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The transport of particles through a scattering medium is studied. A generalization of a technique due to 
Placzek and Wick is used to handle sums over states of excitation of the medium. The collision processes 
which occur are classified as "inelastic," "elastic," and "quasi-elastic" and correspond to different orderings 
of the Placzek-Wick series. The inelastic scatterings are described by an essentially classical transport 
equation and the elastic scatterings by assigning a refractive index to the medium. The "quasi-elastic" 
scattering involves the excitation of low-lying states of the scattering system. The coherent interference 
of waves scattered from nearby scatterers is important in this case and depends upon the structure of the 
medium. In this paper the general theory is developed in terms of a systematic sequence of approximations, 
of which the first gives just the classical form of transport theory. The correction terms then appear as 
quantum-mechanical corrections to the classical transport problem. 

I. INTRODUCTION 

WE consider the transport of particles through a 
medium of scatterers under conditions such that 

a quantum mechanical treatment is required. I t is 
assumed that the density of scattered particles is 
sufficiently low that their mutual interactions may be 
neglected. Thus we need consider only the interaction 
of the scattered particles with the medium. We shall 
simplify the problem by assuming that the energy of 
the scattered particles is large compared to the binding 
energy of the scattering particles (hereafter, referred to 
as "scatterers") within the medium. Also, the scattering 
mean-free-path within the medium is supposed large 
compared to the de Broglie wavelength of the scattered 
particles. 

Under these conditions the discussion of multiple 
interactions proves to be relatively simple if the proper­
ties of the medium are understood. In this connection, 
sums over states of excitation of the medium are 
handled by a generalization of the technique of Placzek1 

and Wick.2 

Because the "orbits" of the scattered particles are 
described by waves, it is necessary to distinguish waves 
which interfere with each other (that is, are coherent) 
from those which do not (are incoherent). For this 
purpose we classify the scattering as of three kinds: 
First, inelastic (and incoherent) scattering is described 
by a "classical" transport equation. Elastic scattering 
is described by assigning a refractive index to the 
medium (more generally, an optical model potential). 
Finally, we call scattering "quasi-elastic" if only states 
of the medium having very low energy are excited. 
Each of these types of scattering will be discussed 
qualitatively by means of simple models in this section 
—the general theory being given in later sections. 

As a particular example, we have in mind the 
scattering of fast particles by atomic nuclei. Then the 
inelastic scattering will be found to lead to a generaliza-

1 G. Placzek, Phys. Rev. 86, 377 (1952). 
2 G. C. Wick, Phys. Rev. 94, 1228 (1954). 

tion of the Goldberger transport theory.3 The optical 
model has been used frequently for describing elastic 
scattering. Our detailed handling of quasi-elastic 
scattering will be given in Part I I . 

A. Scattering Medium 

The medium in which the particles are scattered 
consists of N identical "scatterers."4 (We shall refer 
to the "scattering particles" as "scatterers" to distin­
guish them from the scattered particles, which will be 
called just "particles.") The eigenstates of the medium 
are described by a set " 7 " of quantum numbers. The 
eigenenergies will be written as Wy and the correspond­
ing eigenfunctions as gT.5 Before scattering has occurred, 
we shall suppose the medium to be in its lowest state 
7 = 0 . 6 We assume N to be a large number and that the 
scattering medium occupies a volume V large compared 
to the range of the force between particle and scatterer. 

If Za(a= 1, 2, • • -N) represents the position vector of 
the ath scatterer, then 

P (Z a > 
• / ' 

£o| (1) 

is the probability of finding particle a at Za. [If the 
scatterers have spins, a sum over spin states is implied 
in Eq. (1). In the interest of keeping our notation simple 
we shall not explicitly write such spin sums.] The 
density of scatterers is 

p(r) = MP(r) . ( la) 

I t will be assumed that p(r)c^constant within the 
medium,7 where 

P ( r ) = 0(1/1)). 
3 M. L. Goldberger, Phys. Rev. 74, 1269 (1948). 
4 Our results are easily extended to systems containing several 

kinds of scatterers 
6 K. M. Watson, Phys. Rev. 105, 1388 (1957). The notation 

developed here will be followed in our present discussion. 
6 Actually, there is no difficulty in the development of our 

theory if we consider 7 = 0 to be an arbitrary state and eventually 
average over a statistical ensemble of states "7 = 0." 

7 Strictly speaking, for our later applications it is necessary to 
assume only that p—constant over distances large compared with 
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Indeed, when p=constant within the medium, 

P( r )= i / i ) , (2) 

for r within V. Otherwise P(r) = 0. 
The joint probability of finding scatterer a at Z« and 

scatterer 0 at Z^ is 

p(za,z^)= f|g0i2 rr PZ,. o) 
J KCP**,/3)=1 

This may be re-written in terms of the "pair correlation" 
function G(x) as 

P(Za,Z,d = P(Za)P(Zfi)ll+G(Za-Z0)3 
~(l/<U*)[l+G(Za-Z,)]. (4) 

(This last form is, of course, valid only when Za and Z# 
both lie within V.) It will be assumed that G(x) is of 
order unity only for %<RC, where Rc is referred to as 
the "range of correlation." It is important for our 
purposes to assume that 

RC«VK (5) 

This means that our medium is "liquid-like," rather 
than crystalline. 

If we use the second form of Eq. (4) and Eq. (5), the 
condition that t/

>P(ZrZ2)^3Zi^3Z2
:=l implies that 

fG(r)dsr=0. (6) 

This means, for instance, that a tendency for two 
particles to cluster at short distances must be com­
pensated by a decreased probability of finding the 
two particles at large distances from each other. 
Condition (6) may be formally met by writing 

G(r) = G8(r)+GL(r), 

where Gs is the "short-range" (z^Rc) part and GL the 
"long-range" part of G. If we set 

(h= fGstPr, GLV=fGLdsry 

then Eq. (6) implies that 

GL=-G/V. (8) 

It will often suffice to write 

GL=-GP(r). (9) 

Higher order probability functions may be defined in 
an analogous manner. We mention only 

P ( Z v - . Z * ) = | g o | 2 

= (1/VN) (1+multiple correlation 
functions). (10) 

the interparticle spacing in the medium and large compared with 
the wavelength of the scattered particles. 

(An average over possible spins is implied here, we 
recall.) The last form above is valid, of course, only if 
all the Z's lie within V. We assume that the range of the 
"multiple correlation functions" is not greater than 
Q(RC), so they factor into G's when only pairs of 
particles are close together. 

When one of the "particles" is scattered by a partic­
ular "scatterer," the medium will in general be excited. 
We suppose the spacing of available excited states in 
such a collision to be C^AWM and that 

AWM«6O, (A) 

where €o is the initial energy of the scattered particles. 
Assumption (A) will be called the "loose binding" 
assumption. It will be interpreted as implying that €0 

is large compared to the energy required to "knock" a 
scatterer from the medium. 

