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The distorted-wave Born approximation is used to calculate the p-y angular correlation from several
deuteron-stripping (d,p) reactions. One /=2 and four /=1 captures are considered. Optical potentials with
rounded edges are used to distort the wave functions. In some cases the correlation is considerably changed
from the pattern predicted by the plane wave Born approximation, and the distortion effects are strongly
dependent on the direction of the emitted proton, and on the type of distortion assumed. We include a
general discussion of the theory of the (d,py) correlation.

INTRODUCTION

HE distorted wave Born approximation (DWBA)

has been used recently for a numerical evaluation

of deuteron stripping cross sections and polarizations,!+?
showing that a considerable improvement in the fit to
experimental data can be obtained compared to the
simple plane wave, or Butler, theory.® The DWBA
theory also modifies the predictions of the simple
theory for the angular distribution of any ¥ rays
emitted by the residual nucleus.*® The study of such
departures from the simple theory can give valuable
information as to the validity of the distorted wave
theory. Several of such experiments have been reported.®
We present here the results of (d,py) angular corre-
lations for several particular reactions. For each
reaction four different forms of stripping theory were
tried: (a) plane wave Born approximation with radial
cutoff (Butler theory), (b) Coulomb wave Born
approximation with radial cutoff, (c) optical potential
wave Born approximation with radial cutoff, (d)
optical potential wave Born approximation without

* Supported in part by the Natlonal Science Foundation.
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radial cutoff. Our calculations were based on stripping
amplitudes previously calculated by Tobocman.? Pre-
liminary to the presentation of our results we will give a
description’of the theory of the (d,py) correlation which
represents an elaboration of the approach of Huby,
Refai, and Satchler.®

GENERAL FEATURES

When plane waves are used to describe the reaction
A(d,p)B, the probability of a neutron being captured
with component m of orbital angular momentum !
vanishes unless m=0, when m is measured along the
direction of the recoil momentum k=ks— (M1/M r)k,
(kg and k,, are the center-of-mass wave vectors for the
deuteron and proton, respectively). That is, the vector
1 is perpendicular to k, and equally distributed around
it. So the residual nucleus is oriented as though it had
captured neutrons from a plane wave incident along
k.” Then (provided they are measured in coincidence
with protons along k, so that k is defined) the angular
distribution of any ensuing v rays is the same as for a
resonant (n,y) reaction, with k an axis of azimuthal as
well as back-forward symmetry.

These simple results are modified by any distortion
of the proton or deuteron waves. The Butler theory
completely neglects refraction and reflection of the
waves, while attempting to simulate absorption within
the nucleus by ignoring contributions from inside some
cutoff radius. Such effects introduce some shadowing
which, crudely speaking, favors one “side” of the
nucleus as a source of protons emitted in a given
direction.® This is reflected in the capture of neutrons
with nonzero components # of orbital angular mo-
mentum 1 along the recoil direction k. No longer is 1
always perpendicular to k, or equally distributed around
it. Rather, it becomes preferentially aligned parallel or

" 7The discussion here is equally applicable to (d,n) reactions,
although of course the outgoing neutrons do not experience any
Coulomb repulsion.

8 N. Austern, S. T. Butler, and C. Pearson, Phys. Rev. 112,

%%73(1958), H. C. Newns, Proc. Phys. Soc. (London) A66, 477
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antiparallel to k;Xk,, and no longer is there a simple
axis of alignment for the residual nuclei in general.
This polarization of the capture process allows the
outgoing protons to be polarized, and also tends to
destroy the symmetry of the y-ray distribution about
the recoil direction. In particular, for /=1 captures the
effect is to rotate the y-ray symmetry axis away from
k, and to introduce some azimuthal anisotropy about
this axis, while for captures with higher / there is, in
general, no axis of symmetry for the v rays.

The distorted waves we use here are those given by
an optical model, adjusted so as to give a reasonable
description of the observed elastic scattering. Effects
of spin orbit coupling on the scattering have been
neglected ; they are expected to be small, but will be
investigated in future calculations.

