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A one-particle Schridinger-like equation is found whose eigenvalues in certain cases are identical with
the energies of the many electron states of a semiconductor or insulator including self energy corrections.
The one particle Hamiltonian is expressed in terms of the Coulomb interaction as modified by polarization
processes. The relation is given between the modified Coulomb interaction and the dielectric function which
is the generalization of the classical dielectric constant. Suggestions are made as to how the one-particle
equation including self-energy effects might be solved in practice.

I. INTRODUCTION

N recent years very significant progress has been

made in the experimental measurements in solids
of the effective masses of holes and electrons and in the
determination of the energy gaps between bands. The
measurement of the direct gap in Ge to three significant
figures illustrates the degree of present day capabilities.!
These developments lead one to ask how ¢losely
ordinary energy band theory can be expected to be in
agreement with experiment. In what we term ordinary
energy band theory one writes the many electron wave
function as a single determinant of one particle Bloch
functions b.:(r) labelled by a band index # and pro-
pagation vector k. At symmetry points in % space the
Bloch functions have the transformation properties
dictated by the crystalline symmetry and ideally they
would be self-consistent solutions of the Hartree-Fock
equations. Such a self-consistent solution has never
-been carried out because of the great computational
difficulties involved. However, there are reasons to
believe that even a true solution of the Hartree-Fock
equations would not provide satisfactory values for
effective masses and energy gaps in many cases.

The one-particle equations of which the d.:(r) are
solutions contain none of the dielectric properties of
the solid. However, static dielectric constants can be
very large, e.g., about 16 in Ge and 12 in Si—two
materials which have been the subject of the most
refined experimental studies. In such cases one can
expect the Coulomb interaction between electrons to
be considerably modified. A single electron moving
through the crystal in the conduction band will induce
a polarization of the electrons in the valence band.
This polarization will react back en the conduction
electron thereby making a contribution to the periodic
potential which in general will depend on the velocity
of the conduction electron because of the electronic
inertia of the solid. Speaking classically, the larger the

* The work reported in this paper was performed by Lincoln
Laboratory, a center for research operated by Massachusetts
Institute of Technology with the joint support of the U. S. Army,
Navy, and Air Force.

1S, Zwerdling, B. Lax, L. Roth, and K. Button, Phys. Rev.
114, 80 (1959).

dielectric constant, the more important will be the
effects of such polarization processes.

The purpose of this paper is to investigate the
corrections to ordinary band theory due to dielectric
effects. Our ultimate goal is to find from first principles
a one particle equation which is a generalization of the
Hartree-Fock equation for a single b,x(r) and in which
the dielectric properties of the solid appear explicitly.

In Sec. IT a brief discussion is given of how the bare
Coulomb interaction becomes modified by polarization
processes leading to an effective Coulomb interaction.
A dielectric function, rather than a constant, is defined
in terms of the effective Coulomb interaction by analogy
with the classical Poisson equation in a dielectric. In
Sec. III the problem of finding the energy of a single
electron in the conduction band of a solid whose lower
lying bands are filled is set up using time dependent
perturbation theory, and the self-energy corrections to
the unperturbed energy are discussed. By an appro-
priate choice of the electronic potential appearing in
the unperturbed Hamiltonian, the self energy correc-
tions to the eigenvalues of the unperturbed problem
can be made to vanish. This leads to a one particle
equation which is the desired generalization of the
Hartree-Fock equations. The form of equation obtained
is in agreement with a result obtained some time ago
by Schwinger? from considerations of the Green’s
functions of field theory. The summary and conclusion
appears in Sec. IV.

II. THE MODIFIED COULOMB INTERACTION
AND THE DIELECTRIC FUNCTION

In a many-body system the interaction between
pairs of particles is influenced by the presence of the
other particles. As is well known, important corrections
to the bare Coulomb interaction between electrons
arise in solids due to the excitation of virtual hole-
electron pairs. This is discussed in this section from
the standpoint of time dependent perturbation theory.

