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The pseudopotential method is used to calculate that low-lying excitation energies of a Bose gas of hard 
spheres at T—0 to an order beyond that previously calculated by this technique. The results are in agreement 
with those obtained by Beliaev using a different approach. The phonon velocity is found to be equal to the 
velocity of compressional waves to the order of approximation considered. 

INTRODUCTION 

RECENTLY, a number of methods have been 
developed for systematically calculating the 

properties of a many-body system at low temperatures. 
Although most of these methods have so far only been 
applied to the calculation of ground-state properties, 
several, e.g., the pseudopotential method1'2 and the 
binary collision method of quantum statistics,3 have 
also been used for calculating thermodynamical 
properties at finite temperatures. 

Considerable attention has been given to the appli­
cation of these methods to the Bose gas of hard spheres. 
The reason is that the small number of parameters in 
the problem greatly simplifies the theoretical investi­
gation. Moreover, there is the hope that the study of 
this idealized problem will eventually lead to a better 
understanding of the observed properties of liquid He4. 
One considers the case of infinite matter in which both 
the number, N, of bosons and the volume, Q, of the 
confining box approach infinity while the density, 
p=i\T/Q, is held constant. For this problem Lee, Huang, 
and Yang have shown that a low density expansion of 
the thermodynamical properties can be made in terms 
of the parameter (pa3)* where "a" is the diameter of 
the hard spheres.4 

At any temperature less than the critical temperature 
Tc, the low-lying excitation energies of a system of 
bosons are associated with unique wave numbers and, 
therefore, they exhibit particle-like properties. The 
energy-momentum relation for these quasi-particles 
can be measured for He4 by neutron scattering experi-
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ments.5 For the idealized hard sphere model the leading 
dependence in the low density approximation was first 
calculated by Lee and Yang for all T<TC? Inde­
pendently, Beliaev has also derived the energy-mo­
mentum dependence of the low-lying excitations from 
a study of the one-particle propagator in the Bose 
many-body system.6 Beliaev's results, which apply only 
to the ground state (i.e., T=0) of the system, include 
the leading correction to the excitation energy in terms 
of the parameter (pa?)*. This correction includes an 
imaginary part which is, of course, to be associated with 
the line width of the excitations. 

In the present paper we apply the pseudopotential 
method to calculate the 0(paz)* correction to the 
energies of the low-lying excitations above the ground 
state of a Bose gas of hard spheres. The interest of this 
investigation is twofold. On the one hand, the pseudo-
potential approach is one of the methods best under­
stood in principle for the treatment of the Bose gas of 
hard spheres. Therefore, it is of considerable interest 
to extend the application of this method beyond the 
approximations used in previous calculations. On the 
other hand, there is the hope that the present technique 
can be extended to the case 2V0. 

We begin in Sec. I by writing down the Hamiltonian 
for the many-body system in an approximate form 
which is useful for our calculation. Our final results, 
given in Sees. IV and V, are in agreement with those of 
Beliaev. 

1. HAMILTONIAN OF THE SYSTEM 

In the low density approximation the interaction 
energy, V, in a box of Bose hard spheres (spin=0) can 
be approximated by the sum over all two-body pseudo-

B D. G. Henshaw, Phys. Rev. Letters 1, 127 (1958); H. 
Palevsky, K. Otnes, E. Larsson, R. Pauli and R. Stedman, Phys. 
Rev. 108, 1346 (1957); J. L. Yarnell, G. P. Arnold, P. J. Bendt 
and E. C. Kerr, Phys. Rev. Letters 1, 9 (1958). 

6 S. T. Beliaev, J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 417 
(1958) [translation: Soviet Phys. JETP 7, 289 (1958)] and J. 
Exptl. Theoret. Phys. (U.S.S.R.) 34, 433 (1958) [translation: 
Soviet Phys. JETP and 7, 299 (1958)]. 
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potentials, i.e., 

where 

8x tan£a d 
•• 5< 3 ) (x i y ) Xi, 

K O0C{j 

+[terms corresponding to partial waves 

w i t h L ^ l ] , (LI) 

and we use units for which %= 2m= l.1 The interaction 
Vij has meaning only when it operates on an eigen-
function of relative momentum k=J(k»—ky). In the 
many-body problem it is convenient to use the language 
of quantized fields. One therefore introduces the 
operators ^(x) == (l/&*)Ek a±eik'x and 

where a* and a^ are, respectively, the annihilation and 
creation operators of free-particle states with mo­
mentum k in a box of volume 0 with periodic boundary 
conditions. In this representation the approximate 
interaction E*<i Vfaj) is written as: 

