. I t can 
be shown that the following covariant normalization is 
possible for e=e / . 

w(p,€,r)7M«(Pi€,fO = ^ ( € , f ) ^ r r , (10.5) 

where here 

£ 0 = _ e0)(p) = - €(p^+m2)^ u=u^S, (10.5a) 

and X(e,f) is an invariant function of the arguments 
which can have only the values + 1 or — 1 . This 
function must be calculated in particular cases. 

We have also an orthogonality relation 

^(p,e,f)57o^(p, - € , 0 = 0, 

since Sy$ commutes with H. Hence 

^(p,€,f)7%(p,6 ,,fO = 6X(e,f)co(^)5ee,5rr, (10.6) 

which implies the completeness relation 

w(p,€,f)tf(p,e,f) 
> : 
7f €X(e,J>(£) 

(10.7) 

Let ^(s)(p,€,f) and ^ ( s )(p^,f) be the single spin eigen-
functions (i.e., the last 2s— 1 components are zero). 
Then if \f/(s) (x) is a single spin field operator satisfying 
the equation ( Y ^ V M + W ) ^ ( S ) ( # ) = = 0 , the following com­
mutation rules are covariant. 

W'Kx),$M(y)] = C'~1DM(x--y), (10.8) 

where 

D^(x) = ~ E f 
6X(€,f)«(#) 

XexptiprxJcPp. (10.9) 

Let us define u{s~l) as the spin eigenfunctions or-. 
thogonal to u{s). These are the remaining eigenfunctions 
which span the space. We also define D{8~1) in a manner 
analogous to the definition of D(s) but use u{s~i:> instead 
of «<•>. Then 

D^(x)+D^-1^x) = ~i(y^fi-m)A(x) (10.10) 

on using (10.7). This is expected from (6.3). 
If in (10.9) the summation is taken only over a 

subset of the f's then we obtain a matrix function 
D(s)(x) which when substituted in (10.8) still yields 
covariant commutation relations. 

We can show that Z)(s) is a causal function. Consider 
any 8.?-dimensional column vector f(x). I t can always 
be split up in the following way: 

f(x)=f^(x)+fs-»(x), (10.11) 

where f(s)(x) and / ( s - 1 )(#) are superpositions of the 
u{s) and u{s~l) eigenfunctions, respectively. Since the 
operator D(s) transforms the u(s~x) eigenfunctions to 
zero, we have 

CDM(x-x')f(x')dx'= I D^(x-x')f^{xf)dxf 

= CD(x-x')f^(x')dx'. 

(10.12) 

Since D is a causal operator when it acts on f(s)(x), 
the causality of Z)(s) follows. 

11. EXAMPLE: s = l 

A set of matrices 7x, 2TM„, and T satisfying the 
desired relations is given in Appendix I. To obtain a 
single spin equation we set ^8=0. 

Since the Hamiltonian 

H=—iyQ(yV+in), (11.1) 

— iV, and — iK*V all commute, we can choose a 
complete orthogonal set of vectors which are simultane­
ously eigenvectors of H, —iV and — iK-V. Thus 
}p=u exp (ip^Xp), where 

K'Vu=-ip{u ( f = z b l , orO), (11.2) 

p=\p\ and 
H(p)u=€QM, e = ± l , (H.3) 

and co= (p2-{-m2)K To be specific let us append some 
indices to u so #=^(p,e , f ) . Also, for convenience let 
us put 

[«4(p,€,f),«6(p,€,f),«6(p,€,f)] = e(p,e,f). (11.4) 

Then equation (11.2) implies that 

pXe(p,€,r) = - # f e ( p , € , r ) . (11.5) 

Since e(p,e,f) does not depend on e, the e can be 
dropped. In the Appendix an explicit form of e(p,f) is 
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presented which satisfies the following conditions: 

e*(p,f)-c(p,f) = l, (11.6) 

e(vfi) = p~% (11.7) 

e*(p,f) = e ( p , - f ) , (11.8) 

e ( - p , - f ) = -e(p , r ) . (11.9) 

