FORMAL PARADOX IN QUANTUM ELECTRODYNAMICS

lowest order approximation 7©®. The quantity

A% g2 S A
lim —r©®(x?) — n[——+2 ln(—)]

A2ow Jy g2 3 m
is logarithmically divergent and remains so when regu-
lated by means of the standard conditions? 3 ;C;
=Y ,Cim2=0, where Co=1 and m, denotes the elec-
tron’s mass. It should be noted, however, that these
relations represent the minimum number of such condi-
tions required to ensure the vanishing of the photon
mass integral. There is nothing to prevent the adoption
of the further condition )_; C; In(m;/mo) =P, where P
is zero or any selected finite number. The use of such an
“extended” regularization procedure requires an extra
regulating field and changes the values of the coeffi-
cients C;, for 121 (they are now logarithmically di-
vergent with the regulating masses), but in no way
alters the results of the lowest order vacuum polariza-
tion calculation. Regularizing in this manner, the value
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of this renormalization integral is proportional to the
arbitrary number P.

This discussion should, of course, not be regarded as
exact in any way, or even correct; but rather as merely
a kind of plausibility argument. Certainly, any precise
statements concerning the effect of regularization on the
magnitude of the renormalization constants must await
the explicit demonstration of a consistent regularization
procedure for the coupled Heisenberg fields.
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The effects of possible superfluidity on the cranking moment of
a large many-fermion system moving under periodic boundary
conditions are investigated within the framework of the theory of
superconductivity recently formulated by Bogolyubov. The
Hamiltonian is initially subjected to Bogolyubov’s general unitary
transformation. The collective excitations of the fermions are
then considered in the usual pair approximation; the appropriate
cranking terms are linear in the boson pair operators. On perform-
ing a unitary transformation which transforms away these linear
terms, one obtains an expression for the moment of inertia of the
system which includes both the effects of possible superfluidity
and collective excitation. This expression, by virtue of its being
stationary with respect to arbitrary variations in the amplitude
associated with the latter unitary transformation, is then utilized
as a variational principle for the moment of inertia. For the
normal state, the result previously obtained by the author, that
the moment of inertia has the rigid value, is rederived in more

I. INTRODUCTION

N a previous work by the author! (hereafter referred

to as I), some of the consequences of particle-

particle interaction on the cranking moment of a large
many-fermion system moving under periodic boundary
conditions were investigated. In particular, it was
shown that the shift in the rigid moment of inertia due
to collective excitations consisting in mass-renormalized
particle-hole pairs could be obtained exactly without

* Work performed under the auspices of the U. S. Atomic

Energy Commission.
1 R. M. Rockmore, Phys. Rev. 116, 469 (1959).

. compact form. For the superfluid state, one finds that collective

excitations effect a marked increase in the superfluid moment at
intermediate coupling strengths although the resulting moment is
still quite small compared to the rigid value. In contrast to the
normal state case, where particle-hole pairs play a major role, this
increase is almost entirely due to excitations consisting of particle-
pairs or hole-pairs. The precise magnitude of the apparent reso-
nance in the moment produced by the d-wave part of the cranking
interaction is dependent to some extent on the features of the
particle-particle potential which leads to the superfluid state.
Variational expressions for the moment are exhibited for both
Yukawa and delta-function shell potentials. These results are
identical in charged and neutral Fermi systems. A calculation of
the cranking moment at finite temperatures is presented in an
Appendix along with an interpretation of it in terms of Bardeen’s
two-fluid model of superconductivity.

recourse to the usual perturbation theory.? Further,
this shift was found to vanish exactly, although, ini-
tially, it had seemed likely that pair excitations would
furnish the major contribution to such an interaction
shift. One noted that stability requirements®* in I re-

2 The effect of interparticle forces in the lowest order of per-
turbation theory has recently been investigated by R. Amado and
K. Brueckner, Phys. Rev. 115, 778 (1959).

3K. Sawada and R. Rockmore, Phys. Rev. 116, 1618 (1959);
A. E. Glassgold, W. Heckrotte, and K. M. Watson, Ann. Phys.
6, 1 (1959).