V^r- Cffixii d*x2 ^(X2)^t(x1)F(x12)^(x1)^(x2). (1.2) 

following form: 

4x0 d 
F'*=lim \ 

*-° Q dr 
rlL exp -(k3 

ka.ka L2 
k 4 ) r 

X E fliWflsfl^ki+fe—k3—k4) 
ki,k2 

(I.3a) 

Wu has shown that the S-wave interaction V' can 
also be expressed as7 

4:Tra 
V'= E 0iW0304d(ki+k2—k3—k4) 

0 kik2k3k4 

€ 

Xcos-|k3—k4|. 
2 

(I.3b) 

This last form for V' is useful because it greatly simpli­
fies calculations. It is to be understood that the limit 
e —> 0+ is to be taken after all momentum sums over 
matrix elements have been performed. In the limit of 
infinite volume, i.e., 0, N—> <x> and p=N/Q=constant, 
the limits may be performed in the order lim^of lmiQ_>00 
with the c limit taken last. 

The total Hamiltonian, H, of the gas of hard spheres 
is given by the sum of the interaction energy V and the 
kinetic energy, T = E k Wa^a*. In Appendix I we show 
that the part of H which is necessary for our present 
calculation consists of four terms. 

It is usually assumed that ka<&l, for then the pseudo-
potential V(xij) is greatly simplified by the replacement 
t&nka/k~a. This assumption is inherent to the low 
density approximation. The dominant part of the where A^k=^kf^k is the number operator for particles 
interaction energy, V', can then be written in the with momentum k, and 

# ^ E k £ W k + F ' 
== Ho+Hi+H2+Hs+ (higher order terms) (1.4) 

and 

h2 

HQ=4rpaN+Y,'(k2+fo2)Nk+— E ' ^kW+f lk f l -k cos&e), 
k 2 k 

4fl-a 
ffis ( E ^ ) 2 -

Q k 

47T0 
( E ' NJE'Wa-t+aia-i cos/e), 

& k 1 

H2 

Hz 

Sirax/N r ( 
: ,k ' ,k+k' \ 

€ € 
aktflk f̂lk+k' cos-lk+k'l+ak+k'^k^k' cos-Ik—k 

2 2 4 
4wa 

= X)' a^a-i^at'C-k' cost's, 
0 k*±k' 

(I.5a) 

(I.5b) 

(I.5c) 

(I.5d) 

ko2^Swap. (1.6) 

The summation symbol E ' means that the zero 
momentum term is to be omitted. The Hamiltonian 
Ho includes the dominant (for low densities) diagonal 
terms in the plane wave representation plus those terms 
in the interaction which describe the annihilation or 
creation of a pair of particles of momentum (k, — k). 
When the interaction is switched off, only the states 

with k=0 are occupied so that the zero momentum 
occupation number (No) equals N. When the interaction 
is present, some of the zero momentum states are 
excited so that (NQ)<N. The depletion of the zero-
momentum state due to the pair terms in HQ leads to 
higher order corrections in H, and these are given by 

7T. T. Wu, Phys. Rev. 115, 1390 (1959). The limitation on 
the validity of the pseudopotential method has been discussed by 
Wu in his examination of higher order terms. 
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Hi. In a similar fashion H2 includes the leading terms 
in H which change the occupation number of the zero-
momentum state by one. Finally, Hz consists of those 
terms in which a pair of particles of momentum 
(k', — k') is converted into a pair of momentum 
(k, — k): Our Hamiltonian differs somewhat from that 
given in Eq. (4.8) of reference 7 because, in our case, 
the depletion factor {=1— (l/iV)]^'iVk cannot be 
replaced by its ground state expectation value, but 
must be explicitly exhibited in operator form. 

II. LOW-LYING EXCITATIONS IN FIRST 
APPROXIMATION 

The program of this calculation is to obtain the 
eigenvalues and eigenstates of Ho, which is the dominant 
term in the Hamiltonian, and to evaluate the contri­
butions of Hi, H2y and Hz by perturbation theory. 

The Hamiltonian Ho is not Hermitean and, therefore, 
it cannot clearly be diagonalized by a canonical trans­
formation. However, by means of the transformation8 

£k= (l-a*2)-*(flk+a*a-kt), (H.la) 

£_k= (l-a f c
2)-K^-k+«^kt), (ILlb) 

where 

a*=(Wcos*€)-MJH-W 
-llH-2k<?¥+ko*(l-ax&e)y}. (II.2) 

Wu has shown that Ho may be diagonalized aside from 
a term of the form — J&o2 Zk(l—cos€&)£k£_k.

