SPIN RESONANCE OF V2+,

nuclear radiation by examining the spin resonance
spectrum of ruby near the first cross-over, occurring
near 2000 gauss. If lattice vacancies produced by
nuclear radiations become associated with the chro-
mium ions, the crystalline electric field will no longer
have axial symmetry, so that the appropriate spin-
Hamiltonian will contain a rhombic field term. This
will have the effect of admixing the states S,=—% and
$. This particular region of the energy level diagrams
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can be explored with frequencies near 5.75 kMc/sec
and/or 17.25 kMc/sec. The advantage of using chro-
mium rather than vanadium is that the results will
not be complicated by hyperfine interactions.
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Explicit expressions for the static magnetic field variation of the surface impedance in a superconductor
are derived. Detailed consideration is given to the two limiting cases of the classical skin effect and of the
extreme anomalous skin effect, with the static field either parallel or perpendicular to the rf current. The
transport calculation is carried out for a two-fluid model with the supercurrent obeying the London equation
and the normal current following a nonlocal relation. It is suggested that a comparison between theory
and the experimental data yields information on the energy band structure of normal electrons in the

superconducting state.

I. INTRODUCTION

XPERIMENTAL investigations of the surface
impedance of superconducting tin in a static
magnetic field have been reported by Pippard at 9.4
kMc/sec ! and by Spiewak at 1 kMc/sec.? In particular,
the observation at 1 kMc/sec of a decrease in both the
surface resistance, R, and the surface reactance, X,
with increasing static magnetic field, H, has not been
explained. Nor has it been understood why the relative
signs of [R(H)—R(0)] and [X(H)—X(0)] are de-
pendent on temperature, on the magnitude and orien-
tation of H relative to the rf magnetic field, on crystal-
line orientation, and on the rf frequency. In this paper,
an attempt is made to achieve an understanding of
these experimental results and to consider the type of
information that can be obtained on the energy band
structure of the superconducting metal from studies of
the surface impedance in a static magnetic field.
Studies of the anomalous skin effect in a magnetic
field have provided a powerful tool for the investigation
of the band structure in normal metals.? Important
information has been obtained by cyclotron resonance
experiments on the effective masses of the electrons and
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on the shape of the Fermi surface in Sn*%% Cu,*¢ and
Bi.” Since the magnetic field dependence of the surface
impedance differs as to whether the metal is in the
normal or superconducting state, the information
obtained through these studies is different for the two
cases.

In this paper, the surface impedance of a super-
conductor in a magnetic field is calculated by extending
the two-fluid model first introduced by Maxwell,
Marcus, and Slater® to treat the zero field problem.
Specular reflection boundary conditions are applied to
the case of a superconductor in a magnetic field follow-
ing the Serber treatment of the zero field supercon-
ducting surface impedance problem? and the Mattis
and Dresselhaus treatment of the normal metal in a
magnetic field.*® There are two principal reasons for
choosing this approach. Its relative simplicity permits
an explicit determination of the field variation for both
R and X. Since at frequencies, »<10 kMc/sec the
electromagnetic propagation does not directly involve
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F1. 1. The geometrical arrangement for surface impedance
calculation. The xy plane is the surface of the metal which occupies
the space >0. The dc magnetic field H, is taken along the y
direction and the two principal orientations for the applied rf
electric field are: Er along H, (longitudinal geometry) and Er
along the x axis (transverse geometry). The spherical coordinates
used in velocity space are also indicated.

an energy gap, a two-fluid model may be expected to
yield useful information for both H=0 and H>0. For
example, Bardeen has reported a two-fluid model to be
appropriate to the low-frequency limit of the BCS
theory."

The calculation of the magnetic field variation of R
and X to terms in H? is presented in Sec. II. Explicit
expressions are derived for the two limiting cases of the
classical skin effect and of the extreme anomalous skin
effect. The calculation is carried out for the static field
parallel to the rf current (longitudinal field orientation)
and perpendicular to it (transverse field orientation).
The results are expressed in terms of a dimensionless
parameter, (A\/6), in which X is the penetration depth
for the static field in a superconductor and § is the skin
depth of the rf fields associated with the normal electron
assembly. By introducing further assumptions which
relate A and § to the temperature, a detailed comparison
with the experimental results can be made. This
analysis is to be presented elsewhere. Section III is
devoted to a discussion of the results of Sec. II. Com-
ments are made on some of the assumptions which are
introduced into the theory of Sec. II. It is suggested
that surface impedance studies provide a promising
tool for studying the Fermi surface of normal electrons
in a superconductor.

II. CALCULATION OF THE MAGNETIC FIELD
VARIATION OF SURFACE IMPEDANCE

The surface of the superconductor is considered to be
a flat plate in the xy plane with the z direction normal
to the surface and extending into the superconductor.

1 J. Bardeen, Phys, Rev. Letters 1, 399 (1958).
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The dc magnetic field H, is taken to be parallel to the
y axis in the plane of the sample surface, as shown in
Fig. 1, and to have a spatial variation H,(z). In general,
the rf electric field and current are arbitrarily directed
with respect to Ho. The two cases of special interest,
the longitudinal and transverse field orientations, are
treated in detail.

Because of the high sensitivity required to observe
the field dependence of the surface impedance, the most
successful experimental technique in both longitudinal
and transverse fields does not employ precisely the
geometry of Fig. 1.1% In order to attain the required
sensitivity, a sufficiently large fraction of the microwave
losses must be confined to the sample itself. This is
accomplished by choosing the superconducting speci-
men in the form of a thin wire, the length of which
determines the resonant frequency of an rf resonant
cavity. The sample diameter, d, is large compared with
both the rf skin depth, 6, and the superconducting
penetration depth for the static field, A. Since (d/A\) > 102
and since at frequencies »=1 kMc/sec (d/8)>10? also,
the electrodynamic behavior of a wire sample in the
absence of Hy can be approximately described by that
of a plane surface. In the experimental arrangement,
the rf electric current 7y, is along the wire axis. In the
longitudinal field experiments, H is applied parallel to
71, and the local static field at the surface of the super-
conductor is constant and is directed along the wire
axis. Thus, the plane surface approximation is equally
appropriate to the longitudinal field case.

The transverse field experiments are carried out with
H, perpendicular to the wire axis. Because of demagnet-
ization effects, the local static field in the cylindrical
sample is directed parallel to the surface with a magni-
tude no longer a constant but depending on the polar
angle defined by the radius vector and the applied
static field. However, by using the London equations
to describe the field penetration, it is possible to
interpret the transverse field experiments on a cylin-
drical surface in terms of an equivalent plane surface,
with an equivalent uniform static field applied along
the y direction.!? In this case, the rf electric field E; is
in the xz plane. Experimental data are available for the
transverse case at frequencies »=21 kMc/sec and 9.4
kMc/sec while for the longitudinal case only at »=1
kMc/sec.

