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The present paper presents a derivation of the “master” or
Boltzmann “‘gain-loss” equation from the Schrédinger equation,
i.e., a derivation of the equation for the evolution in time of the
probabilities of finding a physical system in its various states
from the equation for the corresponding probability amplitudes.
The ‘““master” equation is derived for an, in effect completely
self-enclosed, “supersystem,” [A+4BJ], consisting of a “system
of interest,” [47, and a “surroundings,” [B], in relatively weak
mutual interaction: A discussion is given of the range of validity
of the “master” equation for [4+4B] and it is shown that the
random phase assumption is required for the state vector of
[4+4B] at the initial time only. The normally microcanonical
character of the equilibrium statistical configuration of [4-+B]
is demonstrated and a treatment is given of exceptional, ‘“‘ex-
tremely quantal-coherent,” initial statistical distributions of
[4+4B] which may evolve away from equilibrium. Derivations
are also presented of the “master” equation for [4] and of the
“master” equation for an individual particle or quasi-particle [¢],
within [47; a discussion of the range of validity of these “master”
equations is given and the normally canonical character of the
equilibrium statistical configuration of [4] is deduced. General
solutions of the “master” equations for [A-+B], [A], and [¢]

are worked out and the relation between the principles of “micro-
scopic reversibility” and “detailed balance” and the nonoscil-
latory character of the approach to equilibrium are exhibited. A
theorem is presented regarding the time variation of the entropy
of [4].

As illustrations of the general methods developed two important
processes in magnetic resonance—the time wvariation of the
longitudinal magnetization, (u);, and the time variation of the
transverse magnetization, (u’);,—are discussed in some detail. It
is shown that the variation of (u); with { and of {u’); with £ for a
“nonrigid” lattice can be described by means of the “master”
equation for an individual spin [¢] and several special cases are
discussed on the basis of the evaluation of the appropriate transi-
tion probabilities; a comparison with the ‘“spin-temperature”
procedure is also appended. On the other hand, it is demonstrated
that for a “rigid” lattice no description of the variation of (u),
with ¢ can be given on the basis of a “master’” equation; in this
case, quantal coherence effects neglected in the derivation of the
“master” equation from the Schriédinger equation are vital and
(u")e must be evaluated by a rigorous calculation of Trace {[appro-
priate time dependent density matrix] u’}.

A. INTRODUCTION

NE of the major problems in quantum statistical

mechanics entails the derivation of the “master”
or Boltzmann “gain-loss” equation from the Schrédinger
equation, i.e., the derivation of the equation for the
evolution in time of the probabilities of finding a
physical system in its various states from the equation
for the corresponding probability amplitudes. The
attack on this problem was initiated by Pauli! and
recently very important progress has been effected by
Van Hove.? The discussion below presents a derivation
of the “master” equation from the Schrodinger equation
using elementary methods and applies the general
theory to several magnetic resonance situations.

In brief outline, the subjects treated in the present
paper are:

(1) The “master” equation for the “supersystem’:
derivation from the Schrédinger equation and dis-
cussion of range of validity—random phase assumption
required for the state vector at the initial time only;
deduction of the microcanonical character of the equi-
librium statistical configuration of the supersystem;
average values of “diagonal” and ‘“nondiagonal” dy-
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T Now at Centre d’Etudes Nucléaire de Saclay, Gif-sur-Yvette,
Seine et Oise, France.

YW. Pauli, Festschrift zum 060 Geburtsiag A. Sommerfeld (S.
Hirzel, Leipzig, 1928), p. 30.

2 L. Van Hove, Physica 25, 268 (1959); 23, 441 (1957); 21, 517
(1955); see also the instructive papers of W. Kohn and J. M.
Luttinger, Phys. Rev. 108, 500 (1957); 109, 1892 (1958).

namical variables; quantal coherence and possible
evolution of the supersystem away from equilibrium.

(2) The “master” equation for the “system of
interest”: derivation from the “master” equation for
the supersystem and discussion of range of validity;
deduction of the canonical character of the equilibrium
statistical configuration of the system of interest;
detailed balance and microscopic reversibility; time
variation of the entropy of the system of interest.

(3) The “master” equation for an individual particle
or quasi-particle of the system of interest: derivation
from the “master” equation for the (whole) system of
interest and discussion of range of validity.

(4) The solution of the “master” equation for the
supersystem, the system of interest, and the individual
particle: spectrum of real relaxation times and non-
oscillatory approach to equilibrium; comparison with
“‘spin-temperature” procedure.

(5) Magnetic resonance: time variation of longitud-
inal magnetization; treatment by means of the indi-
vidual particle “master” equation; evaluation of
appropriate transition probabilities and discussion of
several special cases.

(6) Magnetic resonance: time variation of transverse
magnetization; case of “rigid” lattice: inapplicability of
any “master” equation and discussion of crucial im-
portance of quantal coherence effects neglected in the
derivation of the “master” equation from the Schro-
dinger equation; case of the “nonrigid” lattice: treat-
ment by means of the individual particle “master”
equation.
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EQUILIBRIUM

B. THE “MASTER” OR BOLTZMANN “GAIN-LOSS”
EQUATION FOR THE SUPERSYSTEM

We contemplate a “system of interest,” [47], con-
sidered imbedded in another, in general, larger system,
[B], called the ‘“surroundings”; the in effect com-
pletely self-enclosed combination: system of interest
and surroundings, [A-+ B, will be called the “super-
system.” The Hamiltonian of the supersystem [ A+ B],
3¢, can then be decomposed as:

J= 34 O+ 315 O+0V= 3O+, 1)

where 3Ci4;®, 3z are, respectively, the Hamil-
tonians of [ 4] when isolated, and of [ B} when isolated,
and where U is the interaction Hamiltonian between
[4] and [B]. In circumstances where [47] and [B]
are both macroscopically large, the ratio of U to
3O is =~ Nyl (Viay+N )< (here Nay, Nis; are
the number of atoms in [47], [B], respectively) so
that U can be treated as a relatively small perturbation.
We now choose the complete set of JC© eigenstates
VYa, HOY,=E,O,; E, O effectively continuous—as
basic states for the description of the density matrix
operator of [A4 B, p(f). The matrix elements of p(¢),
nlo @) |¥m)=(n|p(t) | m), are given by
(nlp() | m)y=2 i l¥ P O)PD @) [¥m])p;
=22 i(Wn|exp[— (/%) (1— 1) 3P (1))
X (expl— (i/7) (t—t0) 3D (o) | ¥m)pi
— (W exp[— (i/) (t—t0) BTL 42 (1))
X (WD (o) p5 expL (5/4) (t—t0) 5] |¥m)
= (n|{exp[— (/%) (t—t0) 3]o(t0)
Xexp[ (/%) (t—to) 3¢} {m);  (2)
p(#) =exp[— (i/%) (i~ to) 3¢ Jo (to) exp[ (/%) (t—10) 3C]
in a physical situation where at the initial time 4 there
is an (incoherent) probability p; that [4+4 B] is found

in the state ¢(9 () and where the state ¥(9 (¢) evolves
in time according to the Schrédinger equation:

YO () =exp[— (/B (I—t) WP ()
=exp[ — (1/7) (t— o) (3O +0) W (o) 5
t—1,=0. (3)
Equations (2), (3) yields for P(x;?), the probability
that [4+ B] is found at time { in the state 3

P(n; 0) =225 Walp @ () 2pi= (n|p()) |n)
= (n| exp[— (/%) (t—10) 3o (to)
Xexp[ (¢/%) (t—to) 5C|n); (4)
2aP(n;)=3; p;=1=Trace {p(?)},

the totality of the P(n;?) values describing the statis-
tical configuration of [4+4 B] at time £ The average

$ Approximate calculations of {1 |p(#)|m), (n|p(f)|n) from Egs.
(2)-(4) or the equivalent Eq. (12) below have been given in a
magnetic resonance context by R. K. Wangsness and F. Bloch,
Phys. Rev. 89, 728 (1953); U. Fano, Phys. Rev. 96, 869 (1954);
R. Kubo and K. Tomita, J. Phys. Soc. (Japan) 9, 888 (1954);
F. Bloch, Phys. Rev. 102, 104 (1956); A. G. Redfield, IBM J.
Research Develop. 1, 19 (1957).
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value at time ¢, (D), of any dynamical variable ©
associated with [4+B] is then:

(D)=2 WO DY (D))p;
=2 OO Wn| OYn)al ¥ (1))p;

Jinym

=3 (n|p(t)|m)(m| D|n)="Trace{p(t) D}
= P(n; )(n| D)+ (1—8mn)

X(nlp(@) |m)(m|D|n). (3)

Thus, if the matrix of © with respect to the ¢, is
diagonal:
(m| D[n)=(n| D{n)dmn,

the P(n;t)=(n|p(f)|n) completely describe the de-
pendence of (D), on { and Eq. (5) becomes:
(Dliog), =3 P(ne; 1) (n| D2 ). (6)

In what follows we shall in general study “diagonal”
dynamical variables D42 with (m| De| n)=(n| D| #),nn
and we note that all such Ddi2¢ will necessarily commute
with 3¢©,

We now consider further the dependence of P(n;1)
on ¢. We have from Eq. (4), with r=0:

P(n;t+7)
=(n|p(t+r) |n)=(n| exp[— (i/%) (t—to+7) 3Tp (t0)
Xexp[ (i/%) (t—tot7) 3] )
= (n|exp[— (i/%)73¢]p(?) exp[ (/%) v 3] |n) (7
=2 TWan(7) P (m; )+1Y o(r; t—to),
where
Wam(r)= (1/7)[{n|exp[— (i/B)73C]| m)|?;
2 W oam(r) = (m|exp[ (i/h)73C]
Xexp[— (i/k)r3]|m)=1; (8)
22 Wan(r)=(n| exp[— (i/h)73C]
Xexp[ (i/B)r3¢]|n)=1,
Va(r;t—to)= (1/7)162 (1=8xm)(n|exp[— (i/ )7 3] |m)