B. The Scattering Cross Section 

The scattered particles are described by plane wave 
functions 

\k=S»eik-\ (11) 

Here k is the momentum vector8 and v is the orientation 
of the spin (if the particles have a spin). The initial 
momentum (within the medium) before scattering is 
assumed to be ko. We shall also write m for the mass of 
the particles and M for the mass of the scatterers. 

The scattering is assumed to take place by a sequence 
of encounters of a particle with single scatterers. For 
the qualitative arguments of this section we shall 
suppose m<KM and that the scattering amplitude for a 
scattering through the angle 6 is /(cos0). 

Then for a single scattering encounter at Za with the 
ath scatterer, the scattered wave has the familiar form 

*••(«) = {^^/Ra)f(nA^ino{la). (12) 
Here 

= X La, 

n^(R a / i?«) . (13) 

Also, ^inc(Za) is the incident wave at the position of 
scatterer a. Except for an inconsequential phase factor 
this is 

^ i n c= exp(ik0• Za)X (amplitude factor). (14) 

In writing Eq. (12) in its asymptotic form, we have 
assumed 

&G#«»1. (B) 

This forms our second fundamental assumption: namely 
that the wave travels far enough before a subsequent 
scattering that condition (B) is satisfied. 

The phases of Eq. (12) have a simple interpretation. 
The phase of the incident wave just at scattering is 
given by exp(^ko-Z«). On travelling on to the point x, 
the change in phase is given by exp(ikoRa)' When x is 

8 We shall ordinarily use units such that # = 1 . 
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sufficiently large that x^>Za, Eq. (12) takes the form 

*.o(a)=(«**°V*)/«, 
/ «^exp[ - i (k -k 0 ) -Z t t ] / (15) 

with k=ko%. The dependence on Za of the scattering 
amplitude /« is given by a simple phase factor. 

The total cross section for scattering from "a" is now 

<Tr=fdQna\f\
2. 

The average distance which the particle will travel 
before a subsequent scattering is 

A=G»v)-* (16) 

When feX^>l, we may consider that our assumption 
(B) is satisfied. 

The uncertainty in energy Ae of the scattered particle, 
if its speed is v, is 

A€~ft/(X/tO, (17) 

when it has travelled a distance X. An alternative form 
for assumption (B) is then 

A€«€0 , (18) 

where €Q is the kinetic energy of the scattered particle. 
We have assumed that the medium is "loosely 

bound." A much stronger condition would be 

Ae»AT^, (19) 

where AW is the excitation energy given to the medium 
in the course of a scattering encounter. We shall not 
assume (19) to be necessarily true, although it is 
frequently satisfied (consider, for instance, the scatter­
ing of visible light by the molecules of a gas). 

When the inequality (19) is satisfied, scattered 
wavelets may interfere coherently with each other 
even if they would eventually be associated with 
different states of excitation of the medium. This is of 
course a direct consequence of the indeterminacy 
principle. In Part II we shall develop a detailed theory 
for this case. 

For our final transport equation of Sec. I l l it will be 
helpful to assume that 

RC«K. (C) 

(We recall that Re is the "range of correlation.") This 
means that the medium may be considered as locally 
undisturbed (by previous scatterings) at the position 
of a given scattering before that scattering has taken 
place. 

C. A Simple Example 

Before treating the general problem, we consider a 
simple example illustrating the interference of scattered 
wavelets. Although well known, this serves as an 
introduction to related phenomena associated with the 
transport problem. 

The scattering medium is now considered small 
enough that the scattered particle is unlikely to scatter 
more than once. Then if m<KM} Eq. (15) gives for the 
total scattered wave 

<£sc= E ^sc(«) = [ L exp(—iAk-Z«)/], 

(20) 
Ak=£0#—k0. 

The scattering amplitude for excitation of the medium 
to the state 7 is thus 

Fy= (gy, E« exp(-*Ak-Z«)/g0). (21) 

When / is independent of spin (or when the spin 
dependent part of / averages out in evaluating the 
matrix element), then / factors out of the integrals in 
Eq. (21). In this case the ratio of excitation probabilities 
for different 7 is independent of / and thus the type 
of particle causing the transition. This result, which is 
not true in general, will be discussed in detail in Part II. 

If the excitation energy of the medium can be 
neglected (a condition which will be given quantitative 
consideration in later sections), the differential scatter­
ing cross section is 

<™(0)=EI^I2=fo,{#|/|2+E l/l2 

y ct?*p 

Xexp[-;Ak.(Z«-Z0)]}£O). (22) 

Using Eq. (4), this may be written as 

<7"ilf=0"e(0) + 0-in+0"qe, (23) 
where 

*.(<>)=N*\f\*\:c(e)y, 
*in=N\f\% (24) 

<rqe=i\r|/j2pC(0). 

Here (0 is the scattering angle) 

c(d)= Cd'ZP(Z) exp(-iAk-Z), (25) 

and 

C(0)= f G(f)«r«Ak-'i«r. (26) 

The quantity <rin represents the incoherent sum of the 
individual cross sections. For the general case to be 
treated in Sec. I l l , crin must be treated by a transport 
equation. The elastic scattering is given by <re(0). In 
the general theory this is described by the optical model} 
The quantity <rqe will be referred to as the quasi-elastic 
cross section9 when it is suitably generalized in Part II. 

One may well object that (rqe as just defined is not 
necessarily positive. This difficulty will be remedied 
in Part II when a more complete discussion is given. 

9 T. K. Fowler (to be published), has recently given a discussion 
of the quasi-elastic scattering from atomic nuclei. 
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We observe, however, that when o-qe is sufficiently 
large in magnitude to be of importance, it will usually. 
be positive. First, 

G « > - 1 , (27) 

as is evident from Eq. (4). A large \G\ then means 
that G>Q (or that the scatterers tend to "cluster" 
together). 

C(0) may be simplified if we make use of Eqs. (7), 
(8), and (9). Define 

GCo2(0)= £Ga(r)<r"*«d*r, (28) 

so C0
2(0) = 1. With Eqs. (7) and (9), we obtain 

C(d)~GC(6)[l-c(e)-]. (29) 

Here we have assumed that c(d)—>0 much more 
rapidly with increasing 6 than does Co2 (0). Indeed, we 
expect c(6) to become small for 

6>l/k0Ro, (30) 

where R^-flV is the radius of the medium. Co
2(0) 

will be expected to become small for 

6>l/koRc. (31) 

For the case that | / | 2 is independent of 0 we have 
plotted in Fig. 1 the expected form of the cross sections 
(24). 