7 Intro­
ducing "right" vacuum states |0k) by means of 

£k|0k)=£_k|0k>=0, (IL3a) 

one can see immediately that 

io>=n i Ok) (ii.3b) 
k>0 

is in fact a "right" eigenstate of Ho, corresponding to 
the lowest energy. Similarly, the first "right" excited 
eigenstate is given by 

| l k ) = ^ ( 1 ) ^ ( 0 ) , (II.3c) 

where Kka) is a normalization factor. The vector | lk) 
defines a one quasi-particle state of momentum k. The 
eigenvalues of the eigenstates |0) and | lk) are the 
well-known quantities9 

Eo= 4irapiV[l+ (128/15VV) (pa3)*], (H.4a) 

Eo(k) = Eo+k(k*+2h2)*. (IL4b) 

Because of the presence of the off-diagonal term 
proportional to £k£-k the Hermitean adjoints of |0) 
and | lk) are not "left" eigenstates of H0. In order to 
construct these left eigenstates, Wu made use of a 
canonical transformation of the form of Eq. (II. 1) with 

8 N . N. Bogoliubov, J. Phys. (U.S.S.R.) 11, 23 (1947). 
9 T. T. Wu has shown in reference (7) that the next term beyond 

Eq. (II.4a) for the ground-state energy is of relative order 
pa3 In (pa3). 

ak replaced by 
Ctk = ttk COS6&. (H.5) 

The corresponding operators are called | k and |_k. 
By means of this transformation, the expression (I.5a) 
for Ho can be diagonalized aside from an off-diagonal 
term of the form (&o2/2)X]k(l — cose£)|k

tf_k
+. Intro­

ducing the "left" vacuum states by means of 

(0 k | i k t=(0 k | |_ k t=0, (II.6a) 

one can easily check that 

<0|=II<0k|, (H.6b) 
k>0 

and 
<lk|=£*(1)<0||k, (II.6c) 

are the "left" eigenstates of Ho corresponding to the 
eigenvalues of Eqs. (II.4a) and (II.4b), respectively. 
The constant Kh

{l)Kk
{l) may be determined from the 

normalization condition ( l k | lk)= 1 which yields 

KkVKk™= (l-a*»)-*(l-«*2)-*(l-«*a*)- (H..7) 

In the limit e ->0+, Kk
a)Kk

(1) = l. The eigenstates of 
Ho corresponding to several quasi particles of momenta 
k, k ' - - can be obtained in a similar manner by 
judicious application of the £k

f and | k operators. 
By making use of the right and left eigenstates of Ho 

constructed above, it is easy to see that the nondiagonal 
part of Ho can be disregarded in the calculation of the 
ground and one quasi-particle energy levels. 

The "bare" vacuum states (i.e., the vacuum states 
in the absence of interaction) are denned by #k | )k 
= k(|#k t=0. It can then be verified that the relations 
between the "real" and "bare" vacuum states |0k) 
and | )k are given by 

\0k)=Kk exp(—o&a^o-k1") |)k, (II.8a) 

(Ok| =Kk k(\ exp(—a*flkflu_k), (II.8b) 

where the ^normalization condition (0k |0k)=l yields 
the result KkKk=l—akak. Thus, the dominant feature 
of the ground state of a dilute Bose gas of hard spheres 
is seen to be the presence of pair excitations of momenta 
(k, - k ) . 

III. LOW-LYING EXCITATIONS IN SECOND 
APPROXIMATION 

We have seen in Sec. II that the eigenfunctions of 
Ho are a combination of all possible pair excitations of 
momenta (k, — k). Because of this fact, we find that 
Hi and Hz have diagonal elements in the ^-represen­
tation, and, therefore, they contribute in first-order 
perturbation theory. Similarly, it is clear that H2 has 
only off-diagonal matrix elements and contributes in 
second-order perturbation theory. We now make order 
of magnitude estimates of the contributions of these 
perturbations to the low-lying excitation energies of the 
system. 



