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All quantities refer to the center-of-mass system and
the energy variable refers to the average of the initial
and final meson energies. The constant energy wo may
be chosen for convenience.

The S-wave dispersion relations may be written in
terms of the amplitudes for particular isotopic spin
states if use is made of Eqgs. (2). If it is desired to
relate the different S-wave processes at the same total
energy, one may express the energies in terms of the
energy ws of a pion accompanying a 2 particle. As in
Sec. III B, the relations are: w=ws for 7—2 scattering,
w=ws+A for 7—A scattering, and w=wz+3A for the
processes 7+A S w42, For all processes the lower
limit w, of the dispersion integral is that energy at
which ws is equal to p—A.

For many considerations it is convenient to choose the
reference energy wo to be equal to p or some other low
energy, so that the To™ (wo) are essentially the scatter-
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ing lengths for S-wave scattering. These scattering
lengths cannot be determined from the subtracted type
dispersion relations, of course. If one assumes that the
odd amplitudes Mx® and My® approach zero as the
energy gets large, one may derive unsubtracted relations
which, in the static approximation, express T'o® (u)
and To®(u) in terms of the coupling constant terms
and S- and P-wave dispersion integrals.’® Qur present
knowledge of the low-energy #— ¥ processes is insuffi-
cient to estimate any of the scattering lengths in this
manner.

In this paper we shall not attempt to relate the
S-wave equations to any experimental data in order to
investigate the possible behaviors of the #—Y ampli-
tudes. Further study is being given to this problem.
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The possibility of distinguishing the pion structure-dependent radiation from the conventional inner
bremsstrahlung radiation in the radiative decay of pions into electrons is discussed. Calculation of the
photon energy spectrum and angular correlation shows that evidence for pion structure would be obtained
if any photons of energy less that 70 Mev were detected in 180° coincidence with =-decay electrons. The
probability of such events per unit solid angle is 20.2)X10~7 relative to ordinary = — u-+» decay, if the
assumption of a conserved vector current is made to relate the rate of radiative decay through the weak

V-interaction to the rate of 7° — 2y decay.

I. INTRODUCTION

HE universal V-4 form of the Fermi interaction

has in recent years been suggested by the evi-
dence in B8 and u decay. The other weak interactions
are then, in principle, consequences of strong couplings
together with the universal Fermi interaction. In the
decay of = mesons into electrons, where the momentum
transfer is large, evidence on the decay mechanism can
be obtained,!? in principle, by observing the associated
radiative decay = — e+v-+v. In this paper we amplify

* This work was performed under the auspices of the U. S.

Atomic Energy Commission.
1V, G. Vaks and B. L. Toffe, Nuovo cimento 10, 342 (1958).
2 K. Huang and F. E. Low, Phys. Rev. 109, 1400 (1958).

the calculation by Vaks and Ioffe! and discuss the
possibility of distinguishing structure-dependent effects
from less interesting structure-independent effects. We
supplement the electron spectrum already presented!?
by calculating the photon spectrum, which may be
more easily observed experimentally.

The diagrams for the radiative decay are given in
Fig. 1. Diagrams (a) and (b), when defined in a gauge-
invariant way, give rise to the inner bremsstrahlung by
a decelerated or accelerated charge or magnetic moment.
The matrix element for this is proportional to eGm/+/%,

3S. A. Bludman and M. A. Ruderman, Phys. Rev. 101, 910
(1956).
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where ¢ and G are the electromagnetic and Fermi
coupling constants, m is the electron (or muon) mass,
and % the photon energy. Diagrams (c) and (d) of Fig. 1
are structure-dependent, since here the emission of a
photon depends on the nature of the “black box.” The
matrix elements for these diagrams are proportional to
eGVEk(u/M), where u is the pion mass and M a mass or
energy typical of the intermediate states involved in
the “black box.” The two processés—inner bremsstrah-
lung and “black box” (or structure-dependent) radia-
tion—are coherent, but the interference term is
negligible in 7 — e4-v++y decay. (In = — p-4»-+v the
reverse is the case: because of the small momentum
transfer involved, the structure-dependent radiation is
small compared with the inner bremsstrahlung, and the
interference term dominates the square of the structure-
dependent matrix element. For this reason radiative
7 — u decay, although more frequent by several orders
of magnitude than radiative = — e decay, reveals
nothing indicative of the pion decay structure.) The
interesting question is not whether radiative =+ decay
occurs, but whether the interesting structure-dependent
effects can be disentangled from the ordinary quasi-
classical bremsstrahlung. We find that a unique proof
of structure to the w-decay mechanism can be obtained
if any photons of energy less than kmex=70 Mev are
detected in 180° correlation to the direction of the
decay electron. The probability of such a decay per
unit solid angle per = decay is, however, approximately
0.2X1077,