X (n|expl— (i/h)73C]| kY (m|o(1)| k)
= (1/T)kZ l(1~5km)<n |exp[— (i/R)r5C] | m)

X {n| exp[ — (i/ )7 5] | k)*

X (m|exp[— (i/h) (t—to) 3¢][2)

X (k| exp[— (i/h) (t—10) 3]| Y*P(L; to)
+ (1/T)k %:l q(l-Bkm)(1—5zq)

X{n|exp[— (i/ )T 5] | m)

X {n|exp[— (i/B)r3C]| k)*

X {m|exp[— (i/R)(1—ts) 5] | 1)

X (k| exp[ — (i/h) (t~1to) 3¢]| 9)*(Z| p(t0) | ¢
=Y. *(r;t—1), )
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with
exp[ — (i/h)75¢ ]=exp[— (5/A)7 (50 +0) ]
=exp[ — (t/R)73 O J(1+8(7),
14+8(7) =exp[(i/ ) 73® Jexp[ — (i/A)7 (3O +V) ]
=1 (i/ Y07 = H(1/) (G40, 500 s -

. 1+§1 l (m)—ffof dr0(r)

Xf dry0(rs)- f deU(Tf>}
[ 0

= 1+i; 8(1); (10)
V(ry)=expl (¢/h)7,3COTU exp[ — (¢/#) 7,5 ].
Equations (7) and (8) yield
Pn;t+1)—P(n;b)
ZZI:VVW,,,(T)P(’WL; t)—Wmn(T)P(”§ t)]
+ YV, (r;t—t), (11)

which is the basic equation for the subsequent develop-
ment.

It will be seen that the quantities W,n(7) of Egs.
(8), (7), and (11) are (for z>4m) the probabilities per
unit time for “transition” of [4--B] during the time
interval 7 from an “Initial” state y¥,, to a “final”’ state
¥, under the influence of the interaction V—this follows
since any ‘‘initial” state ¥, evolves in time as
exp[— (¢/%)7 3¢ ym. It should also be noted that, using
Egs. (8) and (9), lim,0 Won(r)=0 (n£m), and

lim,0 Valr; t—to)= (i/7)(n| [p(2),5¢] | n),
so that, from Eq. (11),
dP(n; t)/dt=(d/dt)(n|p(t)| %)
=(n| (i/W)p(1),5] | n);
dp(t)/dt=(i/h)[p(1), 3]

a relation which is usually obtained by direct differen-
tiation with respect to ¢ of Eq. (4) for P(n;i)
=(n|p(t)|n) or of Eq. (2) for (n|p(t)|m).
We now assume that p(fy) is a “diagonal” dynamical
variable
p(to) = {p(to) } 42;

(ko) | @)=l p(to) | D)d1g=P (5 to)bq,
so that, substituting into Eq. (9),

(12)

(13)
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Valr;i—t)=(1/ r)kZmJ l(l—ﬁkm)<n[eXPE— G/ k)T 3] |m)
X(n|exp[— (i/m)7 3] | k)*
X {m|exp[— (i/ ) (t—to) 3] 1)
X (k| exp[— (i/%) (t—1t0) 31| 1)*P (o), "
V,(r;0)= (1/r)k'zrn:'l(1—akm)<nl exp[— (i/h)r 3] |m)
X {n] exp[— (/)7 5| Y*6midP(1; 1) =0.

The assumption p(lo)={p(fo)}?*¢ implies that the
initial statistical distribution of (the ensemble of)
[ A+ B over the states ¢(? ({y) involves no specification
of any definite phase relations among the ¢,; this
assumption therefore permits identification of the
¥ P (L), p; with the ¥, P(n;t). Thus the assumption
o(lo)={p(to)}»¢ implies that quantal interference or
coherence effects associated with non-vanishing off-
diagonal (!|p(%o) | g) are absent in the initial time evolu-
tion of [4 + B and is equivalent to the so-called random
or incoherent phase assumption ! regarding the initial
statistical distribution of [A+B7] over the ¢,, ie.,
equivalent to the assumption that the state vector of
[A-+B] at t=to, ¥(lo), is given by

Y(t) =22 [P (n; to) It}

with the 8, random. The validity of the assumption
p(to) = {p(fo) }¥2¢ is ensured, in most cases of practical
interest, by the preparation of the initial physical
situation of [4 +B] (see Sec. G below for an example).

It is now worth mentioning that p(f) = {p(fo) } *iee—
Eq. (13)—together with Eqgs. (2), (10), yield,

(n|p(®)|m)
=2k (n|exp[— (i/) (t—1o) 3C] | k)
X (m| exp[— (i/7) (t—t0) 3] &)*P (k; to)
=exp[— (i/%) (En @ — En®) (1— 1) ]
X {8amP (m; to)+ (n| 8(t—to) |[m) P (m; 1)
+(m|8(t—t0) [n)*P(n; to)
+2 k(| $(1—10) | k)| 8 (1—to) | kY P (k; t0) },
which is, in general, different from zero for #>m and

t>ty; thus for />4, p(¢) is a “nondiagonal” dynamical
variable. For m=n, Eq. (15) gives

(np(D) | n)=22k| (n|expl— (i/%) (t—t0) 3] k) |2P (k ; to)

which, in view of Egs. (8) and (4), is equivalent to Eq.
(17) below.

We proceed to examine Eq. (11) or Eq. (7), together
with Eq. (14), for the dependence of P(n;#) on t;
setting ¢=1{o and writing f~+7=1'> 1y, we have,

P(n;t)—P(n;to)
:l’-—ln

(15)

=3[ Wan(l' —to)P(m; to)
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or, using Eq. (8), ,
Pn; )= m{ (' ~t)Wum({' —to) P(m; t)}.  (17)

Equation (16) is of the general form of a “master” or
Boltzmann “gain-loss” equation for the probability,
P(n; ), that [4+ B]is found at time # in the state Y.
However the corresponding transition probabilities per
unit time, W.n(#'—%), are here dependent on #—ip
and in fact essentially describe the whole actual de-
pendence of P(n;#) on #—this is best seen from Eq.
(17). We should also emphasize that our whole develop-
ment in Eqgs. (2)-(17) [in particular in Eq. (11) and
Eq. (16)]1is valid with the ¢, any complete set of states,
not necessarily the set of JC©® eigenstates. The §C©
eigenstate property of the ¥, is, however, used to obtain
explicit expressions for Wo.(r) and Y,.(r;i—t) [see
Egs. (20), (23)-(25), (27)-(34), below].

Equation (16) or Eq. (17) can be conveniently
employed to find an explicit form for P(n; ) vs ¢ for
small #'—#, i.e., for

!~ te&h/ | (n]| Ol m)| =h/tnmt/ tm, (18)
where :

En= (B0 —E®)/(Na1+Nz1);

(= (En D —E¢®)/(N41+N 5)) (19)

are the excitation energies per atom when [A+ B] is
in the states yn, ¥m.* In fact from Eqgs. (8) and (10)

' —1to) <n

O —1y)
X(l————
/)

Wom (' —to)=

expl— (i/R) (' —10) 3¢ ]

~H(U+[0,0])

e

(' —14)

67»7:1—1

2

(20)
1

- (t'—ty)

1 (F—4)?
( l[(”lWlm)

(n]0|m)

ﬁ2

2

+(Em(0)_En<O))<”I °O|m):]+ cee

so that, introducing Eq. (20) into Eq. (16)

4 The approximate equality in Eq. (18) of (#]|U|m) and £,, &m
is a consequence of the fact that

V=1 Z;¥14) Z;5 181 o(| R 141 =R, B1])

with a short range v(}R;[41—R;IB1]) so that the nonvanishing
|| V]m)| are =|(n|v|m)| ~|(n|[v|n)| =& or &m, the last
approximate equality following from the virial theorem. It is to
be noted that (#]v|#) will be considerably smaller than £, for Case
(II) of Sec. G below [see Eq. (180)].

181

(' —to)?
72
(' —t0)? (' —10)*
-+terms in , = cee
7 ht
XLP(m; t)) = P(n; to) ]
=P(n; ) {1—[(¢' —10)*/ 1 J{n| V*|n)
—((n[0]n)) ]+ -}
+2m P t){[ (¢ —10)*/ ]
X (|0 fm) P4 - -} (1—bpn).

The initial relaxation of the P(n;!') from the P(n; t)
is thus seen to be quadratic in (' —1)% However the
series expansions in Eq. (21) converge rapidly only for
= t6&t/ |(n|V|m) | =%/t n=%/tn [ Eq. (18) Jand when
{ —ty= /£, another method is required to find P(n; ¢)
vs ¢/ from Eqs. (16), (8) or Egs. (11), (8), and (14).

To describe this other method we consider the Egs.
(11), (8), and (14) under the restrictions:

P(n; 1)=P(n; t)+3 [(n]O[m)|*

21)

%) & Zi—to, (22)
%/ £ &[> 021/ )8 (En® — E, ®)
X [(m| O+VGU+- - - [ 1) [H(1—0mn) I
= [Zm W (T) (1_ 5mn)]—15 Ty (23)

C=0[%(E,O+E,®)— 5O
| — O[3 (B O+ E,®) — 5207;
the equality of
Qr/1)8(En® — E, @) [(m| 0+VG0+-- - - |n) |2
and
Wna(r)= (1/7) [(m|exp[— (/%) 7 (5O +0) | n) [,
for r subject to the inequalities of Eq. (23) (and m <)
is a consequence of the application of standard pro-
cedures of time dependent perturbation theory® to’
Eqgs. (8) and (10) while the quantity T, is obviously
the mean life of [4-+B] in the state y,. Equation (23)
itself is only possible, of course, if [4+4B] is of such a
character that
%/ K[ D w2/ 1)0(En® — E,©)
X [{m | O+VGO+- - - | n) P(1 =) ]
=T.=h/AE,©,
(AE,®=energy width of state ¢,),

(24)

and the inequality of Eq. (24): (excitation energy per
particle in state y,,)>>(energy width of state ¢,), is one
of the two basic restrictions on the character of [ 4+ B]
that must be made to deduce a “master” or Boltzmann

5See, e.g., W. Heitler, The Quantum Theory of Radiation
(Oxford University Press, Oxford, 1954), third edition, Chap. 4.
@ in Eq. (23) denotes the Cauchy principal value.
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“gain-loss” equation for P(n;i) vs ¢ for t—i>h/E,
[see (¢), (d) after Eq. (35) below].