L O W - L Y I N G E X C I T A T I O N S I N B O S E G A S O F H A R D S P H E R E S 373 

Using first-order perturbation theory the relative contribution of H% to the ground-state energy is esti­
mated as follows: 

1 1 / \4:Tra I \ 
lim lim —<01JET310> = lim lim — ( 0 £ ) ' a^a-^a^a-^ cos&'e 0 > 
e-+0+ Q->oo £ Q €-KH- fi^oo £Q \ | Q k = f s ± k , | / 

= lim — I dzkd?k' f(ak,ak'} cos&e, cosk'e)^ko*/p2~pa6. 
€-KH-p2 J 

This same terms makes a contribution to the excitation energy of a quasi-particle of momentum k which is esti­
mated to be: 

K |47ra I \ 

Ik Z / ak+0-kWfl-k'COS&'€ l k > 
Q k=j=±k' / 

/ 14x0 I \ ) 
- < 0 £ ' aja-java-v cos&'e 0 ) - a^ 0

3 / (V^o) ' - (pa 3 )^ (^+2^o 2 )V , (^Ao) , 
\ 0 k*±k' / J 

where f(k/fo) and f(k/ko) are certain functions of 
&/£o. Thus, the contribution of this term to the ex­
citation energy is ^(p#3)*/'(V&o) times the leading 
terms which is k(k2+2k0

2)%. Moreover, one can show 
that Hi contributes to the same order of magnitude as 
Hz. In like manner we find that the second-order per­
turbation treatment of H2 gives a result which is also 
^(paz)lko2g(k/ko). Similar estimates indicate that the 
contributions of Hh £T2, and Hz in higher orders of 
perturbation theory are negligible in the present 
approximation. 

The calculation of the energy of a low-lying excitation 
to a given order in (pa3)* involves the subtraction of the 
perturbation energies of the Hamiltonian H in the 
ground state from that of the one quasi-particle state. 
As Hi connects a one quasi-particle state with two and 
four quasi-particle states, it gives rise to two contri­
butions which we denote by co2,2(&) and co2,4(k)> re­
spectively. For convenience, co2,4(&) includes the 
subtraction of the ground state perturbation energy 
due to Hi. Thus, the second approximation to the 
quasi-particle energies results from an evaluation of 
the following terms: 

where 

^(k) = k(k2+2k<?)\ 

coi(&)^lim lim (< l k | # i | l k>-<0 |# i | 0>) , 

0)(k) = C00 (&) +«>l(k) +C02, 2(k) +032, 4(k) +C03(k) + 0{pd?)k<?f(k/fo), 

W2l 2(&)=lim lim £/ -Vi k | ^ 2 | i i i i i 2 ) ( i i i i i2 | iEr 2 | i k ) , 
5/ ^°+ G-̂oo i1^h\o)Q(k)'-o)o(li)-o3o(h)+idJ 

L ' ( ){(lk . |^2 | l l l l l2 l l3lk)(lll l l2ll3lklfi r2|lk) 

(III.1) 

(III.2a) 

(III.2b) 

(III.2c) 

W2,4(*)=—lim lim _ 
e-MH- Q-wo j t ^ 

«,(*>= lim lim « l k | f f 3 | l k > - < 0 | i 7 3 | 0 » . 

-<o|JEr,|iiiii,ii,xiiiiiiiii|ffi|o>},- (m.2d) 

(III.2e) 

The momenta in the sums of 6)2,2 and 0)2,4 are assumed -\-c*>o(h) and k = I1+I2 to hold simultaneously and there­
to be ordered so that each different intermediate state fore'this denominator can vanish. 
is counted only once. In the limit of infinite volume the As shown in Appendix I I , the matrix elements which 
contribution from terms with l i= l 2 , say, can be neg- a p pear in the above equations can be written in terms 
lected, and therefore in the evaluation of the matrix o f t h e q u a n t i t i e s ak and cos&e. After introducing the 
elements we can assume that the 1-momenta are all d i m e n s i o n l e s s p a r a m e t e r 
different. The (+10) m the energy denominator of co2,2 

is included because it is possible for both coo(&)=too(/i) y=k/ko, (III.3) 
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and going to the limit of infinite volume, we obtain the following integrals 

8Takoz ( r dsyi / aiai \ r dzyi / a i \ 1 
coi= — lim -\ £l+ayay— 2ay~] I 1 I — (l+ayay) I 1 I \ 

= ( l - « , ) 2 I ( ) - ( l + % 2 ) ( — ) , (HL4a) 
( K a / ) L J ( 2 7 r ) 3 \ l - a 1

2 / J (2ir)»Vl-<tf 2y 1
2 / J 

a)2 2= \(mhza lim ( ) f — ^ - ( ) ( ) ( ) 
e^0+Vl—ayciy/ J (27r)3\a)0(^) — wo(^i)—0)0(^2)+^/ VI—aidi/ \l—a2a2/ 

X{ay(ai c o s ^ i e + a 2 cos§y2e—oro cos| |yi—y2 | e)+(cos%ye—ai c o s | | y + y i | e—a2 cosJ |y+y2[ e)} 

X{ay(«i c o s | | y + y 2 | e+a2 c o s | | y + y i | e—aia2 cosJ^e)+(cos|]yi—y2 | e—a% cos|y2€—52 cos^yie)} 