II. INNER BREMSSTRAHLUNG (IB)

The matrix element for the inner bremsstrahlung
is defined as the gauge-invariant part of diagrams (a)
and (b) of Fig. 1. On invariance grounds this is of the
form

Mip=e(m/N/k) f4(@WL(p-¢/p-k—C-¢/®-F)
+’i°'qu I“‘/ 4? * k]‘P vy

where fa(®?) is the amplitude for the nonradiative
decay, ® is the pion four-momentum, p the electron
four-momentum, e the photon polarization four-vector,
F.,=ek,—ek,, and ¢, and ¢, are, respectively, the
electron (or muon) and neutrino field operators. The
two terms in M1p correspond to emission of radiation
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Fi1G. 1. The possible diagrams for the radiative
electron decay of the pion.
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by the accelerated charge and magnetic moment,
respectively.

This matrix element leads to the differential transi-
tion probability,

a
d3W1B=Wev
27r)®
+2(Ek—p-k) (uk— Ek+p-k)}
&pdk  $(u—E—E,—k)
(Ek—k-p)? EEk

1
E{m[ph- (p-k)*/#*]

, (1)

where a=e?/4r is the fine-structure constant, E the
electron energy, E, the neutrino energy, and W,, the
nonradiative decay rate. The electron energy spectrum
resulting from this expression has been given pre-
viously'® and is not repeated here.

We suspect that, because of the overwhelming back-
ground of # — e+ and = — u — e electrons, the photon
radiation (or at least the hard component in which we
are interested) may be more easily distinguished than
the spectrum of electrons. The spectrum of photons
into solid angle dQ=2r sinfdd, where §0 is the angle
between the photon and the electron, is obtained by
integrating Eq. (1) over electron energies. This relation
is generally complicated by the energy condition
p=E+k+|k+p|.

If the photon and electron emerge in opposite direc-
tions so that §=180° and |p+k|2= (p—k)?, the energy
condition becomes (u—E—p)(u—E-+p—2k)=0. The
photon spectrum obtained from Eq. (1) is then

(d2WIB) — apk (u—E—p)
akdQ ) orse w2 (E+p)[pu—k(p+E)T

where p and E are determined by the energy condition.
Now u—E—p=0 unless k= (u—E-+p)/2 which lies
between (u—m.)/2 and kmax= (u?—m2)/2u. Thus ac-
cording to Eq. (2), the only inner bremsstrahlung
photons at 6=180° are those of essentially maximum
energy Emax. The probability for the emission of such
photons is, according to Eq. (2) (setting k= Emax),

a mE\>
y 1—— } =1secT,
(2m)? e

where k= %knax. The inner bremsstrahlung spectrum at
180° vanishes then except for photons of very near max-
imum energy.

For angles other than 180° (or 0°) the photon spec-
trum will be adequately described by setting m,.=0. In
this approximation, we obtain for any angle 6 between
photon and electron

d2WIB (x— 1)2+1 1
dxd2  2m2\1—cosd/ [2+x(cost—1) P«

()

=We

(G)
dxdQ 7 6=180° k =Fmas

a 1+c050\

(2a)
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Equation (2a) is thus applicable to all angles except 0°
and 180° provided £< (u—m.)/2=69.6 Mev.

Integrating Eq. (2a) for photon energies greater
than some low-energy cutoff 8, we obtain the electron-
photon angular correlation,
dWys/dQ=W .,(a/2) (2w)~2\"?