4 N. N. Bogolyubov, V. V. Tolmachev, and D. V. Shirkov, 4
New Method in the Theory of Superconductivity (Consultants
Bureau, Inc., New York, 1959). .
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stricted consideration to repulsive potentials or more
generally to those potentials which forbade the existence
of a superfluid state.® However, it has been demon-
strated® that the superfluidity of a many-fermion sys-
tem (which is characterized by the presence of an
energy gap in the spectrum of elementary excitations)
leads to important consequences for the thermodynamic
and electromagnetic behavior of such a system at low
temperatures. It seems reasonable then, to inquire
whether the pair correlations responsible for super-
fluidity may also produce significant changes in the
moment of inertia of a many-body fermion system and
to calculate in some suitable model what these and the
additional effects of collective excitation may be. The
present paper is devoted to answering this question.

In what follows, we have suitably generalized the
method utilized in I, that of the equivalent Hamil-
tonian,” so as to obtain an expression for the cranking
moment of a system of fermions in a cubic box, which
includes both the effects of superfluidity and collective
excitation. In Sec. II of this paper we develop this gen-
eralization of I in terms of the formulation of the theory
of superconductivity recently given by Bogolyubov.t
The Hamiltonian for the collective excitations of the
fermions derived in Sec. IT is next subjected to a unitary
transformation in Sec. IIT which yields an expression
for the moment of inertia and an integral equation
which determines this unitary transformation. Evalua-
tion of the moment is dependent upon solution of the
integral equation; the difficulties associated with the
latter are obviated through the formulation of a varia-
tional principle for the cranking moment. In Secs. IV
and V, the results for the normal state and superfluid
state cases, respectively, are discussed in detail. Addi-
tional remarks appear in Sec. VI. Although our principal
concern is with the cranking moment at the absolute
zero of temperature, we also present in an Appendix a
simple, but instructive, treatment of the superconduct-
ing moment of inertia at finite temperature.

II. DERIVATION OF THE HAMILTONIAN FOR
COLLECTIVE EXCITATIONS

In the notation of second quantization, the dynamical
system of fermions moving under periodic boundary
conditions is characterized by a Hamiltonian of the
form?®

3C=3Co+ 3C1+ ICins,

3Co=2_ €xCxo Cxos
ko .

(1a)
(1b)

5 L. N. Cooper, R. L. Mills, and A. M. Sessler, Phys. Rev. 114,
1377 (1959).

8 J. Bardeen, L. N. Cooper, and J. R. Schrieffer, Phys. Rev.
108, 1175 (1957).

7K. Sawada, Phys. Rev. 106, 372 (1957); G. Wentzel, Phys.
Rev. 108, 1593 (1957); R. M. Rockmore, Phys. Rev. 114, 941
(1959). See also reference 4 where this method is termed the
“‘method of approximate second quantization.”

8 We use the system of units in which 7=1. Our notation follows
closely that of I and reference 4.

ROCKMORE

1
3y=— 2 (—kK+q,K|v]—k+q, k)
2Q kk'q (k #k’) oo’
X C—k’+qt7.rc—k+qvck’v"rck0’, (1C)
Hine=—{2 2 Litr,kCitro Cko
70 ko
=2 2 LiysxCxiso’oxo}, (1d)

8740 ko

where @ is the quantization volume (a cubic box of
side L), w is the angular frequency for rotation about
the z axis, and the energy, ex, measured relative to the
Fermi surface, is given by

B ki

2M* 2M*; @

M* and kp denote the effective mass and Fermi mo-
mentum, respectively. The matrix element of the z
component of the angular momentum operator Lz is
given by’

(k-}—tlelk>ELk+r,k=[(_1)Al/i](ky/r)’ (3a)
<k+SILz|k>ELk+s,k=[(—1)Am/i](ka:/s)- (3b)

As in reference 4 we introduce new fermion operators a,
through the unitary transformation,

Ax0=UrCxt— ka_uT

, @
k1= Uk} +0xCrt T,
where #yx and vi are real functions which satisfy the
relation

wiltol=1,

and are symmetric with respect to the transformation
k— —k. As a result of the substitution,