Let the total electronic Hamiltonian be written as
the sum of two terms Ho and H;. H, represents a
fictitious noninteracting many electron system and is

2 J. Schwinger, Proc. Natl. Acad. Sci. U. S. 37, 452 (1951).
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given by
Ho= % be)=E[Te Vale) + V] (0

T; is the kinetic energy of the sth electron, V.(x;) is
the potential energy of an electron at x; due to the
periodic lattice of nuclear charge, and V(x;) is an
approximate potential which attempts to represent the
interactions of an electron at x; with all of the remaining
electrons of the solid. The eigenfunctions and eigen-
values of H, define the unperturbed or bare system.
H, is the difference between H and H,,

N ¢& N
Hy=3 —=3 V(x), )
<jrg =1

and is treated in the following as a perturbation.

Our discussion of the interacting system will be
based on the Feynmann® method drawing heavily on
the recent work of Hubbard* who applies these tech-
niques to the many electron problem. The starting
point is to assume that at {=— o, H=H,, so that the
system is in one of the unperturbed stationary states ¢.
The perturbation is switched on adiabatically by
writing it as

Hl(a,t)=H1e—“|”,

and the temporal development is described by the
unitary operator U, (¢, — =)

¥() =1in; Ua(t, — = )¢. ©)

U.(t, — ) is given in terms of Hi(a,t) by the well-
known expansion

w f—iN®1 pt ¢ ¢
Udlt, —0)=3 (—) —f dtlf dtz---f it
=0 \ 7 nld_q,

XP[Hy(at)Hi(ayts) -« -Hietn)], (4)

P being the chronological operator which orders the
factors in the product such that time increases from
right to left.

A statement of the method for carrying out a
diagramatic analysis of the U operator can be found

Y X, Yn X2
X1 ¥ Xy Y1
(a) (b) (c)
F1G. 1. The instantaneous Coulomb interaction is represented
in (a) as a wavy line between x; and x2. A simple example of how
a polarization process can contribute to the interaction between

two electrons at space-time points x; and x is shown in (b). The
general polarization diagram is shown in (c).

SAnAnnnne
X X

3R. P. Feynmann, Phys. Rev. 76, 749, 769 (1949).
4 J. Hubbard, Proc. Roy. Soc. (London) A240, 539 (1957);
A243, 336 (1958); A244, 199 (1958).
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(a) (b)

F16. 2. (a) illustrates an improper polarization diagram;
(b) illustrates a proper polarization diagram.

in Hubbard’s paper.* Of particular interest here is the
modified Coulomb interaction U(x,2’) for which
Hubbard derives an integral equation. The instan-
taneous Coulomb interaction

v(x1— %0) =25 (81— 10)/ | X1— %2 I

is represented in the diagrams as a wavy line drawn
between the points x; and %, as shown in Fig. 1(a).
In the evaluation of the U operator one finds that
more complicated couplings than »(x;—xs) can occur
between the points x; and x.. For example instead of
the direct interaction of Fig. 1(a), the process shown
in Fig. 1(b) is possible. In Fig. 1(b) a hole-electron
pair is created at y; due to v(x1—7¥:) and it recombines
at y2. The effective interaction between x; and x; is
found by integrating over the intermediate variables
vy; as is explained by Hubbard.

The creation and annihilation of the hole-electron
pair in Fig. 1(b) is termed a polarization process T,
these processes being defined in general as a part T' of
the complete diagram connected to it by two inter-
action lines and with T having no external lines. In
general we represent a polarization diagram as shown
in Fig. 1(c), where T contains # vertices. By summing
over all possible polarization parts I' and by integrating
over all intermediate vertices y; one finds the modified
Coulomb interaction U (x1,%2).

Hubbard has shown that U(xi,x;) satisfies the
integral equation

V(21,%9) =0 (01— x5)+ | V*(21,2")0 (2, 22)d%", (5)

V*(x1,2") represents the sum of all proper polarization
processes I'. If a polarization process can be decomposed
into two or more parts connected to each other by a
single interaction line, the process is called improper.
Otherwise one has a proper polarization process.
Examples of each type are shown in Figs. 2(a) and 2(b).

We now proceed to introduce the dielectric function
in terms of the modified Coulomb interaction. In the
ordinary Coulomb interaction v(x;—x2) is a Green’s
function such that the electrostatic potential at x; due
to a charge density p(x2) is

o(x)= f‘v (21— 2x2)p(x2)d3.