X{A+{1=2N)(1=222) In(1—N)
+22(1-=N[n(1/2nin—1]}, 3)

where A\=sin%0/2 and %min=28/u. The rate of r—e

~+v-++ decay per unit solid angle with ¢ and v at 180°
to each other is

(AW 1B/dQ)p—180°

=1.2X10-8/steradian.
Wy

(3a)

Equation (3) agrees with Eq. (21) of Vaks and Ioffe,
since when the minimum photon energy is  the maxi-
mum electron energy is approximately u/2—8(1—N\),
so that ymax in Vaks and Ioffe equals 1—(1—\)%min
above.

III. STRUCTURE-DEPENDENT (SD) RADIATION

Out of the pseudoscalar pion field operator ¢ and the
electromagnetic field operator A4, only two vectors
aF,,®, and bdF,,®, can be constructed in a gauge-
invariant manner. Here F,,=A4.k,— A4,k,, and

F w= (7'/ 2) env)\pF Ao

is the tensor dual to F,,, and @ and b are functions of
®- k, which must be, assuming PC invariance, relatively
real. The gauge-invariant contribution of diagrams (c)
and (d) of Fig. 1 must therefore be of the form,

MV = 1: (a) gGVwF[Lv(PPJ;G’YF% (1+75)¢yy
M 4=1i(a)'G 4b¢F 1@ evis (1+ve)¢s-
Writing
@w=pstps, Bu= ‘/_’e’Yn% (14+ys)¥s,
one finds that Eqgs. (4) take the form

My=— (1/ 2) (a)*vaF WGy
Mu= ("/2) (a)*GAbd)F“,,GW.

C)

Guv=quB,— ¢, By,

©)

The matrix element for the gamma decay of pseudo-
scalar 7° mesons is, on invariance grounds,

M po=— (i/Z)acd)F“,,F,‘y, (6)
from which the rate of #° decay is
W o= (a?/4) (2m) %%, O

where ¢ is a constant depending on the pion decay
structure. In lowest-order perturbation theory (where
the “black box” in Fig. 1 stands for a nucleon-anti-
nucleon loop, each of mass M, coupled to the pion field
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via (g/VZ)/¥nyswin-4), we havet
c=a=4(x)%/M. 8)

This relation between the electromagnetic decay of the
«° and the vector radiative decay of the «* holds, for
photons of near maximum energy, to all orders if the
Feynman-Gell-Mann principle of conservation of the
weak vector current’ is assumed. (Generally ¢ is a
function of k£ which equals ¢ strictly only when k=u/2,
the photon energy in #° decay. We are neglecting this
possible energy dependence and setting = c= constant.)
This assumption, which was also made in reference 1,
determines the over-all rate of =+ decay, and will be
made in the remainder of this paper.

Photon Spectrum and Angular Correlation

The differential transition probability obtained from
Egs. (4) or Egs. (5) is
d*Wsp= (2Gv*/a) (2m) =W ok
XL(A4v2) (1—8 cosf cose) 42y (cosp— cosb) ]
XO(E+E,+h—p)dpdk, (9)
where B is the electron velocity, ¢ the angle between
neutrino and photon and y=58G 4/aGv.¢

From Eq. (9) we obtain the photon spectrum angular
distribution

d*Wep P#(1—x)?
= (Gv*/4a) 2m) W oo
dxdQ v [2+x(cosf—1) ]

X {2[ (14+2) (1+cos?0) — 4y cosf]
+x(x—2) (147)*(1—cosd)?}.
In the case of §=180° Eq. (10) reduces to
d2WSD
( dxdQ

These equations show that, at least for y~1, structure-
dependent radiation is predominantly hard and in the
backwards direction. This is to be contrasted with the
inner bremsstrahlung which is predominantly soft and
in the forward direction. In lowest order perturbation
theory b=a, and Eq. (10) gives for the angular dis-
tribution of photon and electron:
AW sp/dQ= (G*/4a) (2w)~4uW o
X{N/44+ (1—N)N"6(—N34- 15\
—450435) In(1—7\)+ (1—X) (12)5)-1
XN AHNHA-1)4+-10(5N2—330+42) ). (12)
47J. Steinberger, Phys. Rev. 76, 1180 (1949).
(1; 51;) P. Feynman and M. Gell-Mann, Phys. Rev. 109, 193
6 Eq'uation (9) agrees with the corresponding result in reference
1 except for an over-all factor 2, but the electron spectrum

obtained from Eq. (9) does not agree with that of reference 1. We
obtain

dWsp/dy=(G?/3a) (2w )27 W 50y
XL6(1=2y) A —vP+32 (7 (1442 —10y)],

(10)