The current in the superconductor is written as

i=ine™ ! Fiaotine™, )]

where the normal current j, is obtained in the usual
fashion by the solution of Boltzmann’s equation. The
dc supercurrent, denoted by jso, is found from solution

of the London equation
¢ curl (Ajs0) = —H,. (2a)

In the London theory, A=4m\?/c? is a tensor quantity,
a fact which is for the moment ignored; thus, the
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anisotropic nature of the penetration depth, A, is
neglected in this calculation. The London constant, A,
can be written in terms of the plasma frequency for the
superconducting electrons, w,, with

w=4mNe2/m=4w/A, 3)

in which N, is the concentration of superconducting
electrons, and m is the free electron mass. In this
calculation it is assumed that the superconducting
electrons screen the static magnetic field without in any
way impairing their ability to screen the rf fields. Thus,
the rf supercurrent, 41, also obeys the London equation,

¢ curl(Ajo1)=—H;, (2b)

in which H; is the rf magnetic field.

The spatial variation of the dc and rf fields is obtained
"by combining the London equations (2a) and (2b) with
the Maxwell equations for the dc and rf fields,

dc; ¢ curlHo=47(Js0+350),
I‘f; ¢ curlH;= 6D1/8t+47r(jn+j31—l—jb1),

in which js and j describe the dc and rf surface
currents, respectively, at 2=0. (See Fig. 1.) By applying
the specular reflection boundary condition for the elec-
tron trajectories, the semi-infinite superconductor can
be replaced by an equivalent infinite superconducting
medium with the boundary current sheets at the plane
z=0 given by

de; fpoz=— (¢/2m)H,(0)5(2),
rf;  Jo=— (¢/2m)[H1(0) X k15 (2),

in which k is a unit vector in the z direction. Note that

by symmetry the fields and currents depend only on z.
The specular reflection boundary condition is handled

more conveniently in terms of the Fourier transforms

(4a)
(4b)

(5a)
(Sb)

H,— f ¢l (2)ds, (62)

and

H(z)= (1/27r)fwe—fquqdq. (6b)

In terms of Egs. (6a) and (6b), the London equation
becomes

H,= "'CiqA(iquk)- @)

Since Egs. (4a) and (5a) do not involve the normal
current j,, the Fourier transform of the static field is
related to the dc supercurrent Fourier transform jso, by

¢igH oqy= 4 js0qa— 2cH o (0). 8)
The solution of Eq. (8) is obtained by substitution of

Eq. (7) for jsoq, yielding

2igH(0)
Hypy=—, 9)
q2+k—2
in which Hy(0) is the magnitude of the static field at
the surface 2=0. From Eq. (6b), the spatial variation
of Hy is given by

z>0
. (10)

qe—iqqu ! e—z/)\ ;
¢H+N? =12l 2<0

Physically, the specular reflection of the electron
trajectories at 2=0 is equivalent to reversing the sign
of the magnetic fields, but not of the electric fields in
the extended medium z<0. [See Egs. (8) and (9).]

The solution for the rf fields is more complicated,
since E; and H; depend on j.. An explicit expression
for j, is found from the solution of the Boltzmann
equation for the normal current distribution function
f(2). A convenient form for the Boltzmann equation
can be written in terms of §f(z), the departure of f(z)
from the equilibrium value fo(2),"?

(1+4w7)8 f (z)+ o7 sing sind(d/z)[6f(z) ]
+Fower[Ho(2)/Ho(0)1(3/0¢)[61(2)]
= —ev7 fo/[E4(2) sinf cose
+E,(2) cosf+E.(z) sinf sing |
=—erf/E(2) v, (11)

in which v, 6, ¢ are the polar coordinates of velocity
space shown in Fig. 1, w.=[eHo(0)/m*c], and fo
= (8f0/9¢), € being the energy. The quantities m* and
7 of Eq. (11) refer to the effective mass and the relax-
ation time for the normal electrons in the supercon-
ducting state. In this treatment the presence of super-
conductivity is exhibited explicitly by allowing the
magnetic field term of the Boltzmann equation [Eq.
(1) of reference 10] to have a spatially dependent
factor [Ho(z)/H¢(0)]. Thus, much of the formal
development of the present problem parallels the
solution of the longitudinal cyclotron resonance in the
normal metal.l0

In writing Eq. (11) the possible z dependence of the
equilibrium distribution function fo has been neglected.
The presence of a term in [8fo(2)/8z] could come about
from local heating of the sample by the electromagnetic
fields, thus giving rise to the possibility of temperature
variations in the sample.

The Fourier transform of Eq. (11) can be written as

Ho()/Ho(0)= (i/7) f

[1—4v7q sinf sing 16 f,
®q'8f—adq’
T 9PV _ N2

w7 0
1

——erfyEpv (12)

12 For simplicity, the subscript 1 on the rf currents and fields
is omitted after Eq. (10).
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in which #=7(14+iwr) and §f, and E, are the Fourier
transforms of §f and E, respectively. The solution of
Eq. (12) is obtained by iteration in terms of the

0 /dq/
Y R
q/dq/ 00 qlldqll a

PN f ¢t g

8fe= —efo’fﬂ(iqu)((Eq~ v)— iwﬁf

(wo7)? f“’

w2 J_,

For this calculation it is sufficient to evaluate the

Fermi distribution function f, and its derivative fo at
T=0°K.

The Fourier transform of the 7th component of the
normal current is given by

Fna,i=2em*3p3 f f f 3 fviv? sinfdvdbde  (15)

in which v; is the ¢th component of the velocity. In
order to carry out the integrals explicitly, the effect
of the magnetic field on j,,,:1s treated as a perturbation,
with (w.7) as the expansion parameter. Because of the

tw,7 ° ¢'dg
f I
LRUNCED

3Ne*r .
" Z[Kif(dQ)Eq,i—

i

Ina,i=
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function Q(x), )
Q(x)=[1—x sinf sing |,

and is to order (w.7)?

(13)

-[9(17)7(9 7)) (Bg—gr-v)]

[mwT(q q’)) 007 =D Forr v)]}+e<wcr>3). (14)

smallness of the observed longitudinal field variation of
the surface impedance, it is sufficient for this case to
retain terms to (w.7)2. Observation of the surface
impedance in a transverse static field yields a field
dependence larger in magnitude, and in which contri-
bution from terms of order >2 is important for at least
part of the temperature range.? Since the calculation is
carried out only to quadratic terms, the range of
validity of the calculation (expressed in terms of
reduced field®®) is smaller for the transverse case than
for the longitudinal case. Substitution of Eq. (14) into
Eq. (15) yields

ii(ilgilg ) Eqgr

WeT qgdq
( ) f '2+)\—2

in which N is the concentration of normal electrons,
vp is the Fermi velocity associated with the normal
electrons, and [ is related to the mean free path I=vpr

by
17

The functions K;;, Li;, and M,; are given explicitly in
Appendix A ; the eight nonvanishing functions are K,
Looy Lowy My, i=2, v, 3. Thus, the component of the rf
normal electron current along the static field (the y
direction) couples only to the rf electric field E,,.
Physically, the vanishing of the functions L,; and L;,
(¢=ux, ) implies the absence of an rf Hall effect for the
longitudinal static field orientation. However, Eq. (16)
does not eliminate the possibility of an rf Hall effect
in the transverse field experiment.