2^_ UJ Ĵ ) (—)(—) 
7^(1—ay

2) J \«o(y)—wo(yi)—woW+ifi/Vl—af/ \ i - a 2 ' 

XTl—ai—a2+aiQ:t/+a20iw—aiaxxv~]2-\ . „_ . 
^ ( l - a , 2 ) J ( y i - y 2 ) ; 

2'kH r 2 
X\_\—oii—a2+aiay+a2ay—aia2ay~^-\ \ d*yi- , (III.4b) 

~"-av*)J (yi-

«2l4=-16ir*o ,fllim( ) f-^-( )( )( J 

•"*°+-Kl-CLyay/J (2Try\Q)Q(y)+o)<i(yi)+o>o(y2)/ V l - a i a i / V l - a ^ / 

X{aia2 cosijyi—y2 | e + a ^ i c o s | | y + y i | €+a^a2 cosJ |y+y 2 | e~ax cos^i€—a2 cos%y2e—ay cosjye} 

X{aia 2 cosiye+dyd! cos^y2e+aya2 cosj^ie—d\ c o s | | y + y 2 | e—a2 co s J | y+y i | e—ay cosJ|yi—y2 | e} 

**(l-af)J [^o(y)+Myi)+^o(y2)l\l-a1
2/\l-a2

2/ 

2Uaf a2 \ r 2 2k0
6a/ <V \ /• 2 

X(ai+0J2+atf—0:10:2—0^1—£tyx2)H 1 I I cPyi , (III.4c) 
TT2 \l-a2fJ (y i -y 2 ) 2 

\-ayay/J (2TT) 3 VI-axSi / 

I f 1 ) , (IIL4d) 
l-a*JJ (27r)3Vl-a1

2 2y1
2/ 

where where /a*(;yi,e) is the asymptotic value of f(yi,e) for 
y2=y—yi, yi—> °° (in the cases of interest the latter integral is 

ay— j[.|_^y2—>y(2+3^)*; «i=ayi , (III.5) zero). We then observe that in the integrals in question 

»o(y)=y(2+y*)*. 

The procedure used to evaluate f*yiUM-f~Ml 

F = l i m I d*yi/(yi,e) 
e-XH- J 

is denned for e > 0 and for e = 0 so that we can inter­
change the operations of limit and integration to finally 
obtain10 

is the following: (-4) We write 'F=*fd?yif(yifi) when 
the latter integral exists. (B) When this is not the case, 
we first subtract F~foiU(yifl)-U(yM 

lim I fflyi faa(yi9e) 
«-*H- J 10 See reference (4) below Eq. (25). 
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In the next two sections the results for the above 
quantities in low and high momentum limits will be 
stated and then discussed. 

IV. LOW MOMENTUM EXCITATIONS, fc«fco 

The various integrals in the previous section can be 
performed in the low momentum region, i.e., for 
y=k/ko<&l. In this region we expect the excitation 
energy to be of the form oo(&) = (velocity) &, as was the 
case for wo(k) = k(k2+2ko2)i. We obtain the following 
expressions for the corrections to ooo(&) from Eqs. 
(III.4).11 

16 k0*(paz)l 
0 0 ! = - — - :l2(l+ay*)-ay] 

3y/v ( 1 - t V ) 

8 / 3 + 4 ^ 

002,2 = (002,2)12 — ^(002,2)/ , 

8 1 
(002,2) R = h*(pa?)* 

VV y(2+y*)* 

) • 
(IV.la) 

(IV.lb) 

\/ir 
~—y~ 

3V2 ] • 
(«2,«)i = (3V7r/10V2)^o2(pa3)^5Cl+0(j)] 

^3k*/320wp, 

8 1 
0 0 2 , 4 = h2 (pa?) * 

y V y(2+y*)$ 

(IV.lc) 

y^n b Ao»(pa«)»r 43 I 
•Sw+-ry+0&)\, 

3\2 

16 
co3= -h*(j>a?)H-^—\ 

VW \ 1 - « V V 

8 1 
= ktipa*)* . 

y/x y(2+y*)* 
(IV.ld) 

Upon adding these expressions together, we obtain for 
the energy of a low momentum quasi-particle [see 
Eq. ( I I I . l ) ] 1 2 : 

11 The function av has several very useful properties, e.g.: 

(l-«„)»=2yW; ( l-a I /2)=2y(2+y)^; (14V) = 2 ( l + y H -
12 Note that our results are given in terms of the density of all 

particles, N/O,, and not the density of zero-momentum particles, 

o)(k) >V2/M:i 
i«fto 

r 8 

L VV 

— 1 -
3\A 

20 WiMi)*} (IV2) 

The velocity, vph, of the low momentum quasi-particles, 
which are also called phonons, is seen to be: 

