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An alternative approach to the quantum statistics of interacting 
particles is proposed. It consists of calculating the equilibrium 
thermodynamical quantities of the many-body system via the pair 
distribution function with the assumption that the particles 
interact with each other only through pair central forces. The pro­
posed approach has some advantage over the usual treatment via 
the partition function in that the pair distribution function is 
easier to deal with than the partition function in certain circum­
stances particularly when the collective motion description of the 
system is desirable. This is because only the pair distribution 
function can be expressed directly in terms of the collective inter­
action which is closely connected with collective elementary 
excitation, such as a plasmon in the electron gas and a phonon in 
the hard-sphere Boson gas. The equation of state as well as the 
internal energy are obtained in the form of integrals of the pair 
distribution function. The close analogy between the pair distri­
bution function and the two-body propagator, which appears in 
the quantum field theory, makes it possible to analyze the former 
by the use of Feynman diagrams identical with those usually 
introduced for the latter. The collective interaction, which is 

defined by the sum of the direct and the indirect interactions, is 
introduced as a particular partial sum of the perturbation series 
of the pair distribution function. This is used in rewriting the pair 
distribution function in terms of the collective interaction. 

It is shown that, while the simple chain approximation to the 
collective interaction in the electron gas is responsible for the 
transfer of a plasmon, the same approximation to the collective 
pseudo-interaction in the hard-sphere Boson system has a relation 
similar to that of transfer of a phonon, both cases occuring at low 
temperatures. The explicit calculation of the pair distribution 
functions for these systems at the absolute zero temperature is 
carried out up to the first order in the collective interaction (simple 
chain approximation.) These results are used to calculate the 
ground-state energies. For the electron gas the energy thus ob­
tained confirms Gell-Mann-Bruckner's calculation of the correla­
tion energy. For the hard-sphere Bosons the calculated energy 
reproduces the result of Lee, Huang, and Yang. The extension of 
the calculation to the finite temperature case is also indicated. In 
particular the classical Debye-Huckel equation of state for the 
electron gas is briefly discussed. 

1. INTRODUCTION 

IN the previous investigation by one of the authors 
(S. F.)1 a close analogy is established between the 

/-body reduced density matrices in the grand canonical 
ensemble and the /-body propagators in the quantum 
field theory. In particular the pair distribution function 
was shown to be expressed in terms of a two-body 
propagator denned in the position-reciprocal tempera­
ture space. The analogy is a natural extension of that 
between the grand partition function and the vacuum 
fluctuation.2-3 If the vacuum fluctuation and the two-
body propagator are to be examined in the spirit of 
Feynman's diagrammatic method, it can be said that 
the latter is easier to handle than the former. This is 
particularly so when one counts the number of those 
diagrams which contribute to the quantity in question. 
Furthermore if one wishes to investigate the behavior of 
the collective motion of a certain many-body system, it 
is much simpler to deal with the two-body propagator. 
This is because only the two-body propagator may be 
expressed directly in terms of the collective interaction 
which is closely related to the transfer of a collective 
elementary excitation. This argument with the afore­
mentioned analogy leads us to reconsider the importance 
of the pair distribution function as a possible tool for an 
investigation into the thermodynamic properties. Of 
course the pair distribution function n{2) (f) has its own 
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1 S. Fujita, Phys. Rev. 115, 1335 (1959). 
2 T. Matsubara, Progr. Theoret. Phys. (Kyoto) 14, 351 (1955). 
3 E. W. Montroll and J. C. Ward, Phys. Fluids 1, 55 (1958). 

physical meaning: it gives the relative probability of 
finding two particles separated by a distance r. However 
it is also known, at least for the classical case, that the 
equilibrium properties such as the internal energy and 
the pressure of a many-body system can be obtained 
from integrals of the pair distribution function provided 
that the system consists of particles interacting with 
pair forces only. This is also true for the quantum-
mechanical case. As a matter of fact the internal energy 
was shown to be given in terms of the pair distribution 
function in reference 1. As another example the equation 
of state is presented in the form of an integral of the 
quantum-mechanical pair distribution function in Sec. 2. 
We believe that many important thermodynamic quan­
tities such as the chemical potential, thermal compressi­
bility, and surface energy of the system are also 
derivable from the pair distribution function for the 
quantum-statistical as well as the classical case. 

The previous investigation1 concerning the construc­
tion of the pair distribution function from the two-body 
propagator defined in the position-reciprocal tempera­
ture space is briefly summarized in Sec. 3. Since the two-
body propagator mentioned above has the same opera­
tors which are to be averaged as the one usually 
introduced in the quantum field theory4 (i.e., defined in 
the position time space), it is concluded that essentially 
the same Feynman diagrams emerge for the quantum-
statistical case. A similar idea was first expressed by 
Matsubara2 in his treatment of quantum statistics via 
the grand partition function. In fact Green's functions 

4 E.g., S. S. Schweber, H. A. Bethe, and F. de Hoffmann, Mesons 
and Fields (Row, Peterson, Evanston, Illinois, 1955), Vol. 1, p. 394. 



Q U A N T U M S T A T I S T I C S O F I N T E R A C T I N G P A R T I C L E S 7 

introduced in his theory are essentially the same as our 
propagators. Our formalism is different from his in that 
while he investigated the vacuum field fluctuation dia­
grams representing contributions to the grand partition 
function we are primarily concerned with the two-body 
scattering diagrams in order to treat the pair distribu­
tion function. 

We give in Sec. 4 a short account of the graphical 
representation of the perturbation series for the propa­
gator a la Feynman.5 Since the actual computation of 
diagrams is simplified by working in momentum-energy 
space, we introduced the momentum-energy repre­
sentation together with the position-reciprocal tempera­
ture representation of propagators. For later reference 
we give at the end of Sec. 4 two tables, one for the 
correspondence between diagram elements and propa­
gator kernel elements in position-reciprocal temperature 
space, and one for the same in momentum-energy space. 

In dealing with the many-body system it is sometimes 
of essential importance to find a certain appropriate 
descriptive method for its collective motion. Liquid 
helium and the electron gas at low temperatures are 
notable examples of such systems. In this connection L. 
Landau6 pointed out that the behavior of such a system 
can be most conveniently described in terms of ele­
mentary excitations, e.g., phonons in liquid helium and 
plasmons in the electron gas. Here the elementary 
excitation is a physical quasi-particle which has a 
definite momentum-energy relation and which plays a 
role similar to that of a light quantum (photon) as 
carrier of an energy-momentum in the scattering process 
of particles. In other words it acts as if it produced a new 
interaction between particles. To study this situation 
Feynman's diagrammatic analysis is very useful, since 
it tells us clearly what type of subdiagrams out of the 
whole perturbation series for the propagator contributes 
to the new interaction—a relevant type is the one with 
two outer quantum lines plus closed particle loops with 
or without inner quantum lines. The collective (or 
modified) interaction is defined as a collection of these 
contributions. Fortunately this collective interaction is 
discussed in detail by J. Hubbard7 for the case of the 
quantum-mechanical many-body problem. The extension 
to the quantum-statistical case is straightforward. Sum­
ming up subseries corresponding to the collective inter­
action, we obtain the two-body propagator expressed in 
terms of the collective interaction without any approxi­
mation. As expected we see from the explicit calculation 
that the simple chain approximation to the collective 
interaction for the electron gas is closely related to the 
transfer of a plasmon. 

Because of the singular nature of the interaction we 
cannot develop the perturbation theory for the hard-
sphere Bose gas which can be regarded as a simplified 

5 R. P. Feynman, Phys. Rev. 76, 749; 769 (1949). 
6 L. Landau, J. Phys. U. S. S. R. 5, 71 (1941). 
7 J. Hubbard, Proc. Roy. Soc. (London) A240, 539 (1957); 

A243, 336 (1958). 

model of liquid helium. However, it was shown by T. D. 
Lee, K. Huang, and C. N. Yang8'9 that the low-
temperature and low-density behavior of the hard-sphere 
system can be conveniently analyzed by introducing the 
so-called pseudo-interaction (pseudo-potential). Adopt­
ing this interaction we examined the momentum-energy 
transfer between particles and found that the simple 
chain approximation to the collective pseudo-interaction 
is closely connected with the transfer of a phonon. 

The next two sections 6 and 7 are devoted to the 
application of the present theory to the electron gas and 
the hard-sphere Bose gas. In Sec. 6 we calculate the 
zeroth- and first-order terms in the collective interaction 
(simple chain approximation) of the pair distribution 
function of the electron gas at the absolute zero temper­
ature. This is used to calculate the ground-state energy 
from the formula for the internal energy discussed in 
Sec. 2. The result is compared with Gell-Mann-
Bruckner's10'11 calculation of the correlation energy. 
Using the same procedure we evaluate in Sec. 7 the pair 
distribution function and the internal energy of the 
hard-sphere Bose gas at the absolute zero temperature. 
The result agrees with that of Lee, Huang, and Yang.8,9 

Final remarks are given in Sec. 8, together with a 
short discussion of the Debye-Huckel equation for the 
electron gas at high temperatures. Throughout the text 
the following units are chosen: twice the mass M of a 
particle and the Planck's constant h divided by {2ir) are 
set to unity: 

2M=h=L 

2. PAIR DISTRIBUTION FUNCTION AND 
EQUATION OF STATE 

Let us consider a system of identical particles inter­
acting with pair central forces only. The Hamiltonian of 
the system will be given by 

H=H0+gHI (2.1) 

= - fd"r^(r)V2iP(T)+igffdsrdV^(r) 

X*Hr')v(\r-r'\)+(t')t(r), (2.2) 

where g and v(r) are the coupling strength and pair 
potential, respectively, and the integration extends over 
the volume of normalization. The field operators ^(r)'s 
and their Hermitean conjugates i^t(r)?s satisfy the 
following communication relations: 

[^ ( r ) ,^ ( r0>^^(r )^( r0=F^( r 0^(r ) = 5^)(r-r0 

[^(r),^(rO> = [^ t ( r )# ( rO> = 0, (2.3) 
8 Kerson Huang and C. N. Yang, Phys. Rev. 105, 767, 776 

(1957); T. D. Lee, Kerson Huang, and C. N. Yang, Phys. Rev. 
106, 1135 (1957). 

9 T. D. Lee and C. N. Yang, Phys. Rev. 105, 1119 (1957): 113, 
1165 (1959). 

10 M. Gell-Mann and K. A. Bruckner, Phys. Rev. 106, 364 
(1957); P. Nozieres and D. Pines, Phys. Rev. I l l , 442 (1958). 