A complete solution for the rf fields and currents can
be obtained by combining the Maxwell equations with
Eq. (16). In terms of the Fourier transform for the sth
component of the rf electric field, the Maxwell equations
(4a) and (4b) can be written as

(— @ — 00,2+ ) Eq i= dito fng,i+22E (0)
65, [PPE g A 4m? Py A-20E, (0)],

'1)1«'7'(1-[“1:0.)7')'1.

Z=1)F’7'=

(18)

in which §;, is the Kronecker delta function. The

q”dq"
T 20 2T =
//2+>\_2Mii(1lqydq ;'qu )Eq—q'—q”.f+@(w67)3]x (16)

second term on the right-hand side of Eq. (18) is the
boundary current term [Eq. (5b)] in which E/(0)
= (8E;/32),=0. The third and fourth terms arise from
the polarization of the medium associated with the
fluctuation of charge density in space and time. The
supercurrent term 74, of Eq. (4b) has been replaced
by the term in (w,2E, ;) through the London Eq. (2b).

Although the equilibrium charge density po vanishes,
the presence of rf fields and currents and of electronic
collisions gives rise to charge density fluctuations
8p="0pn10ps which must satisfy the Maxwell equation

divD=4rdp. (19)
The normal component &p, is related to the distri-

bution function by

0pn=2em™*3h~3 f dfv*dv sinfdfde (20)

and to the normal current density by the continuity
equation

(21)
18 The reduced field, %, at a temperature T is defined as A(T")

=Ho/H(T), where H.(T) is the critical field, and H, is the
applied static field.

divj,+ (9p./ 0%) drifs= 0.
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In writing either the Boltzmann equation or the
continuity equation for the normal electron assembly,
it is assumed that the number of normal electrons is a
constant of the motion. If these density fluctuations
do not give rise to a conversion of normal to super-
conducting electrons (and vice-versa), then this model
implies the existence of local temperature fluctuations
or waves. The solution of Eq. (21) yields

0png=1q7 fna,z (22)
Equations (18) and (19) result in the relation
0pnqt0psq= g (Jng,eF Joa,2), (23)

in which 6p,, is related to the supercurrent density by
the equation of continuity

(24)

since the superconducting electrons suffer no collisions.
The equations (22)-(24) imply ¢jng..(14iwr)™1=0,

0psq= 9w Jsq,z

3w,27

which has only the trivial solution

Jna,e=0. (25)

An rf Hall current can be carried by the normalelectrons
only in the xy plane; any Hall current in the z direction
must be transported by superconducting electrons.
The field variation of the surface impedance Z is
formally contained in the simultaneous solution of
Eqgs. (16) and (18), since
Z=R+iX=4nc(E/H) 0. (26)

Explicit expressions for the surface resistance R(Ho)
and surface reactance X (H,) are derived only for the
longitudinal and transverse field orientations.

(a) Longitudinal Field

For this geometry, there is only one nonvanishing
component of the rf normal current given by

0 qlldgll

Ina,y=

in which the plasma frequency w, is defined by

wt=4rNet/m*.

n - WeT 2 p q,dg, . -
_‘_[Km/ (ﬂQ)Eq'y— ( ) f My, (ilq:dq/;ilqn)Eq—q'—q",y+ 0 ("’07)4]7 (27)
167 T w N2, i N

(28)

Substitution of Eq. (27) into Maxwell’s Eq. (18) yields the integral equation

[— @+ —wi— 3w, 7K, (ilg) 1E,,

2=3 0

qldql

2

3w 2w 2T
—20E,/(0)— f

47 —0 N2

o g”dq"
»[m Q'/2+)\—2MW (ilq)'ilquilq”)Eq—q'—q".y+ 0 (‘*’0'7")4°

(29)

Assuming that the effect of the static field on the rf field distribution is small (a good approximation for the longi-
tudinal field orientation), Eq. (29) can be solved by iteration. The result can be written as

Eq,yZZEu,(O)CZI‘y(Q)[l_

in which

ry(g)= [— Pt o?—wl— Hww, 7Ky, (7'ZQ) I

JiwwlwlT p° ¢'dg’ ° qlldqn RN T ' =)4
4r? 24X zf 1) My, (ilg,ilg ilg )Ty (9= ¢ —¢")F0(wer)! [, (30)
00 9 - 0 q 5

(1)

Since no power is coupled from the rf field component E, to E, or to E,, it is sufficient to take E,= E,=0. Within
the approximation of a scalar »*, the longitudinal static field orientation gives rise to no rf Hall field.
The longitudinal field variation of the surface impedance is determined by Eq. (30), with

¢ E/0)

Since the surface impedance in the absence of a static field is

Z(0)=R(0)-+iX (0) = —4ic f T, (g)dg,

the longitudinal field variation of the surface impedance is

AZL=ZL(H0)—ZL(O)=ARL+ZAXL

2 ©

el R (32)
en ) )
(33)
0 qlldqll
M, (ilgilg ilg") Ty (g—¢'—¢")+O0(Hd).  (34)

3w 2w 27 ®  q'dg’
== “‘T‘f Py(q)dqf
s

o —o PN, ¢
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Fic. 2. Plot of the zero field surface resistance and surface
reactance for a superconducting metal in the limit of the classical
skin effect. The dimensionless quantities (ws¢/8w)R(0) and
(ws¢/8w)X (0) are plotted vs the dimensionless parameter 8=\/d¢:.
The points =0 corresponds to T=0°K and B= to I'=T..
See text for definition of symbols.

The integrals of Egs. (33) and (34) are carried out in
Appendix B for the two limiting cases, the normal
electrons described by either the classical skin effect
(|q@}<<1) or by the extreme anomalous skin effect
(1gt]>1).

The zero field result for the classical case is

Zc1(0)=—4drwk 2, (35)
with

ko= (— N w2 — w2 7c )}, (36)
Re(k.) <0 and Im(k;)>0. The corresponding result for
the extreme limit of the anomalous skin effect is

3
Z(0)=—8wc w1 Y. C;In(—e;)

=1

(37

in which ¢; denotes the three roots of the dimensionless
equation,

é—e—a=0. (38)
1.6
12 —
wey(0)
08
42 R(0) T~

04 ) I—
// |

0
G 05 io 5 26 EX

aQ—>

Fi1c. 3. Plot of the zero field surface resistance and surface
reactance for a superconducting metal in the limit of the extreme
anomalous skin effect. The dimensionless quantities (w.¢/8w)R(0)
and (wsc/8»)X (0) are plotted vs the dimensionless parameter
a=M\/8,. The points =0 corresponds to T'=0°K and a=» to
T'=T.. See text for definition of symbols.
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The dimensionless quantities e and « are defined by

€=1g\ (39)
and

(40)

The rf skin depth in the extreme anomalous limit for
the normal electrons 8, is given by

od=3moww, s 3cvr 1=N3/83.