Vph=4(Tpa)*tl+ (8 /vV) (pa?)i+0(pa?n (IV.3) 

For the ground state, the phonon velocity must be 
directly related to the velocity of compressional waves, 
vc, in the gas, and in fact we can verify that these two 
velocities are equal to the order of our calculation. The 
velocity vc is related to the compressibility by : 

vc=(2dP/dp)\ (IV.4) 

where in our units 2 w = l . The pressure, P, a t zero 
temperature is given by: 

d(E0/N) d(E0/N) 
P= =p» 

<*(l/p) dp 

^47TfflPll+"(64/5vV) (pa3)*], (IV.5) 

where we have used Eq. (II.4a). Thus, it can readily 
be proved up to terms of order pa2 that the phonon 
velocity equals the velocity of compressional waves in 
the gas, i.e., VPK—VC. 

The imaginary part of the quasi-particle energy, 
corresponds in this calculation to the decay of one 
quasi-particle into two other quasi-particles with a 
mean life, r = l / [ 2 (002,2)/]. In the low momentum limit 
we obtain for r : 

160TTP 5 ^ 1 
(h/k)\ (IV.6) 

*«*» 3&5 3 \ A Hpaz)± 

Thus* in the low momentum region the mean life of 
the phonons becomes very long and we conclude that 
these states are essentially eigenstates of the system.13 

V. HIGH MOMENTUM EXCITATIONS, *»fco 

In the high momentum regions characterized by 
£»&o, we have wo(k) = k2+fo2+0(kQ

4/k2). We will keep 
only those terms in 00(k) which are >ko2(paz)*. I t then 
becomes unnecessary to calculate (002,2) R and (002,4) for 

(No}/®> For the ground state, the relation between these two 
quantities is: 

13 Equations (IV.6) and (V.3) for the quasi-particle lifetimes 
were obtained previously by T. D. Lee and C. N. Yang [reference 
(2)]. 
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we can show that (0)2,2) R~fo2(paz)i(fo/k) and co2,4 
~k<?(paz)*(kv/ky when k^>fo. The quantity co3 is also 
negligible in this approximation, and therefore we only 
need to write down the terms coi and (0)2,2)/. 

W l = - (32/3v
/7r)^o2(p^) l[ l+0(^oA)2] , (V.la) 

(co2,2)/=2(27r)^o^(pa3)^[l+0(V^)2]. (V.lb) 

Thus, the expression for the energy of the quasi-
particles in the high momentum region is: 

«(*) = # + J W [ l - (32/3\A0 (P^)*] 
-i2(27r)^o^(p^3)^+^o20[(pa3)^o/^]. (V.2) 

We observe that when we speak of high momentum 
excitations, k2>ko, we are always limited by our original 
approximation to momenta for which ka<Kl. But these 
two inequalities can be compatible, for we may have 

The imaginary part of the quasi-particle energy 
corresponds to a mean life which for high momenta is: 

1 
r • . (V.3) 

*»feo 16Tpa2k 

In this region, as for the phonon region, the line width 
due to quasi-particle decay is small compared to the 
excitation energy. 

CONCLUSION 

We have shown that the pseudopotential method can 
be used to calculate the energies of low-lying excitations 

47ra( € 
F d i a g / = Z ( ^ k

2 - i V k ) + 2 E tfitf»coa-|ki-k2| 
0 I k ki*k2 2 

*4 This replacement is justified in reference (7) below Eq. (3.32). 

in a gas of Bose hard spheres at T = 0 to an order beyond 
that previously calculated by the method. The phonon 
velocity, vPh, as calculated in this paper is equal to the 
velocity of compressional waves, ve, as determined from 
a lower order calculation of the ground-state energy. 
One feels intuitively that these velocities must be equal, 
since at T = 0 the phonon excitations are the only 
degrees of freedom of the gas which can coherently add 
up to give a compressional wave. The detailed results of 
Sees. IV and V are in agreement with those obtained 
by Beliaev by means of his investigation of the Green's 
functions of the Bose many body system.6 

I I t would be of interest to obtain the generalization 
of the present results to an arbitrary temperature 
T<Tci Our calculation suggests that it might indeed 
be possible to perform such an investigation using the 
method of pseudopotentials. 

ACKNOWLEDGMENTS 

The authors wish to thank Professor T. D. Lee and 
Professor C. N. Yang for stimulation and helpful 
discussions. They also wish to express their appreciation 
for the hospitality shown them at the Brookhaven 
National Laboratory, where part of this work was done. 