Crt = Unoxot Vi '

C—xd = UrQxr1— vka'koT,

4)
the cranking interaction, 3Cins, takes the form

ICing= _w{z Z [Lk+r,k(uk+ruk+7)kvk+r)

770 k

X (@iir,ofaxo—axifaxyr 1)

F Licyr, k(#ier r0%— Vicpsthsc)

ot — it r,10x0) ]

—Z Z [Lk+s,k (uk+suk+vk'1}k+s)

s7#0 k

X (Qsepr,0

+

X (ays,ofaxo—axiTaits,1)

+ Licys,x (UreysVi— ‘vk+suk)
"

©)

Then associating the boson operators B,(k), 8,7 (k)
with the respective fermion operator pairs, axiayp,o,

X (axys,ofom’ —arys,10x0) 1}

9 See I and reference 2 for details; the notation is that of L.
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Qitp,o'ait’ in all possible ways, one obtains

3/ = Z [Ap(k;kl)ﬁpT(k)ﬁp(k,)‘*‘%Bp(kx _k,)

kk'p (k <k’)

X{8,' (k)B—p" (—K)+B8-,(—K)Bp(K)}], (6)

wherel®

4,(kk)=(1/0)
X ((k+p, K'|o| k, k'+p)—(k+p, K'|o| K'+p, k))
X (%14 pVicthicr4 pVk Uit pWicrVir-p)
+(1/Q)k+p, —k|v|k'+p, — k)
X (thicy pther pUhichic Vi pUsct Uk Vi)
+(1/9)(k+p, —K'—p|v|k, — k')

X (thicy pUicticr4 plhi - Uiclicy pic Ui p),

(M
and
By(k, — k)= (1/2) (k+p, —kK'—p|v| k, — k')
—(k+p, —k'—p|v| - K, k))
X (thscr pVser Uit Vi Vi p UiV p)
+(1/Q)(k+p, K'|2| k, K'+p)
X (s 4 plict pUxt Ui 4 pV Uil p)
— (1/Q)¢k+p, —k|o| - K, K'+p)
X (U4 gt ViV pH Ui UV Vi p)

®)

Note the explicit appearance of the exchange terms
among the matrix elements of v in (7) and (8). The
quantities By(k, —k’), 4,(k,k’) are real and symmetric
under the interchange k< k', i.e.,

BP(k’ _kl)=BD(k’7 _k)7 (93')
Ap(k)kl) =Ap(k,1k)‘ (9b)

In terms of the pair operators 8,(k), 8,7(k), one has
for the “principal part” of the cranking interaction,

FCint' = — {2 2 [Licrr,xe(UipsVu— Vieprh)
r#0 k

X (B:" (k) =B (k+1))]— (r < 5)}.

The Hamiltonian for collective excitation is finally
completed by adding to (6) and (10) the self-energy of

(10)

0 For the superconducting state we make the usual assumption
of translational invariance in momentum space (at least for small
p) and set (kike|v] ksks)=v(ky,ke)=0(ks—k2). [ See, for example,
G. Rickayzen, Phys. Rev. 115, 795 (1959).] Then, it is easy to
show that

Ay (k, k)= (1/2)(k'+p, K')M (k+p, K)M (k'+p, k')

+ /v (kk)L(k+p, K+p)L(kK),
By (k, —k")=(1/@)o(k’+p, k)M (k+p, k)M (k'+p, k')
—(1/Q)(k, —k'—p)M (k+p, k)M (k'+p, k),
where
L(k,k")=urur —vxvre,
M(k,k’)=ukka + Uk vk,