(41)

8= Gruww2c 2 )}
and the quantities C; are defined by
€= (e— &) e er) 7, (42)

with =2, y, x and 75 j# k. The derivation of Eq. (37)
is valid for »<10 kMc/sec under the conditions of the
extreme limit of the anomalous skin effect, except in the
limit 7'— 0°K, at which one of the roots ¢; of Eq. (38)

2.0

A Peg

N

Fic. 4. Plot of the longitudinal field variation 'of the surface
impedance for a superconducting metal in the limit of the classical
skin effect. The dimensionless quantities Ape; and Ax¢: are
plotted vs 8 and are related to ARz, ¢iand AXy, c1 by (Apci+-iAXcr)
= [5ctop’/2mePw 2w N5 (AR, c1+4AX L, c1). Except for normal-
ization factors, these curves give the quadratic field terms of
R(H,) and of X (H,) as a function of B in the classical limit.

vanishes. However, in tin it is a good approximation
even for this pathological root in the experimentally
accessible range 1.2°KLT<T., since |igl|~1 for
reduced temperature i~0.2 (or T~1°K).1% The results
for the zero field surface impedance as a function of
(\/8) are presented for the classical limit in Fig. 2 and
for the extreme anomalous limit in Fig. 3. Comments
on these plots are reserved for Sec. III.

The longitudinal field variation of the surface
impedance in the classical limit is

2mielwa w2l
Sctvpd(ketiNh)

147, Reuter and E. Sondheimer, Proc. Roy. Soc. (London)
A195, 336 (1948).

15 Serber (reference 9) has obtained the same result as Eq. (37)
in the limit 7' — 0°K by another derivation valid at low T

5

AZL, 1= +0(H). (43)
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This variation is small and quadratic in Ho. The plot is presented of the longitudinal field variation of
nonzero value of AZy, ¢; arises entirely from the nonlocal  the surface impedance in the classical limit as a function
terms in the current-field relation of Eq. (27)—i.e., in  of the dimensionless parameter 8=\/d¢;, in which é¢;
this limit M, (iglig'liqg" ')~ ©0(g?l®). On the other is the classical skin depth, 8¢i=c(2mw,27)~%.

hand, the dominant term in the zero field surface The result corresponding to Eq. (43) in the extreme
impedance is a local term (i.e., Ohm’s law). In Fig. 4 a  limit of the anomalous skin effect is

8 I €) In(—e;
ln(e)) — Cin(—e)) + ¥ e e)( . )
1——1 €1,+ %, 7=1 €;— €i+2 e—1 €]‘+1
2m? 1 3 e,(ez+2)(€¢+3)(ln2(—62)+1n2(2+€@)) i 3 Gi(ei""Z)(ér—:)’)(11’12(61)""1112(2—61))
9 12 =1 (e+1)3 3(e+1)te(es—1) 12 i=1 (e,—1)3 3(eg—1)—e;(ei+1)

13 eG(—1— 2/ez) 13 CG(—142/¢)
]. (44)
3= (es+1)8 3ia (e,—1)

(=
2\ =1 ¢—1

4iab wc"‘[

37"27115‘ wn

The functions G(x) appearing in Eq. (44) are defined by the series for |x| <1,

G)= 3 (~1)rtintan, (45)

n=1
with G(x) for |«|>1 determined by the recurrence relation
G@)+Gx )= (#2/6)+3 In%. (46)

From Egs. (37) and (44) it is seen that both Z(0) and AZ; are independent of the relaxation time 7, a result
characteristic of the extreme anomalous limit of the normal metal. The plot of AZL vs @ in the extreme anomalous
limit is illustrated in Fig. 5 and is discussed in Sec. III. For convenience the results are presented logarithmically
in terms of the dimensionless quantities Ap+:Ax.

(b) Transverse Field

The rf normal electron current perpendicular to the static magnetic field is directed along the x direction and
is given by
3wa?7

. iw.? ° ¢'dg N
P [K:w(iql)Eq.z— - fw ,2+)\__2Lu(quﬂq DE; o,

W, T /dq oo ”dq" T 3
-(= )f preed e UL RS Y I

The Hall current j.q,. vanishes, but gives rise to the relation

Ing,z=

) dwa?7 . w7 q'dg i
Fnge=0= o [K"(qu)Eq,z— . j:w /2+)\_2L”(qu,zq DE; ¢,z

w7 g'dq °° L S -
f /2+>\_2 R 22(igliq' Lig" DE ¢ gr—qrr s+ O(wo7)* | (48)

For this geometry, the Maxwell Eq. (18) yields the relations for E,,

. W T qgdq o
[*‘q262—|—w2——w32—%iww,,z'TKm('ilq)]Eq'z= 2¢2E,/ (O)‘I'%iwwn%-'[* f Y 2L:cz<'ilq;'ilq,)EQ—q',z

/!
m J_p g

oo //d 7

W, T qdq
T A 1 _
( ) f /2+}\—2 /12_,_)\_2M”('LZQ:$ZQ ilg")Eq-gr—grr, st (‘)(wc*r)3], (49)
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and

1 T !

® q'dq o
=" - L.2(ilg,ilg ) Eq—gt 2
7 K..(ilg) \V_o ¢/*4-N72

E,,.

DRESSELHAUS

,L' foo qldql
— —W,T
T w @22

00 q/ldqll
J e i A B ®(wc‘?)2)- (50)

Solution of Eqgs. (49) and (50) is accomplished by iteration, with the result

Ey .= ZCQEx'(O)Fx(Q) (1 }

3iwwn2w627.3f® qldq/ fw q”dq/, va<q~q,_q//)
42 o QNI 2N Kzz(ﬂ(g—q'))

X [Las(ilgyilg') Lao(illg—¢"), ilg") — M oa(ilg,ilg'ilg" ) K. Gl(g— ¢)) ]+ G(wﬁ)“), (S1)
and
2i¢ES (O)we f°° Y g+ 0(e?)
= . 22(1lq,3lg" )T 2(q— ")+ O (w.7)? 52
Kol o g T ) (52)
in which )
I'.(9)=T, (Q)v= [— ¢t —wd—fiww, 7K . (ilg) T (53)
The surface impedance for the transverse field orientation,
Zr (Ho) =— 47riwc“2[Ex(z)/E,' (Z) ]z=0 (54)

gives rise to a field variation AZr=[Zr(H,)—Z(0)] given by

q'dq’

® qlldqll I‘z(q_' ql_qll)

3 0 0
AZp=— —;w2wn2w621"3f I‘z(q)dqf

s

N N Keillg—g)