THEORY

The general angular correlation for v rays emitted in
a direction (0,¢) following a (d,p) reaction, without any
assumption as to the mechanism of the reaction, takes
the form®

W (6¢) =3 kq@xCrq(0), 1

where Cpq(6¢) = (4m)*(2k+1)~%Y,2(6¢) is the spherical
harmonic normalized so that Cop=1 and Cio(6s)
= Py (cosf). The angles 8 and ¢ refer to the center-of-
mass system of coordinates. The coefficients ax, depend
upon the nuclear spins and vy-ray multipolarity, and of
course the direction of emission of the protons. Since W
is real they must have the symmetry a,= (—)%—c%,
and if the v transition is between states of definite parity
only ax, with even & are nonzero. The vy distribution has
symmetry of reflection through the reaction plane
containing kg and k,, so if the # and z axes are chosen
in the reaction plane we require the axq to be real to give
W(6,0)=W (0, —¢). Alternatively, if we took the z
axis along kqsXk, we would require ¢ to take only even
values so that W(0,¢) =W (r—0, ¢).

If we now assume the stripping mechanism (in
DWBA, but still neglecting the small spin coupling in
the distorted waves) and only one value of / takes part,
the @y, separate into two factors

@rq=gilkaq, (2)

of which g; contains the dependence on nuclear spins
and the fofal angular momentum j=IJ473 of the captured
neutron.® If the target of spin J4 absorbs a neutron to
form a state of spin Jp which then decays to a final
state of spin J,,

ge=[2710110; mi(55'T 4T B)]
X[ X1 CrCrFr(LL' T T 5)], (3)

9 Although spin-orbit coupling is assumed to have negligible
effect on the distortion of the deuteron and proton waves, it is
implied for the captured neutron in so far as the neutron reduced
widths depend on j. However, this dependence enters the gz, and
does not affect the dynamical factors di,.
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which we may write symbolically as gr=niFr® As
usual, we have 2 2l, j+ 7', L+L', and 2Jp. 6;; is the
reduced width for capture with j=I=4%, and Cr the
reduced matrix element for a 2%-pole y ray. If we
normalize to . ;0;2=2.Cr?=1, then gy=1. The
coefficients 7 1 and Fi 2 have been tabulated. If one
prefers to work with a channel spin representation
(vector sum of target spin and captured neutron spin
S=J4=%3) we replace gr=n:F% by gr=2Z,F%, where

Zi=Y50s2(—)57802J g+ 1) (1T slT 5,SE), (4)

s0 Zo=1if 35 0s2=1. Tables of Z=14*Z are available.’s
The dynamics of the stripping mechanism, including the
effects of distorted waves, are described by the dp,,
which are esseuntially the statistical tensors pgq(l)
described in detail in reference 5,

dig=pa (i) (— )L (10,)0[ R0) 2+ oo 17, (5)
so that doo=1. (This normalization is only possible with
even k, since (/0,/0| k0) vanishes if % is odd.) In the plane
wave, Butler, theory the di, are unity if ¢=0 and zero

otherwise, if the z axis is chosen along the recoil k,
so that the distribution (1) becomes

Wo(0) =" gxPr(cost). 6)

In the general case it is instructive to study the
correlation function (1) referred to two sets of axes.
First, if we choose the x and z axes to be in the reaction
plane, so that the di, are real, the correlation becomes

W (6¢)= ; &k [ dyoPr(cosh)

(k=g
+2> (—)q[ ]qu(e)qu cos(gp) t. (7)
>0 (k49!

The existence of a symmetry axis for W would imply
that the z-axis could be chosen so that all d, with odd ¢
(and hence odd powers of sinf) vanished. This can
always be done when 2=0 and 2 only, but not other-
wise, except in the plane wave limit (6). Alternatively,

0 The discussion of this section is also appropriate to other
stripping reactions such as (He?d), etc. In particular Egs. (2), (3),
(4), and (5) give the b—~ correlation coefficients for any such
reaction 4 (¢,b)B in which a single nucleon, initially in an S state
within @, is captured with j and / by the target 4. The exchange
of a cluster, again if initially in an S state within e, such as in
(a,@) if viewed as a stripping reaction, will lead to a different
coupling factor 7z in (3) if the cluster spin is not %, although the
Zy of (4) will be unchanged. The a—+ correlation from the inverse
pickup reactions B (b,a)4 is also described by the same equations
(with appropriate interchange of suffices 4 with B and e with b)
with the coefficient di, for pickup being equal to the stripping
coefficient (— )¥9d;,* of (5) and reference 5. The only consequence
of this is that the phase angles ax, or ¢o, discussed below, change
sign. Thus the results reported here and in reference 2 give a
qualitative idea of distorted wave effects in these reactions also.