) — (Gv¥/a) ()4 W o (17 )28, (11)
6=180°

where y=E/Emax.
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Equations (3) and (12) are plotted in Fig. 2, with the
lower limit” assumed to be 0.5X 10 sec for W ,o. The
electron-photon angular distribution is the superposi-
tion of two noninterfering mechanisms: (a) the inner
bremsstrahlung, Eq. (3), and (b) the photon emission
by the intermediate states in 7% decay, Eq. (12). In
calculation of the latter the rate of radiative decay
through the V interaction has been related to the rate
W of #° decay by the assumption of a conserved
vector current. The decay through the A4 interaction
can be related to that through the V interaction by
choosing y= (bG.)/(aGv)=1 as is suggested by lowest
order perturbation theory.?

IV. DISCUSSION

We have seen that at §=180° no inner bremsstrah-
lung photons occur of energy less than (u—m)/2,
while structure-dependent photons of all energies occur.
Thus if any photons are detected of energy less than
69.6 Mev when photon and electron are in anticoinci-
dence there is unambiguous proof of structure mediating
the 7* decay. The number of such decays per unit
solid angle about 6=180° per = — p-+» decay is calcu-
lated, according to Eq. (12), to be

(dW sp/d2)o—180° .
———2>0.2X10""/steradian.

py

This conclusion rests on the assumption relating the V'
interaction 7 — evy matrix element to the rate of #°
decay but is insensitive to the particular choice of the
parameter & in the A interaction matrix element
provided b7 —a.

The lowest published upper limit on the rate of
radiative w — ¢ decay is that obtained by Cassels and
collaborators.3® This group measured the rate of elec-
tron-gamma production at #=180° and used a calcu-
lated electron-photon angular correlation function to
convert these measurements into a total rate of radia-
tive w — e decay relative to normal = — u decay:

W ern/ W =2 (32£5) X 1075, (13)

In the earlier work® the angular correlation function was
calculated assuming an ST B-decay interaction, while
in the later work” the V-4 interaction was used but
the interference term between V and 4 was neglected.

7 G. Harris, J. Orear, and S. Taylor, Phys. Rev. 106, 327 (1957).

8 This result b=a agrees with that obtained by N. Cabibbo (to
be published). G. H. Burkhardt, J. M. Cassels, M. Rigby, A. M.
Wetherall, and J. R. Wormald, Proc. Phys. Soc. (London) 72,
144 (1958), on the contrary obtain b=4%a. These latter authors
neglect the inner bremsstrahlung contributions and the inter-
ference term between the ¥V and 4 matrix elements, which con-
tribute to the electron spectrum and to the electron-photon
angular correlation.

9J. M. Cassels, M. Rigby, A. M. Wetherell, and J. R. Wormald,
Proc. Phys. Soc. (London) A70, 729-734 (1957).
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Fic. 2. Plot of the angular distribution between the photon and
electron for inner bremmsstrahlung and for structure-dependent
radiation.

From the rate (13) quoted in reference 9 and the fact
that the relative probability for emission into the back-
wards direction (1/W)dW/d(cosf) was taken to be
3.0, we can work backwards to find

(AW opy/dDo—150° 3.0
_*_1__._._1_81=__(3i5)><10—6
W 2

= (1.542.5) X 10~%/steradian.
Since we calculated

(@W1s/dQ)o—1s0°
T 12%10-8,

py

(AW sp/dQ)s1s0°

and

22X 10-8/steradian,  (13a)

.

the experimental sensitivity would have to be im-
proved by two orders of magnitude to detect the inter-
esting structure-dependent radiation. In looking for the
structure-dependent radiation one should discriminate
against the 70-Mev inner bremsstrahlung “line spec-
trum.” If these photons are not observed one will have
to conclude either (a) that the vector current is not
conserved, and that if the pion decay structure involves
baryons at all, the typical energies of the intermediate
states involved probably exceed the nucleon rest mass,
or (b) that the pion decay should be regarded as
primary. In either case applying the idea of the uni-
versal Fermi interaction to other weak decays will have
practically lost its attractiveness.