XM . (ilg,ily’ ilg") K ..(il(q—¢')) — La(ilgilg') L..(l(g—¢'), ilg") ]+ O (Ho*).  (55)

The integrals of Eq. (55) are carried out in Appendix C
for the limiting cases of the classical skin effect and
the extreme anomalous skin effect. The transverse field
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Fi1G. 5. Semilogarithmic plot of the longitudinal field variation
of the surface impedance for a superconducting metal in the
limit of the extreme anomalous skin effect. The dimensionless
quantities Ap and Ay are plotted as a function of @ and are related
to ARr, and AX 7, by (Ap+iAx)= 3r2vrwa?/4cPw?) (ARL+1AX ).
Ap <0 fora>1.55and Ax <O for a>4.5. For much larger a(«>>10),
Ap again becomes positive. Except for normalization factors,
these curves give the quadratic field terms of R(H,) and of
X (Hy) as a function of « in the extreme anomalous limit.

variation of the surface impedance in the classical
limit is

AZp,ci=4AZ1, e O(H). (56)

Although in the classical limit M .~ —%, nevertheless,
the contribution to AZr,¢; arises from purely nonlocal
terms in the current-field relation. The presence of the
Hall field E,.(2) exactly cancels the contribution from
the local term.

The transverse field variation in the extreme anoma-
lous limit is found to be

AZp=3AZ1+ O(Hy). (57)

A relation of this sort was first predicted by Landau
and Ginsburg!® and discussed by Pippard.l” In this case,
the leading term in AZ7 is independent of the relaxation
time and of the mean free path. The contribution to
AZyp from the Hall field term is of order (\/I). Therefore,
this term is not included in the calculation of AZr,
since it vanishes in the limit of infinite mean free path.

16V, L. Ginsburg and L. D. Landau, J. Exptl. Theoret. Phys.
(U.S.S.R.) 20, 1064 (1950).

17 A, B. Pippard, Advances in Electronics and Electron Physics,
edited by L. Marton (Academic Press, New York, 1954), Vol. 6,

pp. 38-40.
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III. DISCUSSION

The plots of Z(0) and AZ(H,) shown in Sec. II are
in terms of the dimensionless parameters 3=\/d¢; for
the classical limit and a=\/8, for the extreme anoma-
lous limit. Assuming the validity of the present two-
fluid model, these curves are universal for all super-
conductors. The specific characteristics of a given
superconductor are contained in the parameters a and 8
—e.g., v and m*. It is a major problem to obtain the
temperature dependences «(7T") and B(T) which are
needed for a comparison between the present theory
and experimental results.!? This analysis is left for a
subsequent paper.

In the limit o, 8 — o, the surface impedance results
quoted here should reduce to those for a normal metal.
For the case of the classical skin effect (Figs. 2 and 4),
the ratio [X(0)/R(0)]—1 as 38— o, in agreement
with the results for the normal state. It should be
noted that in Fig. 2, the quantities R(0), X (0), w; and
B are all temperature dependent. At the transition
temperature 7', there is a dramatic decrease in R(0)
and in X(0) as the magnetic flux is expelled in the
normal-superconducting transition. This effect is masked
in Fig. 2 by the strong temperature dependence of w,.
Similar remarks are pertinent to the corresponding plot
for the extreme anomalous skin effect, Fig. 3.

Both in the normal and superconducting states,
[AX(H,)/AR(Hy)]— 0 for all temperatures in the
strict classical limit. However, as the metal becomes
slightly anomalous, a nonzero value is obtained for this
ratio. Since the effect of the magnetic field is to curl up
the electron trajectories, thereby shortening them, the
presence of H, causes the metal to be less anomalous.
A comparison of Figs. 2 and 3 indicates that for large
B, as the sample becomes less anomalous, R decreases
while X increases, a situation also found in the normal
metal. Thus, Fig. 4 shows the slightly anomalous
superconducting metal to have a negative value for
[AX (Ho)/AR(H,)] at all temperatures. This situation
is encountered in the superconducting state for H, both
longitudinal and transverse, the effect being larger by
a factor 4 in the transverse case.

A similar comparison between the normal and super-
conducting metal in the extreme anomalous limit is
more difficult. The zero field result given by Eq. (37)
and Fig. 3 reduces to [X(0)/R(0)]— V3 in the limit
a— o, in agreement with the behavior in the normal
metal. The solution of the field dependence problem
for normal metals in the extreme anomalous limit!0:!8
allows R and X to either increase or decrease with
increasing Hy, for Hy in either the longitudinal or trans-
verse orientations. In fact for the limit of low fields
and long relaxation times, the oscillatory character
of R(H,) and X (H,) preclude the possibility of deter-
mining the sign of AR(H,) and AX (H,) individually.

18 M. Ta. Azbel, J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 969
(1958) [translation: Soviet Phys.-JETP 34(7), 669 (1958)].

This behavior complicates a comparison with the
superconducting case, where both AR(Ho) and AX (H,)
become infinite as 8 —> «, indicating the failure of the
power series expansion in Ho.

In the superconducting state there is no oscillatory
variation of R(H,) and X(Hy) as is observed in the
cyclotron resonance studies on normal metals. Accord-
ing to Fig. 5, AR(H,) and AX (H,) can each be either
positive or negative. In agreement with the results in
the normal state, [AX (Ho)/AR(H,)] can assume either
sign, as is also observed experimentally. At low temper-
atures, experiments yield AR>0 and AX>0,'% a result
also found in the present theory. This result is reason-
able since both R and X increase in the superconducting
to normal transition. One might expect that the
application of a static field would have a monotonic
effect on the electromagnetic behavior of the super-
conductor as Hy increases from zero to the critical field
H.. The opposite result, AR<0 and AX <0 is found
experimentally at 1 kMc/sec in the limit of high T2
as is also predicted by the present theory. Actually, for
T very close to T., a temperature range inaccessible
experimentally, the theory predicts that AR once again
becomes positive. Not only is there merely agreement
in the signs of AR and AX, but where agreement exists
the predicted order of magnitude is also correct. This
subject is to be treated in detail elsewhere.

The present theory predicts that AR and AX both
—0 in the limit 7T— 0°K. Since the experimental
results in this limit are as yet inconclusive, no test of
this aspect of the theory can be made.

There are two important qualitative features of the
experimental results at 1 kMc/sec which are not
contained in the theory.? Experimentally AR changes
sign from negative to positive at a higher temperature
than does AX, in contrast with the results shown in
Fig. 5. However, studies at 9.4 kMc/sec yield AX >0
and a sign change in AR.! These results at the higher
frequency do not actually violate the theory, since the
sign change in AX could be so close to T, as to be
experimentally inaccessible. Although this theory pre-
dicts a larger field dependence of Z for the transverse
field orientation, as is also observed experimentally, it
implies that in the two limiting cases considered, those
of the classical and extreme anomalous skin effects, the
results in longitudinal and transverse H, should be
proportional. However, the experimental data at 1
kMc/sec show that AR and AX can, in fact, each change
sign as Hy changes from longitudinal to transverse.