11 G, R. Satchler, Proc. Phys. Soc. (London) A66, 1081 (1953).

27, C. Biedenharn and M. E. Rose, Revs. Modern Phys. 25,
729 (1953); M. Ferentz and N. Rosenzweig, Argonne National
Laboratory Report ANL-5324 (unpublished).

181, C. Biedenharn, Oak Ridge National Laboratory Report
ORNL-1501 (unpublished).
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TaBLE 1. Parameters characterizing the cases calculated.®

Ca#(d,p)- Pb¥'(d,p)- Te(d,p)-
Cass Phbe Ti®

B10(d,p) B1t

Ep(Mev) 8.1 7.01 15.1 2.6

Q(Mev) 9.24 (14.30 .;.41 4.46

1

R(1071 cm) 541 6.15 8.74 6.18
(i) (ii)

Vip(Mev) —60 -50 —50 —50 —44

Wip(Mev) -17 —14 —14 -15 —-13

arp (10718 cm) 0.70 0.68 0.68 0.70 0.70

Rrp(1078 cm) 3.66 3.23 5.30 8.60 5.34

Vrp(Mev) —50 -50 —60 —60 —60

Wrp(Mev) -11 -8 -10 —-10 -7

arpP(10718 cm) 0.40 0.40 0.40 0.40 0.45

Rrp(10718 cm) 2.9 2.9 4.26 7.12 4.36

s See reference 2.,

if we choose the z axis along kaXk, (the axes chosen
in reference 5, and use a tilde to denote quantities
referred to these axes, the di, are now complex, but
vanish for odd g¢. Let us put

dka= I‘qu{ exp(—1igax,),

so the correlation (1) becomes

W)= o doP(cosd) +2 £ ()¢

(k—qg)! ) -
%7 (qu —akg) (- (8
X[(k+q)!]P 0)|deal cosg@—azg) | (8)

Now the existence of a symmetry axis requires that
we can find an x axis which makes all the phases
(gakg) =0 or w. Again, generally this is only possible
if k=0 and 2 only, or in the plane wave limit with »
along k.

When the value of % is restricted to 0 and 2, the
correlation can be rewritten in a simple way.? From (1)
or (8) we can write quite generally

W(é&) =14+A4P; (COS@) +A42P32 (é) cos2 (&—4)0) . 9
If we call 422/A"=—%)\, then in the reaction plane,
f=m/2, the correlation becomes
—64\

W=1+a cos?(p—¢0), a=———
2—A5(1—3\)

(10)

while in the plane perpendicular to the symmetry axis
¢=do, f=m/2,

349(1-2)

W=1+48cos¥, f=—",
+hcost, 8 2—AL2(1—3))
so that 8/a= (A—1)/2\. The equations (9), (10), and
(11) are independent of the reaction mechanism. The
stripping assumption identifies ¢o=as2 and makes
definite predictions for the coefficients; in the plane
wave theory it gives A°=—1%g, and A=1. For /=1

4 The words ‘“‘perpendicular to the symmetry axis” were omitted
from reference 5, following Eq. (6.7).
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captures in particular,'® stripping imposes the restriction
0<MK1 and further predicts that Af=—1g, in-
dependent of proton angle (so that A5° is unaffected by
the distortions for /=1). The restriction on \ for /=1
implies B/a is always negative or zero; the anisotropy
in azimuth about the symmetry axis ¢ =4, is of opposite
sign to that in the reaction plane. The N plays the
role of an attenuation coefficient when l=1, since
if we define the anisotropy e=[W(0)—W (x/2)]/
[W(0)+W(x/2)], then in the reaction plane ¢/ey=N\;
the anisotropy is reduced to N times its value ¢ in the
plane wave, Butler, theory. (This simple result does not
hold for other / values because then dzo and thus A5 de-
pend on the distortions; in general ¢/eo=2\d20(1+3g2)/
(gd2—1). Also, X may be greater than one so that
B/a need not be negative; see Fig. 11.)