11 The identity between this and the usual definition was estab­
lished in reference 1. 
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where upper sign is for Bosons, the lower sign for 
Fermions, and 5(3)(r) is the three-dimensional delta 
function. From a fundamental theorem of statistical 
mechanics, a grand canonical average of an arbitrary 
physical quantity G is given by 

(G)=Tr{Ge-eH+«N}/Tr {*-**+«*}, (2.4) 

where p is the reciprocal temperature (kT)"1, k being 
Boltzmann's constant, and ea is the fugacity of the 
system. N is the number operator defined by 

N= p V ^ ( r ) ^ ( r ) . (2.5) 

In particular, the internal energy of the system is given 
by the grand canonical average of the Hamiltonian: 

E=(H)t.=Ti{He-fiB+"N}/Tr{e-*B+«N}. (2.6) 

Substitution of (2.1) gives 

E=(Ho)to+g(Hr)to. (2.7) 

The average of the potential part of the Hamiltonian is 
readily expressed in terms of the pair distribution 
function denned by11 

Tr{vKrWr ' )e-^+«V(rV(r)} 
» » M s . (2.8) 

Substituting the explicit expression for Hi from (2.2) 
into (2.4) one obtains 

(Ht)»=-j jffirdh1 v{\t-*\) 

T r { ^ (r)*t {x')^{x')^{r)e-»H+aN} 
X-

TT{e-f>H+aN) 

--%vfd3rv(r)n™(r). (2.9) 

On the other hand a direct substitution of the kinetic 
energy part of the Hamiltonian into (2.4) leads to 

<#O)AV=- r^VlimV 2 [Tr{^(r)e-^+^t(r ' )} / 
J t'-*T 

Tr{e-^+^}] 

• / • 

- dVlimVV1>(r;ir'), (2.10) 

where p(1)(*J r') denned above may be called the (r,r') 
element of the one-body reduced density matrix. Al­
though the diagonal elements of the reduced density 
matrix p(1) give precisely the density of the system, the 
off-diagonal elements are not familiar quantities. 
-'•»To avoid the use of off-diagonal elements one makes 
use of the following relation between the internal energy 

and the pair distribution function: 

E(0) = Eo(p)+hV f dg' fd*rv(r)—pn™(r;p,g') (2.11) 
Jo J dp 

where E0(P) is the kinetic energy of the free particle 
system with the same statistics as that of the system in 
question and n(2)(r;P,g') is to be calculated with the 
coupling strength= g\ This relation was obtained from 
(2.6) by differentiating it with respect to g and rear­
ranging the result properly and integrating back again.1 

Comparing (2.7) and (2.11), one finds 

(Ho)to=E-g(Hr)to 

= EQ+ivf dg'(dhv(r)—pn™(r)P,gf) 
Jo J dp 

-iVgf<Prv(r)n<»(r;P,g), (2.12) 

where the last step is obtained by substituting (Hi)*, from 
(2.9). Now the average of the kinetic energy part of the 
Hamiltonian is expressed in terms of the pair distribu­
tion function explicitly. The immediate application of 
this will be found in the following derivation of the 
equation of state. 

In deriving the equation of state it is simplest to use a 
virial theorem in both classical and quantum theories. 
This virial theorem states that for a system in equi­
librium the average value of the virial of the external 
and internal forces exerted on the system is equal to 
minus twice the average value of the kinetic energy of 
the system. If the theorem is applied to a gas enclosed 
in a vessel of volume V under an external pressure p, the 
virial of the external forces is —3pV and the virial of the 
pair central forces is equal to 

i i^k drik 

In short the virial theorem states that 

or 
-2<ff0>A»=-3£F+<E>A» 

/>F = f<ffo>A»+K2>A». (2.13) 

The average of the virial of the internal force is 

<S>*=-Jg7jdVr[*(f) /df>W(r;f tg) . (2.14) 

Substituting (#O)AV and (S)AV from (2.12) and (2.14) into 
(2.13), one obtains the equation of state in the following 
form: 

pV==iEo-XVgjdzr £2v(r)+r(d/dr)v(r)lnV(r;p,g) 

+kvfdg'[d>rv(r)—pn<»(r>,p,g'). (2.15) 
J J dp 
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This form is a desirable one. The product of the pres­
sure and the volume can now be obtained from the 
knowledge of the pair distribution function provided one 
knows the kinetic energy of the corresponding free-
particle system. The latter may be given by 

EoO?) = (2T)-WJ^P ff(p), (2.16) 

where f(p) is the Bose or Fermi distribution function 
depending upon the statistics obeyed by the system. So 
far we have succeeded in deriving the formulas for the 
internal energy and pressure in terms of the pair 
distribution function in the quantum-statistical case. 
However it is well known in classical statistical me­
chanics that various thermodynamical quantities can be 
expressed by integrals of the pair distribution function. 
Among these quantities one finds the chemical potential, 
thermal compressibility, surface energy, and surface 
tension of the system, besides the two quantities so far 
treated. 

Although we do not attempt to derive the corre­
sponding formulas for these quantities for the case of 
quantum theory, we believe that the quantum-sta­
tistical formulas can be derived with relative ease, 
following the similar method by which the pressure is 
calculated in this section. Namely, in deriving these 
formulas it is recommended that one start with a 
Hamiltonian in second quantization and use a definition 
(2.8) of the pair distribution function as well as ap­
propriate techniques for the problems. 

3. PAIR DISTRIBUTION FUNCTION AND 
TWO-BODY PROPAGATOR 

It was shown in the previous investigation1 that the 
pair distribution function for the grand canonical 
ensemble can be calculated in a similar manner as the 
two-body propagator is done in quantum field theory. 
This fact follows from the definition (2.8) of the pair 
distribution function in second quantization. This is 
briefly summarized in the following. If one introduces an 
operator S(jf) such that 

e-^=e-moS(p)j (3.1) 

it is well-known from operator algebra that S(fi) be 
expressed formally by an infinite series: 

503)= E ••• I #!•••#„ 
n=0 fll J 0 ^ 

XPHHi0Ji)...JffjG8„)], (3.2) 

whereHi(fif) is the transformed interaction Hamiltonian 
defined by 

HiW^eP'BWKrr**. (3.3) 

The symbol P is an analog of. Dyson's chronological 
operator which has the property that, operating on a 
product of reciprocal temperature labeled operators, it 
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rearranges them in the order as the reciprocal tempera­
ture sequence (^-sequence) of their label, the largest one 
in fi occuring first in the product: 

P[ff/05i)- • -HM^HjifimifaY- -Bi(fik) 
if j8 t >&>-- ->0 4 . (3.4) 

It is noted that S(0) is an analog of the scattering 
matrix operators S in the quantum field theory where 5 
is defined by 

00 (-h)n r +0° r 

with 

If one substitutes (3.1) into (2.8), one has 

»®(rir2) 

Tr{^(r2)^(r1)e-^o+a^(^)^t(r i)^t(r2)} 
, (3.6) 

Tr{e-PH*+«N$(/3)} 

where the property is used that the total Hamiltonian 
H as well as the free-particle Hamiltonian Ho commute 
with the number operator N. 

Defining the interaction picture field by a similarity 
transformation12: 

^(r,jS) = 6^V(r)er^o 

$*(ift) = efiHty(i)<rPH* (3.7) 

one can rewrite (3.6) as 

^(2)(ri,r2) 

•Tr{^^+«^+2)^(r2^)^(r1,/3)^(^)^*(rl50)^*(r2,0)} 
. (3.8) 

Tr{e-PH°+aNS(l3)} 

If one introduces a quantity defined by 

i£ < 2 ) (#3X41 #1^2) 

T r l e - ^ + ^ r C ^ V f e ) ^ ) ^ * ^ ! ) ^ * ^ ) ] } 
s . (3.9) 

Tr{e-eHo+"NS((3)} 

where T is an analog of Wick's chronological operator 
T—bpP, dp being the sign plus or minus according to 
whether the permutation of Fermion factors is even or 
odd, and #»•= (r*,/?*), then n(2)(rir2) will be written as 

n™(rir2) = e2«K™(r^r^; rAr20). (3.10) 

This shows an analogy between the pair distribution 
function and the two-body propagator. 

Fortunately the property of the propagator has been 
studied in great detail in the case of quantum field 
theory, where the two-body propagator in position-time 

12 As a result of this definition ip* (r,jS) is not the Hermitean con­
jugate of iKr,/3). However, ^*(r, -^) = e-^H<hpi(r)e^H= (^(r,^))1*. 
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space is defined by 

i £ ( 2 ) (#3X4; # i# 2) 

($o\T{f(xM(xz)Sf*(xi)f*(x2) |$o> 
= . (3.11) 

<$o|S|$o> 

Here | $0) stands for the vacuum state, 6* is the S matrix 
defined in (3.5), and, in this case, the fourth component 
of the 4-vectors Xi is time instead of reciprocal tempera­
ture. If one substitutes a series expansion of 5 into the 
above propagator, each term may be represented by a 
well-known Feynman diagram. Since the definition (3.9) 
has the same operators which are to be averaged as the 
definition (3.11), it is apparent that Feynman diagrams 
of the same type emerge for the both cases. The equal­
ity (3.10) forms a basis of later calculations. 

4. PERTURBATION THEORY FOR PAIR 
DISTRIBUTION FUNCTION 

We have indicated in the preceding section that the 
evaluation of the pair distribution function could be 
reduced to that of a two-body propagator in position— 
reciprocal temperature space. The propagator intro­
duced in the form (3.9) has already been discussed by T. 
Matsubara.2 I ts equivalent form in the Heisenberg 
picture has also been treated by P. Martin and J. 
Schwinger13 and A. Klein and R. Prange.14 The latter 
form seems especially suited for discussions of general 
properties of /-body reduced density matrices. We shall 
explore this problem in a separate publication. 

In the paf>er quoted in the foregoing Matsubara de­
veloped a general perturbation theory for the quantum-
statistical system and showed in great detail how to 
calculate the grand partition functions for various 
systems using Feynman diagrams in a manner similar to 
that used to calculate the vacuum expectation value of 
the S matrix in the quantum field theory. While it is 
certainly possible to formulate our problem of the pair 
distribution function in a standard field-theoretical 
manner as Matsubara did, we would instead directly 
proceed with the graphical representation of two-body 
propagator a la Feynman. This is partly because 
Matsubara's formulation can be extended to our case 
without serious modification and partly because the 
equivalence of the standard field theoretic method and 
Feynman's method is well-established in the usual 
quantum field theory. 

We wish to calculate a propagator 

Tr{e-^o+«Arr[iA(r^)^(r^)5( iS)^(r10)^(r20)]} 
= (4.1) 

13 P. Martin and Schwinger, Bull. Am. Phys. Soc. 3, 202 (1958); 
Phys. Rev. 115, 1342 (1959). 

14 A. Klein and R. Prange, Phys. Rev. 112, 994 (1958). 

following the Feynman formalism. For definiteness let 
us consider here a system of interacting identical par­
ticles without spin. Then the situation analyzed is that 
of two particles capable of interacting with each other 
through the virtual emission and absorption of quanta 
during a period 0 to 13. The interaction function corre­
sponding to a simple exchange of one quantum is of 
course gv(r) appearing in (2.2). I t is assumed to be 
instantaneous (independent of -variable) and g being 
the coupling constant. We shall examine the first few 
terms contributing to the propagator (amplitude func­
tion) i£(2)(34; 12), which represents the probability 
amplitude for the one particle to proceed from position 
and reciprocal temperature Xi= ( r^ i ) to #3, while the 
other particle proceeds from x2 to #4. This is best handled 
by employing the so-called Feynman diagrams. The 
diagrams may be ordered according to the power of the 
coupling constant g occuring in the expression we 
ascribe to the diagram, this power being half the number 
of particle vertices in the diagram. For the zeroth power 
of g one finds only one diagram shown in Fig. 1 where 
solid lines represent propagators of particles and /3 
variable is measured along the vertical direction. The 
diagram represents a free passage of the two particles 
and corresponds to the following expression: 

Zo(3; 1)# 0(4; l ) ± t f 0 ( 4 ; 1)JT0(3; 2), (4.2) 

where K0 is a one-body free-particle propagator defined 
by 

Ko(i; j) = Tr{e-eB^T&(xiWfaW 

Ti{(Tf>H<+«N} (4.3) 

and the second term (exchange term) arises from the 
indistinguishability of the two particles. In general, the 
exchange term, except for the sign is always obtained 
from the corresponding normal term by exchanging the 
variables representative of the final state. The sign of 
the exchange term is chosen the same or opposite to that 
of the normal term according to whether the system 
obeys Bose or Fermi statistics, respectively. Thus it 
should be remembered that to each diagram two ex­
pressions are ascribed, one corresponding to the normal 
and one corresponding to the exchange scattering. Al­
though this is the case we shall omit the mathematical 
expressions for the exchange terms in the following 
illustration. However we must remember that the ex­
change term should be taken into account when the 
propagator i£(2) is actually calculated. 