II. GENERAL THEORY 

The detailed discussion of the transport of particles 
through the scattering medium will be based on the 
multiple scattering equations developed in reference 5. 
There it was shown that the exact solution of the 
Schrodinger equation for the scattering of a particle 
by a scattering medium is given by 

1 N 

¥(*)=#c(*)+- L iV«*«0*0, 
d «=i 

¥«(*)=*c(*)+- E P(M*fi(x) (32) 
dp?** 

Here <£c represents the incident wave, once it has 
entered the scattering medium. The wave number ko is 
related to the wave number q0 of the particle before 
it entered the medium by the refractive index n10: 

ko=nqo. (33a) 

Alternatively, ko and qo are related in terms of the 
optical model potential vc: 

kQ
2+2fnvc=qo2- (33b) 

*> S. Fernhach, R. Serber, and T. B. Taylor, Phys. Rev. 75, 
1352 (1949). 

FIG. 1. A sche­
matic plot of the 
"elastic," "inelas­
tic," and "quasi-
elastic" scattering, as 
given by Eqs. (24), 
etc. 

In writing <j>c in the form (32) we have neglected reflec­
tion and refraction at the boundary of the medium— 
these effects not being of importance for our argument. 

The quantities ta are "two-body" scattering operators 
for the scattering of the given particle by the ath 
scatterer in the medium. They are taken as momentum-
conserving matrices: 

««= ( k ^ a l / I ^ Q a O ^ + Q a - k ' - Q a O . ( 3 4 ) 

Here Qa is the momentum of the ath scatterer. The ta 

may also depend on the spin (if any) of particle or 
scatterer. In the interest of simplicity (that is, to avoid 
the complication of handling polarized beams), we 
shall assume either that the /a's are spin independent or 
that polarization effects average out due to azimuthal 
symmetries in the distribution function of the scattered 
particles. Thus spin labels need not be kept on our 
wave functions and scattering operators. In spite of 
this simplifying assumption, our methods are directly 
applicable to situations involving polarization in the 
scattering. (More detailed discussions of the ^-operators 
have been given previously.5'11,12 

The "energy denominators'' d in Eqs. (32) are (rj is 
a positive, infinitesimal number, as usual in scattering 
theory) 

d^€o+iv-e(k)+(Wo-Wx), 

e(k) = k2/2m+vc(k), (35) 

€o=(?o2/2w. 

The optical model potential vc has been introduced in 
connection with Eq. (33b). The zeros of d give just the 
wave numbers k of the scattered wave. In particular, 
forPFx=PF0, 

€(^o)=€o, 

which is equivalent to Eq. (33b). [For relativistic 
particles, we replace k2/2m by c(k2+m2c2), etc., in 
Eqs. (35).] 

Finally, the symbol "P 0 " in Eqs. (32) represents a 
counting operator which forbids repetition of states 
" 7 " of the medium during the course of successive 
scatterings. This means, first of all, that the initial 
state "0" must never re-occur. It also implies that every 
scattering must be inelastic, or lead to a change in the 
state of the medium (since elastic scatterings have 

11 G. R. Chew and M. L. Goldberger, Phys. Rev. 87, 778 (1952). 
12 K. M. Watson, Phys. Rev. 89, 575 (1953); N . C . Francis 

and K. M. Watson, Phys. Rev. 91, 291 (1953). 
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already been taken into account in vc). Aside from these 
two rather simple effects, we may in general ignore PQ 
when Assumption C is valid. 

Let us now recall that we proposed to decompose the 
scattering into elastic, inelastic, and quasi-elastic 
contributions. Because of the properties of Po, as just 
described, the elastic part of & is just $<?. We do not 
intend to consider the elastic scatterings in more detail 
here, since this has been done previously. 1 2 'M 0 The 
distribution between inelastic and quasi-elastic scatter­
ing will be based on two different schemes for evaluating 
the "propagators" 1/d. The inelastic scattering will be 
discussed first, since this seems conceptually simpler. 

Referring to Eqs. (32) it appears that our first 
problem is to simplify the expression 

/ 5 P 0 ( l / i ) ^ . (36) 

This is just the wave scattered from scatterer "/3". 
The wave ^ may be expanded as 

*e(x) = E gy f rf8*V^(k',Y'). (37) 

We also introduce a partial Fourier expansion of the 
medium wave function gy*: 

In accordance with the discussion following assump­
tion C, 

[ e x p ( ; Q . Z , ) , ^ ( k ' ) ] = 0 , (42) 

since we assume the medium "near" Z$ to be un­
disturbed by previous scatterings. Then, we set 

/ 
exp(iQ'.Z„)(k,Q|/|k',Q>„(Q') 

(2r)l 

r dV 
gr = I - — exp(*Q'-Z,)<v(e'). 

J (2v)* 
(38) 

(<V is a function of all Z's except Zp of course). Then 

J (2x)3 ™' \ 

ePhPQe*-xexp(iQ-Z£l 
X / 

• S ( k + Q - k ' - Q ' ) 
eo+iy-t(k)+(Wo-Wy) 

X(k,Q | « |k ' ,Q ' )ay(Q ' )^ (k ' ,7 ' ) ) . (39) 

This may be simplified by writing 

Z <v(Q')fc(k'y)=fc(k')flo(Q'), (40) 

where ^ ( k ' ) is now an operator acting on the co­
ordinates (Zi,---Ziv). Equation (40) just states that 
7 = 0 was the initial state of the medium. I t will turn out, 
however, that ^ ( k ' ) behaves very much as if it were a 
diagonal operator in a coordinate-space representation. 

Now Eq. (39) becomes 

7 = Po 
/• d*k'd*Q' /• 

J (2TTY J 

• d*k'd*Qf 

(2TT)3 J eo+irj-e(k) + (Wo~HN) 

X e x p ( - i ( k - k O - Z , ) ( k | * | k ' , Q ' ) 

X e x p ( * Q ^ Z ^ ( k O a 0 ( Q ' ) . (41) 

= ( k | / | k , ) g o ( Z 1 . . . Z ^ . . Z ^ ) , e t c . (43) 

Here Q' is interpreted as (l/i)Vzp in t, so t operates on 
go. (We have suppressed the "symbol" Q' in t in 
Eq. (43), but do not imply that Q' is omitted.) Because 
the scatterer binding energy has been assumed small, a 
valid first approximation consists of setting Q ' = 0 in /. 
This treats the scatterer as if initially as rest. If Q' is 
kept in t, then we must eventually average the scattering 
cross section over the distribution of Q-values (as will 
be seen later). 