We now remark that the relation already set down
in Eq. (23), viz.,

W na(7) = (21 /1)8 (Em® — E,©)

X [(m| 0+VGO+- -+ [m) | (25)

implies that this W,.(7) is actually independent of =
for all 7 subject to the inequalities of Eq. (23); we
shall also prove below that the ¥V ,.(7;t—t) of Eq. (14)
vanishes up to terms = (V/3C®)3 if t—f, = are subject
to the inequalities of Eq. (22). Hence, up to terms
= (0/3C©) 3 the right-hand side of Eq. (11) is effectively
independent of 7 for all =, {—¢, satisfying Egs. (23)
and (22) so that the left-hand side of Eq. (11),

Pln;t+7)—Pln;t)

T

-

1 fmd/dp(n,t') dP(nyt) = dP(n; i)
=— 1 =
+J, ar a2 dp

72 d*P(n;t)

6 dat

must be closely equal to dP(n;{)/dt if it is also to be
effectively independent of 7. This last approximation,
however, is well justified since for (—#>>%/¢, [Eq.
(22)] we anticipate that

@P(n;t)| 1 |dP(n;t)
TIzT_,, Ta |
d*P(n; 1) 1 1d*P(n;1) 1 \2%|dP(n;t)
i | 1. & z(;n) Ca !

etc. (see Sec. D below) and since #/7.<&1 [Eq. (23)].
Thus Eq. (11) becomes, for t—ifo= >0/ b, Ti>T
>h/En,

dP(n;1)
dt

=2 WunP (m; )= WanP(n; 1) ]
’ + V. (7;t—1t0);
Woan=2x/kB)(E, @ —E,©®)

X [n] O+0G0+-- - |my ]2, (26)

where it is to be proven that ¥V, (r;t—1f) is = (V/3C©)3
for t—ty=7>>%/t,. Equation (26) shows that the
dependence of P(xn;?) on ¢, for t—i>>h/¢,, and ne-
glecting third and higher powers of V/3C®, is governed
by a “‘master” or Boltzmann “gain-loss” equation so
that completion of the derivation of this “master”
equation from the Egs. (11), (8), and (14) now only
involves the demonstration that ¥,.(r;i—1{o) is.indeed
=~ (V/3®) for t—ly= 17>/ Ene

A. SHER AND H.
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We proceed to give this last demonstration and write
Eq. (14), using Eq. (10) and with

= (1) (B O — En®),
in the form:

V. (r;t—ty)
= (l/f)kin;l(l—akm) (Bnmt(0| $(7) | m))
X Bnt(n] $(7) [ £)*) (it (m| $(t—10) | 1))
X (But-(k|8(1—10) [ 1)*)eiem =) P (] t)
= (1/T)§(1—5mn)[(nlS(T)IMXMIS(t—lo)l%)
Xeirmmt=t0 P(n; to)+(n|8(r)| m)
X (m|$(t—to) | my*errnm =) P(m; £y) J+c.c.
+(1/T)§{ (1=8en)[(n| 8(—10) | I)(n| 8 (7)R)*
X (k| S(t—to) | D¥einn—0 PI; 1) +c.c.]
+ (1 —8)[(n] 8(7) [1){n| 8 (1) | &)*
X (k| 8(1—to) | Iyeirt=0 P(L; 1) +-c.c.]}
+(1/T)k§l(1_6k"’)[<nl 8(7) [m)(n| S(=) [ k)*
X (] (1= 0) k| (1) [Tt 0 P 1 1),
Further, from Eq. (10)

(27)

Sl(T) = (iﬁ)“lf d’rfU (T1)

= (ih) f i exp[(i/#)T1 5O TV

Xexp[— (#/A)r 3@ ] =V; (28)

$2(r) = (i) fo i fo " 0 (r)0 (rs) =02

and
(] 8u(7) [m)y=[(1—e) /hvum(n|0|m);

so that Eq. (27) becomes, neglecting terms = (V/3C®)3,
(1_)/_}(3(0))4’ Tt

1 1 —gtram7 1—.e7;Vnm(t’tO)
Yn(T;t_tO):_Z )( )
T m

ﬁvnm ﬁynm

X | (1] 0| m) |2 P(n; t)— P(m; to) 1+c.c., (29)

and it only remains to prove that ¥,(r;{—) of Eq.
(29) vanishes when {—1fo, 7 are subject to Eq. (22):
The proof that the ¥ ,.(r; t—10) of Eq. (29) is actually
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zero when ¢—1f, 7 are subject to Eq. (22) can be given
as follows. We recall that

T5m= T 5(EnOan)= [ On(Ea®)
m En®, an

X {{F(Em(ﬁ) 5 dm)}av OoVer amy
where %(E,@®) is the number of 3©® eigenstates
Y=Y 14+8) (En®,am) with any a. and energy eigen-
values between E,©® and E,O+dE,®, a, denoting

all quantum numbers other than E,® which charac-
terize the state ¥,,. We can then write Eq. (29) as

1__ YnmT
Vulr;t—ty)= dem(O’[f(Em)( i )
vpmT

1_ell'nm(t“‘t0)
T
hVnm

where

FER)=0(Ea®){[(E® 0| V| En® )
X[P(E.®,a,; to) —P(Ewn®,0n; to) }av over am

so that, remembering that vum= (1/%)(E,©—E,©®)

= (1/%) (¢n—tm) (N a1+ Np1) [Eq. (19)] and setting
K= vamt, Vao(7; t—1ty) becomes

® /]
Y,L('r;l—to)=ff1f dx[f(én————x—*)
— (Niay+N g7

1—e® 1 — eill—to) 1)y
X ( ) ( >J+c.c. (32)
x X

In Eq. (32), [(1—e®)/x][(1—eit—tn=) /5] is appreci-
able numerically only for | x| S/ ({~t) . Since now
f(&m) is a comparatively slowly varying function of £,

Le., Inf(&m)= (N a1+ N (81) (§n/ (¢m)ay over m)+-const, we
have -

()
=f<z,=n>[1+ ( f(;») (d’; (;'))

()]

h/En

T

1)

zf(e,»[l— +] (33)

and this differs from f(¢,) by a negligible percent
amount since | x| is effectively not larger than wr/ (¢~ o)

so that
[x!ﬁ/$"<7rﬁ/£n T

S L1
T T (t-—to)
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[Eq. (22)]. Thus Eq. (32) can be written to a very good
approximation as

Y,,(T; ¢—'lfo)

0 l_eiz 1_ei[(t-—lg)/-r]x
— X X

Eff‘f(én)l(t—to) (34)

T

and the integral I([t—#]/7) is zero for all (positive)
(t—10)/7 since [ (1—e®)/w ][ (1—exp{i (t—t0)/7 Jx})/x]
has no poles on the real # axis or in the upper half of the
complex x plane and vanishes ~1/|x|? as |x]|— .

We have thus deduced from Eq. (11) [or Eq. (26)]
the “master” or Boltzmann “gain-loss” equation with
time-independent transition probabilities per unit time,
anm,

dP(n;t)
dt
Wam= (2n/B)8(E, O — En©®)
X | (#] V+0VGUH+-- - - [m)]?,

=Z[anp(m; t)_ WmnP(ny t):];
. (35)

under the restrictions:

(@) plt)={p(t)}*, [Eq. (13)]
() #/tKt—ty, [Eq.(22)]
(6) 7/t LH/AE, O=T =2 0n(2r/%)
X En®@—E, ) [{m|V+VGO+- - [n)|?
x(l_,(;mn)]—l’ [Eqs (24); (23)]:
 (d) neglect of terms =(V/3C®)3, (V/IHO)4 ---.
in the Y,.(r;i~1) of Eq. (14) [Eq. (27)-(34)]. It
should also be mentioned that with neglect of
VGOV -+ compared to U in the expression for Wpn
[Eq. (35)] we obtain Wun=Wms, i.e., “microscopic
reversibility,” so that Eq. (35) becomes

dP(n; )
dt
W am= 2/ 1)8(En® — E,, @) [{n] 0 | m) [ 56
= 21/ B)3(En @ —E,©) [(m| V] n) [P=W .

=2 m Waml P(m; )—P(n;8)];

However the validity of “microscopic reversibility,”
ie., of the neglect of VGU+--- compared to U in
the expression for W ., is not necessary for the deriva-
tion of an equation for dP(x;¢)/dt of the form of Eq.
(36). In fact, in view of the third of the equalities of
Eq. (8), we can write Eq. (11) in the form

P(n;t+7)—P(n;t)

T

=2 Wun(n)[P(m; )= P(n; ) 14+-Yaulr;i—t), (37)
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whence, by use of the arguments of Eqs. (22 -(34), we
can obtain the analog of Eq. (35)
dP(n;t)
dt
W am= 21/ R)6(E,O ~ E,, )
X |{n]| 0+0G0+-- - -

which has the form of Eq. (36).

The solution of Eq. (36) or Eq. (38) is given in Sec.
D [Eqgs. (75)-(88), (95), (100), (104)~(107)7] where it
is demonstrated that for {—{>>T (max)=largest of the

Tﬂ,{ TnE I:Zk Wkn(l - Bkn) ]—‘1} y

=2 Wanl P(m; t)—P(n; 1)];
(38)

lm) %,

dP(n; 1)
] 0, (39)
dt t —to >>T (max)
[see especially Eqs. (84), (88), (100)] so that
0=Zm W‘nm[P<m; t) |i—ta>>T(max) .
—'P(TL, t) {l——to >>T(max)]' (40>

Equations (39) and (40) show that the various P(#; )
ultimately approach time-persistent values which are
quite independent of the corresponding initial values,
P(n; ). This follows since the quantum numbers
n=E,9 a,; m=E,9, an; E,Y=E,®, can be chosen
so that: P(#; 8) J—t>>T(maxy = P (15 1) s —to >> T (max) for
fixed # and all m, whence Eq. (40) implies that actually,

P(m; )| t—to>>Tmay =P#; 8) | 1 —ty>>T(max)
=1/ Plk;t)=1/7, (41)

where 9T is the number of mutually accessible 3¢©®
eigenstates of [4-+B].7 Equation (41) states that in the
ultimate and time-persistent, i.e., equilibrium, statis-
tical configuration of [44 B] all mutually accessible
JC©® eigenstates are occupied with equal probability.