11 Relation (9a) follows from the symmetries
(a,blvlc,d)=(—b, —a‘v} _'dy '_c>y
(a,blv]c,d)={(d,c|v|b,a);

relation (9b) follows from the hermiticity of 3C,’.
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the pairs,
5co'=kz BBy (k)Bp(k), (11)
where '
Eyy=Eyyp+Ex. (12)
The dispersion law for single particles,*¢
Ey= (e2+1?)}, (13)

where I denotes the energy gap [we shall take the en-
ergy gap to be constant'? with I=1I(kr)], obtains in
the superconducting state and goes over to the normal
law Ex= | ex| when I=0. Moreover the functions ux, vx
which, in the superconducting state are given by*

ux=[5(1+ex/Ex) }, (14a)
ve=[3(1—ex/Ex) ]t (14b)
take the values
ux=1 (k>kr)
=0 (k<hs), (152)
=0 (k>kr)
=1 (k<kp), (15b)

when the energy gap goes to zero.
Thus we have for excitations consisting of particle-
hole pairs only,

[3C" Jrmo
= 2
kp
(|k+p| >kr; B <kr)
- >
kp
(|k+p| <kr; k>Ekr)

= Z wkp*cpT(k; O')Cp(k§ 0),

kpo
(|k+p| >kr; k <kr)

wipcpt (K3 Dep (k1)

wip*ep (—k—p; )cp(—k—p; {)

together with!

(3¢ Jro

1
-—— T

2Q Kk'poo’
(|k+p| >kr; k <kr)

XLep" (ks 0)cp(K'5 ") 4-¢p" (K5 0”) ey (ke 0) ]

u(kk'; p)

1
+— ¥
kk’poo’
(Ik+p| >kr; k <krF)

XLep(k; o)ep(—K'; 0")F-cp" (= K'; 0)ey " (k; ) ],

vi(k, k'+p; p)

12 See the relevant discussion in Sec. IIT of reference 5.
18 See Eq. (25) of I where the sums over k and k’ do not include

spin.
M See Eq. (26) of 1.
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E:}cint,]I:O
= _w{z Z Lk+r,k
770 ko
(Ik~+r| >kr; k <kr)
XLet(k; 0)—c—r(k+1; 0)]— (r > 5)},
where
(85 (k) J1=0

=Ck176k+pf=cp(k;'r), (‘k+p|>kF)k<kF)
=cxpilcm=c(—k—p;{), (|k+p|<kr;k>kr).

Hence it is apparent that the present investigation con-
tains our previous work as a special case, namely the
zero gap limit. (However, it will be of some advantage
to treat the normal and superfluid state cases somewhat
differently in the following sections.)

Considerable ease in the further manipulation of

JCeollective excitation = SCOI +5€1, '|'3(3 intI, ( 16)

is gained by rewriting it in terms of the canonical
variables,

(k)= (2Exp)~'[8, (k) +B-," (— k) ],
7y (k) =1 (Exp/2)'[8," (k) — 8- (— k)],
which satisfy the usual commutation relations
Les(k),0p (K) J=[rp (k),mp (k) ]=0,
Lop(k)mp (K) J=10pp 0.
The additional symmetries
ep' (k)= (—k),
mp! (k) =7_,(—k),

follow on inspection. After substituting (17a), (17b)
in (16), and making use of the relations

AP(k;kl) =A——P('— k,’ - k);
BD(kaI) =BP(—kI: - k)y

one finally obtains

(17a)
(17b)

(18a)
(18b)

(19)

(20)

JFCeollective excitation

=3 kZ {mo! (K)mp (k) + Exp’0p" (k) 0p (k) + Exyp }
P
+ ¥
kk'p(k <k’)
X{ep' (k) 0p (k') + (Exp Excry) 'yt (K )y ()}
+%Bp (k; - k’) { (‘Per(k) S"p(kl) + ¢’p(k) €0er (kl))
— (ExpBirp) (' (K)mp (k) +p (k)7 T (K'))} ]

oz ()G
ez 0=(5)(52)

>< (uk+svk'—'l)k+suk)7rs(k) }. (21)

(Ekak’p)%[Ap (k;k/)

) (uk+rvk— ‘Dk+ruk)
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III. VARIATIONAL PRINCIPLE FOR THE
MOMENT OF INERTIA

As in I, we need only consider

3Co=3Cos +3C1a’+3Cin¢ <, (22a)
where
=32 m (k) (k), (22b)
kr
Xi'=1 X (ExEwo)?
kk'r (k #k’)
X[4:(kk)—B.(k, —K')]
X[t (K (K) 4 (K (k)],  (22¢)
EN 7 2 \}
S /=0 ¥ (~ i 2 )
r#0 k r Ekr
X (s 0x— Vi c0) e (K). (22d)