This corresponds to a relation between Fourier trans-
forms which in the case of a classical dielectric of



464

dielectric constant e is

¢ (k1>‘) =ely (k)P (k;)‘) ) (6)

where % refers to the spatial dependence and A allows
for a time dependence. The effective potential at x;
due to p(x2) in a many electron system as modified by
polarization processes is

Dets (1) = | V(w1,%2)p(w2)d%%o, (N

and where #>? because of causality. Replacing
V(#1,22) in Eq. (7) and by Eq. (5) and Fourier an-
alyzing the result using

V*(k,k' \) =v(k)V (k,k'N),
one finds

¢eff(k,7\)='”(k)|: J R
dak’
+ f O —E, MO, +>\)]

p(E"\)
(2m)?

dk”. (8)

By analogy with the classical Poisson’s equation (6)
we define the dielectric function e 1(k,k"\) as

HREN)= (2m)8 (k" —E)+ (2m) f ax’

XU (k, —F, =N, =k, +N). (9)

Thus we arrive at a generalized form of Poisson’s
equation

Gort (kN =0 (k) (2)S f U Np(R"NE".  (10)

The requirement of causality is satisfied by prescribing
the contour of integration. For a translationally
invariant system U(x1,%2) depends only on x;—x: so
so that the only nonzero Fourier components of ¢ are
of the form e 1(k, —k\). Under these conditions (10)
reduces to

¢eff(k:}‘) =¢! (ky —k))‘)v(k)P(k)‘); (11)

a result already obtained for the free electron gas.’
The relation between the effective potential and the
dielectric function ¢! is found from (7) to be

Ok, — k' N)=€e1(k,E"' N (k). (12)

Furthermore, in order that a periodic charge density
set up a periodic potential, £ and £” in e1(k,k”\) can
only differ by a reciprocal lattice vector.

57J. J. Quinn and R. A. Ferrell, Phys. Rev. 112, 812 (1958).
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In view of Eq. (12) and (5) one can write an integral
equation for €. This equation or the integral equation
for U (x1x.) is readily solved in the case of translational
invariance where U is a function of x;—x. only.
Hubbard* obtains the solution

v(k)
OV, k)=,
. 1—V*(k, —k\)
giving
TS P —
1—0*(k, — k)

It is much more difficult to solve the integral equations
for the periodic potential problem and this case has
been investigated by Falk.® Falk has shown the relation
between e and the inverse dielectric operator K of
the Martin-Schwinger theory.”

It may be noted that the effective Coulomb inter-
action satisfies an integral equation of much the same
form as that satisfied by the reaction matrix of the
Brueckner theory. The reaction matrix describes the
interaction of a pair of particles where there is a
negligible probability that this pair interaction will be
affected by other excited pairs. Iteration of the integral
equation for the reaction matrix leads to the Brueckner
ladder diagrams.® The Coulomb interaction in contrast
is modified principally by polarization processes where
the interaction of a pair is affected by the presence of
other excited pairs.. This is due to the long range
character of the Coulomb force. Iteration of the
integral equation for U (xx;) leads to the polarization
diagrams described in the text.

III. THE ONE PARTICLE EQUATIONS

In this section a one particle equation including
dielectric effects is found by examining the expression
for the energy of the interacting system. Our remarks
will be directed to the problem of a solid whose descrip-
tion in terms of the one electron picture is that of 2V
electrons filling the atomic core states and the valence
band. These states are eigenfunctions of the one particle
Hamiltonian %(x) defined in (1). This 2V particle state
will be taken as the unperturbed vacuum state ¢o. In
addition let there be an electron in the next highest
band, the conduction band, which will be taken to be
nondegenerate and to be separated from the valence
band by an energy gap &,(k). This bare 2N 41 electron
state is denoted by ¢.» where # specifies the band and
k the propagation vector of the single electron in the
conduction band #. In order that the dressed state
¥ni corresponding to ¢, be stationary there must be
no bare state of the same net £ with energy lower than
or equal to &, the energy of ¢.;. Momentum conserva-

8 D. S. Falk, Phys. Rev. 118, 105 (1960).

7P. C. Martin and J. Schwinger, Phys. Rev. 115, 1342 (1959).