We now wish to emphasize that the equality of the
equilibrium values of the diagonal matrix elements of
o(t) [Egs. (41), (4)] by no means implies that
®|p()|m)|t—tr>>1(max) vanishes; in fact, such an
ultimate vanishing of the off-diagonal matrix elements
of p(f) would not only contradict the explicit expression
for {n|p(f)|m) given in Eq. (15) [and in Eq. (42) just
below ] but would also yield

p(to) =exp[(i/%) (t—40) 3¢ Jp ()
Xexp[— (#/%) (t—10) 3]s 1o >>7 (max)
=exp[ (i/) (t—to) 3¢J{ (1/90)1}
Xexpl— (i/%) ((—10) 3] | 1 —to >> 7 (mary = (1/90)1

contradicting, in addition, the choice originally made

8 It will also be seen in Sec. D that the P(n;¢) approach their
ultimate and time-persistent, i.e., equilibrium, values in a non-
oscillatory fashion.

7Since Wom «8(E,®—FE,©) [Egs. (38) or (36)] all such
mutually accessible 3C© eigenstates have approximately equal
eigenvalues: E,O=E,©®,
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in Eq. (13) for p(fe)={p(fo)}¥e= 5 (1/90)1.8 It should
also be mentioned that use of Egs. (10) and (28) in
Eq. (15) for (n|p(t) | m) yields (for m = n)

o= (o h_m())

X {(n|O|m)y(P(n; to)—P(m; t))
+terms = (V/3C®)2, (V/ IO, ... (42)

which last equation can be employed to estimate those
terms in Eq. (5) for (D); which are associated with the
off-diagonal matrix elements (m|D|n) of the now
assumed ‘“‘nondiagonal” dynamical variable, D. Equa-
tions (5) and (42) give, for t—>>%/ by, %/ Em, and with
use of Egs. (36), (18), (24)

2 (1=8un){m| p (1) m)m| D] 1)

1— g~ ivnm (t—to) )
(1=8un) (——) {n|0|m)
hvam

X (P(n; to)—P(m; to)){m| D|n)
i 5 (1= 8mn) [ (27/B)8(E,© — E,,©)
| (m| D)
X (] O|m) [P1(P (n; tg)—P(m; b)) ————
(m|V|n) 2
i IZ(l_smn)anP(m§ t0)<m| §D|”>(ﬁ/£m) l
=IZ P(m; to){<m] D|n)}av over n(h/fm)/Tml

=~ l {<7ﬂl 5){ n>}av over #, m l{ h/ém)/Tm}aV over m

< l{(m I :(DI 77/>}av over n,m I (43)
Thus, provided that
I {<M’| S)In>}avovernl>>l{<ml sDt”)}av over n,ml
X{(t/tm)/ Tm}av over my,  (44)
which, in view of Eq. (24), is certainly satisfied if
H{n| D] #)}av over ol 2 [{{m] D7) }ay over n,ml, (45)
we have from Eqgs. (43) and (5)
(D)= (Drordiog) =37, P(n; 1) (n| Drordise|n);
t—te>h/tn, (46)
whence, using Eq. (41),
<§)>t <®nondmg>¢ (1/m>2n<nl gDnondlagln>
i—1e>>T (max)>h/t,, (A7)
while, from Egs. (41), (6)
(D)= (D)= (1/90) 2 n(n| D& ) ;
t— 1> T (max)>h/E,.  (48)

8 It should be particularly noted that however p(f) is taken,
e.g., with arbitrary (#|p(to)|m) (ms=n), p(f)=exp[— ('L/"l)
X (t—1y) 3¢]p(to) exp[ (/%) (t—to) 3] cannot ever become (1/I7)1
if:xcepl’{ in the special case p(f) = (1/J0)1 when p(¢) is also (1/ )1

or all £=¢.
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Equations (47), (48) indicate that, in the equilibrium
statistical configuration of [A+ B, average values of
“nondiagonal” as well as “diagonal” dynamical vari-
ables © are obtained by averaging the expectation
value of D in a particular 3C©® eigenstate, ¢.,, over all
mutually accessible i, with the same weight, 1/91,
attached to each y,. This mode of averaging is pre-
cisely that which would be adopted if a microcanonical
ensemble were assigned to [4+B] and our demon-
stration of Eqs. (47), (48) is therefore equivalent to a
justification of the assignment of such a microcanonical
ensemble to the supersystem [A-+B] in its ultimate
and time-persistent equilibrium statistical configura-
tion, i.e., equivalent to a demonstration [under the
restrictions (a)-(d) above and the further restrictions
(e), (f) below] of the quantal ergodic character of the
supersystem.

It remains to discuss the possible effect of the neglect
of the terms = (V/3C©)3, (V/3C®), ..., in passing
from the V.(r;t—1ty) of Eq. (27) to the Y, .(r; t—10) of
Eq. (29) [restriction (d) above]. Since V/3C©
~N it/ (Nia;+Nisy) [see discussion after Eq. (1)]
this neglect is better and better justified for larger and
larger [4-+BJ]; on the other hand, the Poincaré
recurrence time, 7°(8), defined by

[ P(n; to47(8))—P(n; to)]
P(n; to)

A

) (49)

(for all n; 6, a preassigned arbitrarily small number,
say 1/100) approaches infinity as [4 -+ B] grows larger
and larger. It is thus reasonable to conjecture that the
terms = (V/3CO®)3 (V/ICD®)4, ... in the ¥V, (r;t—t)
are associated with the actual quasiperiodicity of the
time evolution of [4-+B], i.e., are associated with the
Poincaré recurrence phenomenon in [4+B], and that
our neglect of these terms corresponds, among other
things, to the assumption that the 7(6) of [4+B] is
effectively infinite. If this conjecture is correct another
pair of restrictions:

(6) (—h)KT(5),

must be added to the list of restrictions (a)-(d), above,
required for the validity of the “master” or Boltzmann
“gain-loss” Eqgs. (35) or (38) or (36); as a consequence
Eqgs. (41), (47), (48) should, strictly speaking, be
written as:

(f) T(max)<7(s),

P(m; )| 76) >>1-105>Tmany =P (2 ) | £6) 551 ~16>> T (max)

=1/ 2% P(k; to)=1/%, (50)
() (rontis 22 (1/90) 5 o] o] )
T Dt—te>>T (max)>h/n,  (S1)
(D)e=(Dlire), = (1/90) 2 n(nn| DYio%| ) ;
T(6)Dt— 1>>T (max) >/ bn.  (52)
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In concluding this section we wish to emphasize that
we have shown, subject to the restrictions (a)-(f), that
once the equilibrium statistical configuration is attained
it persists in time; thus it is impossible [at least during
time intervals «<7°(8)] for an equilibrium statistical
configuration to evolve into a nonequilibrium statistical
configuration. Since in addition, any nonequilibrium
statistical configuration evolves in a nonoscillatory way®
toward the equilibrium statistical configuration, we
have demonstrated, again subject to the restrictions
(@)—-(f), the essential irreversibility of the time evolu-
tion of the statistical configuration of [4+B7]. The
reconciliation of this irreversibility with the reversi-
bility of the time evolution of exp[— (¢/%)(t—t0)3C]
Xy () [Eq. (3)] which implies a corresponding
reversibility in the time evolution of

p(§)=exp[ — (i/%) (¢—1o) 5o (o) exp[ (i/7) (1—1s) 3C]

[Eq. (2)] is effected by the observation that very
special, “‘extremely quantal-coherent,” initial statistical
distributions, associated at a minimum with a “non-
diagonal” p(%) and thus certainly violating restriction
(@), are required to produce processes which can be
appropriately described as the evolution of an initial
nonequilibrium statistical configuration of [4+ B] into
statistical configurations of [4-+B] still further from
equilibrium (see Appendix A).

C. THE “MASTER” OR BOLTZMANN “GAIN-LOSS”
EQUATION FOR THE SYSTEM OF INTEREST
To deduce the “master” equation for the system of
interest we express the states ¥.=v (4151 (Er®,vx) of
the supersystem [A+4B] in terms of the states
Yia1(€,,05), Y181 (Mu,Bu) of the system of interest (4] and
the surroundings [ B, as:

Viars1 (Ea@vn) =¥ 141 (65,0 181 (10,84,
Y (413 (Ea®yyn)= {341 O+ s O W (Ea®,yvn)
=Y (8} (Mu,Bu){ 3141 O a1 (€55}
FY1a1(e5,2){ 31 OY 151 (nu,B4)}  (53)
= (ej+n)¥ 141 (€500 181 (MuB)
=EnOY 14+ 81(En @ yn),

where «, 84, Y»=a; and B, are quantum numbers other
than the energy eigenvalues e;, 74, E.@=¢4+14
characterizing the states ¥ia;(e;;a;), ¥18)(9u,84), and
Va1 (£ @, v.). We next consider

P(n3t)=Prayn1(ejo;; mu,Bu; t) (54)

as the joint probability that [ 4], [B] are found in the
states ¥ 141 (e5,0;5), Y151 (0,84) at time £, equal identically
to the probability that [A+B] is found in the state
Yiay 51 (Ex@yva) [=var(enai¥ s (n4,8.)] at time ¢
and define
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Pray(esai; )= 2 Praypi(eiei; 7u,Bu; f) equation for Payp (€505 Mu,84; 1), Eq. (35), together
By with Eq. (55), then yields, with