Now for the first power of g there exists a diagram 
shown in Fig. 2(a), where a wavy line denotes propaga-

3 4 

I FIG. 1. The zeroth-order 
1 A scattering-free passage— 
1 T Eq. (4.2). 

I 2 
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tion of a quantum. The corresponding propagator 
JK:i«(3.4;1.2)is 

^ ( 3 , 4 ; 1,2) 

« / / 

k^^^^A<WV^<S>l 
IwSlV^/WWWW*! 

U/vvvv,«<vv>r«<v«<>rJ 6 KOH 
g\ | t fo(3;5)tfo(4;6){-t>(rM)> 

XKo(5;l)Ko(6;2)d*rd*ndt3' 

+ (exchange term), (4.4) 

where it is understood that the 13 variables of space 
points 5 and 6 are the same, due to the instantaneous 
nature of the interaction, i.e., ^5=^6=^ ' . One can write 
this as an integral over both £5 and 06 if a delta function 
5(/55—/36) is included to insure contribution only when 
/35=#6. Hence the first-order effect of interaction is 

* i ( 2 ) (3 ,4 ; l ,2) 

dxdx, Ko(3; 5 )# 0 (4 ; 6 ){ -F (5 ,6 )} 

(a) (b) 

MVWWWWSl 

(0 

4 

5 P > , ^ 

(d) 

0 fcyyy«fW»wyyw 
4 

t w w w w w v s 

(e) (f) 

• / / -

FIG. 2. (a) The first-order scattering in position-reciprocal tem­
perature space—Eq. (4.4). (b)-(f) The two-quanta process of two-
particle scattering—Eq. (4.8). 

with 

r dp F(0')6(B'-p") = F(p") 

XKB(5; l)Jf0(6; 2 ) + (exchange term) (4.5) t o 5 [ a m p l i t u d e ^ o ( 5 . 1 } ] > e m i t s a q u a n t u n i ) a n d t h e n 

proceeds to 3 [_KQ(3; 5 ) ] ; meanwhile the other particle 
V(5,6) = v(\r6-rt\)8(fa-Pt), (4.6) g o e s to 6 [ i£ 0 (6 ;2) ] , absorbs the quantum, and pro-

, 7 / 7, / , „ , rr̂ i , i r • ./^/ /̂/x . ceeds to 4 r ^ o ( 4 : 6 ) l . The quantum meanwhile pro-
:hfe/X ft*?' T h C dwa IT™*lT~n 1S ceeds f rom5to6which i tdoeswi thampl i tude-F(6 ,5 ) . 
denned m the finite internal ( - /? , 0) such that T h e i n t e r m e d i a t e p o s i t i o n a n d Q v a r i a b l e s o f e m i s s i o n 5 

and absorption 6 are to be integrated at the end. I t is 
u^j\ also noted that the negative of the four-dimensional 

interaction function — V is assigned to an interaction 
line. 

for an arbitrary function F(j3f) defined in (0,/3). I t is Having seen this simple example we may be able to 
noted that the expression (4.5) is obtained by merely write down the corresponding quantities involving the 
looking at the diagram of Fig. 2(a) and vice versa. Ac- exchange of two or more quanta between two particles. 
cording to Feynman, Fig. 2(a) is interpreted as a first- We give some examples of the two quanta process in 
order process in which the two particles exchange a Fig. 2(e,f) for illustration. The expressions correspond-
quantum between them before they scatter each other ing to the three diagrams of Fig. 2(b)-(d) are given in 
to their final state 3 ,4 . More precisely, a particle goes the following: 

i W 2 W ; l,2) = g2 f f f C dx,dx&dx7dxs K0(3;7)Ko(4.;8){-V(7 ;8)}K0(7; 5) 

X # o ( 8 ; 6){-F(5,6)}Zo(5, l )#o(6; 2)+(exchange term) (4.8a) 

i£2c(
2>(3,4; l,2) = g2 f f f fdxbdx,dx7dxs K0(3; 5)Z0(4; 6 ) { - 7 ( 5 ; 7)}tf0(7,8) 

X # o ( 8 ; 7 ) { - 7 ( 8 ; 6)}iT0(5; 1)JST0(6; 2)+(exchange term) (4.8b) 

i£2d
(2)(3,4; l,2) = g2 f f f fdxbdx&dx7dx8 KQ(3; 7)Z0(4; S)K0(7; 5 )# 0 (8 ; 6) 

X { - T ( 7 , 6 ) } { - 7 ( 5 ; 8)}K0(5; 1)Z0(6; 2)+(exchange term). (4.8c) 

More examples will be found in the following sections. 
The one-body free-particle propagator defined in (4.3) can be expressed in terms of either the Bose or the Fermi 
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distribution function by calculating the indicated trace. The result is16 

K0(x2; *0 = V~l Z(1±/(P)) exppp- (r1-n)-* ,C92-/Ji)] if ft>fc 

= F- 1 Z±/(p)exppp-( r 2 - r 1 ) -p 2 ( f t - /3 1 ) ] if ^2</?i, (4.9) 

where /(p) is the Bose or Fermi distribution function defined by 

exp(a—/3p2) 
/(p> 

lTexp(a—/3p2) 
(4.10) 

As was noted by Feynman, the evaluation of (4.5), as well as all the other more complicated expressions, can be 
very much simplified by working in the momentum and energy variables, rather than in the position and reciprocal 
temperature variables. For this we shall introduce the momentum-energy representation of KQ by 

in terms of which (4.9) can be written in a simple form as16 

K0(x2; *0= (Vt3)-i L E expC- («/# ( & - & ) + * • (r2-n)+«032-/31)]5(p,5). 
P « 

(4.11) 

(4.12) 

The summation s runs over a set of discrete values 
{tmr/P} where m is the set of even or odd integers ac­
cording to whether the particles obey Bose or Fermi 
statistics. The equivalence of (4.12) and (4.11) to (4.9) 
and (4.10) may be seen by simply carrying out the 
summation over s indicated in (4.12). This is done in 
Appendix A (I) using Poisson's sum formula. 

It is seen from the imaginary exponential function in 
(4.12) that the variable ^ is conjugate to the reciprocal 
temperature (3 just as the momentum q is conjugate to 
the position r. 

As an example we shall rewrite the expression (4.5) in 
the momentum-energy representation. For this purpose 
one defines the Fourier transform of the potential v(r) by 

v(r)=V-iy£eiqLMq) (4.13) 

and expresses the delta function 8(&'—$") by 

50S,-/S//)=/3-1 E eW-t"\ (4.14) 
t 

where / runs over a set of discrete values {lirrn/fi}, m 
being all positive and negative integers including zero. 
That the expression (4.14) has the correct delta-function 
property (4.7) may be verified by multiplying it by a 
function of ft', and integrating with respect to /3' over the 
interval (0,/3). 

Using these results one obtains for the first term 
of (4.5) 

g(VP)~*H E E £ E aq>[ - aG38+04- j8 i - ^ 
P1S1 P2S2 P3S3 P4*4 it 

Xexp(m-is+m-i4—ipi-Ti—ipz-Ti)8(st—Si—/)S(3>(p3-pi—q)8(si—sz+fyS® (pi—p2+q) 

X5(pM«)5(p4^4)5(pi>*i)5(pJ,*j)»(3) (4.15) 

= g(F/3)-3Z Z S exp[-aO?,+/94-/5i-ft)/i8]e>5)C*(*i+0/5i+*(*»-Oft--«ii8i-MA] 
P I S I P2«2 q* 

Xexp[i(pi+q)• n+i(p2-q)• U-ipvri-ip2-r2]5(pi+q, si+t)S(p2—q, S2-i)S(phs1)S(p2,s2)v(q). (4.16) 

Now Eq. (4.16) can be understood in the following - w r f t ) ] and proceed with momenta energies (pi,si) 
way (Fig. 3). Two particles with momenta-energies and (V2,S2)L(VP)~1S(pi,s1)(Vl3)-1S(p2,s2)~]. The particle 
(pi,*i) and (V2,s2) are created at (rj,/?i) and (r2,/32), re- 2 emits a quantum with momentum energy (q,i) 
spectively, [exp(oq(3i//5—fpr ri—wn8i), exp(o&/0—ip2* r2 

15 Expressions similar to (4.9) were introduced and discussed in 
their treatment by Klein and Prange14 and Matsubara.2 The minor 
discrepancy is due to the difference in the definitions. 

16 Note added in proof.—We are very grateful to Dr. K. Aizu for 
pointing out to us that the momentum-energy representation of 
the free-particle propagator has also been reported by E. S. 
Fradkin; J. Exptl. Theoret. Phys. U.S.S.R. 36, 1286 (1959) 
[English translation: Soviet Phys. JETP 4, 912 (1959)]. 

**• 

£+3 

J>.si 

a* k W W W W W W W W W M 

&&4 
o 

JA 

FIG.^ 3. The first-order 
scattering in momentum-
energy space—Eq. (4.16). 
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and makes its way now with momentum energy 
(P2—q, $2— 0C(F|5)""15(p2— q, 52—0] and annihilates it­
self at (r4,/34){exp[~Q:iS4/jS+i(p2-q)T4+i(*2—0&]}. 
The other particle absorbs the quantum, which travels 
with the amplitude [—gv(q)l, and then proceeds with 
momentum energy (pi+q, si+t)l(V^)-lS(pi+qy Si+t)~] 
and annihilates itself at (r3,03){exp[—a^//3+i(pi+q) • r3 

+i(si+t)j3z]}. One integrates over-all momentum vari­
ables to get the final result. 

It is apparent that one can extend this sort of inter­
pretation to all the other complicated expressions such as 
(4.8a), (4.8b), and (4.8c). It is as easy to write them in 
the momentum-energy representation as to write them 
in the position-reciprocal temperature representation. 
Therefore instead of writing them explicitly we shall 
tabulate the correspondence between the various dia­
gram elements and the kernel elements. This will be 
found at the end of this section. 

It is noted that in the above description the mo­
mentum and energy are conserved in each event, i.e., 
absorption or emission of a quantum, which is exhibited 
explicitly by the appearance of the delta function 
in (4.15). 

