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A unitary transformation, which plays the same role as the Foldy transformation in the pion-nucleon 
system, is constructed for the case where the pion interacts with both 2 and A hyperons through 75 couplings. 
The transformation function and the transformed Hamiltonian are very similar to those of the Foldy 
transformation, in spite of the complexity of our system in isotopic spin space. The application to practical 
problems is not considered in this paper. 

WE consider a system where the pion interacts with 
both 2 and A hyperons through charge inde­

pendent 75 couplings. The interaction Hamiltonian is 

with 
HI^HZZTT+HSAIT, (1) 

H^T = ifx I dx ^ s*P2Xi t s - <p, 

£TSAX = /A I dx (^A*P2tts* *>+tb*p2^A' <p) • 

Here the bold faced letters represent vectors in isotopic 
spin space. 

We wish to find a unitary transformation, 

H'^eiSiHtree+Hz)*-*8, (2) 

which eliminates the p2 components completely from the 
sum Hi+Hh.m., where Hi represents the interaction and 
#h.m. the hyperon-mass terms in the free Hamiltonian 
HfTee. According to Foldy1 such a transformation corre­
sponds to a certain rotation around the p± axis in p 

space. Then, we assume2 

5 i = - i fdx VPiXifcz- rfx(0)/0], 
J (3) 

S2= fdx its*. W I * A [ C O ( 0 ) / 0 ] + H . C , 

with <j>= (<p- <p)%. Here % and w are odd functions of <t> 
only and correspond to the angle of rotation in p space. 
Using formulas (A-6) in the Appendix, we see that 

eiSZHh.m.+Hr-]e-iS 

= —ijdx t[rs*P2XilrsOs s i n 2 x - / s 0 cos2x) 

+ I dx ^?* - <pp2<$rl 

X E K W Z + W A ) sin2co—/A0 cos2w]^A+H.c. 1 

+te rms proportional to p3. 

* Supported by a grant from the National Science Foundation. 
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Japan. 
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Foldy, and R. K. Osborn, Phys. Rev. 87, 1061 (1952). 

2 In (3) we may add one more independent term; 

Sz= I (ifczVipXpifeOx'dx, 

where x' is an even function of <£. Since this term gives no change 
in the final results, we omit it for the simplicity. 
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Hence we get 

X=—i tan"1 (/z0/f»2i), o)=\ tan"1 ( / A 0 / W ) , (4) 

with m=^(mz+m^). 
The transformation of the total Hamiltonian (2) is 

now easily carried out with the help of several formulas 
in the Appendix. The transformed Hamiltonian is 

and 

H'=H{Tee+ ]C Hi, (5) 

with 

Hi= j dx t|rs*p3^s(ws*—mi) 

+ I dx ^A*P3^A[ 0 » A * - WA) ~ Am] 

+ J Jx0-2 t ts*p3-^^*ttrs(mA*-^s*+Am), 

ifa r \ m? 1 

4 J L(ws*)
2 J 

/A r \ m | 
# 3 = M x , ^ 2 * ( < T V ^ + P I « ) ^ A } + H . c , 

4 J l(mA*)2 ' + 

ff = — f ^ x { y l s ( 0 2 ) V X t t S ^ 

X [ > X (orV^+Pi«)]~H.c .} , 

#5=- fdx{AA(^)y V ? 

X|>X(<rVp+Pi*) ] lM++ H - c -> 

tf6=- f d x C 5 ( ^ ) i | r z * X ^ ^ X ( « V ^ + « ) - H . c , l (6) 
2 J 

# 7 = - f Jx{C(tf>2), t b * ' ^ X ( « V ^ + ^ A } + + H . C , 

dx]C a 2(ms*)2 

futn 

V p i X i t s - 5 3 

( V P I - ^ A + H . C . ) 
2(wA*)2 ' 

- ^ s ( 0 2 ) t t s * P i X i t s - ^ X ( ^ X 5 5 ) 

+ D 4 A W V - *X ( ^ X S ' W A + H . C . ] 

- i J5 (^ ) i t s *Xt I r s . 5 8 X^+C(0 2 ) 

X ( * Z * - ^ X 5 V A + H . C . ) , 

where 

m s *=f»z[ l + (/s0/w s)
2]^, 

WA* = W [ H - ( / A 0 / W ) 2 ] § , Am=i(m^—MA) 

-4s(02)=0~3( coscosinx—0— I 
/ * 

2(w 2 *)V 

=<T3( 
ĉo \ /A 

^ A ( 0 2 ) = 0 ~ 3 ( cosx sinco—0— 1 = 
2 O A * ) 2 0 2 

XH( I +5)'/( I +£;)']-"I' 
J3(02)=0~2(l —cosco cosx) 

= ^ { i - i [ ( i + W ^ * ) ( i + w / » A * ) ] * } , 

C (02) = </r~2 sinco sinx 

= ( 2 0 2 ) - 1 [ ( 1 - M S / W 2 * ) ( 1 - W / W A * ) ] § . 