To complete the evaluation of I, we shall expand d~l 

in a manner reminiscent of the expansions of Wick2 

and Placzek1: 

do=eo+iv-e(k)-(W-W0), 

1 1 / 1 _ \ 
- = - ( l + - ( £ ^ - W 0 + " - ), 
d do\ do / 

(44) 

where W is an "average excitation energy" which is 
yet to be evaluated. Then, using the expansion (44) 
for d~\ 

C d*k' r&k 
r=Pa 1 J — e * -

J (2x)*J dn 

X 

(2TT)5 

(.+1 
V di 

(HN-W)+—(HN~Wy+' 
o do2 ) 

Xexp(iQo • Zfi) %(k')go. (45) 

Here we have written 

Q o ^ k ' - k , (46) 

which is the momentum transferred to the scatterer. 
Now, because HN contains a term (1/2M) VZj3

2, 

X 
( 

Co2 Qo-VZ/3 _ 
—+ W+HN 
2M Mi ) 

(47a) 

(if the scatterer 0 is not bound by exchange forces). 
HN does not in general commute with either t or ^ . 
To simplify our discussion we shall neglect [HN,t], 



Q U A N T U M M E C H A N I C A L T R A N S P O R T T H E O R Y 891 

even though such terms may be kept and involve no 
essential difficulty for our presentation.13 We obviously 
may not, however, neglect [## ,^3 ] , since \f/$ operating 
on go describes the excitation of the medium due to 
previous scatterings. We have assumed that the 
scattering mean free path is sufficiently great that 
energy is very nearly conserved between collisions. Thus, 
we anticipate that 

with 

# i \ r [ ^ / 3 g o ] ^ J ^ e X [ ^ 3 g o ] , (48a) 

where Wex is an "average" energy of the medium and 
is just WQ-\- "the excitation associated with previous 
scatterings." On comparing Eqs. (45), (47a), and (48a), 
we see that it is most reasonable to set 

W^(Qo2/2M)+We*. 

Now Eq. (47a) becomes 

(fl*-fP)»exp(iQo-2W 

( Qo-VzA 
HN-We*+ ) 

Mi / 

V Mi J 

(48b) 

X- (47b) 

Using the expansion (38) for go, we have 

1 

d 
exp(iQo-Zp)Mk')go 

d*Q' exp[i(Q 0+Q ,)-Z^] 

J (2TT)* 

/ » 1 /Qo Q ' y 
x ( 1+ E — I ) 

do 

'QoQ'> 

1 
+ - e x p ( - * Q ' - f y ) ( H N - W ^ ) exp(iQ'-Zff) 

do 

+—(*Qo- B^)+ • • • V f r X Q ' ) - (49) 
d0

2 / 

Here B^ is the gradient of the binding potential of "/3" 
divided by M. I t is defined by 

[ff^Qo-VVJfJsiQo.B),. (50) 

For discussing the inelastic scattering it is very 
convenient to partially re-sum the series (49) using 

1 _ 1 

b do 

• / Q o - Q V | 1 

1 + E ( 1 = , 
m+i \d0M / J d0-Qa-Q'/M 

so 

b=le0+(Q'*/2M)+Wo-W^2+ir,-e(k)-Q*/2M,(51) 

13 The effect of these commutators has been considered by 
Fowler (reference 9). 

Q^Qo+Q'. (52) 

The series in Eq. (49) may evidently be summed 
formally in such a way that all propagators do~x are 
replaced by b~l. 

Finally, 

J = P . 
d3k'd*Q' r dzkd*Q e*k •* exp(iQ• Zp) 

/
a°to'a%r r 

(2wY J (2TT)3 J b 

X%5(k+Q-k , -Q0(k | / |k0^(k0ao(Q / ) , (53) 

where 

©0=1+(1/4) exp(-iQ'.Zp)(HN-Wex) 
Xexp(iQ'-Ze)+ (l/b2)(iQ0- B^)+.. . . (54) 

The quantity (33/3—1) represents purely quantum 
mechanical binding corrections to the scattering from 
scatterer "/?." We shall choose We* so as to make the 
first correction term in Eq. (54) vanish to lowest order 
in our final equations. 

A. Evaluation of 70 

We first set % = 1 to obtain the zeroth approximation 

• d*k'dzQ' r d*P 

/
a°na°u' r < 

(2TY J 
-exp^P-C+ip-r^) 

Here 

(2TT)3 J b 

X(k|/|kOto(k')ao(Q'). (55) 

k=( M /M)P+ 9 , P=k'+Q', 

Q=0*/w*)P-9, n=M£m*/(M+m*)], (56) 

ifi=x-Zp9 C=(MZ^+w*x)(M+m*)~1. 

The "effective mass" m* is defined by 

l/2m*=de(k)/d(k2). (57) 

The "particle velocity" v is defined by (for convenience, 
we assume that the imaginary part of w* and v are 
small) 

de de dk2 k 

dk dk2 dk m* 

By Assumption B, the significant contribution to 
the p-integral in Eq. (55) comes from values which make 

Near this value, we find, indeed (after a little algebra) 

b= ( P O 2 - P 2 ) / 2 M + ^ + 0 [ ( P 2 ~ P O 2 ) 2 ] , (59) 

where p0 is the root of the equation J(po) = 0. The 
significance of w* is seen here—it suffices to give b 
the simple (angle-independent) form (59). 

The evaluation of IQ is now trivial. To appreciate the 
result, we refer to Fig. 2, which shows the scattering. 
The initial position of the scatterer is Zp°. I t recoils to 
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position Z/5 when the particle reaches x. We shall see 
in detail how this diagram follows from the evaluation 
of Jo. 

On evaluating the p-integral for pQr£$>l, we must set 

p=Pofy, tft=*p/rp (60) 

elsewhere in the integrand. This evidently implies 
that we set [see Fig. 2 and the discussion following 
Eq. (66) where Ẑ ° is denned] 

k = i o V 4 R^x-Z^o . 

Now integrating over p gives 

(61) 

FIG. 2. The kinematics of a single scattering are shown along 
with the notation used in the text. The "particle" is scattered at 
position Z^0 by the jSth scatterer. When the particle has reached 
the point X, the scatterer has recoiled to the position Zp. The 
center of mass of the two particles is at C. 

Here 

o = P o / 
ZfBzC-Vire/peWiM+m*) 

exp («P • C) [exp (*porp)/r/j] 
(2*)3 

X[ - (2T ) 2
M (^O— |*|k')"L(k')flo(Q'). 