In closing this section we shall give two tables 
(Tables I and II), one for the correspondence between 
the diagram elements and the propagator kernel ele­
ments in position-reciprocal temperature space, and one 
for the same in momentum-energy space. It is noted 
that the lines rather than vertices are labeled in the 
momentum-energy representation. In our diagram rep­
resentation each particle line must be directed since the 
reversal of the sense of direction usually gives a different 
contribution. On the other hand quantum lines are not 
necessarily directed since the sense of the direction does 
not affect the result. However, they may be directed 
sometimes for illustration. 

5. COLLECTIVE INTERACTION 

We saw in the preceding section how the two-body 
propagator is expanded in powers of the coupling con­
stant and how the various terms of its expansion can be 
conveniently represented by Feynman diagrams. As 
pointed out in the Introduction, one of the reasons for 
introducing the diagrammatic analysis in the present 

TABLE I. The correspondence between the diagram elements and 
the kernel elements in position-reciprocal temperature space. 

TABLE II . The correspondence between the diagram elements and 
the kernel elements in momentum-energy space. 

Component of diagram 

Quantum line 

J.*> j A 

Particle line (directed) 

ji£, ' Jz$z 

Factor in the kernel element 

Quantum propagation function 

gF(n0i:r202) 
= M | r i - r 2 [ ) $ ( 0 i - 0 2 ) 

(O^0i,0i£j8) 

Particle propagation function 

Xo(r202; ri0i) 
(0^01,02^0) 

Diagram element Factor in kernel element 

Quantum line 
/V^r^fVSrvVVVVVVVN 

jqt 

Particle line (directed) 

ps 

Quantum propagation function 

wr+gth) 
Particle propagation function 

(ypy+sfa) 
Corner 

Creation point of a quantum 

Annihilation point of a quantum 

Creation point of a particle 

4? J?s 

Annihilation point of a particle 

ps jj£, 

(70)5(3) ( p ' - p + q ) 5 ( ^ ~ 5 + / ) 

exp (—iq• r i—itfii) 

exp(iq-ri-H70i) 

exp[(ce/0)0i-*'p- ri—w0i] 

e x p [ - (a:/0)0i-Wp- n + & 0 i ] 

theory is to facilitate the rinding of those partial sums 
of the perturbation series which are appropriate for the 
system studied. We shall consider here the so-called 
collective interaction as an example of such sums. 

Through many theoretical and experimental investi­
gations on the many-body systems, it has been clarified 
that some systems exhibit the characteristic collective 
motion behaviors in certain conditions. Liquid helium 
and the electron gas at low temperatures are notable 
examples of such cases. In this connection L. Landau6 

pointed out that the behavior of such systems can be 
most conveniently described in terms of elementary 
excitations, e.g., phonons in liquid helium and plasmons 
in the electron gas. 

Here the elementary excitation is the name given to 
the physical quasi-particle which has a specific energy-
momentum relation and in terms of which the behavior 
of the system is conveniently described; for instance, by 
saying that a particle having momentum p and energy 
€ changes its state to the one with momentum p+q and 
energy e+ic after virtual absorption of a quasi-particle 
with momentum q and energy K. It is noted that this 
description makes it possible to find the characteristic 
energy-momentum relation directly and in a much 
simpler way than when one calculates first the total 
energy and identifies the elementary excitation, for all 
one has to do is to examine the process of energy-
momentum transfer. 

As emphasized by Feynman, the virtual process is 
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t'P «wj r fvvvH r"$" FIG. 4. Example of an in­
direct interaction. 

"2" 

most favorably handled in the Feynman formalism 
where energy-momentum conservation is visualized by 
means of Feynman diagrams (momentum representa­
tion). In this section we shall pick out special partial 
diagrams to construct the so-called collective (or 
effective or modified) interaction and examine its rela­
tion to the energy-momentum transfer by a quasi-
particle. To do this we must look at the two-body 
scattering with a different point of view from that of the 
perturbation theory developed in the section. As a result 
we shall see that plasmons are closely connected with 
the simple chain approximation to the collective inter­
action in the electron gas. 

Consider, as before, two particles in a homogeneous 
medium with no external field. In describing the scat­
tering of these particles in the spirit of Feynman theory, 
we may say that the initial state specified by momenta 
and energies of the two particles has changed into the 
final state after an indefinite number of energy-mo­
mentum exchanges through direct interactions or 
through media between the two. 

Let us begin with the simplest situation. Consider a 
case where the scattering occurs in such a way that the 
particle " 1 " emits a quantum with a definite energy 
momentum which is absorbed by the particle " 2 " after a 
complicated process which, however, returns all the 
particles involved to their original states. In a Feynman 
diagram, this process will be pictured in Fig. 4. 

In the diagram the box stands for some set of closed 
particle loops and interaction lines and is to be con­
nected to the lines of particle " 1 " and " 2 " by only the 

two interaction (wavy) lines shown. This type of dia­
gram represents the indirect interaction through the 
medium and adds up together with the direct interaction 
to form the collective interaction. In other words, let V 
be the structure of the box; then the collective inter­
action Uir'P'f'P") will be defined by the infinite sum 
over T: 

U(rf(3';r"p")-= :EW;T;r), 
r 

(5.1) 

where W(ri'/3',r"/3";r) is the integral of the diagram 
specified by F over all r and ($ coordinates except the end 
points (r'/3') and (r"/3"). We shall refer to such summa­
tion process as reduction of the direct and the indirect 
interaction to the collective interaction. Unfortunately 
the task of summing over T is truely hopeless, since the 
number of terms increases rapidly as the order of T, i.e., 
the number of interaction lines involved in T, increases. 

At this point Hubbard7 proposed another summation 
formula. Following Dyson's17 techniques in the treat­
ment of the elimination of photon self-energy, he could 
derive an integral equation for U and solved it with the 
assumption that there be no external fields. The result 
is the following. The collective interaction U is obtained 
by the Fourier inverse of the expression: 

U(q,t) = 
v(q) 

l+U(q,t)v(q) 

*(q)U(q,t) 

(5.2) 

=v(q)— 

1 + U(q,t)v(q) 

= v(q)-Ul(q,t), 
(5.3) 

where U(q,t) is the Fourier component of the following 
quantity: 

U{q^^dz{xf-x)d{^-^ U{x'-x) expp(r '-r).q+*(£'-/?)f] 

and 

U{xf,x) = U(xr-x)^ £ w{%*,%\T'). 

r' 

Here W(x',x; T) is related to W(x',x; V) by 

W(x',x; r ) = I I dxidx2 V(xf~Xi)W(xhx2; T)V(x2-x). 

(5.4) 

(5.5) 

(5.6) 

The sum appearing in (5.5) means that the summation 
over proper polarization structure V and the possibility 
of putting U(x,xf)~ U(x—%') is due to the homogeneity 
of the field (no external force). Here the adjective 
"proper" means the following. Let T be any polarization 
structure. Then it may or may not be that T consists of 
two or more parts which are connected only by single 
interaction lines. In the first case we shall say that T is 
an improper polarization structure; in the latter case 

that it is a proper polarization structure. For example, 
the polarization structure shown in Fig. 5 (a) is a proper 
structure, while that shown in Fig. 5(b) is improper. 

l**\^Jk*A>m0/**% <~o~o~ 
(a) (b) 

FIG. 5 (a). Example of a proper polarization structure, (b) Example 
of an improper polarization structure. 

17 F. J. Dyson, Phys. Rev. 75, 1736 (1949). 
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The first few terms of the series (5.5) is graphically 
represented as 

U(x',x) = (5.7) 

+ (Diagrams with more interaction lines) 

where the mark X denotes the place from which an 
interaction line should run. 

For example, if only the first term of (5.7) is retained 
and then substituted into (5.2), this is equivalent to 
taking all orders of chain diagrams shown in Fig. 6 in the 
original summation (5.1), which is known as the simple 
chain approximation. So far we have discussed the case 
where the over-all interactions between the particles " 1 " 
and "2" are reducible to a single collective interaction 
U. This is not the only possible case, however. Let us 
suppose a case diagrammed in Fig. 7(a), where the 
particle " 1 " emits two quanta which are absorbed by a 
third particle which returns to its original state after 
transfering a quantum to the particle " 2 . " This type of 
interaction cannot be reduced to a single interaction. 

However, it is apparent that the scattering diagrams 
appearing in Fig. 7(b) are indeed reducible to Fig. 7(a) 
in the same sense that the interaction shown in Fig. 5 

FIG. 6. Examples of simple 
chain diagrams. «*vT \̂w* ^̂ Ĉ 3***C J**** 

was reducible to the interaction U. Thus it will be a 
sensible approach to the scattering problem if we 
enumerate irreducible diagrams and replace every 
interaction line V by a collective interaction U. Em­
ploying this approach the calculation of the pair dis­
tribution function will be made in the later sections 
(6 and 7). 

Returning to the discussion of the collective inter­
action, we notice from (5.3). that (i) it is possible from 
its definition to separate it into two parts, i.e., direct 
(original) and indirect interactions, and (ii) the direct 
interaction is energy-independent while the indirect 
interactions are not always so. In fact, the property (ii) 
can be restated by saying that the direct interaction is 
instantaneous (i.e., acting only at the same p) while the 
indirect interactions are not. 

Now it will be interesting to ask the particle interpre­
tation of the indirect interaction. First, we notice that at 
each corner upon integration over r and ($ coordinates 
there appears a 4-dimensional delta function which is 
interpreted as energy-momentum conservation. Since 
the free particle has a definite energy momentum (p,s) 
attached to itself, we tentatively define the energy mo­
mentum of a quasi-particle as that (q,£) appearing in the 
argument of the delta function. Next, we ask the energy-
momentum relation thus defined. One notices that, in 
the case of the free-particle propagator, it was found by 

"2" 

(a) (b) 

FIG. 7(a). Example of a proper many-body interaction, (b) Ex­
ample of an improper many-body interaction. 

identifying the pole with respect to the energy variable 
s of KQ($,S) except for the imaginary unit i. I t may be 
inferred from the analogy that the energy of the quasi-
particle corresponding to the collective interaction may 
be obtained from the pole of the momentum repre­
sentation U(q,t) of the interactions. We shall examine 
this in the following two examples. 

(A) Electron Gas 

From the work by E. Montroll and J. Ward,3 it is 
known that the simple ring diagrams [Fig. 8(c)] give 
the important contributions to the grand partition func­
tion of the electron gas at both high and low tempera­
tures. Specifically, they yield the Debye-Hueckel theory 
in the classical limit while at low temperatures they lead 
to the Gell-Mann-Bruckner equation for the correlation 
energy. As is readily seen, the simple ring is closely re­
lated to the simple chain. For instance, the former can 
be constructed using the latter in the following way. 
Take a simple self-energy diagram [Fig. 8(a)] . Replace 
its interaction line by a simple chain [Fig. 8(b)] . Then 
closing both ends of the particle line, one gets a simple 
ring [Fig. 8(c)]. Thus it would be reasonable to examine 
simple chain diagrams at least as an initial step. 