=2 Prarni(ea;; E. P —ej, Bu; 1)
el S pEeny Woam=W 144 81(€,05,M,80 5 €xs0as10,80),

(55) Wm"EW[A+B] (ek sy 81;; €05 nu,Bu),
Pipi(nuBu; )=2. P (€5,0055 MuBus 1) ’ ’ ’
[B] ’ €, aj M ERER E,O= €j+nug€k+7lv=Em(0)EE’
=2 Prarnr (Ea® = 1,055 10,8 1),
. a’ . i o —Puees )= [wia(ej;; enor; 1)
as, respectively, the probability at time ¢ that [4]is @ €
found in the state ¥41(eja;) for any probability dis-
tribution of [B] over the various states ¥(p)(Mu; Bu)
and the probability at time ¢ that [B] is found in the XPraylesa;; )], (56)
state ;5] (n4,84) for any probability distribution of [4]
over the various states Y[4;(e;;e;). The “master” where

X Praj(erar; ) —wiar(enr; €055 1)

2 Wiaini(e), aj, E—¢j, Bu; e, ar, E—er, 85)Prayy ek, ax; E—ex, By 1)
Bur B

wiay (€03 enon; )=

2. Prasmi(er, ox; E—ex, 8,5 1)
Bo

2 Wiars (e, an, E~ex, Bo; €j, &5, E— €5, Bu)Prasi(ej, a3 E—~e¢j, Bu; 1)

ﬁ"" ﬁ”
wiay(er,on 5 €5,055 1) = ) (57)
Z Pravi(e), aj; E—¢j; 845 1)
and p
d—P[m(’?u,ﬁwt)— 2 [wisy (7,805 10,805 t)P[B]<"7v;Bv; )= w81 (15,805 NusBus P 181 (MusBus )1, (58)
v, By
where

2 Wiarsi(E—=1u, 053 Muy Bus E—10, atky Mo, Bo) P 1as 51 (E—1, @i; 10, By 1)

o, ok

WB1 (MuBu’s ToslBo; 1) =
2° Prayey(E—ny, an; 10, Bus 1)
(17 (59)
2 W1 (E—1, i, o, Bos E—nu, 0tj, 1w Bu) P a4 81 (E~1uy @53 M,y Bus 1)

aj, of

W1 (0,853 DB D=
T 2 Pray 1 (E—nu,05; 10,803 )

aj
Equations (56)—(59) for Praj(e;e;;8), Proy(nu,Ba;t) are of the “master” or Boltzmann “gain-loss” type with,
however, time-dependent transition probabilities per unit time:
weay (€405 € 8, * 5 WiB1 (10805 NuslBu; 1.

We first consider the ultimate and time-persistent equilibrium statistical configuration of [4+4BJ]. In this case

T(8)>>t—1>>T (max) (see Sec. B above) and from Eqs. (41), (50), and (54):
Prasy 51 (entic; 10,805 1) = Prasp1(e;0); M =1/ (e;+neatn=E),
so that, using Egs. (55), (57), and (59), and with 94;(e;), %51 () the numbers of [A] [ B] energy eigenstates
with energy eigenvalues ¢;, 7.,
Praree;; a3 )=z (E—e;)/9N,

2 Prgeil(eag; )= 3 MNp(E—e;)/=(1/0)3 Nia1(e,) N a1 (E—ey) =1,

€. af €0 €

. (60)
Pl (n,By; 1) = a1 (E—n.) /9T,

L; Prprail(ny,By; )= 2 Mpar(E—n.)/R=(1/902 N1z (1) (a1 (E—n.)=1,
Nu.Pu TuBu Ny

2 Wiarm(eias, E—ej, Bu; e, ar, E—ex, B,)
ﬁu‘ ﬁ'l)

W (6,055 enyan s 1) =
N (E—er)
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2 Wiayni(es, ar, E—ex, B €5, aj, E—e¢j, Bu)

Bu, By

WA (ep,a 5 €505 1) =

MNp(E—e;) ’ 61)

Z W[A+B](E_77uy Qs Nuy ﬁu; E_ﬂv; Ay Noy 611)

ajy ag

W B (00,80 5 10,805 1) =

>

MNyaj(E—mny)

2 Wiar s (E—1, ar, o, Bo; E—1u, Qjy Nu, Bu)

af, ak

w[B]equﬂ (nv;ﬁv; nuyﬁu; t) =

Nia1(E—1u)

Equations (61), (60) and the “microscopic reversibility” of the Wiar5 [Eq. (36)] imply the principle of

“detailed balance”:

wa1P M ej,05; enan; P 1a12 (ex,an ;1) = WA (er,00 5 €505 D P rar®il(e; o5 1),

w[B]equu('ﬂu;ﬁu; N0, 3 t)P[B]equu(nv;Bv; t)=w[B]equn(ﬂvyﬂv 3 NusBus t)P[B]equn('ﬂu,ﬂu; t)
which result is sufficient for these time-persistent and ultimate Pr4* i (e;a;;8), Pipy®i(n,,84;2) of Eq. (60)

to satisfy identically the “master” Eqs. (56), (58).
We may also write, in view of Eq. (60)

Mz (E—¢j)

Nz (E—e;)

(62)

e—ei/@

Prapreil(e;oy; £)

T () Nn(E—a) T m(E—a) L e
€k

d
O = (kT)'=— InM; 5 (E),
dE

€k, ak €k, ok
(63)
P Mpfo: D Ny (E—14) Nia1(E—n4) 1 Ny (E—n.) 1
1B1° M (uBus 1) = = = = y
2 Np1(m)Npay(E—n.) 2 Npar(B—n0) Nm(E) X a1 (E—np) Ny (E)
v 70,80 T
provided that the system of interest [47] is so much w4120 (e, €5,05;8) of Eqgs. (61) and (62). The
smaller than the surroundings [B] (W4 <<Nip)) “master” equation for Pai(eje;;t), Eq. (56), then
that the various states Yiaj(es ;) with appreciable assumes the form:
Piaeil(e; ;) are characterized by
d In9;51(E)/dE d(Econst) /dE 51’ ta1(ej; 45 1)
=~ =~ znuznv,
@ InNypy(E)/dE? dE(Econst) /d [ .
u9te (E)/ ( i = 2 [wrarr®®(e;a;; e, ar; )P ray(erc; )
Equation (63) corresponds to the assignment of a ks otk )
canonical ensemble to the system of interest [4] and —wra)* i (epan; €5, @55 HPrar(es a3 1)1, (64)

of a microcanonical ensemble to the surroundings [ B]
in the ultimate and time-persistent equilibrium statis-
tical configuration of the supersystem [A+-B].

We now consider the case of the system of interest
[A47 in nonequilibrium and the surroundings [B] in
equilibrium ; physically this is possible only if [4] is
much smaller than [B]. Quantitatively, the assertion
that [ B}is in equilibrium while [ 4 ]is not, is equivalent
to the statement that Pia;s)(€;,a;; 14,8.;%) has the
same numerical value for all 8.: 84(1), B.(2), -« *, Bu(n),
ooy Bu[Mis1(n.)]; this implies, using Eq. (55), that
Pig1(nu,Bu;t) also has the same numerical value for
all B, consistent with the expression in Eq. (63) for
Pip@il(n,,B,; t). With the Praipi(e;ei;m.,0u;1) the
same for all 8, these P4y p1(€:,05; 74,84 F) cancel from
numerator and denominator in the expressions on the
right-hand side of Eq. (57) and the (in general, time-
dependent) wia;(eja;; enan; £), wrai(enan; €053 ) are
equal to the time-independent wi4)°9i{e;,a;; er,ax; £),

with [see Eqgs. (61), (60), (63), (62)]
wia1* ™ e,005 ;5 €rs0ts 1)

2 Wiarn (e, 055 E—¢j, Bu; ex, ar, E—er, 8,)
Bubs
~

T (e+/0/ T eile)

€, al

=ﬁ§ W iayp1 (€5, 05, E—ej, Bu; €k, ar, E—ex, 8,)
wIPY
xe—(E—ek)le/Z e nwle (65)

w.Bw

= 2 Wi (€,05,M080u;5 €,0k,M0,8:)

N, Bu s, By
Xe“ﬂv/@/ Z g—ﬂw/®,
7w, Bw

wiar M ej05; enan; 1) P (e, 55 1) e'®

; - N = y
WA (enon; epey5 ) Pra (e, ax; ) 0
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which can be employed to describe the approach of [4]
to equilibrium (see Sec. D). The “master”
for Prai(nu,B.(n);t), Eq. (58), becomes, using Egs.
(59), (36)

d
—P 18y (u,Bu(n); 1)=
dt

2 [Puars (=, ar;m, Bu(n) 5 1)

N, Qf, 0k

—Pray 1 (E—nu, aj; M0, Bu(n) 5 1)]
MN51(n2)
X 2 Wisrn1 (E=nu,ajmu,8.(1);
m==1
E_nv, Gk, Ny Bv(m))

=3 [Prars(B—=nu, aj; 14, Bu(n); 1)

of, ak

—Prays1(E—nu, ;5 mu, Bu(1) 5 1)]

N1 (nw)

X 2

m=1

I/V[A-PB] (E_nw CQjy Nuy ,Bu(n) 3
E_"Iu; Uky Muy Bu(m))zo'

Thus P (n.,8.(1); £) is time-persistent as is required
by the circumstance that [B] is in equilibrium (though
[47] is not).