= Z3+r^ 
* \PB/1 

(62) or 

Z^=Z/3°=r^-

M+ni* V p/*/ M+m* 
(66) 

We next evaluate the Qf integral in Eq. (62). To 
evaluate this integral, we set Q'= (1/i)Vzp° [see Eq. 
(66)] everywhere except in oscillating exponentials 
and in ao(Q')« Because we have assumed small binding 
energy in the medium the effect of this dependence on 
Vzp* is expected to be small. (It may eventually be 
taken into account by averaging over the spectrum of 
Qr values.) Since 

P=k '+Q ' , 

we obtain exp(iQ'-C) as an exponential factor. From 
the definition (51) of b it is evident that p0 also depends 
on Q' since p0 satisfies b(po) = 0. We therefore write 

- ) . (66a) 

po=P^+5p, (63) 

where b(pp) = 0 when Q'=0. We obtain (to first order 
inQ') 

5p=-(Q'-kO(p^)-1[M/(M+m*)]. (64) 

[Equation (64) involves a little algebra, but is straight­
forward.] Thus 

dWQ' 
exp (ik' • C) [exp (ippd/rp] - P . / 

x[-(27r)v(^l^|k')^(k') 

Xexpi{Q'• [C-kWaOW(M+»*)]}flo(Q0 (65) 

-P.f-
J (2TT)* 

x [ - ( 2 T ) v ( v ^ l < | k / ) ^ ( * , ) « o ( - • -Z,o...). 

-exp(ik'-C) 

The coordinate Ẑ ° defined by Eq. (66) is just that in 
Fig. 2. To see this, we introduce the "time" r since the 
collision occurred: 

r= fa/p/sV (67) 

The last term in (66a) is thus 

T[k7( J f+w*) ]=C-^ 0 , 

which is just the velocity of the center of mass multiplied 
by r. Also, 

- r ^ V ( ¥ + m * ) ] = Z r C , 

as is evident from the diagram [of course, x— C=tpn/ 
(M+m*)]. 

Therefore, in Eq. (65) the coordinate Z^ appears in 
go as translated to its "displaced position" to which 
scatterer "/?" has recoiled. The recoil vector Z^—Z^0 is 
just that given by classical kinematics. Higher order 
terms in 8p [see Eq. (64)] give a dispersion in the 
scatterer's position resulting from the spread of Q' 
values in gy

u (this is just one aspect of the indeter­
minacy principle, which of course must appear in our 
problem)» Also, the Q' dependence of / becomes a 
dependence on (l/i)Vzp* in Eq. (65), as mentioned 
above. 

To further simplify Eq. (65), we write Qp=ppfp, 
so the argument of the exponents becomes 

k'<C+p0rfi=k'-C+Qfi'tp 

= ^ + Q . ( Z ^ - Z ^ ) + k ' . Z / A (68). 
where now 

Thus Q is just the momentum imparted to scatterer 

14 In Sec. IV these corrections will be treated in more detail. 
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P when its binding is negligible. Now 

r dzkf 

J O = P Q | — - e x p C a ' - Z ^ e x p p Q ^ Z ^ - Z ^ ) ] 
J (2TT)* 

X^(k')go(---Zy--0. (70) 
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X-

To obtain our final form for 70, we expand 

fc(k')=*c(k')+ £ **(k')^ £ ^(k'). (71) 

Here we abbreviate 

^e(kO«^o(k'). (71a) 

The quantity \f/pv is interpreted as the wave scattered 
from Z„° to Zp0. The wave number of this wave is kv 

and its direction is 

n ^ ( Z ^ - Z , ° ) / | Z ^ - Z , ° | . (72) 

By our Assumption B, $pv(k
f) must be nonvanishing 

only for k'~k„n0„.15 Consequently the kf integral in 
Eq. (70) may be evaluated to give 

h= E P o - z - e x p p C K Z ^ - Z ^ ) ] 
v=0&fi i?0 

Here 

X -(2TT)2M— (V— MMfcY 

Xffi,(ZfP)go(---Ztp...). (73) 

MZW = (2TT)-§ | W expCtV• Z/]^(k ') , (74) 

which represents the amplitude of waves at Zp° which 
have been scattered from Z„°. 

To obtain the scattered intensity, we shall eventually 
have to integrate over all coordinates Z«(a= 1, 2, • • -N). 
The form of Eq. (73) suggests that the Za° are more 
convenient variables that the Za. Thus we extend the 
definition of Za° by defining 

7 0—7 (75) 

if no scattering has occurred from scatterer "a." If a 
scattering has occurred, then Eq. (66) defines Za°. 
This terminology requires some care in its application, 
since for each possible sequence of scatterings we have 
a different set of variables Z. (Because the number of 
scatterers has been assumed large, we can neglect the 

15 This is explicitly demonstrated in connection with Eq, (64) 
of reference (5). I t has been implicitly demonstrated in the 
process of obtaining the outgoing wave in Eq. (70). 

possibility that two scatterings may occur from the 
same scatterer.) 

If a scattering has occurred from /5, the transforma­
tion of volume element from Tap to Zp° is, using Eq. (66a), 

d*Zp=Jd*ZpQ 

— ) 1+ rp-tipA . (76) 
fi / L ppM J 

Here "v" is the scatterer from which the previous 
scattering has occurred (J>=0 refers to the incident 
wave, we recall). 

It is convenient to introduce \/J into J0, so as to 
avoid the complication of tracing the historical sequence 
of scatterings when we transform from the Z's to the 
Z0,s. Thus, we define a "scattering amplitude" / : 

/ R/3 \ Rp/ Rp \ 
/ ( kp—kApv ) = -(2TT)2/X—I kft—\t\kAh WJ. (77) 

V Rp J rp\ Rp / 

This is further simplified by noting that the ratio 
Rp/fp depends only on the scattering angle and energy. 
The particle speed v is given by Eq. (58), whereas the 
relative velocity of particle and scatterer (after the 
collision) is 

vB^v(Rp/Rp)-Q/M. (78) 
Then 

Rp/rp= VT/VRT=V/VR, (79) 

where r is the time which has elapsed since the collision 
[see Eq. (67)]. Finally, then 

( Rp \ v / Rp \ 

kp—, kAp„ I = - (2*0V-l kp— 111 kvfipv WJ, (77a) 
Rp J vR\ Rp / and 

h=Po 
gikpRp N 

E 
v=o&P) Rp 

•expDQ.(Z^Z^)] 

Xflkp—, M * W(£//9*o(Zi°. • - 1N"). (80) 

The expression (80) is now in the form which we shall 
use. R$ is the distance that the wave has travelled 
since its last scattering. The velocity of the scattered 
wave is v, while vR is the incident velocity. Had no 
previous scattering occurred, then only the term with 
v=0 survives in Eq. (80) and the differential scattering 
cross section is 

<ro=(»A«)l/|2 

= | ( 2 T ) V | 2 ( 
L(m*/»)(v/vB)y 

l+(VA»)(/»/JO>/r4» ) 
(81) 

The factor | (2w)2txt \2 will be recognized as the center-of-
mass differential cross section. The second factor will 
be recognized as the usual coefficient for transforming 
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from the center of mass to the laboratory coordinate 
system. 