Also it follows that 

c*(p,i;)Xe(p,i7) = fi?e(p,0), i7==fcl. (11.10) 

The eighth row of the wave equation says 

d^4 dfc dipt d^7 
+ + + = 0 . (11.11) 

dx dy dz dt 
Consequently, since p°= eo>, 

^(p,e,f)=(€/co)p.e(p,f). (11.12) 
If we put 

(^1,^2,^3) = 4 , (Ui,U2,U3) = U, (^4,^5,^6) = A , 
and 

we find from the first three lines of the wave equation 
that 

dA 
-m^=—+VV+iVXA. (11.13) 

dt 
Consequently 
-wu(p,e,f) = -f€we(p,f)+(f€/«)pp-e(p,i")--pXe(p,f) 

= -*e(«-€f^)e(p^)+(ie/«)pp-e(p,r). 
Hence 

r(w/w)(«-€#f)e(p-r)-(w/w«)PP-e(p,f)] 

" f o ^ H (€/«)p-e(p )̂ 
I 0 J 

(11.14) 

Instead of normalizing u, we have normalized e. The 
explicit forms for e and u are in the Appendix. 

In addition to the bilinear covariants discussed 
earlier, we can also form other bilinear covariants. Let 

J=tfV0-2iSR-V, (11.15) 

let T be any 8-dimensional matrix which commutes 
with b, 

[6,r]_=o, (11.I6) 
and let 

/=M8Hy,, jff=-*7o. (11.17) 

Then from the relations 

[^,K]_=-2i3KXV, (11.18) 
and 

[&,$]+= -UV~byoY+2mVQ, (11.19) 

which hold only for the present case, we find that under 
the infinitesimal Lorentz transformation (2.3) 

dj^fatyipblKvjrjjir. (11.20) 
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Putting r==7 we find that \p^f3b\f/ is a scalar and putting 
r==7\ we find that \p^by\\p is a 4-vector. Under time 
reversal \p^hp —> ffifibf/)*. Consequently Refflpbif') 
is a regular scalar. Thus we can put 

2C'L= 0SWt(7"V/l+w)^+{(7/'VM+w)^}t/3^. (11.21) 

This Lagrangian leads to the correct equation of motion 
if we cancel b from the Euler equations. The usual gauge 
invariance techniques for deriving currents leads to 

j^RortPbyrf'. (H.22) 

This Lagrangian, however, is not satisfactory for 
introducing the electromagnetic interaction in the usual 
way because it leads to a second order equation. 

Incidently, in the doubled theory the current (11.22) 
is proportional to the current i^Sy^p where S is the 
space inversion operator. 

A special case of the undoubled theory corresponds 
to neutral vector meson theory, while a special case of 
the doubled theory corresponds to the charged vector 
meson theory.19'20 

To obtain the neutral vector meson theory from 
the undoubled equations we require A = (\p^M and 
7=^7 to be real. Then we take [letting t|r= (^1,^2,^3)] 

E=Ret!r, and H=-Imt|r . (11.24) 

We shall now write the Dirac-like equations explicitly 
and separate real and imaginary parts. 

The first three equations are 

-mE=(dA/dt)+Wf wH=VXA. (11.25) 

The second three equations are 

- ™ A = - ( d E / d / ) + V X H , 

•0=(dH/d*)+VXE. ( * } 

The seventh equations yield 

-mV=v-E, 0=V-H. (11.27) 

Finally the eighth equation is the Lorentz condition: 

0=V-A+dV/dt. (11.28) 
On writing 

E= (F01,F02,F0*), H = (F2*,F*\F12), (11.29) 

Eqs. (11.25) are equivalent to 

mF^VfAr-VAn (11.30) 
where A°=V. 