The proton polarization is proportional to (1—M?)}
for =1 captures,® but there is no such simple relation
for other I values. However, when the proton polari-
zation reaches its maximum allowed in this theory
3if j=1—3%, 3/ (41) if j=14+%) thenA\=0for all / and
the v rays are isotropic in the reaction plane.®
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15 If the restriction £ <2 is not already imposed by the values of
Jg or L, but is found experimentally, then there is already some
indication of the selection rule <2/ (or #<2j) and thus some
evidence for the stripping mechanism. A reaction proceeding
through a compound nucleus would not impose this restriction
in general.
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With /=2 captures there will in general be k=4
terms also. It turns out for /=2 that the phase angle
2049=2a95+7 (though this will not be true for other
I values), but we still have the other angle as. Then in
the reaction plane (8) takes the form (with ¢o=ass,

d1=aus)
W =bo+bs cos2 (¢ — o) +bs cosd ($— ), (12)

where ¢~ ¢ except in the plane wave limit when both
become the angle of the recoil k. With /=2 we also
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have the relationship with the proton polarization P,
2§41 P==£(5)"[(5/3) (1 —d2)>— (96/7) |das|*].

These various relations and restrictions form tests of
the DWBA theory. They are essentially unaltered by
inclusion of the D state in the deuteron internal wave
function; there is no interference between it and the
dominant S state, so the D state can contribute at
most a few percent to the vy correlation. Spin-orbit
coupling in the distortions would produce some effect
by making the d;, depend on j as well as /, but this is
thought to be small.

It has been suggested!® that measurement of the
angular distribution of a particular group of protons
(or neutrons in a (d,n) reaction) would sometimes be
facilitated if they were detected in coincidence with
de-excitation vy rays emitted perpendicular to the
reaction plane. In the plane wave theory the results
of such a measurement, as a function of the angle
between the protons and incident deuterons, would be
the same as the differential cross section for protons not
in coincidence provided only one ! value contributes.
In the distorted wave theory it turns out that this is still
true for captures with /=0 (because the 7’s are isotropic)
and with /=1. For other / values the proton distribution
is changed when measured in coincidence. It is given
most simply by (8) with §=0,

W (6=0)=3"x gidxo, ' (12)

16 A. E. Litherland and A. J. Ferguson, Bull. Am. Phys. Soc.,
Ser. 11, 5, 45 (1960).
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RESULTS AND DISCUSSION

The parameters characterizing the transitions con-
sidered are summarized in Table I. Although most of
these figures correspond to ground-state transitions in
the nuclei named, so involving no 7 rays, this is irrele-
vant, for our purpose. Other reactions leading to excited
states, but with similar values of the parameters,
would show similar behavior. We merely wish to give
some preliminary idea of the effects of distorted waves
on the p-y correlation.

Four cases are considered of /=1 captures, and the
calculated cross sections, proton polarizations, attenua-
tion coefficients N, and symmetry axis angles ¢o are
plotted as a function of the proton detector angle 6, in
Figs. 1-8. The N are related to the proton polarizations
P of reference 2 by

Qj+1)P=x3(1—-N)} (14)

while the symmetry axis angle ¢o measured from k,
is given in terms of the matrix elements B defined in

tan2¢o=v2 Re(B'B¥) (| B|*—}| B|?). (15)
This determines ¢o to within ==7/2; the correct ¢ is
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and only for /=0, I=1 (when dy=—1%), is this in-
dependent of the proton angle. Otherwise the coin-
cidence proton angular distribution is given by the
noncoincidence one modulated by the angle dependent
function (12), which thus provides a convenient way
of measuring the dyo as a function of the proton angle.