A more convenient "cross section" for our applica­
tions is 

a(aBfip) = | ffonafi, fety) |2 

(T(a^O)^|/(^na / 3 ,k0) |2 . (82) 

In a formal sense these are still operators, since they 
depend upon Q'= (l/i)Vzp*. It is evident, however, 
that when we calculate scattered intensities (as will 
be done in Sec. Ill) , the significant consequence of 
this is that our cross sections must be averaged over 
the spectrum of Q' values. This result is intuitively 
self-evident. 

When St? is not set equal to unity in Eq. (53), the 
"propagator" 

(1/Sfi) exp(ikM exp[iQ. (Z^-Z^)] 

is replaced by a generalized propagator E$V(R$). Then 
Eq. (53) still takes the form (80), modified as 

N 

X^(Z/)go(Z1^--Z iVo). (83) 

The evaluation of E$v involves a computation of the 
terms in Sty. [Eqs. (53) and (54).] We shall return to 
this in Sec. IV. 

B. The Coupled Scattering Equations 

We return to the second of Eqs. (32) for the ^a(%). 
In accordance with Eq. (71) we set 

*«(*) = [*c(*)+ E iM*)]g(Z!°---Z2A (84) 

This expression and Eq. (83) for / [/ is defined by 
Eq. (36)] are now substituted into the second Eq. (32) 
and x is set equal to Za°. The wave function go "factors" 
out to give the coupled equations 

faf>(Za°) = P o C ^ o ( ^ ) / ( a / 3 , i S O ) ^ c ( Z ^ 0 ) 

+ L Epp(Rae)f(aP,MteP(Zm (85) 

Here we have introduced the notation 

f(aPfip) = f(kfiAafi9 k&p)9 (86) 

Xai>=Zj>-Zf. (87) 

When the scattering is spin-dependent, Eq. (85) is 
easily modified by keeping initial and final spin labels 
on the / and spin labels on </>c and the ^ p , etc. and 
finally summing over spin states. 

The "algebraic" equations (85) provide a complete 
solution to our problem. Because N is a large number, 
their general solution is not feasible. For this reason, 

we shall develop a transport equation from these in 
the next section. 

C. The Quasi-Elastic Scattering 

We have just obtained expressions for the scattered 
wave when the scattering is inelastic. By "inelastic" we 
have meant that the scatterer recoils approximately 
as if it were not initially bound in the medium. This 
defined the order of the sequence of terms in Eqs. (53) 
and (54) for / . 

When the scatterer does not recoil with an energy 
large compared with this binding energy, the propagator 
b~l is not appropriate for starting a series of approxima­
tions. In this case we still use Eq. (44) but evaluate it 
differently: 

do=eo'+iri-6(k), eo'^e0-(W~Wo). (88) 

Now we take W as the average energy of the medium 
before the scattering of interest has occurred. Thus dQ 

is the appropriate energy denominator for scattering 
which is elastic (with respect to the medium) and gives 
a reasonable starting point for studying quasi-elastic 
scattering. 

In this case our first approximation is 

/ o = P o I ^ -d*kd*Q 

J e0'+iri-e(k) (2TT)3 

X«(k+Q-k'-Q') (k,Q | /1 k',Q0^(k0ao(Q0 (89) 

& exp(ikpRp) 

=Po E /<flfap(Z/s)go(Zr ' " Z N ) . 

»W)-i Rp 

Here kp is the root of do(k)~0 and 

/ o S - (2x)«w*(*( V ^ ) 1*1***), (90) 
and Z/3°= Z/3 whether a scattering has occurred or not 
from "0." This results since in this case the medium has 
absorbed the recoil momentum and thus the scatterer 
behaves as if infinitely heavy.16 

III. THE TRANSPORT EQUATION 
To obtain a transport equation from Eq. (85), we 

must square it to find the density of scattered particles. 
At the same time we must average over positions of 
the scatterers. 

The density of scattered particles at x is [see Eq. 
(32)] 

Instead of | ̂  |2, we shall find it more convenient to use 

l* We recognize that intermediate situations may arise, in 
which two or more scatterers recoil together. In this case the 
equivalent mass of the scatterer would be an integral multiple of 
the mass M. 
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instead 
l*«(Za)|2. 

This is permissible since the number of scatterers is 
considered to be large. 

When we square Eq. (85), it is evident that "cross 
terms" occur, representing interference of waves 
scattered from different scatterers. These terms are 
purely quantum-mechanical and do not occur in a 
classical theory. They are nonvanishing, however, only 
because of local "structure" in the scattering medium 
and are thus expected to involve the correlation function 
G [as in Eqs. (22)-(26)]. In anticipation of this we 
define a "mixed density" n by the equation 

f^(Za°WoV«^(Z^°) ft {v^a,affifif)d*Z« 

X P ( Z ; ) ? ( V ) . (91) 

(As usual, a sum over possible scatterer spins is implied 
here.) On multiplying Eq. (85) by its adjoint, we shall 
obviously obtain a set of coupled equations for the 

The notation (a,a'), etc., is used in Eq. (91) to suggest 
that points Za° and Za'° are neighboring positions, as 
are also Ẑ ° and Zp>°. On the otherhand, Za° and Zp0 

are not, being separated on the average by a distance 
much larger than the correlation range Re (Assumption 
C). The justification for these remarks will be given 
below. 

It will be convenient to supplement the definition of 
G by writing 

<W-V)I /M'=1, 

pcz.o.z.^i—'-pcay), (92) 
P(Z^P(V)l<H>' = W ) , e t c . 

We also define, in analogy to Eq. (91) 
»c(f t80<*c(W*c(Z/ . ' 0 ) l 

»ctf)=na(M). (91a) 

At this point it will be useful to establish a convention 
for replacing sums over particles by integrations over 
particle positions, and vice versa. By our assumption 
C [and the assumption that the correlation range 
P c ^ V ^ l w e a r e free t 0 write 

= P(Z/,ZM/°)Xfactors independent of (ZM°,Z^°). 

Here the notation H / means that an arbitrary number 
of variables (but small compared to N) is omitted from 
the integration. This equation is true, of course, only 

for most positions ZM° and ZM/°—but by assumption C 
is adequate for our applications. 

Then we may write, where £(ZM°, ZM/°, Z«i°, • • -Zai°) 
is some function of the variables indicated, and 1<KN, 

E fL(ZAZ/ ,Z a l o. . .Z a « |g 0 | 2 

=W J X ( Z M « , Z / , Z O 1 » - • • Zai°) |g0 |2 

N 

XU(^ai,---a,)diZr<> 
= E °02 fi(ZAZ^°,Zal»-.-ZaJ<>)|go|2 

X E iy^w'/iv • -ai)d*Zv\ (93) 

The first equality above is a direct consequence of the 
equivalence of the N scatterers. The second equality 
provides a definition for evaluating the sum over 
particles when this is not accompanied by an integral. 
For the logical development of the transport equation 
found below, the second equality in Eq. (93) need 
never have been introduced. For intuitive clarity it 
seems very useful, however, to interchange sums over 
particles and integrations over particle coordinates in 
this manner. 