8 See for example, R. Prange and A. Klein, Phys. Rev. 112, 1008
9).

(1959)
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tion assures that ¢ny is decoupled from all states ¢ni’
degenerate with it. So long as .. does not rise above
the bottom of the conduction band by an amount
equal to or exceeding &,(0) it will be possible to
construct a stationary dressed state the energy of
which will be denoted by Eui. En is given as the
unperturbed energy 8. plus the level shift AE,

E.=8n+AE k. (13)
AE,; can be shown to be?1°
AEnk—_—- AEO+ SE (nk) 5 (14)

where AE, is the level shift of the vacuum state ¢o and
S.E.(nk) is the self-energy of the state ¢nr. If €ar is the
energy of the one-electron Schrédinger equation

(15)

then E,; measured from the energy &o+AE, of the
dressed vacuum state is

Evi=emi+S.E.(nk). (16)

The term S.E.(nk) represents a correction to enx due
to the dielectric properties of the system. It will be
shown that the one particle Hamiltonian %(x) can be
chosen so that the self energy corrections vanish and
the correct energy is given directly as in eigenvalue of

R () tni (%) = €nrthni (%),

(Y orf)
X4 X2 X4 X2

(a) (d)

Xy Vi s VL(yg) Xy e VL(X1 )eff
A
(b (e)
A
X2/ y2 XZ k‘
:@ Stxexy)| } Yix,x,)
Xy | Y, x ¢

(c) (f)

Fi1G. 3(a) represents a self-energy diagram where an electron in
the conduction band interacts with the vacuum through a
polarization part I'. The self-energy diagram resulting from a
summation of diagrams of the typeg();) over all I is shown in (d).
The self-energy diagram where an electron interacts with the
assumed local potential Vi through a polarization part T is
shown in (b). The sum of such diagrams over all T is shown in (e).
The self-energy diagram resulting purely from polarization
processes is shown in (c) and the total contribution of these
diagrams is given in (f).

9 N. M. Hugenholtz, Physica 23, 481 (1957).
1 C, Bloch and J. Horowitz, Nuclear Phys. 8, 91 (1958).
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N
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D)
-

(a) (b) (c)

Fi6. 4. In parts (a), (b), and (c) are shown typical processes
that are neglected when the theory is cut off at the first order in
the modified Coulomb interaction.

h(x). To do this we develop S.E.(zk) in terms of the
modified Coulomb interaction V(x,2") or equivalently
by (12) in terms of the dielectric function €. This
development is carried out here to first order in U (x,x’)
although it could be taken to higher orders if necessary.

There are three types of self energy diagrams of first
order in U(x,2") which arise from the perturbation H,
defined in (2). Examples are shown in Figs. 3(a), 3(b),
and 3(c). In Fig. 3(a), a free particle in the conduction
or higher band interacts with the vacuum at #, via a
polarization part I' and an H part which is that part
of the diagram joined to the complete structure by a
single interaction line. H parts arise from the Y i<;e?/7:;
part of Hy and after summing over all possible T' and
H(x) they represent the modified Coulomb interaction
of a particle in a band above the valence band with the
valence and atomic core electrons.* The result of
summing over all T' for a given H part is shown in
Fig. 3(d).

The second type of self-energy diagram is shown in
Fig. 3(b); this being due to the Y ; V(x;) part of H;.
Summing over all T' and integrating over internal
vertices leads to the replacement of V(x) by Vess(x).
Vess(x) is readily shown to satisfy the integral equation

Vers(@)=V(x)+ | V*(x,8") Vers(x)d%".  (17)

If V(x) is said to arise from the charge density py(x),
then Vs (#) is given by

Vo) = f 0 (w2 oy (o )% (18)

Figure 3(e) shows the interaction of a particle outside
of the vacuum with V.

The final type of self energy diagram to be considered
here is shown in Fig. 3(c) where an electron arriving at
x; is scattered into an intermediate state between x;
and x. by its interaction with the system through T.
At %, it is scattered again (back to its original state in
the self-energy process). The totality of these processes
is shown in Fig. 3(f).