One assumes the analogous unitary transformation,’

Uz.=exp[—iw 2 fv(p) e (p)], (23)
pr/ .

with f:(p)=f—:(—p) ; the requirement,
Uat5C,U a=5C0, 43015 — 39 205% (24)

yields an expression for the moment of inertia,

g,=2zz<*1w( )( )(uk+,vk tsea) ()

0 &
—LAAI+ (k'zf,#k) (BxcEw:)™
X[A4:(kk)—B.(k, —K)f:(k) f:(K)}, (25)
together with an integral equation for f:(k),
f:(k)—f-% (ExcEwe) [ A: (k) — B:(k, —K')]f:(K)

—(= 1)“({?) (Ez;)%(ukﬂvk—-ukvkﬂ) =0. (26)

Introduction of the auxiliary function,
Fe(k)= (—1)*(2Exe) ¥ (),
produces further simplification. One then has
9,=4 %—3 (Ry/1) (Uit~ Uscticy o) Fr (k)
—2X {EulF:(k) I+ X

k' (k' k)

X[A4:(kK)— B, (k, — k) ]F: (k') F:(k)},

27

(25%)
where

Ek,F,(k)-{—Z, [4:(kk)—B.(k, —kK)]F.(k')

— (ky/7) (M rve— (26")

uk'l)k+,) = 0
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We will also find the following compact expression for
9, useful,

g,=2 kz (ky/f’) (Mk+r7)k_uk7)k+r)Fr(k) H (25”)

it follows from the equation of motion for F.(k) [Eq.
(267)].

In the case of a nonzero gap, exact solution of the
integral equation (26') for F.(k) presents a formidible
problem. The strong possibility of resonant effects in
F.(k) in the superfluid state case!® {This is indicated
by the fact that the homogeneous integral equation,'$

EkrFr 2 (k)

+2 [4:(k k)~ B.(k, —K)1F, @ (k')=0, (26")
k’

goes over at =0 into the familiar linearized integral
equation,’

o(k, k')

By

F(k)+3 Z[. F(k")=0, (26"")

which is the criterion for the existence of a superstate.
[We have set 2E,Fo©@ (k)= (k).]}, argues, moreover,
against solution of (26") by iterative or other approxi-
mate methods. We shall instead determine the moment
of inertia from a variational principle. Such a principle
is furnished by (25’), which is easily shown to be sta-
tionary with respect to small variations in F.(k), i.e.,

09, B
5F.(k) 8F.(k)
~ZZ[Ek,(F,(k))2+ > F(K)

k’ (k" k')

X (A (K k") Bo(K, —k”))Fr(k”)]] —0. (@)

k ’
43 (i) (Wi V0 — g vicr0) B (K)
k'r ¥

This stationary property is a consequence of (a) the
symmetry of the kernel, 4,(k,k’)— B,(k, —k’), under
the transformation k<« k', and (b) the equation of
motion for F; (k) [Eq. (26’)]. [(26’) is, however, neither
a maximum nor a minimum. |

IV. THE NORMAL MOMENT

Here we derive results appropriate to the normal state
[I(kr)=0], which is characterized by ux=6(k—Fkr),
ve=0(kr—£k).1® Although this case is treated fully in I,
comparison with the discussion given in the previous
section, shows the procedure employed there!® in the

16 This has been noted by K. Sawada (private communication).
16 k and k-r lie on the same side of the Fermi surface as do k’
and k'+r.
17 See Eq. (12) of reference S.
Bo(x)=1, x>0
0(x)=0, x<0.
1 Eq. (47) of I clearly epitomizes the variational method.
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determination of 9, to be completely equivalent to the
variational principle (Sec. III above). Consequently, it
seems worthwhile to prove explicitly that the Ansatz
assumed for F:(k) in I is indeed the solution of the
equation of motion in the normal state. (In the course
of our discussion, it will become apparent that the
relevant sums over momenta, evaluation of which
occupies the major part of reference 2, are trivial.)
We have in the zero gap limit,?