So far we have discussed v rays detected in coin-
cidence with the protons. We may ask how far is the
angular correlation “smeared out” when the protons
are not observed. If 6 is the angle between the vy ray
and a z axis chosen parallel to the incident deuterons,
the noncoincident y-angular distribution is given by

W (6) =2k gi{dro)Pr(cosb), (13)

where {(dio) is dro averaged over the proton angular
distribution. (The d;, with ¢5£0 give zero when averaged
in azimuth around the incident beam.) This cannot be
evaluated in any simple way even in the plane wave
limit, but in this limit {(dxo)= (Pr(cosbr)), where 0z is
the angle the recoil k makes with the deuteron beam.
So if the proton distribution is strongly peaked, we may
obtain a rough idea of (dio) by evaluating P;(cosfz) at
the 8z corresponding to the proton peak. But if, as
usually happens, the proton distribution is still quite
strong at angles well away from the main peak, the
average {dxo) would have to be evaluated numerically
from the DWBA values.

given by knowing cos2¢y has the same sign as
3| B%[2— | B'|2. In the plane wave limit ¢, is the angle
6r between kg and the recoil k.

In addition one /=2 capture was considered, (a) in
the plane wave limit and (b) with optical model
distorted waves with no radial cutoff. The differential
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cross section and proton polarization are repeated in
Fig. 9, and the p-y correlation coefficients di, of Eq. (7)
(referred to z axis along kg, y axis along kaXk,) are
given in Fig. 10. Further, as discussed above, when only
values k=0 and 2 are allowed, the correlation is con-
veniently given in terms of dzo, A and ¢, and these are
plotted in Fig. 11. The expressions for A, ¢ and the di,
in terms of the B™ matrix elements are given in the
Appendix.

Perhaps the most striking feature of the results is the
same as that found for the differential cross sections
and polarizations,? namely the importance of the
contributions from the interior of the nucleus even
when optical model distorted waves are used. Inclusion
of the Coulomb effects, and even of the optically
distorted waves when the interior contribution is
neglected, does not make the results deviate very far
from the plane wave theory predictions. It had been
anticipated that the deuterons, at least, would be
sufficiently strongly absorbed within the nucleus to
make the interior contributions negligible. The optical
model fits to the deuteron elastic scattering®!” require
imaginary parts corresponding to a mean free path in
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F16. 6. (a) Attenuation X and (b) angle ¢, (in the c.m. system) for
Pb27(d,p)Pb28, Curves labeled as in Fig. 5.

177, Slaus and W. P. Alford, Phys. Rev. 114, 1054 (1959); M. A.
Melkanoff, Proceedings of the International Conference on the
Nuclear Optical Model, Florida State University Studies, No. 32,
edited by A. E. S. Green, C. E. Porter, and D. S. Saxon (Florida
State University, Tallahassee, 1959).
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nuclear matter of between 1 and 3 fermis. While the
latter figure is comparable to the radii of light nuclei,
the wave function within a finite nucleus is further
attenuated by reflection at the surface. However, one
compensating factor is that the distance over which the
amplitude of the wave is attenuated by 1/e is twice
the mean free path, and it is the amplitude which
determines how much the contributions from different
regions of the nucleus may interfere. In this way, the
differential cross-section, etc., may be much more
sensitive to interior contributions than the total cross
section in which these interferences average to zero.
The effect of the interior is particularly marked in the
case of BY, where the results bear little relation to the
plane wave theory. This is probably due in part to the
smallness of the nucleus, but especially to the large Q
value of 9.24 Mev. The latter implies a strongly bound
neutron and hence a greatly reduced probability of
finding the neutron “outside” the nucleus; this increases
the relative importance of the interior. Experiments
have been carried out on Be?(d,py)Be® with deuterons
of 4 and 8 Mev, and the results are close to the plane
wave theory at the one proton angle used.® However,
the Q value of this reaction is only 1.22 Mev. It would
be of interest to carry out experiments on a light
nucleus with a high Q value to see if the p-y correlation
shows the sensitivity our B calculations imply.

The importance of the interior contributions in the
Ti* reaction is also surprising, because at first sight
the deuteron energy of 2.6 Mev is well below the
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0

180-

Coulomb barrier (which would be 6 Mev for R=5.34).
However, the tail of the attractive optical potential
considerably rounds off the top of the Coulomb barrier
and increases its effective radius; the effect in this case
is to give the barrier a peak height of 3.3 Mev at about
9 fermis.