As was noted in the passage following the expression 
(5.7), the momentum representation of the simple chain 
approximation to the collective interaction is given by 

v(q) 

l+\(q,t)v(q) 
= »(«)-

v2(q)Mq,t) 

l+\(q,t)v(q)' 
(5.9) 

where v(q) is the Fourier transform of the Coulomb 
potential 

v(q)= fd*r e^'re2/r= e24xr/q2 (5.10) 

(e being the electronic charge) and X (<?,/) is 

\(q,t)=(F/?)-1 £ Z P H - P W / S ] - 1 

XC-^+O + Cp+q)2-"//^-1. (5.11) 

b 
(a) (b) (c) 

FIG. 8. Construction of a simple ring. 
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The last quantity \(q,t) is the momentum representa­
tion of the first term of (5.7) and is written down directly 
with the help of Table II of the last section. The summa­
tion over s is taken on a set of discrete values 
{(2w+l)7r//5}, m being an integer. This may be evalu­
ated by first resolving the summand into a sum of 
partial fractions and then applying Poisson's sum 
formula. Thus one gets 

Hq,t) = V-'T, [ ( p + q ) 2 - ? ^ ] - 1 

X[/p(p)-/F(p+q)], (5.12) 

where / F ( P ) is the Fermi distribution function. 
If one takes a limit as F—» <*> of A(#,0 in (5,11), it 

agrees with the A introduced by Montroll and Ward 
within a factor (2w)2. Following their calculation one 
obtains for \(q,t) 

\(qJt) = (po/4T%l-ut&n-i(l/u)1^ (p0/W)R(u) (5.13) 

with 
u=t/(2qp0) (5.14) 

as q —•> 0 and /3 —-> oo, where po2= e/ is the Fermi energy 
at the absolute zero temperature of the ideal gas with 
the same mass and density as the parallel spin electron 
gas. 

So far we have not considered the effect of the elec­
tronic spin. However, since we do not include spin-
dependent terms in our Hamiltonian (2.1), the spin 
correction for the electron gas is very simple. One allows 
two electrons at most to occupy each of the single-
particle states specified by the momentum eigenvalues. 
This leads to the multiplication of each factor A(g,0 
appearing in the theory by 2. Thus, we have for the 
simple chain approximation to the collective interaction. 

U(q,t) = v(q)-
2v>(q)\(q,t) 

l+2\(q,t)v(q) 

v(q)+U1(q,t). 

(5.15) 

(5.16) 

Substitution from (5.10) and (5.13) gives for the indirect 
interaction 

tfi(«,0=-
Se2poR(u) 

(5.17) 
tf+lw-hypoRiu) 

As q approaches zero, 

u->0 and R(u)->%(2qPo)2/t2. (5.18) 

Substituting this into (5.17) one finds as the pole with 
respect to t 

t=zLi(Se2poz/3w)\ (5.19) 

hence getting the energy-momentum relation for a 
quasi-particle 

€== (8e2pQ*/3ir)K (5.20) 

This is the well-known energy of a plasmon18 in the 
electron gas. Thus we could show that the simple chain 
approximation to the collective interaction is responsible 
for the transfer of plasmons which are principal ele­
mentary excitations of the electron gas at the very low 
temperatures. 

(B) Hard Sphere Bosons 

Since the Fourier component of the hard sphere po­
tential does not exist, we cannot proceed in the previ­
ously described way. However, it was shown by Lee and 
Yang9 that the discussion of scattering of two particles 
can be made by grouping the special kind of diagrams 
without using a singular potential explicitly. This is the 
so-called binary collision expansion method. 

Suppose we consider the scattering of two particles in 
the absence of other particles. The scattering will be 
described through an indefinite number of exchanges of 
quanta between the two. Diagrammatically this process 
will be described by the sum of the ladder diagrams: 

j { * J{* 

jxj-j—| Kvw*yw>l 
(5.21) 

Ja* 

where the particle lines represent Boltzmann propa­
gators (see Sec. 8) unlike those that appeared in 
Tables I and II. The matrix element (r/r2 ' | exp(—6H2) 
-exp[-/3#2<°>]I r ^ ^ r / r / 1 U(fi; 1,2) | rxr2) of this 
process can be calculated by means of a partial wave 
method. In the foregoing, E2 and i72

(0) are the two-
particle Hamiltonians defined by 

E%=-V{-Vf+v(ru) (5.22) 

flV^s-v^-V*8. (5.23) 

Furthermore it was found convenient by them to intro­
duce the so-called binary kernel B(I3; 1.2) defined by 

and 

B(0; l ,2)s-t>(n2) exp(-/?F2). 

This is related to U by 

(5.24) 

31708; 1,2) 
509; 1,2)= (W+VflUtf; 1,2) (5.25) 

and graphically written as 

p^q _ i w y w w rvwwvwv* 

rwvwrwN (5.26) 

*'*° 
It is important to notice that these two quantities U 

and B do not contain v alone and the explicit form of 
18 See, e.g., D. Pines, in Solid State Physics, edited by F. Seitz 

and D. Turnbull (Academic Press, Inc., New York, 1955), Vol. 1, 
p. 367. 
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B(J3; 1,2) can be evaluated even if v= oo for some 
spatial configuration of ri and r2 as in the case of hard 
sphere interaction. The matrix elements of U and B in 
both the coordinate and momentum representation were 
calculated by Lee and Yang in the S-wave approxima­
tion. At the lowest temperatures the S-wave contribu­
tion will be most important. Furthermore, in the limit 
of low density the expansion in the hard-sphere parame­
ter "a" of the binary collision kernel will be permissible. 
For these cases, the first-order term in a of B is 

Btf; 1,2)= - & r ^ » ( r i - r 2 ) expGSViM-jW). (5.27) 

In this form, it is closely related to the pseudo-potential 
discussed by Huang, Yang, and Lee.8 The momentum 
representation of B\ has a very simple form: 

<PiV 15i | Pip2) = - air-W® (P1+P2- p i ' - p/) 
X e x p ( - ^ ! 2 - ^ 2 2 ) . (5.28) 

It is both important and interesting to notice that these 
matrix elements (5.27) and (5.28) would be obtained if 
the state of the two particles undergoes a change 
through a channel associated with a single pseudo-
potential 87ra§(3)(ri—r2) except the last exponential 
factor, which may be taken as the propagator of the two 
particles. 

Returning to the discussion of the many-body system 
the transfer of quanta between two particles will be 
caused not only by the direct interaction (ladder dia­
gram), but also by other channels associated with the 
other particles. One of the simplest and calculable type 
of those channels will be a (modified) simple chain 
shown in Fig. 5 with the replacement of interaction lines 
by the ones associated with a pseudo-potential defined 
in the foregoing. This modified simple chain configura­
tion was found to give the most important contribution 
to the ground-state energy of the hard-sphere Bose gas. 
With this in mind we proceed to calculate the mo­
mentum representation of the collective pseudo-inter­
action given by (5.9) with the replacement of hard 
sphere potentials by the pseudo-potentials. 
. Recalling the definition of the Fourier transform 
(5.10) of the potential, the momentum representation of 
the pseudo-potential is simply 

v'(q) = 8na; v'(r) = Swa5^(r). (5.29) 

The quantity \(q,t) is still given by (5.11). However, the 
summation over s should be calculated in accordance 
with the rule stated immediately following (4.12), i.e., 
with the rule for a Boson system. The result can be 
written in a form identical with. (5.12), which was 
derived for a Fermion system, except that the Bose 
distribution function takes the place of the Fermi 
distribution function: 

Xfo'H^E [(p+q)2-^/]-1 

XC/B(p)- /B(p+q)] , (5.30) 

where /B(P) is the Bose distribution function. 
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In the limit of low temperature the Bose distribution 
function /B (p) will become a Kroneckev's delta function 
centered around zero-momentum with the multiplicative 
factor N.19 Using this property \(q,t) is given by 

Hq,t) = n2f/(q*+fi), (5.31) 

where n is the number density denned by n=N/V. 
Substituting v(q) and \(q,f) from (5.29) and (5.31) 

into (5.9), one obtains 

v'(q) 
U'(q,f)^ 

1+Hq,t)v'(q) 

Sira 
= . (5.32) 

l+(167ra^2)/(g4+*2) 

This has a pole at 

t=±iq(q2+16wan)* (5.33) 

giving the energy-momentum relation for a quasi-
particle: 

e=q(q*+16<iran)K (5.34) 

This agrees with the phonon spectrum obtained by the 
previous investigators.20 

6. THE EXPANSION OF THE PAIR DISTRIBUTION 
FUNCTION IN TERMS OF THE COLLECTIVE 

INTERACTION. THE ELECTRON GAS 
AT LOW TEMPERATURES 

It was shown in the last section that in calculating the 
perturbation series for the pair distribution function it 
is sometimes more advantageous to rearrange it in such 
a way as to eliminate the polarization parts of the 
representative diagrams by introducing collective inter­
actions. This seems to be the case when one wishes to 
investigate the many-body system from a collective 
motion point of view. Taking this viewpoint, we shall 
examine in this section the pair distribution function 
and the internal energy at low temperatures by choosing 
the electron gas as a particular example. The corre­
sponding treatment for the hard-sphere Bosons will be 
found in the next section. 

We found also in the last section that the simple chain 
approximation to the collective interaction for the 
electron gas is responsible for the transfer of a plasmon 
which is known to be an important collective excitation 
at the very low temperatures. Hence, it would be of 
great interest if we consider an expansion of the pair 
distribution function in terms of the collective inter­
action U rather than in terms of the original (Coulomb) 
interaction V. Here we shall calculate the zeroth- and 

19 This property of the distribution function is also charac­
teristic of the Boltzmann system but not of the Fermi system. The 
following argument holds also for the Boltzmann system. 

20 Cf references 8 and 9. Also see N. Bogolyubov, J. Phys. 
U.S.S.R. 11, 23 (1947); N. Bogolyubov and N. Zubarev, J. Exptl. 
Theoret. Phys. 28, 129 (1955); K. A. Brueckner and K. Sawada, 
Phys. Rev. 106, 1117, 1128 (1957); R. Abe, Progr. Theoret. Phys. 
(Kyoto) 19, 699 (1958). 
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FIG. 9. The first-order diagram 
in U of the pair distribution func­
tion. The thick dotted line repre­
sents a collective interaction U. 

the first-order term in U of the pair distribution func­
tion. Although a further refinement of the theory as well 
as the calculation may be made by employing usual 
procedures for simplifying the problem such as treat­
ment of self-energy part and vertex part and renormal-
ization, we shall postpone this to the later publications. 