(9)normat=2Y" (k,/)Fs(k), (|k+r|>Ekr;k<kr) (28)
and

wkr*Fr(k)'l'

k' (k' <kp,|K' 41| >kr)
X[o1(K k; ) —v1(— K —1, k; 1) F: (k')
— (ky/1)=0, (|k+1|>kr;k<kr). (29)

{Our specialization to spin-independent potentials per-
mits us to make use of the normalization convention?!

2 0(kr—k)=N, (30)

where

k(27

and thus, to omit spin sums; otherwise, one would ob-
tain, for example,

(92)normal=2 § (ky/M)[2F (k) ]=2 kZ (ky/r)F.(k).}

If the general Ansatz,
Fo(k)= (k,/r)[$(k)/wis*], (31)

is substituted into (29), one obtains an integral equa-
tion for ¢ (k),

o (k)= 1-—%} (k' /k) b (&) /0]

X[o(K )k 1) —oi(—k'—r1, k; 1) ],

(b, ¥’ <kr; | k+rx|, |K'+r|>kr). (32)

For small » (i.e., in the neighborhood of the Fermi
surface), one makes the reasonable approximations,

& (k),¢ (k' )~ (kr)=¢, (33)
v1(K,k; 1) = 01K K; 0) | o e
n(—kK—r,k;r)— o (=K, k;0)| e =tr,

together with the customary decomposition into spheri-
cal harmonics,?

01(K k5 0) | o e =1 0 (Bt k) Pi(B- ), (35)

2 We have used the relation Fr(k)=F_,(k+r) in deriving
(28) from the zero gap limit of (26").
2 See Eq. (13) of reference 2.

(34)
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where (k),=x and (k),=
seen that??

(1—#®)}¥sing. It is readily

QkF2 27 1 kp
— f dgof d_xf dk, (36)
k(%' <kr; |K’' +r| >kF) (27!')3 0 0 kF —rx
and hence,
krM*Q
= [H- 2 vi(ks? ke®)
(2m)®
—1
% f do’ f da (1 (1)) Pu(h- k’)]
M* kFQ -1
—[1—}— 7)1(kF2,kF2)] . (37)
om?
From the relation?
-—kﬂ)l(kpz kpz) = "'—( ) = (38)
62 k=kr M M*

it then follows that ¢=M/M*. Note also that evalua-
tion of the rigid moment,

EAE 1
(9)rigia=2 2 > (—) —,
0 k(k <kr; |k+r| >kr) \ 7 Wiy

becomes, on application of (36), the trivial calculation,

(39)

(gx)ngld 2 Z -

kp
dx f
0 2 (271')3f f kr —rx

M
X [kr(1—4a?) sinZp |—
krrx

NMI?

) (40)

)_

V. THE SUPERFLUID MOMENT

where

(41)
r?ﬁO 7’2

We shall calculate here the superfluid moment by
means of the variational principle described in Sec. III.
Our discussion is limited to two tractable two-body
interactions: (a) a spherically-symmetric delta-function
shell potential, (b) a Yukawa shell potential. (Both
potentials are assumed to be zero everywhere in mo-
mentum space except in a thin spherical shell at the
Fermi surface.) Let us consider the class of trial
functions,

Fr(k)zd)gr(k): (42)

(1” See M. Gell-Mann and K. Brueckner, Phys. Rev. 106, 364
957
% See Sec. 111 of reference 2.
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where g.(k) is a known function and ¢ a variationally
determined parameter. Then,

(9./4)=¢ § (Ry/7) (Ui rVk— Vicy i) g (k)
‘_%952 Z gr(k){Ekr5kk'

kk/»
+[4:(kk)— B:(k, — k') J} g (K').
The condition, 8(9,/4)/d¢=0, leads to

(43)

kZ (By/7) (thicy 0= Vics10) g ()

T Y g (k) ( Eaobro+[A: (5 K)— Bu(k, —K)Jjge(K)

kk’r
(44)
on substituting (44) into (43), there results
(gz)var=2 {.: (ky/r) (uk+rvk~ukvk+r)gr(k)¢: (45)

which is seen to be the compact expression for 4, [Eq.
(26"")] with F. (k) replaced by g.(k)¢.2¢ Let us then take