The particle density at Za° is 

n{Za«)= (V«(Z«°)|2 I I <PZ,° (94) 

[see Eq. (84)]. In evaluating this and similar expres­
sions, we .must pay careful attention to the Z^'S, 
since these variables depend upon the past history of the 
scattering and are thus not uniquely denned. This 
means that all cross terms will apparently vanish when 
we substitute the expansion (84). To see this, we 
introduce the correlation function 

-Q(ZJ>,Zf)= f I I ^Zvg0*(ZiO,Zh---ZN)g0 

X(Z1,Z2°,Z3-..Z^), 

where we suppose a scattering to have occurred from 
particles " 1 " and "2". 

Now, when the scattered particle has travelled 
sufficiently far, |Zi°—Zi| and | Z2°— Z2| become 
arbitrarily large. This means that g(Zi°, Z2j) = 0, since 
then the overlap of the wave functions will vanish. 
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In view of this, Eq. (94) [and using Eq. (93)] is 

n(Za°) = nc(a)+ £ £ »(aa^')S(Z,.0 ,Z/) 

+ £ n(aa,w) (95) 

= ^ c ( a ) + £ w(aa,ju/*). 

Equation (95) appears to tell us that after sufficient 
time there is no interference of waves scattered from 
different scatterers. This, of course, is not in general 
true—indeed, the error in our conclusions rests in our 
approximate treatment of the Placzek-Wick1,2 series 
in Eq. (55). We shall see, however, that the interference 
terms are small under the conditions of our problem— 
and that the evaluation of Sec. II-C is appropriate for 
obtaining these. 

We shall then obtain the first order interference by a 
more careful reevaluation of Eq. (95). It is evident that 
waves scattered from two different scatterers will 
interfere only if the system is left in the same final state 
after either scattering—which is likely to happen only 
for very low states of excitation. This suggests that for 
the interference terms we should use the evaluation 
(89). Since then Zp°= Zp (all /?) interference of scattered 
waves can occur. 

The medium will very likely be left in a low-lying 
state if Q, the momentum transferred to the scatterer, 
is not much larger than the width of the spectrum of 
Q' values in ao(Q')- For scattering of sufficiently small 
angles this condition can always be met. 

On re-evaluating Eq. (95), which involves forming 
the square of Eq. (84), we now obtain 

n(Zc?)=n,(a)+ £ niaaw'MZf-Z^) 

= ^c(a)+£ »(«,/*). (96) 

Here we use the convention (92) and the evaluation 
(83) for the terms with M=M/ in the double sum. For 
JU^M'J Eq. (89) is used for the evaluation of the scattered 
amplitude. Thus ZM°=Z^ and ZM'°=ZM' in G above. 
The density n{a,ix) is defined by Eq. (96). 

One may well ask why it is just the correlated term 
(l/eO2)G(ZM

0-ZM/°) is kept in Eq. (96) rather than 
(see Eq. (4)) the full probability P(ZM°, Z / ) . The 
reason for this is that the P0 operator instructs us to 
discard elastic scatterings. From Eqs. (24) and (25) 
we see that the term P(ZM

0)P(ZM/>) in P(ZM°, ZM,°) leads 
to elastic scattering and has already been included in 
the optical model potential.5 

The transport equation is now very simply obtained. 
We multiply Eq. (85) by its complex conjugate and 
use the definitions (91) and (91a). [For the interference 
terms, we use Eq. (96)]. Finally, the relations (93) 
permit us to replace the integrations over Z£ and ZM>° 
by a factor of V2 in the last term on the right in Eq. (97) 

below; but this factor of Z2 makes up for the missing 
integrals over Z«° and Za>° to give just w ^ / ) -

[P(Z^)P(Z^)P(Zao,Za^)]-i 

xfu(Z«°)gogotya>^(Z«>°) I L (v9*ac/ffl)d*Z* 

^G(ZfP-Z^)n(aa',0) 

= G(Z^- Z^tEpo^WiR*'?) (97) 

Xm^,m)ncW) 

+ £ G{Z»-Z,mpP{R«t)E^{R«'t>) 

Here we have made the approximation of setting 

Ep>p> = Eppy 

etc., in all quantities except oscillating exponentials. 
This is generally justified, as will be seen, since distances 
such as (Zp— Zp>) are of importance only if less than 
Rc. Also, we have introduced [see Eqs. (82) and (90)] 

<rw(c$M = °(<$M for &=ff 

aw(af3M^\M<x0M\2 for (3^(3'. (98) 

This is in accordance with our discussion accompanying 
Eq. (96). Physically, this means that our cross section 
is that appropriate for an unbound scatterer for the 
incoherent terms and is that appropriate to an infinitely 
heavy scatterer for the interference terms. 

To further simplify Eq. (97), we observe that 

exp(ikpRap) 
Epp(Rap)^ X (nonoscillatory terms.) 

Ra0 
Thus, we set 

Epp{R*p)EpJ(Ra>p>)^IEpp(Rap) 12 explikftiRae-Raw)! 
~ | Epp(Rap) 12 e x p [ - A « r (y a - y,)], (99) 

where 
kap^kpnap, 

ya=Z«'-Za0, (100) 

Now Eq. (97) becomes 

G(Zf?-Zfi>°)n(acfffl) 

= exp(— ikafi• ya)[G(Zp°— Zp°) exp(ikap• yp)l 

X [ | Ep0(R*p) 12<w (tfMnciffl) (101) 

+ £ \Ep,(R<xp)\2<rpp>(a(3,pfx) 

XGCZ^-Z/M^VM')]-
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This equation may be "solved" with the Ansatz 

exp(—ikafrya)n(a,l3) 

= E G(Zf-Zr°)n(aa'ffl) (102) 

[compare Eq. (96)]. Using Eq. (102), Eq. (101) may 
be written as 

n(a,/?)= \Efio(Ra0)\2(r.(al3J3O)ne(0) 
+ Z,\E^(Ra^cn(^Mn(M^ (103) 

We have here introduced the abbreviations [the 
convention of Eq. (93) is used to set G(Z °̂—Z °̂) = 1]. 