The first of Eqs. (11.26) and (11.27) can be written 
VFM,=a*A„ (11.31) 

while (11.28) is 
VM„=0. (11.32) 

From (11.30), (11.31), and (11.32) one obtains 

( V V r w 2 ) i , = 0 (11.33) 
19 We should like to thank Dr. M. S. Watanabe for suggesting 

this identification. 
20 A special case of the theory could equally well be identified 

with the ordinary pseudovector meson theory. 
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as required. One could, of course, have obtained (11.33) 
directly from the Dirac type equation in the usual way 
by noting that all components of \p must obey the 
Gordon-Klein equation. 

The remaining set of equations, namely the second 
set of (11.26) and (11.25) can be written as the set 

V ^ + V ^ + V J ^ = 0. (11.34) 

We shall now introduce the doubled theory in order 
to have a space inversion operator S as in the Appendix. 

In the doubled theory let \p be written 

# U2/ (11.35) 

where \pi and \p2 are eight component column vectors 
which satisfy 

( 7 ^ + w ) ^ i = 0 , (7M*VM+m)^2=0, (11.36) 

and where the last component of each column vector 
is required to be zero. In analogy to the undoubled 
theory let us write 

A and V of (11.38) to be complex. The vectors E and 
H are defined by (11.40) and satisfy the same equations 
in terms of A and V (11.25)-(11.34) as in the neutral 
theory. In contrast to the neutral theory j^O, in 
general. 

We can now quantize the theory. For the charged 
meson field we have 

#i(x,fl = C" Cd*p I |Y~Y^(P, +, 0)a(p, +, 0) 

~ 1 <P, +, fMp, +, D exp(#„*") 
co/ J 

r / c o \ 2 /m\* 
( - ) « ( p , - - , 0 ) a t ( p > - , 0 ) + E ( - ) 

+ 

* i = 

M i l 
Ax 

, 0 

, ^ 2 = 

'^2~ 

A2 

LOJ 

(11.37) 

To obtain the neutral vector meson theories we 
require solutions of (11.36) such that 

A1==A2=A, V1=V2=V. (11.38) 

where A and V are real. We can show 

+ 
L\m/ 

X«(p, - , - f ) a + ( p , - , f) e x p ( - ^ x ^ ) 

while for the neutral meson field 

f(x,t)=c"f<pp \\(~yu(v>+> °MP>°) 

- I «(P, + , f)a(p,f) e x p o s ' 1 ) 
. C O / J 

+ (-W-~,0)at(p,0)+ Z ( - ) 

(11.39) 
Hence 

E = ( ^ 2 + ^ 0 / 2 , H=(^r2—<r0/2i. (11.40) 

In the case of the doubled neutral vector meson theory, 
we can show that the current j^iip^Sy^^O. 

To obtain the charged vector meson field we must 
use the doubled theory as above. But now we require 

where 

7o = 

72 = 

"0 0 0 -
0 0 0 
0 0 0 
1 0 0 
0 1 0 
0 0 1 
0 0 0 
.0 0 0 

r o o o 
0 0 0 
0 0 0 
0 0 i 
0 0 0 

- i 0 0 
0 1 0 

. 0 0 0 

- 1 
0 • 
0 
0 
0 
0 
0 
0 

0 
0 

— i 
0 
0 
0 
0 
0 

0 
- 1 

0 -
0 
0 
0 
0 
0 

0 i 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
1 0 

0 
0 

-1 
0 
0 
0 
0 
0 

0 
1 
0 
0 
0 
0 
0 
0 

0 
0 
0 
0 
0 
0 
0 

- 1 

°1 
0 
0 
0 
1 
0 
0 
0. 

y 
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°] 
0 
0 
0 
0 
0 
1 
0. 