The zeroth-order term n^2) (rir2) of the pair distribu­
tion function is, of course, the one for the ideal gas 
(Fig. 1). I t is given from (3.10) and (4.2) 

^o(2) (nr2) = e2«#o(2) (riftr2/3; rx0,r20) 
= et>«Ko(r1p;r10)KQ(r2p;r20) 

±e2«#o(r2/?; i$)K*{t£\ r20). (6.1) 

Computing the trace in (4.3), one has for the one-body 
free-particle propagator 

eaK0(rp; r'0) = F" 1 E / (p )«* p , ( M , ) , (6.2) 
p 

Wl(8) ( r i l 2 ) = #aKlv> ^ Y $ . r i 0 jr2o) 

where /(p) is the Bose or the Fermi distribution func­
tion. Substitution into (6.1) yields 

^ ( r x r 2 ) = [ F - i E / ( p ) ] 2 

P 

±LV~1 E /(p)^p-(ri~r2)]2, (6.3) 
p 

which is London-Placzek's21 formula for the ideal gas. 
In the present approximation of the calculation the first 
term may be taken as the square of the density n. Hence 
one has, alternatively, 

^o(2)(rir2) = ^ 2 ± [ F - 1 L /(pyp-cn-rD]* (6.4) 

= n2±tiob
i2)(iit2). (6.5) 

Next, we shall consider the first-order term 
e2aKI

(-2)(r1(3r2l3] ri0r20) in the collective interaction. I t 
may be represented by a graph shown in Fig. 9, where 
a thick dotted line denotes the collective interaction U. 
Its mathematical expression may be written down im­
mediately from Table I I . However, noting that the only 
difference from Fig. 2(a) is the replacement of the 
original (Coulomb) interaction V by the collective 
interaction U, one may guess it easily from (4.16); 

= W ) - 1 L I E exp[ i ( s i+0 /3+i (*2-0#] exp[ i (p 1 +q) - r i+ i (p2 -q ) - r 2 - ip 1 - r i—ip 2 - r 2 ] 
pis p2«2 q* 

XS(p i+q , Si+t)S(p2-q, s2-t)S(phSi)S(p2,s2){-U(p,t)} + (exchange term), (6.6) 

where the second term (exchange term) is, except for the sign, equal to the quantity obtained from the first term 
by exchanging the pair of position vectors (ri,r2) of the final state. Since 

exp(isiP+is20) = exp\j,(2m+l)T+i(2n+l)Tf\=l for integers m and n, (6.7) 

the summations over si and s% can be carried out in the same way as the summation over s in (5.11). Introducing a 
new quantity X (<?,£; r) defined by 

X(q,t; r ) = (7/S)"1 Z e*- '5(p+q, s+t)S(p,s) 

- F-1 E eip'rC(p+q)2-p2+^]-1C/(p)-/(P+q)], (6.8) 

one can rewrite the right-hand side of (6.6) as 

nIV(t1r2) = -(Vp)-1Z &-^-**U(q,t)\\*(q,t; 0)±\2(q, /; n - r 2 ) ] 

= wra(2)(rir2)=fcwr&(2)(rir2). 

(6.9) 

(6.10) 

I t is noted that X(#,/;0) coincides with \(g,t) defined w(2)(rir2) = #2±^o&(2)(rir2) 
i n ( 5 - 1 1 ) : +nIaW(r1r2)±nIbW(r1r2). (6.12) 

Hq,t;Q) = Hq,t). (6.11) m n. f , ,. , , 
The discussions so far are only applicable to spmless 

Adding contributions from (6.5) and (6.10), one obtains Bose or Fermi gases. We shall specialize ourselves in the 
for the pair distribution function up to the first order electron gas problem for the remainder of this section. 
in U Since the electron has spin of magnitude J, certain 

modifications are necessitated in our formalism. How-
21 F. London, J. Chem. Phys. 11, 203 (1943); G. Placzek, Second fh m'rrmle because we still assume t h e 

Berkeley Symposium on the Mathematical Statistics and Probability, e v f r > ^ a r ^ v e r ^ s m*P l e> . D e c a ^ s e W e , S t l i l a s s u ™ e t n e 
p. 581 (1950). spin-independent Hamiltoman (2.1). The only effects of 
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the electronic spin on our formalism are: (i) to allow 
two electrons in each state specified by the electronic 
momentum; and (ii) to throw out the exchange terms 
for the antiparallel spin electron encounter. The con­
sideration of these two leads to the doubling of every 
value X which appears in the theory, and the reduction 
by a factor J of all the exchange terms in formula (6.12). 
Hence, we have for the electron gas 

^2>(rir2) = ^ 2 - |no 6
( 2 ) ( r 1 r 2 ) 

+ ^ a ( 2 ) ( r i r 2 ) - ^ i 6
( 2 ) ( r 1 r 2 ) (6.13) 

with the change of X into 2X implicitly contained in 
nia^ (rir2) and wj&(2)(rir2). We shall evaluate this at the 
absolute zero temperature. 

The second term is the correlation due to the exchange 
effect of the noninteracting Fermi particles. I t was 
evaluated by London.20 

m b
(2) (rir2) = n2 (6.14) 

(2TT)4 J 

: / « 
(fpWiuWVf) 

X I dl— ' " . (6.19) 
l+[2e»jMt(«)]/(T5*) 

To simplify the complicated expression, we shall use the 
conventional units for the electron gas. First, the inverse 
density is set equal to 

w - i = ( 4 / 3 ) W . (6.20) 

The dimensionless parameter rs is denned by 

r .= r 0 / r u , (6.21) 

where rs is the Bohr radius 

m = 2 / € (6.22) 

Now in these units the expression (6.19) after angular 
integrations is given by 

with 
2 *3 

x^2irpor. (6.15) 

This is also known as the Wigner-Seitz formula.22 

The third term was given in (6.9). In the calculation, 
we shall adopt the simple chain approximation for the 
collective interaction discussed in the last section. Thus 
substituting U from (5.15) one gets 

»z«(2)(r) = - (Vp)-1 E e^\2{qj)v{q) 

9 f00 sm(#c 
nTa

(2) (r) = n2\ dQ Q3 

q* 

X [ l + 2v(g)X(<7>0]-1 (6.16) 

+ 0 0 4arsR
2(u) 

X | du , (6.23) 
irQ2+4arsR(u) 

where a is a numerical factor defined by 

aEE (4/9*-)*. (6.24) 

A rough estimate of the integral will be made in the 
following way. The method is originally due to A. 
Glick.23 Consider an integral 

with r = ri— r2 and r= | r |. As V —» <*> and ft —» <*> y one 
may approximate the above sums by the corresponding 
integrals: /

+oo 

du-
- o o 7T< 

+00 _ AarJP(u) 

Q2+4arsR(u) 
(6.25) 

F - 1 E - ^ ( 2 7 r ) - 3 f ^ 
q J 

J+oo 

(6.17) 

Hence one has 

nia™ (f)= (2TT)-4 Jdsqdt e^r4:\2(q,t)v(q) 

X[l+2v(qMq,t)J-\ (6 18) 

If the distance r is sufficiently large, the important con­
tribution to the integral over q will come only from the 
small q domain of integration due to the oscillating 
function eiq'r. Substituting \(q,t) and v(q) from (5.15) 
and (5.10), one has 

For 4ars/'(irQ2)<Kl this will be approximately given by 

4ars p+QO 

I(Q)£i— I duR2(u) 
vQ2 J^ 

= (S/3)arsQ-2(l-\n2). (6.26) 

On the other hand for 4ars/(irQ2)^>l, I(Q) will become 

r4 
duR(u)=- (6.27) 

2 

As an approximation, we shall take in place of I(Q) 
a function V (Q) which have the same limiting values as 
I(Q). The simplest one is 

I'(Q)= ( 7 r / 2 ) { l + 3 7 r e 2 [ l ^ s ( l - l n 2 ) ] - i } - i . (6.28) 

Substituting this into (6.23), one can read the integral 

22 E. Wigner and F. Seitz, Phys. Rev. 43, 804 (1933). 23 A. Glick (private communication). 
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from a standard mathematical table: 

nia<*>(r) 32aV s
2( l - ln2) 

f dy s in3;( l - { /+Cl6af^o 2 ( l - ln2)] / (37r)}-0- 1 37r[16ar s ^o 2 ( l - ln2)] -

with 

32aV s
2( l- ln2)f 1 1 _ > 1 

[_e~xEi(x) — ex Ei(—x)] \ for large r 
x2 2x J 

1 6 r . ( l - l n 2 ) \ * r / 1 6 r s ( l - m 2 ) \ 

V 3ira / To 

The formula (6.29) is valid only for a large value of r as stated before. 
The fourth term in the right-hand side of (6.13) is given by 

im6
( 2 )(r) = - 4 ( F i 8 ) - 1 E e*«4X*(q,t; r)v(q)[l+2v(q)\(q,t)lr\ 

q* 

(6.29) 

(6.30) 

(6.31) 

The quantity \(q,tm
9 r) was given in (6.8). Due to the 

oscillating function e^'T in its expression, it approaches 
zero rapidly as r —> <*>. Hence the function ^/&(2)(r) ap­
proaches zero more rapidly than the function #/a

( 2 )W-
We do not attempt here to calculate nib(2)(r) in any 
detail. More accurate calculation of nia

{2){r) a s w e ^ a s 

nib(2){r) is in contemplation and will be published 
elsewhere. 

We shall hereafter evaluate the ground-state energy 
of the electron gas using the general theory developed 
in Sec. 2. 

I t is well known that as the temperature approaches 
zero every thermodynamical average becomes a pure 
quantum-mechanical average, i.e., an average using the 
ground-state wave function. As a particular example, 
the relation (2.11) between the internal energy and the 
pair distribution function becomes the well-known rela­
tion between the ground-state energy E and the ground-

state pair distribution function n{2) (r; g): 

E(g) = E(0)+iV J>/ (Prv(r)nV>(r;g'), (6.32) 

E(0) being the ground-state energy of the corresponding 
ideal gas. The derivation of the latter from the former 
is very simple when one works in the canonical ensemble. 

In the electron gas the square of the electronic charge 
may be chosen as the natural coupling strength. For 
convenience, we shall introduce a parameter such that 

g=e2K. (6.33) 

Then as the coupling is switched on at zero and increased 
up to the full strength €2, K takes a value from zero to 
one. 

Using this convention and substituting (6.13) into 
(6.32), one has 

E(g) = E(0)+±Ve2 f dK Cd*r »<»(r; K)^1 

= E ( 0 ) + J 7 e 2 ffflr n2r~x-\Vi f d3r rhiP(r)r+ 

-\Vi f dK (dzrnIa^{r,K)r-l-\V€2 f dK f<PrnnF>(r\ K)T~\ (6.34) +1 

Before going into the calculation, we must comment 
on the Coulomb energy of the electron gas. Since the 
pair distribution function nm (r) approaches n2 at large 
distances r the first integral on the right side of (6.34) 
diverges quadratically. To avoid this, we subtract from 
(6.34) a quantity defined by 

W*2 
/ 

dzr n2r~l (6.35) 

and consider only the rest of the ground-state energy. 
The quantity appeared in (6.25) is usually called the 
Coulomb energy. The subtraction corresponds physi­

cally to the following situation. Suppose, we have an 
electron gas with a uniformly distributed background of 
positive charge just sufficient to keep the whole system 
electrically neutral. This system has an extra energy due 
to the interaction between the electrons and the back­
ground in addition to those given by (6.34). This extra 
energy is exactly the same as (6.35) in magnitude and 
opposite in sign. Thus the total energy of the whole 
system becomes finite. The introduction of a positively 
charged background is also required from the practical 
standpoint, for the system investigated by means of the 
electron gas is usually electrically neutral, e.g., electrons 
in a metal. Hence, hereafter we consider a system 
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comprising an electron gas with a uniformly charged 
background. 

Returning to (6.34), we shall consider term by term 
separately. The first term is the kinetic energy of the 
free Fermions with the correction due to the electronic 
spin. 