APPENDIX I. DERIVATION OF THE 
APPROXIMATE HAMILTONIAN 

In this appendix we outline the derivation of the 
approximate Hamiltonian given in Sec. I starting from 
the low-density, many-body interaction Hamiltonian of 
Eq. (I.3b). 

47ra € 
y= £ aiW#3045(ki+k2—k3—k4) cos-|k3—k4 | . 

0 kik2k3k4 2 

The diagonal terms of V' can be written down in a straightforward manner as follows: 

( ke \ 4na r / ke \1 
2 cos 1 \ ( E ' ^ k ) E ' Nj 2 cos 1 j 

&wa / e kie\ 4*ra / ke \ 
+ E 7 N i # 2 ( c o s - | k ! - k 2 | - c o s — 1 E ' ^ k 2 ! 2 cos 1 I 

12 ki*k2 \ 2 2 / O k \ 2 / 

47T0 
= hraPN+Swap E ' N* - [ E ' NkJ+paO(l), (A.l) 

k Q k 

where we can consistently replace (2 cos^e/2— 1) by 1 without affecting calculations.14 

Because of the special role played by the zero-momentum state, we classify the off-diagonal terms in V' according 
to the number of operators #o and #o+. Thus: 
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4ira 
V— Fdiag/= £ ' [ak

+a_k
+aoao+aoWak0-k cos&e] 

0 k 

8wa 

+ 
0 k, 

22' ( akW'^k+k'^o c o s - | k + k ' | +a0
tak+k'+^kflk' cos- |k—k' | I 

k',k+k'V 2 2 / 

4rra e 
_) £ ' a1Wa3<X45(ki+k2—k3—k4) cos- |k3—k4 | . (A.2) 

0 ki,k2#=k3,k4 2 

Now, in the representation in which Nk is diagonal The quantity 23k' N* is, of course, an operator and 
and <Ar_k)=(iVr

k)=^k, the matrix elements of the first cannot be replaced by its ground state expectation 
term in Eq. (A.2) are v a l u e , because 

(n0-2,n*+l\aoaoi:' aSa-J\nonk) < l k | L ' ^ i | l k ) ^ ( 0 | E ' ^ i | 0 > . 
0 l l l 

= (STa/tt)n*no(l--l/no)^(STa/tt)nkno. The approximate Hamiltonian given by Eqs. (1.4) 

A U , , ,, , , , , £ ^ T , and (1.5) now follows from Eqs. (A.l) and (A.2) with 
Although the total number of particles is conserved, , \ \ . /A ^ ^ . 0 . r , 
we may suppress the quantum number n0=(No) in t h e ^ b s t l t u t l o n s (A-3)- T h e justification for the terms 
matrix elements if instead we always write retained is made according to the order of magnitude 

estimates of Sec. I I I . For example, in the term with no 
{Jy o/=Jy — 2^ k yv k/. zero-momentum operators, only 

With this notation, the above matrix element can be 
written 47r# 

# 3 = Z / aktfl-kttfk'fl-k' cos&'e 
4™ 8ira & **±*' 

(nk+l \aodo £ ' aita_i+ |^k)= n^[N—£' » k ] , 
^ * fl k contributes to the order which we calculate. 

where terms of 0(1/N) have been neglected. Thus, we 
can calculate matrix elements correctly by making the APPENDIX II. EVALUATION OF A TYPICAL 
following substitutions into Eq. (A.2) MATRIX ELEMENT 

• ae-+£N-.Tjr' Nky, Consider the matrix element (lkilk^Z^I lk) with 
k k i ^ k 2 , which occurs in the expression for co2,2, Eq. 

aot _> [ # - £ ' N*y. ( I IL2c)- U s i ns Ec*s- <L5c)> <IL1)> < IL3c)>and (IL6c) 
k we have: 

Sra\/N 
<lkilkS|ff,| lk)= RiV>Ki<nKh<*> E ' <0| | i fe{flhW*i cosi€ | l i+l 2 | +ajahau cosj€ | l i~l 2 | }£k

+|0> 
& 11,12 

(i=ii+i2) 
Sira\/N _ 

j f f i W X j ^ j r ^ f l - a i ^ C l - a ^ - K l - a t * ) - * £ ' <0| (akl.+aia-klt)(akl+fiiflL.klt) 

( i= i i+h) 

Xfa i^ i / f l i cosj/e+ai^uaijj cos§€ | Ii—121} (ak
++a fca_k) [ 0) 