Nevertheless, these failures of the theory may be
less serious than they appear at first sight. It is not
clear that the samples strictly satisfy the conditions of
the extreme anomalous skin effect. Furthermore, the
geometrical arrangement employed in the longitudinal
and transverse experiments involve electrons associated
with different parts of the Fermi surface; thus, at a
given temperature, the appropriate « is different for
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the two field orientations and no simple comparison can
be made. Clarification is needed of the experimental
situation, as can be obtained from careful measurements
of AR and AX in longitudinal and transverse fields as a
function of temperature, rf frequency, and crystalline
orientation.

The above treatment has assumed a local theory for
the superconducting electrons. This formalism can
easily be extended to take into account a nonlocal
current-field relation by replacing Egs. (2a) and (2b)
by the appropriate nonlocal equations. In general, the
explicit solutions would be more difficult to obtain.
However, for small departures from a local theory, as
would for example be given by the kernel

K (q) =N 1—9%2qk r (8megap) '+ - - ],

no further calculation, but merely a reidentification of
terms need be made in order to take into account the
lowest order nonlocal term. The first term in Eq. (58)
is the London term, and the kernel &(q) relates the
Fourier transform of the supercurrent js, to that of the
vector potential A, by Js,=— (¢/47)K(g)A,. At present
the experimental evidence in the frequency range
»<10 kMc/sec does not motivate the introduction of a
nonlocal current-field relation for the supercurrent.

Measurement of the field variation of the surface
impedance can yield information on the band structure
for the normal electrons in the superconducting state.
A comparison between theory and experiment provides
a measure of m*vp for the normal electrons, in which
m*vp represents a mean value averaged over the
electron trajectory. It is hoped that various models of
the electronic band structure in a superconductor can
be tried to fit the data. The proposed program is much
the same as has been carried out by Pippard for Cu in
the normal state®; in Pippard’s work the same pa-
rameter is determined.

The authors would like to thank Mr. Jack Mochel
for help with the computations used in Fig. 5.

(58)

APPENDIX A. PROPERTIES OF THE FUNCTIONS
K, L, M, AND P
The integrals which occur in the Fourier transform
of the rf electric current are examined here. The angular
integration of the functions K;; associated with zero
static field can be carried out by elementary methods.

DRESSELHAUS

The results for the nonvanishing functions are

1 27 T
Koo(t)=— f deo f d sin®0 cos?¢Q(2)
Yo 0
14-¢
=r3[2t— (1—2) ln(—)],
1—¢
1

27T T
K,y () == f do f d6 sind cos02(0) = K 1.(1),
0 0

m™

(A-1)

1 2m ™
K..(t)=- f dé f d sin®f sin%¢Q(#)
mJy

1+1¢
= —2t—3[2t—1n(—)],
1—¢

in which Q(¢) is defined by Eq. (13). The vanishing of
the functions K;; (¢#7) implies that for Hy=0, the
normal current and the rf electric field are parallel.
The nonvanishing K;;(f) functions are even functions,
with

Kii(t)=Ki(—1). (A-2)

The singularities of K(f) include branch points at
t= =1, but no poles. In the limit of small argument,
1K1, the expansions for the K;;(f) functions are:

Ko() =Ky, ()=4(1+1e+- ),
K..()=4(1+22+- ).

In the limit of large argument, £>1, the expansions
for the K;;(#) functions are:

(A-3)

Kﬂ(t)sz@:;;(l_ ;)

4 1
+—(1-— - ———.--), (A-4)
£ 3z 154
4 1 1 2w
K,.,t)=—-1— —— ——-... +—
? £ 3 B

Note that the symmetry relation (A-2) implies that a
sign change of ¢ requires a phase change of 2w in 7 for
the K;;(f) functions.

Of the nine integrals L;;(#,t’), associated with terms
linear in Hoy, only two are nonvanishing,

1 por 4 3 2 t(t—1") (t—1')
Lo(tl) == f dé f 08 sin*0 cosgQ(t)—[R(—t') sing]=—K ou (i) — Koali—t)— — K. (1—1),
™ Yy 0 64) tlz l/2 l,
and (A-5)
1 p2r pm 4 1—1) 1(t—1') ¢
L..(tf)=— f d¢ f df sin’d singQ(H)—[Q(F—1') cosp |= — ———K o (t— ') +———K .. () — —K...(0).
m™Yy 0 (9¢ tlz t’z t'

7. Bardeen, Handbuch der Physik, edited by S. Fliigge (Springer-Verlag, Berlin, 1956), Vol. XV, p. 305, Sec. 20.

% A, B. Pippard, Trans. Roy. Soc. (London) A250, 325 (1957).
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For the nonvanishing components, the following
relations hold:

Lii(l)t,) = L'LJ(—' l — t/):
and

L,;j(t,t/) = —Lji(lf‘— t’, - t’). (A-6)

The singularities of L;;(¢,¢") include branch points at
t==1, and ({—¢)= =1, but no poles. In the limit of
small argument, /, #<<1, the expansion of the L;(4)
gives

L. (4,0)=4[1+5(3¢*— 84’65+ - - ],

(A7)
Loo(t,t)=—4[1+ 12— 4 +62)+ - - - ].

1

™

! 27 T a a
Moo(r2, 0, 1) =— f de f df sin’ cosqSQ(‘r—l—t')———!Q(t)——[ﬂ(—r——t") cos¢ ] =
0 ¢ do 0o

3(r+)(r—1")
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Expansion of the L;;(#,t') in the limit of large argument,
3, >>1, yields

m 4 (i'—3¢1)
Lo (1) ==+ + 4.

1 1
=) 32@—r)?
and
mo 4 (20—30)
Lu:(t;tl):T - e (A'S)
2—1) 3B0—1)?

The nonvanishing functions M;;(3,¢',t""), associated
with terms quadratic in Hy, of Eq. (16) are M .., My,
and M,.. Of these, only M., and M, enter in the calcu-
lation of the field dependence of the surface impedance
to order H¢?, where M., and M,, are given by

472
Y (1—12)

L) — (r—t”)t’]-l—Km(r)(—

S —1") 27t 3 72(1-72)(T+t’)(r~t”))

11— 4

122

t’t"(t’+t")2 241
(r+1)3 3(r+)2(r—t") 3 ()2 (r—1")
+K:cx(7'+tl)(— - - =
t’2(t/+t/l) tl(t/_'_t,/)Z 4 (t,+tll)3t,2

(1=t 3(r+t) (r—1")?
+Kz:c(7'_ l”) +

i (748 (7—1")2

(1= (T+">ZJET<t'+t")+2z'<r—t")3)

t,/2(l'+l") ! l"(t’-’—t”)z

and

1 p?r ™ J d 2
My, (1,0, 0= f d(;bf df sinf Cos209(7+t')—{Q(T)—I:Q('r-t")] = (‘r-l—t')(v'—t")(
Ty 0 ¢ d¢