£(0) = |iV6/. (6.36) 

This is exactly the formula (M-W, 6-12) obtained by 
Montroll and Ward3 for the change in the ground state 
energy due to the electron interactions up to the ring 
integral approximation. It^also appears in*the Gell 
Mann-Bruckner theory of \he correlation energy and 
was evaluated there to be given by 

2 / 4*xr \ 
EIa/N=-(l-\n2)( In——0.551- J ) 

7T2 V T / 

+ (vanishing terms as rs —> 0). (6.43) 

What is noteworthy in the foregoing is the logarithmic 
dependency of the energy with the respect to r8. It is 
known from the dimensional analysis3 that in the low-
temperature limit the perturbation expansion becomes 
equivalent to the high-density expansion, the appro­
priate parameter being the dimensionless quantity r8 

inversely proportional to the cube root of the density. 
However, a straightforward perturbation expansion was 
found to yield a divergence due to the long-range 
Coulomb force. To relieve this situation Gell-Mann and 
Bruckner have proposed the following high-density 

In the conventional units used for the electron gas, this 
is expressed as 

E(0) = fa-Vs"
2. (6.37) 

The second term (Coulomb energy) is discarded by 
the reason stated above. The third is usually called the 
exchange energy. Substitution from (6.4) yields: 

Aars f 4ar, "|) 
R(u)-\n\ 1+ R(u) . 

TTp2 L TTQ2 J l 

expansion formula: 

E/N=Ars-*+Br8-
l+D lnrs 

+C+Frs lnr8+Gr8+ • • • (6.44) 

and calculated the coefficients C and D exactly. The 
value of the coefficient D is exactly the same as the one 
appearing in (6.43). On the other hand, our formula 
(6.34) is essentially the expansion in terms of the 
collective interaction, which is closely related to the 
collective excitation (plasmon) as remarked in the last 
section. It has no divergence whatsoever but is not by 
itself the high-density expansion of Gell-Mann-Bruckner. 
However, it is very interesting to notice that the terms 
appearing in (6.34) give successively the first three of 
the expansion (6.45). In other words, we can read the 
coefficients A, B, and D from (6.37), (6.40), and (6.43): 

A = ior2=2.21 J3=-3/(2ro) =-0.916 

Z?=2(l-ln2)/7r2=0.0622. (6.45) 

This is one of the main advantages of the present theory 
and gives a support to the expansion method in powers 
of the collective interaction. 

£06EE-i€2F(27r)-6J fflrr* f f fflpfflp' / F (P ) /F (P ' ) exp[i(p-p')-r] 

= -7T62F(27r)-6j ffflfxPp' / F ( P ) / F ( P ' ) ( P ~ P ' ) - 2 . (6.38) 

At the zero temperature the Fermi distribution function /F(P) takes the value one inside the Fermi sphere and zero 
outside so that one has only to carry out the above integration over the interception of the two Fermi spheres. The 
integration is tedious but elementary and gives 

Eob/N^-e^ViW)'1 (6.39) 

= -|(7rarfi)-1. (6.40) 

Now consider the fourth term of (6.34). Substitution from (6.9) and integration over the coupling strength give 
rise to 

£ J a = _ 17€2(27r)-4 Ctfr r-1 f d*qdt e^il^qfy-v'^q) ln[l+2»(g)X(«,0]> 

--hVwffflqdt {2vfe)X(g,0-ln[l+2w(g)X(g,0]}. (6.41) 

Substituting X(#,0 from (5.13) into this and employing the conventional units, one obtains, 

3 1 cl r+0° 
EIa/N= I dQQ*\ du 

4TT aV0
2 Jo J-* 
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In order to calculate the constant C, it is necessary to 
evaluate more accurately that part of the integral 
(6.41), which contributes to the energy of the zeroth 
order in rs and add another contribution from the last 
term of (6.34). These will be easily identified as 

From (6.5) this is given by 

( 2 ) = . -|FiV-1(27r)-4 fdsqdt \[_2v{q)\(q,t)J (6.46) 

e&(2) = !F7v-i(27r)-

X 

4 f<Pqdt 

fd*r( e 2 A)^- r 2^)X 2 (g , / ; r ) . (6.47) 

According to Gell-Mann and Bruckner the correction 
due to the exact evaluation of ea

(2) and the numerical 
integration of e&(2) are the following: 

[ 3 1 /4ars\ 
5 ^ e a ( 2 ) - ( ) 

L4XQ:VO2V TT / 

X 

= -0.0508 

e6=0.046. 

I —- I duR2(u)\ (6.48) 
Jo Q J-oo J 

(6.49) 

Adding these to the constant term in (6.43), one obtains 
the value C as follows: 

C = -0 .096 . (6.50) 

7. A HARD SPHERE BOSE SYSTEM AT THE 
ABSOLUTE ZERO TEMPERATURE 

In this section we shall investigate the ground-state 
behavior of a hard-sphere Bose system following the 
same procedure employed for the electron gas. 

We have seen in Sec. 5 that the simple chain ap­
proximation to the collective pseudo-interaction for a 
hard-sphere Bose system is closely related to the 
transfer of a phonon just as the same approximation to 
the collective interaction for the electron gas is related 
to the transfer of a plasmon. As we did for the electron 
gas in the last section, we start by calculating the first 
two terms of the collective pseudo-interaction expansion 
of the pair distribution function for a hard-sphere Bose 
system. The graphs representative of these two terms 
are the same as for the electron gas, i.e., Fig. 1 and 
Fig. 9 except that the thick dotted line in the second 
figure should represent the collective pseudo-interaction 
given by (5.32) instead of the collective interaction. Let 
us compute these one by one. 

The zeroth-order term of n{2){r) represented in Fig. 1 
is nothing but the free-Boson pair distribution function. 

»0(2)(r) = » » + [ 7 - 1 L / B ( p y p ' r ] 2 , (7.1) 

where / B ( P ) is the Bose distribution function. 
At the absolute zero temperature / B ( P ) becomes a 

Kronecker's delta function with the multiple factor N 
centered at p = 0. Therefore, we would get 2n2 for ^0

(2) (r) 
from (7.1) irrespective of the spatical configuration of 
the two particles. This is in contradiction with the 
familiar notion that every pair distribution function, as 
required from its probability interpretation, must ap­
proach the square n2 of the density if the system remains 
uniformly distributed. We are not able to resolve this 
contradiction at the moment. However, we shall note 
here as a special feature characteristic of the ground-
state Bose system that the exchange term of any order 
in U' contributes the same amount to ni2)(r) as the 
corresponding normal (scattering) term by virtue of the 
delta-function nature of the Bose distribution function. 
Hence, we have only to compute the normal scattering 
terms. As for the contradiction we shall tentatively 
renormalize the pair distribution function n(2)(r) such 
that 

n{2)(y^__+n2 a s r__> QO^ ( 7 2 ) 

since we can in no sense doubt the correctness of 
probabilistic physical argument. Although this is equiva­
lent to discarding the exchange term (or the normal 
term) in the calculation of n{2)(r) at the absolute zero 
temperature, a different situation will arise at finite 
temperatures. In actuality below the X point of the Bose 
condensation the exchange term in (7.1) does not vanish 
but approaches n2(No/N) (NQ/N being the fraction of 
the zero-momentum particles) at infinite separation be­
cause of the degeneracy of the ground single-particle 
state. Therefore, the renormalization of n(2)(r) becomes 
necessary at finite temperatures for a free-Boson system 
and therefore, must be required for an interacting Boson 
system. 

Since we shall deal with the zero-temperature case in 
the following we shall calculate only the normal scat­
tering terms and treat them as if they were the only 
contributions to the specified diagram. 

Thus, the zeroth-order contribution to the pair dis­
tribution function is, after renormalization, given by 

n0W(r) = n2. (7.3) 

For the first-order term in V (Fig. 9) of the pair 
distribution function one has from (6.8) 

»r<*>(r) = - (F/3)-1 £ e^U'(q,t)\2(q,t). (7.4) 

The quantity \(q,t) was calculated in (5.31) and the 
simple chain approximation to the collective pseudo-
interaction U'(q,t) is also given in (5.32). Substituting 
these expressions in the foregoing, one gets 

Wr(2)(r) = - (VP)-1 £ e^MTratfq^+P+lfaanq^-^+t2)- (7.5) 
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Approximating the sums by the corresponding integrals [cf (6.17)] and then integrating over angular coordinates, 
one obtains 

8 an2 /*°° sinqr r+co / 1 1 \ 
W 2 ) = dqq* dtl ) 

7T2 a J0 qr J^ \q*+t2 q*+t2+aq2/ 

8 an2 r00 sinor / 1 \ 
= dqq2 ( 1 ~) 

7r2 a «^o qr \ (l-\-a/q2)2/ 
with 

a=16ran. (7.7) 
If one introduces a dimensionless variable by 

y=qr, (7.8) 
one can rewrite (7.6) as 

8 an2 r°° siny 
»z(2)(r) = I dyf { l - C l + ^ f 2 / / ) ] - 1 } . (7.9) 

T arz
 JQ y 

For small distances such that 
K < G T * = (16wan)-*=rc, (7.10) 

the expression (7.9) reduces to 
8 an2 r°° sin^ 1 

ni<2) (r) = I dy ar2 

T arz Jo y 2 

= -2n2(a/r) for < O c . (7.11) 

In the other limiting case, i.e., for large separations the expression (7.9) becomes 

San2 ban' r™ / rc \ 
ni(2) (r) —> I dy y shryl 1 y 1 

7r arz
 JQ \ r / 

= - ^ 2 ( 4 T T % W ) - V - 4 for f » c , (7.12 

where the integral was evaluated by inserting an integrating factor e~yy into the integrand and subsequently taking 
the limit y —> 0. 

Adding contributions from (7.3), (7.11), and (7.12) one obtains for the pair distribution function up to the first 
order in Uf 

nW(r) = n2[l-2(a/r)'] for a « K < r c (7.13a) 

= » 2 [ l - ( 4 i r M » * ) - y ^ ] for r»rc. (7.13b) 

This result is consistent with the calculation of Lee, Huang, and Yang8 employing the pseudo-potential method. 
They obtained 

nW(r) = n2ll-(a/r)J+0(a/rc) for a<r<^rc (7.14a) 

= n2+0(r~*) for r » c . (7.14b) 

Our formula (7.13a) agrees with (7.14a) up to the order distribution function at small separations will have the 
a/r while (7.13b) coincides with (7.14b) completely. The form 
formula (7.14a) can be understood in the following way. ,ow N , , , N !o r . . , *-,„ - ^ , ,H 4 ^ 

For small separation the direct interaction, which is n^(r)^ \i(r)\^[_l-(a/r)J for r^a. (7.16) 
singular near r = 0 , acts comparatively stronger than the T h i s a g r e e s w i t h (7.i4a). Thus it seems to be necessary 
indirect interaction through a medium. The S-wave t o t a k e i n t o a c c 0 U n t more precise behavior of the two-
solution of the Schrodinger equation for two hard b o d y pseudo-interaction at least for the direct inter-
spheres in a large box has the form a c t i o n c o n t r ibu t ion to »<2)if). 