We conclude this section with an illustration of the
use of the “master” equation for Pra;(eja;;t), Egs.
(64), (65), in the derivation of an entropy theorem for
the system of interest [4]. We define the entropy of a
system of interest [A4 ] whose statistical configuration
obeys such a “master” equation, as,

S (=—k Z 'P[A](ijaj; 0 InPray(e;ay; D), (67)
and obtain from Eqs. (67), (64)
dSta(t) .
= (k/2) > [wra®i (e,05; er0; 1)
dt €/ j, €k, &k
X P aj(enon; £)—w1a1°0 (er,an; 5,053 1)
X Pray(ej a5;1)]
XIn[Pra1(ex, oz 1)/ Prai(eies; ], (68)

as the basic equation for the time rate of change of the
entropy of [A] arising from: (1) the approach of the
probabilities Paj(eja;;t) towards their ultimate and
time-persistent equilibrium values Ppa;*@i(e;a;; )
without any net flow of heat between [ B]and [ 4], and
(2) from any net flow of heat between [B] and [47],
dQra1/dt. In this last connection, defining the internal
energy of 4] as

Upai(D= 22 Prai(ejay; e,

67,0

(69)
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we have [again using Eq. (64)]

al (1) AP ay(ejaj; 1)
— c]
dt o di
36; Va2V 4
-2 P [A](éuanl)( )
e V14 dt
=5 2 [wa* N eja;; en,o; 1)
€, 0f €k, ak
X Pray(ersans; ) —wiar1® (ex,an; €055 1)
5% (10)
X Prai(ej, ;5 0)1(ej—ex)
de; V[A]) dV{A]
- Z P[A](fa,aa,l)(*—‘ )
ki Vi dt
dQ1a; ’ dV[A]g
= —pra ,
dt di

where it is clear that dQ41/di may be either positive or
negative depending on the direction of the net flow
between [ B] and [47], and in general, vanishes only in
equilibrium—see Egs. (62) or (65). These last equations,
used in Eq. (68), also ensure the vanishing of dSa/dt
in equilibrium.

We now define

Praj(ej,as; 0)— Prare¥i(e;,a,; 1)
A(f; D= )

(71)
Prayeil(e;a;; £)

which represents, at time /, the relative deviation of the
probability Paj(eje;;t) from its equilibrium value
P{A]eq“il(ej', ay; l). Expression of dQ[A]/dIf, dS[A]/di in
terms of A(7;¢) and

Ain=wiar® @i (ej,05 e )P 1ar ™ (eron; 1)
=410 (er,cn; €505 ) Pra1® M (e,05 1)

[see Egs. (62) or (65)] yields,

dQra (8
Q:;] =} Z nalAGk;)-AG D)6, (72)
S b 1+A(k; 1)
== Ma[Alk;H)—AG; ) In{ ———
dt 2%3\ [AGk:D=A(730)] (1+A(j;i>)

k
+- T AalAG; D=4 D]
2 5k
Ppaeeeil (e o s 1)
1n<_[A_]__._~k*k_), (73)
Prayeaiil(eja,; 1)

9 V 14y is the volume of [4 ] and p4) is the pressure exerted by
[A7 on [B] dV41/dt is sufficiently slow so as not to induce any
transitions between ¥ 14 (ej;) and ¥ 143 (ex,az).



EQUILIBRIUM IN QUANTAL SYSTEMS:

whence, using Eq. (63),

dS[A](t) k
" ——Z)‘ch[A (B; )—A(F;0)]
1 dQra(t)

1Ak 1)
ln( )—i-'*
14+A(7; 0 T dt

(74

The first term on the right hand side of Eq. (74)
is (except in equilibrium) always positive and repre-
sents the time rate of increase of the entropy of [A4]
associated with the establishment, without any net
heat flow between [B] and [A], of the ultimate
and time-persistent equilibrium probability distribution
Praeeil(e; a;; £) relative to the initial probability distri-
bution Ppai(eja;;lo). On the other hand, the second
term on the right hand side of Eq. (74) represents the
time rate of increase or decrease of the entropy of [4]
associated with the direction of the net flow of heat be-
tween [B] and [47]. Only under circumstances such
that dQp4;(f)/dt>0 (net heat flow from [B] to [4]) is
dS1a1(t)/dt necessarily >0.

D. THE SOLUTION OF THE ‘“MASTER” OR
BOLTZMANN “GAIN-LOSS” EQUATION

For simplicity we rewrite the ‘“master” or Boltzmann
“gain-loss” equations (35), (64) in matrix form as:

%HPU) [=lwl-{P@Il,* (75)
where
—(1/Ty) W Win
=) W W W g
W Ws —(1/Tw)
P(151)
Ip@l=|"%0 | v=m,
P(N; 1)
with
Wan/Wmn=1 [Eq. (36)];
(VTw=n Wan(1—=8n) [Eq. (23), (77)
for the supersystem [ A-+B7, and,
%HQG) I=lTl-le™l, (78)

0 In the mathematics literature a ‘‘master” equation of the
form of Eq. (75) is known as a “Markoff chain” equation in a
continuous variable. For a discussion of general methods of
solution of “Markoff chain” equations see J. S. Doob, Stochastic
Processes (John Wiley & Sons, New York, 1953); W. Feller,
Iniroduction to Probability Theory (John Wiley & Sons, New York,
1957); W. Ledermann, Proc. Cambridge Phil. Soc. 46, 581 (1950);
47, 626 (1951). The solution of ‘“‘master” type equations is
worked out for various special cases in the physics literature,

N. Bloembergen, E. M. Purcell, and R. V. Pound, Phys
Rev 73, 679 (1948); J. P. Lloyd and G. E. Pake, Phys. Rev. 94,
579 (1954) F. Lurcat Compt. rend. 238, 1386 (1954),238 2517
(1954); 1. Solomon Phys Rev. 99, 559 (1955)
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where!!
—(1/Ty) Uy Ui
joi=| Y W At
Uns Une — (1/Tw)
= E)—EQ@)] 2T ..
e 2 (1)
Q1) | |P(1;peBikr
lo®l= Q(Z;; 0= |P@s t)ef(z)/QkT )
QN; )| [P(NV; el MI2eT
with
EV)=e, -+, E@Ua(a))=e,
E@u(e)+1)=e, -+ -;
W (1,2)=wpa)" " (er,01(1) 5 e1,01(2)5 2), « - -,
W(1; RNpay(e)+1)
=wia* ™ (e,e1(1); exax(1); ), < 5
P(1; =Py (enar(1);2), - -+,
(80)

POUia(e)+1; )=Pra; (eza2(1); 0), - - -
N=%=2 N (e);
Uss W(T,S)GG[;'(T)_E(-?)]/%T
Usr:W(s,r)e[E(-?)—E<r>]/2kT

(1/T)=% W(s;r){1—35)

=1 [Eq. (65)];

for the system of interest [4]. Since [|W| and ||U}|
are both symmetric matrices, Eqs. (75)—(77) are of the
the same general form as Egs. (78)-(80), and it will
suffice to discuss the solutions of the former, those of
the latter being obtainable from those of the former by
appropriate substitutions.

The solution of Eqs. (75)-(77) can now be written as

1P = g B IP G| =

p.(1) &V

l2:ll=|2:(2) |,

with ?P(N)
=1wW-lpll=wllpll; 12l 2]l =80, (82)

the w,, ||#.]| being the eigenvalues (here assumed non-
degenerate) and the corresponding eigenvectors of the

11 The relationship between Q(r; £) and P(r; ¢) used in Eq. (79)
was suggested to us by Professor F. Bloch. See also E. W. Montroll
and K. W. Shuler, Advances in Chemical Physics (Interscience
Publishers, New York, 1958), Vol. 1, p. 361.
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matrix — ||[W]. Since —||W| is symmetric—"“micro- with
i ibility,” Eqs. (36), (77)—the w,: , B
scopic reversibility,” Egs. (36), (77)—the w =1UD-llgli=llglls 181 gl =85, (90)
wi<w<wy< -+ <wy-1 and
— . == / =
are all real, while the normalizability of the P(#»; ) for (= 1T - llgoll = o[l gol} =0, )
all ¢ [(d/d)2n P(n;£)=0 or 2., P(n;#)=1] demands  whence, with the [|U]|(= |T]) of Egs. (79), (80),
that the algebraically smallest w, is zero, i.e.,
e~E(1)/2kT
0=wi<w;<wy< - -+ <wy 1.2 (83) 1
S . || ” = e B 2kT |
Thus, substituting Eq. (83) into Eqs. (81), (89) o R . )
- 4l BN 26T
12O I= ipoll- 12 ) D) Ipol] (92)
N1 =Y e FOHT= 3 geilkT
+ 2 (2 [P DIl = (84) . cioai
=1l
Ne1 so that, substituting into Eq. (89)
= [P+ X (- 1P ol -
o Plrst)
(=W lpoll=0, (85) |Qeauil || = . e—-E(Z.)/%T
and, since the ||V of Egs. (76), (77) satisfies, “t e~ E W) 26T
(— HWH) HlH=<_HWH)H1“=0y (86) g EW KT, gE () j2kT
we have (wg assumed nondegenerate!) ____1_ B KT B 24T (93)
[poll = (1/908)|[1]]. (87) Zia BT B e
Hence, from Eqs. (84), (87) . . ’
. ’ i.e., using Egs. (80), (79),
|| Peavit]|= (1/90) (X P(n; 2o)) 1] = (1/T)[1]]  (88)

in agreement with Eq. (41) or Eq. (50), The reality of
the various w, in Eq. (81) or (84) shows in addition
that ||P(#)|| approaches |Pewil]| in a nonoscillatory
fashion, the (wi)™, (ws)™', *--, (wy-1)* playing the
role of relaxation times. Similarly, solution of Egs.
(78)—(80) yields,

1001= X 12 lo g Je-= =1
— (gl 106 D lgol
+ X (gl 0w D lgle= o 69

= ||Qeauil || 4- Z;(HQ,H O DIigsllee (=,

P[A]equ“(fl,al(l) ; t)Echuil(l; t)EQequil(l)e—E(l)/ZIqT
= (e—eI/kT/ Z 6—ej/kT>’

€7,07

(94)

etc.,

in agreement with Eq. (63). The symmetry of — | U]|
—“detailed balance,” Egs. (62), (65), (80)—ensures
the reality of the w,” and so the nonoscillatory character
of the approach of [|Q@)|| to ||Qeavil].