Some examples of self-energy diagrams not included
in this first order in e discussion are shown in Fig. 4.

11 We are using the notation of Hubbard whose paper may be

consulted for more details. J. Goldstone, Proc. Roy. Soc. (London)
A239, 267 (1957) also has discussed these H-part diagrams.
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Fi1c. 5. This represents the self-

X2 energy diagram resulting from the
g(xz,%¢) |’O(x2,x,) 1nclu51on of the nonlocal potential
given in Eq. (23) in the unperturbed

X Hamiltonian.

From Fig. 4(a) it is seen that H parts containing
internal interaction lines are neglected. The only H part
that will be included in the following is

H(x)=pu (%)=L u*(@)ui(x),  (19)

where the sum is over the filled levels of the unperturbed
vacuum state ¢o.

The necessary freedom required in order to choose
h(x) so that the self energy corrections to ez cancel
is provided by the potential V(%) which appears in (1)
and (2). First, however, we note that, as in the Hartree-

Fock case, V(x) will in general have a local and a-

nonlocal part
V(x)=Vi(x)+ f Var(x,x')P(x,%")d*%'5(t,). (20)

P(x,2") has the property that
V (x)up(x) =V 1.(x)1p ()

+ f Vr (x5 u,(2)d%'8(t,). (21)
Thus H; is
Hi=3 ﬁ/]x,—x,-| —2 L Vi(x)

<7

+ f Vi (o) P(5:,2) 230 (22),  (22)

and H, is amended by adding the nonlocal term. Let
the nonlocal part of V() be defined in terms of U (x,x")
as

f 0 (w,7)g () Py )23 (1) (23)

with the function g(x,%") as yet unspecified. Including
a nonlocal term of this form in V() gives rise to only
one new self-energy diagram of first order in U(x,x’).
This is shown in Fig. 5. Thus S.E.(n&) is found by
evaluating the contributions of Figs. 3(d), 3(e), 3()
and Fig. 5. Vs appearing in Fig. 3(e) and defined in
(17) comes from Vi(x).

Hubbard has shown that if V(x) is chosen as the
Hartree-like potential

Vi(x)= f oo )ou (o), (24)

with pg given in Eq. (19), then the contributions of
Figs. 3(d) and 3(e) will cancel. Making this choice and

G. W. PRATT, JR.

evaluating Fig. 3(f) according to the rules in Hubbard’s
paper En; computed from the vacuum energy 8o+AE,
becomes

E..=+ f Ui (K1) B (%1) Ui (1) d 42,

+ f dittrdas Ui (%2)thns (1) (1)

(25)
X0 (x2)x1)6 (ll)
- f Aa1@4%s Uni™* (%2) Ui (1) (%2,%1)
X’O (xg,xl)ﬁ (ll).
Here S(x2,%1) is the propagator
S(xz,xl) = (152— tl) Ziunoccupied " (x2) u;* (xl)
—€ (h—‘ tz)zioccupied U, (x2)ui* (xl) ) (26)

and where ¢(?) is zero for £<0, unity for £>0, and 2 for
t=0. The occupied and unoccupied orbitals are those
filled or empty in the bare vacuum state ¢o. The first
term in Eq. (25) is the single particle energy enx, the
second term is the contribution of Fig. 3(f), and the
last term of Fig. 5 with the negative sign stemming
from the sign with which Vyy enters H, in Eq. (22).

If g(x2,%1) is taken equal to S(x2,%1), the self-energy
corrections to first order in U(x,x’) vanish and E,; is
simply

Eov=+e€n.