= — - K ^ K ^ K ^ • (1-a*2)* Z ' <0|au.klta-k,t 
0 5 l *2 (liifW 

X {ai^ai^ai cosj/e+ai+aua^ cos^e| li—121 }#k+10), (A.4) 

where we have also used Eqs. (IL3a) and (IL6a) in order to obtain the last line. We now apply the identities 

(Ofclgfcg-fclOfcH^r ^ Y <0kI akta_k+10k> = — ( — ^ — Y (A.5) 

which can readily be verified with the aid of Eqs. (II . l ) , (IL3a), and (IL6a), to derive the final expression for this 

file:///aodo
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matrix element 

lfaay/N_ (1-a i 2 )* ( l - a 2
2 ) " (1-a*2)* 

(Ikilkjlffal lk> = -K^K^K^ 5 ( k ! + k 2 - k ) 
12 (1—aiai) (1—a2a2) (1—a*5jb) 

X{«A;[ai cosJ^i€+a2 cosj£2e—aia2 cos |e |k i—k 2 | ]+[cos^€—ai c o s | € | k + k i | —-a2 co s Je | k+k 2 | ] } . (A.6a) 

In a similar fashion we obtain for (Ik|H2 | lkilk2)5*(lkilk21H2| 1 k)* 

lfaa^N^ ( l - « i 2 ) * ( l - a 2
2 ) * (1-affi 

( l k | j r 2 | lk i lk ,>= K^K^K^ 5 ( k i + k 2 - k ) 
12 (1—aiai) (1—a2a2) (1—ctk&k) 

X{afc[«i cosjel k + k 2 | +a2 cos | e |k+k i ] — a\a2 cos^€/2]+[cosJe|ki—k2 | — oi\ cos|&2€—a2 cos^ie/2]}. (A.6b) 

After using Eq. (II.7), the product of these two matrix elements can be substituted into Eq. (IIL2c) to yield Eq. 
(III.4b). 
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Transport Phenomena in Slightly Ionized Gases: High Electric Fields* 
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Starting with the electron velocity distribution obtained by Chapman and Cowling for a Lorentzian 
gas, in the presence of an electric field, the author has investigated the variation with electric field of a 
number of transport properties, arising from a magnetic field, perpendicular to the electric field and 
temperature gradient in the gas. The applicability of the results to semiconductors has also been pointed 
out. A constant mean free path has been assumed, which is validated by experiments for helium. 

INTRODUCTION 

NUMEROUS investigations of the velocity distri­
bution of electrons in a Lorentzian gas, consisting 

of a large number of neutral molecules and a small 
number of electrons, when an electric field is present 
have been carried out. However no detailed discussion 
of transport phenomena has been made except in the 
case of vanishingly small electric fields, when the 
Maxwellian distribution of velocities is valid. In a 
recent communication1 (called Part I hereafter) Sodha1 

has discussed the transport phenomena in the case of 
low electric fields (when terms involving fourth and 
higher power of electric field are negligible) assuming 
the time of relaxation r<xxn, x=(m/2kT)h being the 
dimensionless velocity. 

In this paper the author has investigated the variation 
of transport properties with electric field when the time 
of relaxation r is given by 

r—l/x. (i) 

This corresponds to a constant mean free path and is 
valid in many cases of interest, e.g., helium2 (for slow 

* Work supported by Armour Research Foundation, Chicago, 
Illinois. 

1 M. S. Sodha, Phys. Rev. 116, 486 (1959). 
2 H . S, W. Massey and E. H. S. Burhop, Electronic and Ionic 

Impact Phenomena (Clarendon Press, Oxford, 1953). 

electrons with energies below 1.5 ev or 104°K). I t may 
be added that / has the dimensions of time. 

VELOCITY DISTRIBUTION FUNCTION 

In Part I, the electron velocity distribution .function 
in the presence of an electric field was expressed as 

fo(x)=A exp ( /* 2xdx \ 

J (1 + ZT2)/ 
(2) 

where the symbols have the usual1 meanings. 
Substituting for r from Eq. (1) in Eq. (2) we obtain 

where 
fo(x)=A exp(-x2)(x2+a)a, 

a=zP= (rnl/3ni2*)(q*&/kT)l\ 

(3) 

(4) 

Equations (1) and (3) are also valid3 for nondegen-
erate semiconductors, if acoustic modes of lattice 
vibrations are considered to be the sole source of 
scattering and 

a=(\/mi){tf&/Cl*)l\ (4A) 

where m2 is the effective electronic mass and C\ the 
velocity of sound in the crystal, 

3 J. Yamashita and N. Watanabe, Progr. Theoret. Phys. 
Kyoto 12, 443 (1954). 