(Ui eV~ Viero 1)
(k)= ( e Tz
7 Ekr
it follows that
(ga:)superﬂuid: (gzo)superﬂuidl:l/(l‘l'R)]: (47)
where
1
(5 :co) superfluid
x{2 ( )[A (I ) — B (k, —K)]
kk'r
(Wi rV— ukﬂk+r) (”k’+r'vk’ - ”k'”k'+r)
(48)
Ex:Ex:
and
(Ui xVe— Uiy r)?
(51 )superﬂuld 2 Z( ) et (49)
kr I4 Ekr

Note that?®

(9 o)superﬂuxd<( )( )P0 (Sp) — (9 2)rigia, (50)

where
Pi?=2M*I, (51)

and
o=N/L3

2 Compare with the procedure in I.

25 See, for example, K. Yosida, Progr. Theoret. Phys. (Kyoto)
21, 731 (1959), where the approximations made here are fully
discussed.
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Since (9.9 superfinia= (1/L) X const. X (9)rigia, We see
that the superfluid moment (9.%)superfinia i very much
smaller than the rigid moment in the limit N — oo,
Q — o, with the ratio N/Q=p fixed (the limit of large
systems at constant density which is the case under
consideration in this paper). For attractive interactions
[for which v,(ks?ks?) is nonzero], the quantity R de-
fined in (48) will be found to be negative. [Note that
since both (9z)superfinid and (9:2)superfiuid are positive-
definite finite quantities, R is bounded by R>—1.]In
demonstrating the resonant character of the ratio
(14+R)™, we will make use of the criterion for super-
fluidity?® which is taken to be satisfied by the S-wave
component of the two-body interaction, vo(k#?ks?). For
small r, and in the neighborhood of the Fermi surface,
one has*’

[4:(k k) —B.(k, —k') o= (1/Q)va(kr* kr?),

and hence,

1
R l (
(9 ) superfluid | kk'r

(52)

)—'1)2 (kpz,kp2)P2 (E kl)

1 12 ke
4 ESEy® M*™

}. (53)

We may also write

(gxo)superﬂuid= E 1- (37I'2p)§

12M*1?

=31 (37%p)?

12M*17

1 dée
X (————'Uo(kpz,kpz)kpM*f ——‘), (54)
472 AEk/

where we have used the criterion for superfluidity.2®
[ The integration in (54) is to be taken over a spherical
shell of thickness A at the Fermi surface. ] By straight-
forward manipulation, one obtains finally,

(55)
where

Afal
9= f (H—ZZ)%
Since (A/2I)=sinh[1/N(0)(—2o)], where
N(0)=kpM*Q/27?,

one sees that the value of ¢ is closely tied to the coupling
strength.®

(—+[(A/21 ARYH ) (56)

26 See reference 25, Eq. (2.4).
27 See footnote 10 we have used the relation [L(kk’)J
+[M (k k) P=1.
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(a) Spherically-Symmetric Delta-Function
Shell-Interaction??

For the contact interaction v(ri2)=—Vd(r12—a)
X0(A/2— | ex|), with V>0 one has
121 2(kra)}?
_—_[ : ] . (55a)
59Ljo(kra)
(b) Yukawa Shell-Interaction
For the Yukawa interaction, v(rp)= — V(e #"12/r12)

X0(A/2— | ex|), there results?®

12
Rz—gg[Qz(l+y2/2kp2)/Qo(1+u2/2kr2)]- (55b)

The possibility of a resonance for intermediate values
of the coupling® is more apparent in the first case than
in the second. It seems likely, in any event, that the
resulting moment will still be quite small compared
with the rigid value, with the collective excitations pre-
serving the superfluid character of the moment.