XLnc(P&)/nc(P)ynr(aP,P0) 

= H — J d*yfi G(yp) exp(*ka/r y,s) 

1 (104) 
Xnc(P&)/nc(P) Mftfl) 

ae(am) = *(*m)U+(p/T)§d*y G/y) 

Xexpp(ka /3-k^)-y]} 

[The cross section <j\ is essentially that appearing in 
Eq. (22)]. The occurrence of TLi in Eqs. (104) expresses 
the fact that the kinematics is different for the quasi-
elastic than for the inelastic collisions. Also, the energy 
of the particles scattered quasi-elastically is not equal 
to that of inelastically scattered particles. Thus, even 
though Eq. (103) is formally correct, one may have 
to label separately the quas-elastic scatterings.17 In 
most cases, however, we do not anticipate this complica­
tion, since the quasi-elastic scattering is expected to be 
important for small angle scatterings—and here the 
kinematics are the same for the two "types" of 
scattering. 

Equation (103) is our final transport equation. 
Recalling that 

| E\ ^ [ l / ( ^ ) 2 ] exp [ - (1A)**1 

the structure of this equation is rather obvious. It 
represents an inhomogeneous equation for the ft (a,0), 
since nc(f$) is considered as known (it is just the initial 
beam intensity). 

Depending upon the information which one desires, 
there are a variety of special forms for (103). For 
example, we may define 

8en(a;e)= £ w(a,0) 
/3(in 5e) 

(106) 

as the density of particles at a having energy between 
e and e+de. The sum in Eq. (106) is carried out over 
only those scatterers "/3" which scatter particles into 
the correct energy range. 

Again, 
dedUkn(a; e, k)=~ j8»(a,0) (107) 

represents the density of particles at a having energy 
e and momentum parallel to k (within the solid angle 
JOk). The sum over "#" runs over those scatterings 
which satisfy these conditions. 

When the scattered particles are sufficiently light 
that their energy loss on scattering may be neglected, 
a very simple transport theory is obtained. We then 
define 

^(Z a°,k)^^(Z a°)6(fik~-Ok 0)+E^M)(l/^k) 

(108) 

= »c(Z«0)*(Qk-Qko)+p [Rap2dRa(in(a,(3). 

Here the ]C/3 is carried out so that (Z^0— Za°) lies within 
5̂ k of the direction of k. 

On summing both sides of Eq. (103) over £, subject 
to the above condition, we finally find 

»(x,k) = #c(x)5(Ok—S2ko)+p fR2dRf> dlV 

17 We shall give a more detailed treatment of quasi-elastic 
scattering in Part II. 

X|^W|V e(k,kO^(x ' ,kO.^ (109) 

For simplicity we have replaced Z«° by x, etc., and 
have set 

R=x'[x=-R(k/k). (110) 

Equation (109) thus gives us the number of particles 
in a unit volume at x travelling within unit solid angle 
of the direction k. The incident density nc(x) contains 
only particles travelling in the direction k0. Were we 
to take 

\E(R)\2=(l/R2)e-WR, 

Eq. (109) could have been written down intuitively 
(using Eq. (22)). 

As a final comment covering Eqs. (103), we recall 
that (re(aP,t3fj,) in a strict sense depends upon the 
momentum Q' of particle ft before it was struck. We 
must suppose then that the <re actually used in Eq. (103) 
represents an average over (/-values. It is also true 
that \Efol2 is an average over the medium wave 
function. The manner in which these averages are 
evaluated will depend on the particular problem at 
hand. 

IV. FURTHER DISCUSSION OF THE 
TRANSPORT EQUATION 

First, we should like to describe in more detail the 
evaluation of the "propagator" Epp of Eq. (83). This 
is defined implicitly on comparing Eqs. (53) and (83). 

file:///Efol2
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In lowest order 

E(ip= (eW/Rfi) exp[iQ• (Z , -Z^) ] , (111) 

as evaluated in Sec. II. The corrections to Eq. (I l l ) 
arise from two sources. First, the exact root of b(p) = 0 
is not given by Eq. (64). Second, the correction terms 
to £)£ (Eq. 54) do not in general vanish. 

The corrections may be treated in a straightforward 
and systematic way. The expansion (54) is explicit 
and the terms of the series may be evaluated as expecta­
tion values over the state gyo. Also, the root 6(p0) = 0 
may be expanded as 

po=Pj3+5p+5p2+ • • • 

1/ M \2(k ' .Q')2 1 / ^ * <2'2 

«P2=—I ) + , (H2) 
2\M+m*/ P/3

3 2M(M+m*) Pp 

etc. Here dp is given by Eq. (64). To the next order, 
Eq. (65) gets a factor 

exp( i^6p 2 )~( l+^5p 2 ) . (113) 

After a little reduction, we are led to 

\Epp\*~(l/Rf)e-R^(0\ l+ilRfMlly). (114) 

Here we have set 

i f o - V O ^ - l A . . (U5) 

If the distribution of Q' is spherically symmetric, then 
the commutator in Eq. (114) goes to zero as R# becomes 
large. Thus to this order | £ | 2 is not modified. 

It is important to observe that |E | 2 is in general 
much simpler than E itself. This follows, since 

E ~ ( l / R ) exp[ik(y)K] 

for excitation of a state " 7 " of the medium. When we 
form |-E|2, the oscillating phase factor drops out. 
We can see in detail how this occurs for the correction 
(113). Hence we have to evaluate such quantities as 

(*o(G"), exp[-;Po(e")#] exp[*p0 (£')*><> (Q0). 

Now, Q"^Q'+A&, where Ak is the uncertainty in the 

momentum of the scattered particle. But Akc^h/R, so 
there is not an effect which increases with R. 

Returning to Eq. (54) for %, we recall that We* is 
to be chosen to make the expectation value of the 
first correction term vanish. Also, the leading term in 
the Placzek-Wick expansion does not occur for us. 
This term was 

( /m* \ [ ( l / 2M)<e , 2 ) ] \ 

which is just (V/VR) in Eq. (81). This factor does not 
appear in our cross section o-[Eq. (82)], however. 
The next Placzek-Wick term does occur. It arises from 
the fl'Qo- B/3 term in Eq. (54). One is led to 

Rf \ Xs / I 96V M J 

— ) + • • • . (117) 
M 2 / eo3 J 

Here Pp is the binding potential of particle "0" in 
the medium. 

The evaluation of the correction terms to \E\2 

seems straightforward in principle (in that they are 
reduced to expectation values with respect to the 
ground state 7=0). They also become rapidly small as 
€0 becomes large compared to the binding interaction 
of the scatterers. Actual evaluation of |E | 2 is rather 
tedious; however, some further discussion of this will 
be given in Part II where some simplifying approxima­
tions are demonstrated. 

When the particles scattered are indistinguishable 
from those in the scattering medium, our formalism 
requires little modification.18 The scattering matrices / 
must of course be properly symmetrized. If the scatter­
ing medium is a degenerate Fermi gas, then one must 
exclude states for the recoil particle which violate the 
Pauli principle. 

18 A detailed study of this case has been made by G. Takeda 
and K. M. Watson, Phys. Rev. 97, 1336 (1955). 