In (6) we understand the expression like t ^ X t b C f f V ^ 
+pi«) is the abbreviation of i ^ X o ^ s * V^+iJfs* 
Xpi^s*^. In i/g, the 5s?s are the one-row matrices given 
in (A-l). In the weak coupling limit, tn*, A, B, and C 
are reduced to 

^ s * —» m s + (/s0)2/2ws, WA* —> w + ( / A 0 ) 2 / 2 W , 

^ iAr^y^y i 
16 m^L \m^/ \m/ J 

16 ml L V m / v w s / J 

8 L \ m s / \ w / J 4mxM 

We now discuss briefly the various interaction terms 
in (5). In the static limit Hi represents the coupling of 
the S-wave pions with hyperons. The first two terms of 
Hi are the so-called spin-independent 5-wave pair terms 
in the weak coupling limit, while the last term depends 
on the total isotopic spin of the system and has no 
counter terms in the pion-nucleon system. This term 
vanishes if the interaction has global symmetry in Gell-
Mann's sense. H2 and Hz and the well known aV 
couplings of a P-wave pion. HA and H§ represent rather 
complicated pv couplings. H§ and H7 are the terms 
corresponding to the *• p X « term in the pion-nucleon 
interaction. The last term in (5) is the so-called direct 
interaction term. 
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APPENDIX ^A(S) = cos(«4)^A-ipie* s i n ^ c o ^ - ^ * 2 ^ . 

Here, we will briefly discuss the transformation Hence we obtain on setting £= 1; 
properties of the field operators. First we introduce three i S l - ^ - / r ? _i_ (\ 7\ i 
matrices 5s, 2 \ and Dst in isotopic spin space through e% ^ e % ~ i L Z c ^ + l 1 - ^ ) C0S*J 

(A-6) 

its*- W'A = ^S»*5»VA^«, <fs*Xttrs* V^Pp^TiffaiVs, 

( V ' <p)(v-4>$ = fci*Difhl/vi<p8<pt. (A-l) 

Further, we define the three operators 

e = & W « , R=Ts<ps/<t>, Z=Dst<ps<pt/<i>2. (A-2) 

These operators satisfy several simple relations, which 
very much facilitate the ensuing calculation. The rela­
tions are 

— ipii? sinx} ib—ipie sinco^A, (A-7) 

eiS\l/Ae~iS = coso)\pA—ipie* smcotjrs. 

The transform of x4- is also obtainable by similar method. 
As before we put 7Tf(£) = exp(tS)?r»exp(—iS), which 
satisfies the equation 

£ 2 = 1 - - Z , £ 3 = .# , RZ=ZR=0 

Z = e e * , c * e = l , l t e=e*U = 0, # * = £ , Z * = Z , (A-3) The solution is 

and 

V e * - e = e * - V e = 0 , VR=Z-VR+VR-Z, 

Z-VZ-VZ'Z=eVe*-Ve'e* = R-VR-VR'R. (A-4) 

+ Jrfx^A*(f)ir^Att)l. (A-8) 

Here the symbol * means the Hermitian conjugate of 
the relevant operator. 

Now let us consider the transformation properties of 
the field quantities. The operator S is now written 
simply as 

S= I dx t t s * p l # < k 2 X + I dx l|f2!*pie^AC0 + H.C. . 

According to Foldy,1 we put 

Then, these quantities satisfy the following coupled 
differential equations; 

# A ( ? ) M = ~ i p i c o e V s ( ? ) . 

*i(S)=*i+ p x [ V ( f ) » ^ ( f ) + * A * ( { ) T ^ A ( 0 ] 

- f dxt^w^+^w^Al. (A-9) 

Finally we get, after some calculations, 

pis*. .p—iS 
etoin 

/dR dx 

—Pil cosco sinx+i? ) |tfes 
\d(pi d<p 

(A-S) 

dx ^2* *( — R — R — J (1—cosco cosx) 

| r V / do) de \ 
+ ] I dxi(rs* — Pil e 1 sinco cosx J 

de 
— iR sinco sinx |IAA+H.C. \. (A-10) 

d<pi 