7 i = 

73 = 

"0 0 0 
0 0 0 
0 0 0 
0 0 0 
o o - ; 
0 i 0 
1 0 0 

.0 0 0 

ro o o 
0 0 0 
0 0 0 
0 - i 0 
i 0 0 
0 0 0 

.0 0 1 
LO 0 0 

0 0 
0 0 -
0 i 
0 0 
0 0 
0 0 
0 0 
1 0 

0 - i 
i 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 

0 
-i 

0 
0 
0 
0 
0 
0 

0 
0 
0 
0 
0 
0 
0 
1 

1 0] 
0 0 
0 0 
0 1 
0 0 
0 0 
0 0 
o oj 
0 0] 
0 0 
1 0 
0 0 
0 0 
0 1 
0 0 
0 0. 

(11.40) 

X«(p, - , -Wfat) expi-ip^*) , (11.41) 

[«(p ,e , f ) ,«(pV,f ' ) ] -=0, (11.42) 

La(p,6^),at(p ' ,e ' , f t ' ) ]_=8. . ,8 f r5(p-p0, (11.43) 
[> (p , rV(p ' , ? ' ) ] -=0 , (11.44) 

[ a (p , r ) ,« t (p ' , r ' ) ] -=3r rS(p-p ' ) . (11-45) 



D I R A C - L I K E W A V E E Q U A T I O N S 347 

i^23= : 

K\2 — 

K0 

"0 0 
0 0 -
0 1 

ro - l 
1 0 
0 0 

' 0 0 
0 0 

-* ' 0 

0 
- 1 

0 

0 
0 
0 

i 
0 
0 

0 
0 
0 

0 
1 
0 

0 
0 
0 
0 

0 
0 -
1 

- 1 
0 
0 

0 
0 
0 

- 1 

0 
- 1 

0 

0 
0 
0 

0 
0 
0 
0 

0 

0 

0 
- 1 

0 
0 

a 

OJ 

OJ 

OJ 

- 1 

K%\~ 

KQI = 

Koz= 

0 0 
0 0 

- 1 0 

0 0 
0 0 -
0 i 

o - ; 
i 0 
0 0 

1 
0 
0 

0 
-i 

0 

0 
0 
0 

0 
0 

- 1 

0 
0 
0 

- 1 

0 0 
0 0 
0 0 
0 0 

0 
0 
0 

0 
0 
0 
0 

1 
0 
0 

0 
0 
0 
0 

0 
0 
0 

-1 

0 

- 1 
0 
0 
0 

0 
0 

- 1 
0 

OJ 

OJ 

OJ 

- 1 

- 1 

s= - 1 

- 1 
- 1 

- 1 

- 1 

- 1 

"-\Is OsJ' 
5x= 

- l 
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S2= 

- 1 

- 1 

- 1 

- 1 

e(p,0) = p//>, 

ppi—itpipn ~| 
«i(P,f) 

««(p,f) = 

pi2(ps+pm 

X/Pl2+P32^ * 

— (ppl+i{p3p2) pi2(pi2+pm i 

f=±l, 

«(p,«,o)= 

#=IPI-

iempi/oip^ 

iempi/up 

iempa/ap 

Pi/P 
pi/p 

Pz/P 
€p/(t) 

0 

«(P,€,D = f=±l. 

(*e/w)(«-€f^)ei(p,f)] 

(w/w)(co-cf#)e8(p,f) 

«i(P,f) 
«2(Rf) 

«s(p,f) 
0 
0 

APPENDIX II. LIST OF IMPROPER 
TRANSFORMATIONS 

T=ei+V-1Dyi'yi'yi'V-u, 

S = ± iV-Wyo' V for undoubled theory, 

( 0 c**«4 \ 
e-^t o / f o r d o u b l e d theory> 

where 

A^iV-iDyo'V*, 

C=~ ie^V-WDV* for undoubled theory. 

C = e x p [ i f r / 2 ) ( 2 w + 2 » + l ) ] CO 
for doubled theory. 

The operators D, (?', y/, V, are defined in Sec. 3. 