_LKzz(‘r) 72(1—72)4Ku(7'+t') (v+1)
I 4 t,2t//2 ' 4 t/2(t/+t//)3
Koo(r—=1") (r—1")
a4
4 t//g(l/_l_t//);g

The symmetry relations obeyed by the three non-
vanishing M ;;(#,¢#',#"") functions are

Mii(t;t,;t”)=Mi'i(_t} ~t,: —t”): (A'IO)

and
M.;i(t,t',t”) =M (t__ Y t",

=, =), (A-11)

for i=x, 9, 3. The singularities of M;;(¢,t',t"") include
branch points at {==+1, (¢(—¢)==x1, and (¢—¢—1¢")
=41, but no poles. In the limit of small argument,
i, ¢, #'<1, the expansions for the pertinent M;(¢,¢ 1)
functions are:

Mooty 0) = —${1+3[13(— )+ 81— 1) (' — 1)
+@2— 4]+, (A-12)
My, (1 ") =— @4/15)t(t—1— ")+ - -.

In the limit of large argument, ¢, ¢/, >>1, the asymp-

- 4 (tl+tll)3t/12

[1—<T—t"mtr<t'+t">+zt"<r+t')1),

v —r (ll _ l")
t’l"(t'—}-t”)Q

Lm0 Brt "= 208" — ot 11" +20" +44) ]

[<T—¢~)2(3Tt"+T;'+zm~)—(3rt~+T:'—zz't"—zu"?)]). (A-9)

totic expansions are:

3mi
MMJ (t:tlrt”) ==+ + Y (t—4)7
a(t—1) t—t'—1")
. (A-13)
™
My, @) ==+ FO().

4=t (t—1'—1")

Because of the symmetry relations (A-6) for the L;;(2,2")
and (A-10) for the M (1, ,#""), a sign change of all the
variables in the asymptotic expansions (A-7) and
(A-13) requires a phase change of 27 in evaluating
In(—1).

The combination of the M,,(s,t,#’") functions which
occurs in the evaluation of the rf electric field for the
longitudinal magnetic field orientation is

Pty 0" =My (8 0+ My, (4" F).  (A-14)
In the limit of large argument, 7, ¢/, #">>1, the asymp-
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totic expansion of P(r+¢, ¢, ¢'’) yields The sign in Eq. (A-15) is determined to be consistent
ith th 5 i
Pt 0, 1") with the symmetry relations

i 274t —1" Pt ")y =P(—t+1+1", 1, 1),
F— Fo(t4). (A-15) and
4 (r+) (r=t") (v —1") Py t"=P(—t —t, —1t"). (A-16)

APPENDIX B. INTEGRALS FOR LONGITUDINAL FIELD ORIENTATION

The calculation of the variation of the surface impedance in a longitudinal static magnetic field involves only
one component of the rf electric field, E,,,, given by Eq. (30). The functions T',(g) and M, (ilg,il¢ ,ilg"") of Eq.
(30) are defined by Egs. (31) and (A-9), respectively. The symmetry relation (A-10) insures that E,=FE_,. The
integration of Eq. (30) is simplified with the substitution p=¢'4¢"’ to yield E,,, in the form

pos o iwwlwlie o g'dg

Er=28/O0er o) (1- =g | e

o G-dp

X [ M Gla, il il — TS+ P+ 0w ). (B-D)

— (p—q' VN2
The ¢ integration can be done by contour integration in which ¢ and p are treated as real quantities. The singu-
larities of [¢'(p—q") M, (igl, —iq'l, i(¢’— $)D ] include branch points at ¢’=—g=il1, but no poles. By proper
choice of the contour, no contribution arises from the branch cut because of the invariance of the integrand under
the transformation il — —4l. The result is

3 ® [Ty(gtp) f p—iN? . ,
E, ,=2E,/(0)cT,(q) [ 1+ —ww 2w 'Faf dp[ ( M, Gilg, INL, dl(N—p))
8 . » \p—o2n
prirt p—ir-t

20Nt

B, ; ) Iy (—g+
Myy(ilq; *il(i)\“l—f—p)’ __l)\—1))_lL ( q P)(
4

r—2 ')\_IMM,(—iZQ, Z)\—I’ iz(i)\_l—p))
— 41

pixt
p+-2in1

M (—ila, —il(p+ix-Y), —2x-1>)]+o<wﬁ>4}. (B-2)

The explicit calculation of E,,, and the field variation of the surface impedance AZy, is tractable for the two
limiting cases: I\, [6¢;7'<K1 (classical skin effect), and IN71, 16, 2>1 (extreme anomalous skin effect).

(i) The Classical Skin Effect
In this limit, the functions M, (igl,iq'l, iq"’l) and T',(g) become
My:'/ ('quﬂzq,ﬂzq”)g (4/15) pq (q_ q,_ q”)7 (B‘s)

and
Iy(g=—[c*(g+k) (g— k) 17, (B-4)

in which % is given by Eq. (36). With this substitution the integral of Eq. (B-2) can be carried out exactly (e.g.,
by contour integration in the upper half plane) and yields

2E,/(0) wawnlw 270 v ¢
= ( 1— Lo (wﬁ)“). (B-5)
¢—k3 S5 @— (k20712

.y

From Egs. (B-5) and (6b), the spatial dependence of the rf electric field is found for 220,

E,(5)=—

iE,'(0) ( wanko 2 PN,
etkcz 1.._

—[2ie k(1= ) ]+ O(wﬁ')“). (B-6)
20¢2 (ke+-ix 1)

¢
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The surface impedance is thus given by

47w T 2w 2Tk,
2l == (1= T o(uury), (B7)
koc? 10¢2(k.~4iN0)
with .
2t w 2w 2732
AZy(He) =TT (B-8)
Sct(ke+in1)
(ii) The Extreme Anomalous Skin Effect
In this limit the functions M, (iql,iq'l;iq"’l) and T',(q) are given by
M, (ilg,ilg'ilg"y~F «[4lq(g—¢) (g— '~ ¢") 17, (B-9)
and
'y () (— @+ w2 — w2 F 3micww,27/4ql) 2. (B-10)

The symmetry relations (A-2) and (A-10) imply a consistent choice of sign in applying Egs. (B-9) and (B-10)
to a physical problem. The same physical results are obtained for either choice of sign provided that the choice
is made consistently throughout the calculation. The integration of Eq. (B-2) is conveniently carried out in
terms of the variable 4>0 and of the function P(r+4#, ¢, ’’) defined in Eq. (A-14). The resulting form of (B-2) is

E,,=2E,(0)c®',(q)[ 1+ (3/16m)ww, 202739 -+ 0 (w.7)*], (B-11)
with
5q=f ATy () { (u— @) LP(Glg, IN, dl(iIN"4-g—p))— P (ilu, INY, (i —g+w)) ]
0

— (u+g)'[P(ilg, INY, (LN g4p) ) — P(—ily, IN, dl(N1—g—p)) ]

-+ (u—g— 200 P(ilg, IV, iL(Ng—)) — (u-Fg+20\ )P (ilg, I, iL(iN1g-+1)

= (u—g 2NN P (ilu, I il = gHp))+ (utg— 207 P(—ily, I 4l —g—p))}.  (B-12)
The asymptotic expansions of P(¢,t',t"") appropriate to (B-12) are from Egs. (A-15) and (A-16)

. 5 T gtu
P(’”q: l)\—lr 11(1)\_1'{‘?"#))&— - 3
41 ug(g+iN) (u—inY)

- . T +u
Pl IN, dl(0N 1~ g )y~ — — . ,
48 pg(u+iN) (g—ix™).