Hr) = cr-^mk(r-a) for r>a, (7.15) , The quantity rc defined in (7 10) has the dimension of 
length and could be called the correlation length. I t 

where r is the distance between the two particles and * measures the extension of the correlation between 
a relative momentum eigenvalue subject to a certain particles introduced by the hard-sphere interaction. 
boundary condition and c a constant. If the direct Now again using the formula (6.32), we shall calculate 
interaction is predominant as mentioned above, the pair the ground-state energy from the pair distribution func-
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tion. As we shall treat the pseudo-interaction 87r#5(3)(r) 
as if it were a real interaction, the hard-sphere diameter 
a could be taken as the coupling strength g in the 
formula (6.32). Introducing a parameter K such that 
g=aK and substituting n(2) from (7.3) and (7.4) into 
(6.32), one has 

E=E(0)+ivf dicf<Prv'(r) 

x { ^ - ( F r E ^ q , r A 2 y ^ y } . (7.17) 
qt 

The ground-state energy for the free Bose system can be 
taken as zero. 

£(0) = 0. (7.18) 

Replacing the summation over / by the corresponding 
integral and substituting v'(r), X(g,0> and U'(q,t) from 
(5.29), (5.31), and (5.32), respectively, one obtains 

E=47r^AT- | (27r )~ 1 E * 
/ • 

X 
q*+fi (»£)} -lnl 1 (7.19) 

with a defined in (7.7). Integration over t gives rise to 

£=4jra«2V-J Z{?o2+22-2(?2+2?o
2)*} (7.20) 

Q 

with 
q0

2==8wan. (7.21) 

The foregoing summation is divergent. However, a 
remedy for the situation is well known. In fact, the 
formula (7.20) is identical with Eq. (19) of reference 8, 
where Lee, Huang, and Yang derived it using the same 
pseudo-interaction (pseudo-potential) as ours. Reason­
ing that they should have used the correct pseudo-
potential [87ra5(3Xr)(d/dr>==z/(r)], they then sub­
tracted the spurious term qoA/(2q2) in the summand, 
thus removing the above divergence, and finally ob­
tained the following result: 

E=4iraf*tf-J £ Lqo2+q2-q(q2+2qQ
2)*-qo4/(2q2)~] 

tribution Fig. 10(a) in the contribution Fig. 10(b) which 
is of the order a. This explains the above subtraction. 

It is interesting to note that the expression (7.22) is 
the low-density expansion in contrast to the high-
density expansion (6.34) for the electron gas case 
although both cases were treated in a similar fashion. 
This apparent paradox, however, can be resolved from 
a dimensional argument. For the electron gas at low 
temperatures the appropriate dimensionless expan­
sion parameter was shown to be (e2tr*) while for the 
hard sphere gas it is clearly (naz). Hence an expansion in 
powers of the coupling strength (the hard sphere diame­
ter a is regarded as a coupling strength of the pseudo-
interaction) necessarily means a high-density expansion 
for the electron gas and a low-density expansion for the 
Bose gas. 

8. FINAL REMARKS. DEBYE-HUCKEL 
EQUATION OF STATE 

Although the general formulation presented in Sees. 
2-4 is valid for all temperatures, the subsequent applica­
tions of the theory to the electron gas and the hard-
sphere Bose gas were made only at the absolute zero 
temperature. The extension of these calculations to the 
finite but very low temperature case is especially simple. 
To do this, we must recalculate the quantity \(q,t) in 
(6.8). However, this is easily done because the low-
temperature behavior of the Bose or Fermi distribution 
function /(p) is well known, e.g., in the works by F. 
London24 and A. Sommerfeld.25 

In order to calculate the internal energy from the pair 
distribution we must, of course, use the temperature-
dependent formula (2.11) in the place of (6.32). The 
calculation of the specific heats of the electron gas and 
the hard-sphere Bose gas will be reported in a subse­
quent publication. 

As a last application of the present theory, we shall 
briefly discuss the classical Debye-Huckel equation of 
state for the electron gas embedded in a uniform back­
ground of positive charge. First, we note that our 
quantum statistical one-body free-particle propagator 
approaches in the classical limit to the Boltzmann 
propagator introduced by Montroll and Ward :3 that is, 

=4ranNZl+ (128/15yV) (a1**)*]. (7.22) 

According to their analysis this subtraction corresponds 
to dropping the term proportional to a2 in the formula 
(7.20) after its expansion in powers of a. This can be 
understood in the following way. The contribution of 
the order a2 in our theory can be identified by its 
graphical representation shown in Fig. 10(a), where 
each wavy line in this case denotes a pseudo-interaction. 
The thin dotted line means that the ends of particle 
lines should be connected, indicating the extra integra­
tion performed over the position variables of the ends. 
If we recall that the pseudo-interaction originates from a 
set of ladder diagrams, we should have included the con-

IWVWWWMVWVVI 

V I 1 M* x ̂ ^w<w*v^*r<^w*4^* 

(a) (b) 

FIG. 10. The diagrams of orders a and a2 for the energy. The thin 
dotted lines mean that the ends of the particle lines should be 
connected, indicating those integrations completed over the posi­
tion variables of the ends. 

24 F. London, Proc. Roy. Soc. (London) 153, 576 (1936); Phys. 
Rev. 54, 947 (1938). 

25 A. Sommerfeld and H. Bethe, "Elektronentheorie der 
Metalle," Handbuch der Physik (Springer-Verlag Berlin), Vol. 24, 
No. 2, p. 346 (1933). Also see, C. Kittel, Introduction to Solid State 
Physics (John Wiley & Sons, Inc., New York), second edition, 
p. 256 (1956). 
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as p - » 0, 

K0(x2) xi) -> V-1 L expfrp- ( r 8 - r i ) - p 8 0 3 2 - / 3 i ) ] fa>fa 
p 

- • o &<&. (8.3) 

Using this propagator one can calculate the collective 
interaction and the pair distribution function for the 
high-temperature dilute electron gas in the same manner 
as we did for the low-temperature case in Sees. 5 and 6. 
The same calculation was previously carried out by S. 
Fujita, A. Isihara, and E. Montroll26 using the "toron" 
method. By adopting the simple chain approximation to 
the collective interaction U, they obtained the Debye 
screened Coulomb potential 

U(r) = e>r-1e- (8.2) 

with 
/C=(4TT/^6 2 )1 ($.3) 

Up to the first order in the screened Coulomb inter­
action, the pair distribution function was shown to be 

n^{r) = n2{l-^r-le-Kr) for large r. (8.4) 

As an application of the formula (2.15), we shall 
derive the equation of state from this pair distribution 
function. The kinetic energy EQ of the free-particle 
system is %NkT. The square of the electronic charge e 
may be regarded as the coupling parameter. Then we 
have 

i v r i / <? \ iv r*2 r i a r / <? \ l 
- = f %hT e2 I dh-nH 1-/3—<r*T H I d(e'2) I d?r-—B\ n2[ l-p~-e~*r ) 

6N J r \ r / 3 N J0
 J r dB V \ r / J 

pV 

N u i v v r \ r / o i v •'o 

= kT(l — J7r*»^€8)+(the term which cancels with the contribution from the background). 

This is the classical Debye-Huckel equation of state. 

APPENDIX A. MOMENTUM REPRESENTATION OF THE ONE-BODY FREE-PARTICLE PROPAGATOR 

(8.5) 

The equivalence between the two expressions (4.9) and (4.12) for the one-body free-particle propagator will be 
shown by carrying out the summation over s indicated in the latter. Comparison of these two expressions requires 
showing that 

/3-1 £ exp[ -a (^ 2 - /3 1 ) r 1 +^(2^+€) ( /32-5 i )7 r / / ? ]P(2n+€)7r r 1 +P 2 -« / /3 ] - 1 

= [ l T e x p ( a - ^ p 2 ) ] - 1 e x p [ - p 2 ( 5 2 - ^ 1 ) ] pt>Pi 

= ±exp(a - /3p 2 )ClTexp(a -^p 2 ) ] expE-ffa-fa)] fo<0u 

(A.l) 

where e is to be taken as 0 for a Boson and 1 for a Fermion. The summation on the left-hand side can be calculated 
in a straightforward manner by employing Poisson's sum formula.27 The formula states that 

1 £ / ( — ) = (2x)-» £ Fiftm), 
/ m=—oo tt=—oo V 

where the function F is the Fourier inverse of / : 

/

+00 

dye~^xf(y). 

(A.2) 

(A.3) 

In order to apply this formula to the summation in question one has to calculate the Fourier inverse of a function; 

f(y) = zxvt-a(fa-fa)^+hTr{fa-fa)/fa] exptiyfa-fojiy+l?- (a/fi+ier/lff1. (A.4) 

This is readily evaluated by using Cauchy's integral theorem. Noting that the only pole of the integrand is located 
at y=i(p2—a/(3) — eir/fi and choosing the appropriate contour of integration, one finds aside from the constant factor 

/ 
+°° exp[iy(fa-fa-x)2 

dy-
= 2TT e x p { - (fa-fa-x)^- (a/0)+ie<ir/Pl} fa-fa-x>0 

iy+p2- (a/p)+ieir/p = 0 2-fa-X<0 
(A.5)* 

s S. Fujita, A. Isihara, and E. Montroll, Bull, classe sci. Acad. roy. belg. 44, 1080 (1958). 
r P. M. Morse and H. Feshbach, Methods of Theoretical Physics (McGraw-Hill Book Company, Inc., New York, 1953), p. 467. 
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when 
p 2 - a / / 3 > 0 . (A.6) 

If p2—ce//3<0, then the integration (A. 5) is replaced by 

+00 ^ expliy(fa-fa-x)1 

^ + p 2 - ( a / ^ ) + i e 7 r / ^ " ^ "x "' " (A.7) 
f dy ~—^ • — = 0 fa-fa-x>0 

J^ iy+tf-{a/p)+Uir/(5 

• - 2TT e x p { - ( f t - / 5 i - x ) [ p 2 - (a//3)+*«r/£]} ft-]8i-a?<0. 

However, it turns out that both cases lead to the identical result (A.l) eventually. Hence we shall give here only 
the proof of (A.l) when p2—a//3>0. The proof of the other case can be done in a similar manner. 

From (A.4) and (A.5) one sees that 

F ( j 0 f l O = ( 2 * ) * e x p [ - a ( & - / ^ fa~fa-^m>0 
= 0 fa-fa-pniKO (A.8) 

since fa and fa are restricted to the interval (0,/3), \fa—Pi\ ^fa Summing F over m, one gets for the right-hand side 
of (A.2) 

f ° 
exp[— (fa—i^i)p2] E exp(ieirni) exp[(a—0p2)w] /?2>/?i 

(2ir)"* Z Ftfim)--
m=—oo 

(A.9) 

exp[— (/32—Bi)Vr\ X exp(je^w) exp[(a—/3p2)w] /32<#i. 

(A. 10) 

(A.11) 

Noting that 
e»™»=(+l ) m €=0 

= ( - 1 ) - 6=1 , 
one finally obtains 

(2T)~* E F(flw) = exp[-082- /3i)p2Xl=Fexp(a-/3p2)]- i /32>/5i 
m=—oo 

= ± e x p [ - (ft-/?i)p2] e x p ^ - ^ C l ^ e x p ^ - ^ p 2 ) ] - 1 fa<fa. 

This establishes a proof of (A.l) when p2—a/f3>0. 
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