VI. CONCLUDING REMARKS

Although the results obtained in Sec. V are qualita-
tive and undoubtedly model-dependent, they indicate
that collective excitations may be expected to produce
additional effects on the cranking moment of a many-
fermion system when the conditions for superfluidity
are met.® In the case of fermions moving under periodic
boundary conditions, it appears that while the effects
of collective excitation are reduced in the weak coupling
limit, they lead to the possibility of a marked resonance
in the superfluid moment at intermediate coupling
strengths, this enhancement being almost entirely due
to excitations consisting of quasiparticle or hole pairs.
(Note that our results are identical for charged and
neutral Fermi systems.) The possibility of such effects
does not appear to have been discussed in recent
theories of the superfluid nucleus.®
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shell interaction.
2 We have used the expansion

1
—= 2 (21+1)P1(y)Qu(x)
x=y
in deriving (55b).

% In the model considered above, these additional effects arise
mainly from excitations consisting of pairs of particles or holes
with small net momentum.

31V. G. Soloviev, Nuclear Phys. 9, 655 (1959); S. T. Belyaev,
I((gls g)anske Videnskab. Selskab, Mat-fys. Medd. 31, No. 11

1959).
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APPENDIX
Cranking Moment at Finite Temperatures

In the calculation of the cranking moment of a super-
fluid many-body fermion system at finite temperatures,
we shall find the notation and results of reference 6
(particularly those of Sec. IV of that paper) most
convenient. It was shown there that a single-particle
scattering operator of the form

U=} Bwilxs ko,

kk’c

(A.1)

gives rise to the second-order energy,

| (%] X Bywcwtox|¥:) |2
kk'o

AE®=3%"
f Wi— Wf
= —Z lBk’kPL(e,)e), (AZ)

kk’

where

e ((1 2f)E—(1— 2f)E')

2 /2

Ay

for the case,® By x=—B_x,x. This case is appropriate
here since for the cranking interaction, one has

Bk'k=Bk+g,k(apr~'6ps),

where
Biyip,x= —wLliip,x (A-4)
and
(_ I)Al ku ("1)Al ku
R ) ()
7 r 7 (kz"'_r) —ks
=—~L x_n. (AS)
From the relation,
AE® = —y? Z ]Lk+p,k(6pr_5vs)izL(ekﬂnGk)
kprs
k2
=—w?) —L(ek+r,ek)-— 22 —L(exis,€x)
kr 72 ks §2
=—34(T)?, (A.6)

3 Case II of Sec. IV, reference 6.

RONALD M.

ROCKMORE

it follows that3?

2

ky
9.(T)=2 kz —;;L(ekJr,,ek). (A7)

Since the principal contribution to 9,(7) comes from
small 7, we make the appropriate approximations,

By, = Ey+6Ex,

where

0B~ (1/2Ex) (exir— &), (A8)
Srre=fxt58fx,

where
dfki—BOExfu(1— fx), (A.9)
L(extr,ex)> Exdfi/ (— ExdEx) 1=Bfx(1—fx). (A.10)

Thus we have,
B
9:(T)>22 :; :;Bfk(l—fk)

~2% —B > B2 f(1—fy). (A.11)

740 1’ k

(A.11) may be further simplified by making use of the
1 )1

Ed k——- -

dE \1+4¢fE:/ 3

relation,
[
(2mw)3
=3L%(1/B)pa, (A.12)

Z Ffe(1— fk)=—

which was obtained by Bardeen? in his discussion of a
two-fluid model for superconductivity. Substituting
(A.12) into (A.11) and using (41), there results finally 35

9(T)=iN. ML, (A.13)

and hence,

9(T)= (Nn/N)3rigia. (A.14)

3 Note that in the zero temperature limit, fx, futr — O, one
recovers the familiar expressxon for the superconductmg moment,

ku 1 €k€k+r+
=0=22(7 ) 2Ek+Ek+r\ Exbes )}

3 J. Bardeen, Phys. Rev. Letters 1, 399 (1958). p, is the density
of the normal component (of one spm)

% This result has also been obtained by K. Sawada (private
communication) using the method of A. A. Abrikosov, L. P.
Gor’kov, and I. M. Khalatnikov [J. Exptl. Theoret. Phys.
E?Q?Q?]R .) 35, 265 (1958) [translation: Soviet Phys.-JETP 8, 182