.. . T —u
P(—ily, I, (N — g ) ) ? ,
48 pg(u—ix) (g—ix™)

and
PGlg, I, N gt (B-13)
48 (g +-in) (ut )

Consistent with Eq. (B-13) is the form

3
Ty(w)~—pc? Y Ci(u—ui)?, (B-14)
i=1
in which g, is one of the three roots of the equation
w4 (02— w?)c2u—ia®\ =0, (B-15)
and Ci'= (u;— ;) (wi—px), 15 j5%k5%1. The dimensionless quantity « is defined by Eq. (40), and the choice of
phase in I'y(r) is made as
1+l
lim ln( - >=—7ri. (B-16)
[uT |0 1—1lu
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The asymptotic expansions (B-13) and (B-14) yield

(B-17)

go=—

2ni 3 f” (P44 —5u®)du
N 51y () (L 8 (agh T

which can be integrated to obtain

T 3 ( In(—iA k™) In(eA"1ui1) In(—quit—2ip A1)
9= i — -
CoBe i i) (AN (i) (@N) 20(gHN) (g 20N
In(guit42du A1) . In(—qus 20 A1) In(guit—24us N1

T T - . (B'IS)
2q(g+iN"") (ui—q—2iN7Y) - 29(g—iN1) (uitg—2iN7) 2q(q—i>\“)(m—q+2ir‘))

The Fourier transform E,,,, given explicitly by Egs. (B-11) and (B-18), permits calculation of the rf electric field
everywhere in the metal. In particular, the value E,(0) at the surface is determined, thus specifying the surface
impedance. The expression for E,(0) can be written as

¢E,/(0)

© 3
E,(0)= [f r, (q)dg—l—g—ww,ﬁwfv‘-?'g—i- 0 (wﬁ-)“], (B-19)
o T

™
in which

g= f T, (9)9dq. (B-20)

In the limit of the extreme anomalous skin effect, the integration of Eq. (B-20) can be carried out. A convenient
form for ¢ is written in terms of the dimensionless variable e defined in Eq. (39), as

20\ 3 @ In(—e¢;) In(e,-)'l € In(2—e)—In(e;)
o~ G{Gj de — —
I B i,az'=:-1 j; “i e+1 e,-—l_l(e2—1)(e—e,') 2(e—1)(e—¢j) (et e—2)
In(2—e¢)—In(—¢) ) In(24+¢)—In(—e;) N In(2+¢)—In(e,) (B-21)
2(e—1)(e—e)(e—e—2)  2(e+1)(e—e)(ekeit2)  2(e+1)(e—ey)(e—et2))
in which

Ci= (ei— ex) (e~ €)' =—XC.. (B-22)
Integration of Eq. (B-21) gives the explicit expressions for Z(0) and for AZ(H,) presented in Egs. (37) and (44).

APPENDIX C. INTEGRALS FOR TRANSVERSE FIELD ORIENTATION

The calculation of the variation of the surface impedance in a transverse field involves both the rf electric
field components, E,, ., and the rf Hall field, E, ., given by Egs. (51) and (52), respectively. The functions I';(g),
K..(ilg), L..(ilg,ilg’), L..(ilg,ilg""), and M,.(ilq,ilg’,ilg"") appearing in Eqs. (51) and (52) are defined in Egs.
(53), (A-1), (A-5), and (A-9), respectively. Explicit solutions for E, , and E,, , can be derived in the limit of the
classical skin effect (|lg|<<1) and in the extreme limit of the anomalous skin effect (| lg|>>1).

(i) Classical Skin Effect

In the limit |lg|<<1, the functions K;, Li;, and M; of Eqs. (51) and (52) assume the expansions given by
Egs. (A-3), (A-7), and (A-12), respectively. The function I';(¢) is given by Eq. (B-4). With this substitution,
Egs. (51) and (52) become

“q,z

2E/(0) f 4iww wlBP o2 gdd o ¢'dd”"  qlg—g—q")
_ (IL f 7% 7% +O(‘*’c7—')4)7 (C'l)

q2_k02 57I'252 o q’2+x—2 —» q”2+)\—2 [<q_q’_ q”)2—kc2]
and ') 0o
2E/ Qw7 p° ¢'dg 1
—— f 0w (C-2)
r L [

Comparison of the expression for E, , for the transverse field orientation with E, , for the longitudinal field case
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yields for 220,

iE,(0) W2 2T NE,
eikcz ( 1 —

il R (1—e ) ]+ (‘)(wﬁ)“), (C-3)
562 (k,A-in1)

c

so that
AZr(Ho)=4AZ1,(Ho)+ 0(Hb). (C-4)
(ii) Extreme Anomalous Skin Effect
For |lg|>>1, the appropriate expansions of the K;;, L;;, and M;; functions of Egs. (51) and (52) are:
K. (llg)y~F=(Ig9),
Kzz{'iZg)zll(zq -,
Las(ilg,ilgy~Fn[Fq(g— )T, (C-5)
Lao(ilgilg )~ [ Bg*(g—¢) T,
M .. (ilg,ilg ilg")~F ix [ Pg(g—¢') (g—¢'— ¢ I
Substitution of Eq. (C-5) into Eq. (51) yields

277 1 Siww ol oo g'dg © g'dg" o g ! ilo’ 4
~ —_— T — g — ; ; ; 4 7 -
E g, ~28E, (O)I‘x(q)(1 " f o j:w q”2+>\_; (g— ¢ —q")M .. (ilgilg il )+ O (w.7) ) (C-6)

78
To obtain Eq. (C-6) from Eq. (51) use has been made of the orders of magnitude of the quantities listed in Eq.
(C-5) (i.e., LyLoo=~0(lg)"® and M,.K,,~ 0(lg)~%). Thus, the Hall field E, . does not affect the field variation
of the surface impedance in this limit, in contrast with the result obtained for the classical skin effect. Since I';(g)
=T',(g), and since in the extreme limit of the anomalous skin effect M ,,=3M,,, comparison of Eq. (C-6) with
Eq. (30) shows that '
AZp=3AZ;+0© (H04). (C-7)