An interesting lower limit can be obtained for the
shortest of the relaxation times, i.e., for (wy—1)7%, viz.,

BT (min) < (@r-)";

T (min)=smallest of the T, (95)

so that the shortest relaxation time is =% (lifetime of
the shortest lived state). Equation (95) follows upon
introduction of the “non-negative” symmetric matrix,

[1/T(mln) - 1/T1] W12 Wi
X ||=———ltll+ W= W L1/ T (min)—1/7] Wan , (96)
T (min) : : :
W W [1/T(min)—1/Tx]

X11= I:l/T(mlIl)— 1/T1:| 20, X12= Wie 20, etc.,

2 The normalizability of the P(n;¢) for all ¢, as given, e.g., in Eq. (4), is also obtainable from Eq. (11) since, on the basis of Eq.
(9) or Eq. (14), 2, Vo(r; t—t)=0 and’since Zpn[Wan(7)P(m;2) —Wma(7)P(n;$)]=0. Thus the neglect of ¥,.(r; t—#) in passing
from the rigorous Eq. (11) to the approximate Eq. (35) (the “‘master” or Boltzmann “gain-loss” type equation) does not upset
the normalizability of the P(n;¢). From a mathematical point of view, the normalizability of the P(n; ¢) in Eq. (35) is a con-
sequence of the fact that each column of the —||W| matrix vanishes, and this property of —|[W| together with Eq. (82)
may be used directly to establish Eq. (83) and also Eq. (87) below.
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and use of a theorem of Frobenius® to the effect that
a non-negative symmetric matrix such as ||X|| has an

eigenvalue spectrum #x,: %o =& =%z =+ + - =«n—; such
that
Ko Z w2 =0 2hp 20 Zwp =00 Zann, (97)
and

%o = |%n—1]. (98)

Equations (98), (96), and (75) yield
[1/7 (min)] Z [[1/T (min)]—wy-],

—W(2,1)

(99)

1ull=

W (2,1)elE@~EI/kT

1

e~ EQ)[2kT

llgoll =
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which, upon squaring and dividing by wx_1, is seen to
be equivalent to Eq. (95).% On the other hand, no
general expression in terms of the T, seems to exist for
the upper limit to the longest of the relaxation times,
(1)L, though examination of particular examples (see
Sec. F) appears to indicate that, as might be expected
physically,

(w) ' ~T(max); 7T (max)=largest of the T',. (100)

As an example, we shall now give an explicit ex-
pression for ||Q(¢)]] in the simplest case: N=2. Here,
from Egs. (79), (80), (92), (90), (93), we have

W(1,2)eEQ—E@1 kT
-W(1,2)
1

e~ EM 12k

—E(2) [2kT

Zart
1
Zia}
ot =—
Zia
so that from Eqgs. (101), (89), (79),
P(1; {)ePW 2T
P(Z; t)eE(Z)/ZkT

1 | EWIkT, pEQM) /25T

Za

e~ E@) /2T

llgsll=

.
’

— = EQ) 25T

le®l=

1

e~ E@) KT, o B(2)/2kT

Ziay

i.e., using also Eq. (80)

(6_E (¢V] /kT+3—E(2) IkT)w}

e~ EWIRT . gE(D)/2kT

e~ E@)ET, gB(2)/2kT

.
b

e E@ 12kT

(101)

w' =W (1,2)+W(2,1);

’

+——[P(1; to)elEO=E@1AT P(2: 0)g~[ED—~E@12%T]

e—E‘(2)!2kT
e WaAHF DI (102)

e~ E W) 25T

P13 0= (1/Zua)e ORI (1 Z i) [ BORIP(L; to)— PO P(2; 1) Jo= W Q01 @1 =10

wW(1,2)

(WEDPA; )~ W(1,2)P(2; o)

WA+ weL

WL+ (2,1
P(2;)= (1 Zuy)e O~ (1 Zyn)[e BOIHTP(L; 1)~ BORTP(Q; 1) oW AW @01 =00

)g—IW(l,Z)-!—W(?;l)l(t—to)’

(103)

w(2,1) (W(2,1)P(1 s to)—W(1; 2)P(2; )
w(1,2)4+W(2,1)

TWADIWEL)

Equation (103) demonstrates the proportionality of
P(1; )—Pewil(1;¢), P(2;1)—Peawil(2;¢) to
£[W(2,0DP1; 1)~ W(L,2)P(2;50) ]
=+{W(2,DLP(1; t)—Pri(154)]
—W(1,2)[P(2; te) — Pt (25 £) I}
[see Eq. (65)], i.e., to the initial deviation from

13 See, for example, E. Bodewig, Matrix Calculus (North
Holland Publishing Company, Amsterdam, 1956), p. 145.

)B—IW(1,2)+W(2.1)](1— t0),

“detailed balance” and so to the initial deviation from
equilibrium.
In concluding this section we wish to point out that

1 The method of proof of Eq. (95) given in Egs. (96)-(99) was
suggested to us by Professor I. I. Hirschman. For nondegenerate
wy, the =, < signs in Eq. (99), (95) must be replaced by >,
< signs. Our statement of Frobenius’ theorem is valid only for
a non-negative symmetric matrix [|X||. The theorem can also be
proved for any non-negative matrix, in which case some of the x;
with 1< <N —1 may be complex, and Eqgs. (97), (98) become:
oz o] = = |anal.
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a Laplace transform method for solving Eqgs. (75)-(77)
or (78)-(80) yields an explicit formula for the matrix
I, I=CB)IPEDIp] in Ea. (1) or for the
analogous [|K,'||= (& [Q()Dlg|l in Eq. (89), viz,

15 11= (I3[l - L2 ) D s

1 C(1;s)
= 1dD(s) | |C(2;5) s (104)
ds J|C(N;$)|s=~a,

where
D(s)=det(s[1][— W), (105)

*C(n;s)=same determinant as D(s) but with #th

column replaced by
P(1;t)

P(2, to) .
P(N;ty)

Equations (104) and (105) are valid for nondegenerate
w, and are derived in Appendix B below; the corre-
sponding equations for degenerate w, are also given in
this Appendix. It is to be noted for future reference
that, from Eqs. (104), (87), (82),

Zn Ko(n)=([Boll- 1P () DX po(m)

=3>nP(n;t)=1, (106)
Za K m)= (B[ | Pt N p.(n)
(1Sy<N-1) (107)

= (]| | Pt} IDTA([Z5 ]| 0]l ) =0.

E. THE “MASTER” OR BOLTZMANN “GAIN-LOSS”
EQUATION FOR AN INDIVIDUAL PARTICLE
OR QUASI-PARTICLE OF THE SYSTEM
OF INTEREST

If the states Y (a3 (e;,;) of the system of interest [4]
can be appropriately described in terms of the states

H. PRIMAKOFF

’#[1] (j(l))’ ¢[Z] (j<2)), B ‘&(i] (j(i))y B z)b[<1] (]‘((1)),

of its constituent individual particles or quasi-particles
(1,021, -+t -, Lgl, - - -, we can consider

Pray(ejas; )=Pra({7?9}; 0);
&5, ;= e({7P}), a({7V});
{(jOy=jO, O, , D, , j@D @ e,
(108)
[11 Ty
are found in the states

Yy ®), v(G®), o, $a (), oy deen (G,
Yia (7 O), Yreen(F€t), -+ at time ¢, equal identically
to the probability that [A] is found in the state
Yra1(e;,0) at time 4. We further define

Piy(j o= X Pui({7®}; 0;

(i@

{j(’i)}(fl)Ej(l)’ j(Z), cee

as the joint probability that [17], [2], +--,

j(q—l), j(fH—l)’. -

(109)

j(i), BN

as the probability at time ¢ that [ ¢ ]is found in the state
gb[q] ( _7(‘1>) for any probability distribution of [17, [2],
.- -, [g—1], [q+ 1], : - - over the various states
'ﬁm (J“)) Y (§®), - va(G?), -, Ye-n(GeY),

Y (FOD), -l The “master” equation for
Pai({7};0),
Eq. (64), together with Eq. (109), then yields
d
d—P[ql(j(“);t)=Z [wia (§9; k@ P (@5 1)
fA k@

—wig(kD; jO; )P (795 1)],

with the, in general, time-dependent transition prob-
abilities per unit time,

(110)

wa* ({79}, {RD}; OPray ({R9} ;1)

) 179 @, (E®}@
wig(j9; k9 0=

M

2 Pg({k9};0)

(R} @

(111)

wra ™ ({B O} {79} DPa ({79} 50

{iO)@, (EO] @
wig (k@ j @5 )=

2 Pua({79};0)

§5O}@

Let us now suppose that the system of interest [47] is, as a whole, never too far from equilibrium so that we
can replace the P ({7®};¢) in Eq. (111) by their equilibrium values:

exp[—e({;})/0]

P[A]eqml({](z)} t

[Egs. (63), (108)],

Z expl—e({£"})/ 0]

(112)

2. expl—e({j®})/0]

{7} @

Pyl (j@; )= 3 Prapoeil(j0; =

{7®}@

Eqg. (1()9) .
> el—royye] o 10

{e@)}
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Then

w1 (JO; k95 1), w95 @5 0)

are replaced by time-independent

Wi P (§@ 5 k@5 1), wigyeil(R@; @)

while Eq. (65)—*“detailed balance”—ensures that the
numerators in the two resultant expressions on the
right-hand side of Eq. (111) are equal; thus, using also
Egs. (109), (112), we obtain

2 Prageei({j9); 1)
{iO)@

Wit (@, @) 3T Prarwil({E@}; 1)
{(R©} @

PLsta(j05) T expl-el(j0))/©)
-— = : . (113)
Prgevil(k@;1) 3 expl—e({k?})/0]

()@

Wi (@5 k95 1)

Equation (110) with

Wi (kD5 0), wig(RD,795 1)

replaced by

W (F @R 1),  wiyo (D, 5D )

and Egs. (111)-(113) define the “master” equation for
the particle or quasi-particle [¢]; the analogy between
these equations and the Eqs. (64), (65), defining the
“master” equation for the system of interest [4] is
obvious, and we can use the methods of Sec. D to
obtain P, (79 ;¢) as a function of £. A particular sim-
plification is obtained if, to a sufficient approximation,
e({7}) depends additively on the ep(7¢9),

e({7V}) Zem (GO e (FO)+- -
Fem(GO)+ - Fe-n(G9)

Fea(FO) e (G40, (114)

qu]equil(j(q) ; k@ ; t) =
§76}@, {k6)}@, ny, Bu, 10, By

SYSTEMS:

W[A+B] ({j(i)}a’?u;ﬁﬁ {k<i)},7]v,6v)
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since Egs. (114), (113) give
Wi (JO; k95 1) expl—eq(j@)/0]
Wi (kD5 j0; 1) exp[— e (R©)/ O]
in complete analogy with Eq. (65).