Thus the eigenvalue e.: of %(x) already contains the
dielectric properties of the system to first order in €.
The above choices for Vi and Vyy give %(x) the form

k(%) = (—#2/2m)V2+V . (x,)+>_ occupied

X f v(21— wa)u* (o) (w2) s

+ f @428 (2,%1)70 (w2,%1)8 (81) P(w1,%2).  (27)

The last term on the right of (27) is the approximation
to the mass operator to first order in the modified
Coulomb interaction. The one particle Hamiltonian
is of the same form as the one particle equation derived
by Schwinger? in quantum electrodynamics from much
more general considerations. All of the one particle
functions #;(x) defining the vacuum as well as the
orbital #.;(x) associated with the conduction band

satisfy
R () u; (%)= eu;(%). (28)

However, if U(xs%,) in (27) is replaced by the in-
stantaneous Coulomb interaction, only the case of
j=nk in (28) reduces to the proper Hartree-Fock
equation. Unlike the Hartree-Fock method which is
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based on the variational principle, the approach here is
that of perturbation theory. Consequently it is a
necessary assumption for the unperturbed system that
all electrons experience the same local and the same
nonlocal potential in order that the unperturbed total
Hamiltonian H, in (1) be the sum of energy operators
for the separate particles.

Having found the one particle Hamiltonian (27) the
goal of the paper has been achieved at least in a formal
sense. Although the theory given here has been limited
to first order effects in the modified Coulomb inter-
action, this is not a fundamental limitation. The local
and nonlocal potentials could be chosen so as to
eliminate the self-energy corrections to any desired
order in V.

IV. CONCLUSIONS

Even though it has been shown here that one can
find the corrected energies E,.: as solutions of a one
particle equation, the practical possibility of solving
this equation is certainly rather remote. Both S(xs,%,)
and V(xz,%1) in Eq. (27) depend on a complete set of
one electron orbitals leading to an insurmountable
self-consistent field problem. If this complete set were
replaced by a rather small number of functions, a
problem would result at least as difficult as the self-
consistent Hartree-Fock case which has never been
carried out for a solid. Other alternatives must be
sought.

It might prove reasonable in some cases to evaluate
the nonlocal potential for a free electron gas by the
type of approximation used by Hubbard* in his dis-
cussion of the free electron gas correlation energy.
From this point one might proceed much as Slater has
done in his treatment of exchange in the Hartree-Fock
method.”2 This is merely to suggest a type of alternative
to the full self-consistent problem.

Another approach would be to use the single particle
equation with a phenomenological form of the local
and nonlocal potentials whose defining parameters are
to be determined from experiment. This amounts to a
carry over of the ideas behind crystal field theory to
the periodic potential problem. Phillips®® has already

12 7 C. Slater, Phys. Rev. 81, 385 (1951).
13 J, C. Phillips, Phys. Rev. 112, 685 (1958).
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introduced an energy band interpolation scheme using
a local potential with parameters chosen to fit experi-
ment. His pseudopotential method has been very
successful in fitting a considerable amount of data in
Ge and Si.

Although Phillips used only a local potential, he was
aware that a nonlocal potential must also be included
to account for exchange and correlation (dielectric)
effects. Kane* has shown how the effective mass
depends on a nonlocal potential. Using Kane’s results
Phillips'® has concluded that the experimental effective
mass constants for Ge and Si as found by cyclotron
resonance cannot be obtained from theory unless non-
local effects are included.

A nonlocal potential can readily be incorporated into
Phillips’ pseudopotential method. This would lead to’a
set of equations for the Fourier coefficients v,(K) of
the periodic part of the Bloch function b,:(7) of the form

Cenr— (#2/2m) (k+ K.)* Jour(K)
=2 (K)Ve(K:—K )+ Vi (k+Ki;,—k—K;)]
XUk (KJ) =0. (29)

Here Vi(K) and Vy(k, — k> K) are Fourier coefficients
of the local and nonlocal parts of the pseudopotential.
If the nonlocal part Vi (ry,r2) is taken to depend only
on 7;—7,, then (29) becomes

Lene— 2/ 2m) (kK )*— Vnr(k+K;, —k—K,)]
Xva(Ko) — 2 (K) Vi (Ki— Kj)var(K;)=0.  (30)

Approximating Vwz(k+Ki,—k—K;) as Ao+ As(k+K.)?
would be equivalent to making #%/2m a disposable
parameter in addition to the disposable Fourier co-
efficients of the local part of the pseudopotential used
by Phillips. Thus it might be that a satisfactory
representation of nonlocal effects could be achieved in
the pseudopotential method by the addition of only a
single extra parameter.
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