The calculations at present only display the difference
between the contributions outside and inside the cutoff
radius R. Since the R used are somewhat larger than
the nuclear mass and potential radii, it will be of
interest to see in future calculations whether the interior
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contribution is concentrated in the region just inside R,
or whether it is distributed throughout the interior. In
addition we do not yet know how unique are the choices
of optical potential which describe the elastic scattering ;
for example concentrating the deuteron absorption at
the nuclear surface might reduce the sensitivity of the
stripping reaction to the interior contribution while still
reproducing the elastic scattering. Finally it is not
certain that the distorted waves used in the theory
have to reproduce the elastic scattering exactly,!® or
even that merely distorting the center-of-mass motion
of the deuterons is an adequate representation of their
wave function close to the nucleus. However, the
distorted wave effects discussed here are undoubtedly
present even if there are additional dissociation effects.

The dependence of A, the attenuation factor for =1
captures, on the proton angle 6, emphasizes the im-
portance of carrying out p-y correlation experiments
with the proton counter set at a number of angles.
Experimental angular resolution will tend to wash out
the effects of sharp spikes such as seen in the N\ curve
for Ca*, Fig. 4, but it is of value to search for the
variations implied, for example, by Figs. 2 and 8
[in particular, for /=1 in conjunction with proton
polarization measurements to test the relation (14)7].
These curves also remind one that the experimental
observation of a near-isotropic vy correlation with
protons away from the main peak of the differential
cross section need not imply these protons did not
originate in a stripping reaction. The fact that in a
given case the proton angular distribution is only
slightly changed by distortion effects seems to be no
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F16. 9. Cross section do/dw and proton polarization P (in the
c.m. system) for /=2 capture in Ti*#(d,p)Ti® Broken line—
Butler theory, full line—DWBA.

18T, K. Fowler, Phys. Rev. Letters 1, 371 (1958).
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guarantee that the change in the p-y correlation will
be small. On the other hand, we have one case (Fig. 6)
where distortion has an important effect on the angular
distribution but very little effect on the angular
correlation.

The oscillation of ¢o about the recoil angle may
probably be understood in terms of the opposing
effects of the deuteron and proton distortions. It was
argued on semiclassical grounds that the two distortions
tended to produce proton polarizations of opposite
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sign, and this may be demonstrated analytically when
k, and k, have similar magnitudes (which is the usual
experimental situation).’® Under the same circumstances
one may also show that the phase angles ax, in (8), and
in particular ¢o=ase, are of opposite sign according to
whether we distort the deuteron or proton waves, while
the magnitudes of the di,, and hence of A, are the same.
Hence in favorable cases the shift of the y-symmetry
axis away from the recoil direction may be small even
though the attenuation of the anisotropy is considerable.

APPENDIX

The matrix elements B™ described by Tobocman?
differ only in normalization from the By, defined by
Huby, Refai, and Satchler,®

Bm= il[(2l+1)2M1NR]%Blm/h§z(R).

We give the expressions for the coefficients dy, for /=2
in terms of the B™, referred to a z axis along kg, y axis
along k;Xk,. (The corresponding expressions in
reference 5 were referred to a z axis along ks Xk,.) We
have Bm= (—)™B~™in these axes. We let dxg= Do/ Do,
where

Du=2| B |2] B2 | B
Du= [ BO|4 B 2= 2] B2,
Da=Re [(6)!BB¥+B'Bi*],
Dy=(3)} B'|*—2 Re (B"B*),
D=1 B4 Bl Bl
Dy=Re [(10/3)}(B'B*)— (5/9)}(B'B*)],
Du=(5/3)! Re (B°B*)+-(10/9)}| BL|2,
D= (35/9)t Re (BIB™),
Da= (35/18)}| B2|2.
They obey the relations
da+ (7)tdu— (10/3)4d =0,
dao—dso— (2)3das— (8/5) e+ (14/5)¥d44=0,
(10/3)d20—dso+ (70)}das=7/3.
Referred to kaXk, as z axis, kg as x axis, the d», are
doo=— (3)¥d22—3das,
dae=—1das+ (§)¥daotidas,

so that the parameter N and symmetry axis angle ¢, are
given by

A= (3)¥D20— Da2+2iDo1 | / (3D22+ (3)*Dao),
tan2¢o=2D2/[Das— (3)*Ds .
We also have in these axes,
12ds0="T+5dz0, (12) o= —5%s.

19 M. Y. Refai (private communication from H. C. Newns).