F. MAGNETIC RESONANCE: TIME VARIATION
OF LONGITUDINAL MAGNETIZATION

We proceed to discuss certain magnetic resonance
situations in view of the general theory established in
Secs. B-E above. In these magnetic resonance situ-
ations, the system of interest [4] is identified with the
degrees of freedom describing the orientations of
nuclear (or electronic) spins, and the surroundings [ B]
with the degrees of freedom describing the motions of
atoms containing the spins, i.e., in brief, [4 ]=spins,
[B]=*“lattice.” The ratio

V/ 3O =0/ (314104 315 @)

is now no longer =N 4%/ (N a1+ Np)) but is inde-
pendent of Ni4;(=N5)) and is not necessarily neg-
ligible for a sufficiently large specimen—on the other
hand, U/3® is indeed small in many cases, e.g., for
U=nonsecular spin-lattice phonon interaction (mag-
netic dipole-dipole or electric quadrupole spin-lattice
interaction). We present a treatment of the approach of
the nuclear spin system ([ 4 ]) toward equilibrium under
circumstances in which the “lattice” ([B]) remains in
equilibrium throughout and with U/ (3C4; @4 35 )
small. Under these circumstances the conditions for
validity of the “master” equations deduced in Secs. B,
C, E are satisfied and our discussion is, in particular,
based on the individual particle “master” equation of
Sec. E.

We treat this “master” equation for an individual
particle [¢1, i.e., for an individual spin [g¢], of the
system of interest [4], Eq.}(110), with w, (@ ;2@ ; )
wig (k@5 705 1) replaced by wi*(j9; k9 1),
wigtil(k@; @ 1) and with Egs. (111)-(113) for
Wi (D k@O 1), wig* (kD5 j@5 7). These last
equations, together with Eq. (65), yield

(115)

emle }

Z g‘ﬂw/ (2]

L

X( exp[—e({k9})/0]
> exp[—e({k}/01/’

{6} @

(116)

2 expl—e({£©})/0]

. . . {(RO}@
Wi W (kD5 j@ 5 )= wyyeil(j@; k@D 1)

1i91@

> exp[—e({j9})/07

where in the present instance j@ is to be interpreted as the magnetic or spin-orientation quantum number of

the spin [¢7]. Also, from Eq. (36),

W s sy ({7 DY mBus (DY m080) = 2/ 1)8(e({F D) Hnu— ({52} =) K{T O} 10,80 VL{ED} 1080)

=W[A+B]({k(i)}77’m6'v; {j(i)} 5 nu)ﬁu)s

(117)
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where, for the case of the magnetic dipole-dipole spin-lattice interaction, V="7Uqgip-aip and Vgip-aip can be

identified with

Vdip-aiphoneeelar= 7 fZ[Cfg(l 118l 14+ 1114+ 1012)+ Ep (I 11141 1914) ]+ Herm. conj.,
4

3 #2y?

9=
2 (ry,

where y=nuclear gyromagnetic ratio;
t—1,= (r70,070:10); Tr=Ret+¥s,

R,=lattice vector of the atom [ /], £,=displacement of
the atom [f] from its lattice position={function of
phonon creation and destruction operators, and Iy
=spin of the nucleus in the atom [f]. The term
Vaip-aip®™?* which establishes relatively rapidly a
“quasi-equilibrium” spin configuration within [4 ], need
not be explicitly considered in the treatment of the
relatively slower approach to equilibrium of dynamical
variables such as the longitudinal magnetization since

sinfy, cosfse™ ¢/,

(118)

o 3 Wy
fe="""
4 (rs9)?

(sinfy,)%e 21419,

this relatively slower approach to equilibrium involves
energy interchanges between the spins [4] and the
“lattice” [ B]. If the atomic motions of the “lattice” [B]
are appropriate to, e.g., liquid-like rather than solid-like
states of the specimen, r; must be expressed in terms of
creation and destruction operators of motional quasi-
particles other than phonons. The general formalism
developed below holds however in this case also.

We now introduce the notation j¥=m,, kd=m;
(—I=m;,m/=<I) and find from Eq. (118) as typical
nonvanishing matrix elements,

!

{miy={m}@my; N84l vdip-dipmnmu‘arl {m}y={m}@, my—1;n, B,

=Zf(ﬂu:ﬁu’qu[nvyﬁv>mf[(l_mq+1)(I'l'mq)]}, (119)
{mi}={m} @ Pmym,; nu,Bul Vaip-aipho®*ulr| {m'} = {m.} @ @ m,—1, my—1; n,, Bo)
= <77u;t8u| Re Epg|n0,8u)[ (IT—mq+1) (I+mq)]%[(I_mp+ D({I+m,) P (120)
Thus, from Egs. (119), (120), (117), (116), (114) and with e[ (m,) = — AymH exy=— hiwrm,, we have
Wiy (mg; me—1; )= (I—m,+1)(T+mg) 2m/T) 32 , Lexp(—n./©)/ Zﬂ exp(—n./0)]
X {3(nu—no—101) 22 1| (usBu| Cra| 10,8 | 2({ sy — ({{ms)))?)
+ | (uBul 25 Cral 10,800 |2({ (1)) 38 (nu~—10— 271001.)
- X211 {nuBu| Re Epq| 0,80) HI T+ 1)~ {({m)+ ({m)) ]},  (121)
wi
2 my exp(fuormy/ ©)
ny
= & (7, ©)L (I41),
{{ms)) > enn (om) ©) (hwr©)3I (I+1)
my
> mp? exp(howrm;/©)
=1 ~3T(I41), 122
{{ms)) P E——" I+1) (122)
my
whence, for H, T such that #w;/0<K1,
w1* N (mmg; mg—1; YT —my+1) (I+mg)3I (I+1) (2n/7) ﬁZ , Lexp(—n./©)/ ZB exp(—n1u/0)]
XZf{a(’ﬂu_m_th)l <’7u;ﬁu | qul'ﬂv:ﬂv)12‘*‘6(7]“'—"71’—'2;;“’1/)2} <77u75ulRe Efql’?v:ﬁt:)[Z}
={T—me+1)T+m)w. (123)

The shape dependent term, |{nu,84]2 7 Crelm0,8: [2(({ms)})?, in Eq. (121) contains the factor
(hwr/ )= (lryH oxi/kT)?

[Eq. (122)] and so becomes important at extremely low temperatures.
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In a similar way we can work out w*®(m,—1; m,; #) and obtain, consistent with Egs. (116), (114), (115)
\&xpL— €t (m—1)/ 6]
7

expl — erq1 (114)/ O]

An analogous discussion can be given for the case of the electric quadrupole spin-lattice interaction; here,

Wia P (my—1; mg; 1) =w 9 (my ; me—1; =w1° % (g me—1; 1) exp(—Fwr/0). (124)

Vquad™ et =37 [ A (I 1nal e+ 1] 1112) + A5 (14 +Herm. conj.
A=1Q/812I - 1)1(U ts1;00— Uts14.2),

_ (125)
A/=[Q/8I(2I— DI t0o—Uttiya— 20 (11;2),
32U (r)
[fliz,z= etc.,
Oxdx I'=Rf+ ff,

where Q=nuclear quadrupole moment, and U(r)=lattice electrostatic potential at r. A calculation similar to
that in Egs. (119)-(123), yields:

wi* i (mg; me—1; )= @mg— V(I —m+1) (I +my) 2m/ %)

exp(—"’v/®)
X (—_“—"'_)3( w—N—Bwr) | (1,84 Ag| 16,8002
T Bus 10y By Z exp(_.,’w/(a) n n wL l(”, l qlﬂ >l
72, o

= (2m—1)*(I—mg+1) (I+m)w’, (126)
wi* i (mg; me—2; 1) = (I—m,+2) (I —=mg+1) (I+mg) (I+my—1) (2w /%)
exp(—7./©)
— )6 (nu— v—Zth uyldu Aql »Pv 2
Xﬂu;ﬁ%’lvyﬂv( Z exp(—nw/®)) (17 ! )|<n B | ln 6 >]

Nw, Bw

=T —my+2)(I—mg+1) (T4m) (I +m,— Dw”.  (127)
Again, consistent with Eq. (116) or Eq. (115), we have:

i ) exp[ — e (m—1)/0]
Wi (mg—1; mg; 1) =w1° (g5 me— 15 1) e
eXp[—e[ql ('mq)/@]

=W (mg; me—1; 1) exp(—uwr/0), (128)

. . exp[ — eq) (m,—2)/ O]
Wig1* W (mg—2; my; 1) = w10 (mg; my—2; 1)
exp[ — e[q1(m,)/ O]

=w° 8 (m,; my—2; £) exp[ — 2%,/ O] (129)

Having thus obtained the transition probabilities Egs. (110)-(115). Thus, on the basis of the analogous
per unit time, w°® (m,; my ;1) [Eqgs. (116), (121)- mathematical structure of Egs. (110), (115) and Egs.
(124), (126)-(129) ] we can use the methods of Section D (75)-(80) we can apply the results of Egs. (81)-(94),
to solve the individual particle “master” equation, (104), (105) and write (—I £m,=1)

oI
Py (mg; 1) = P10 (mg; )32 K, (mg)e (=,
y=1

(130)
expl— eqq1 (724)/ O] exp| Awzm,/ O]

P [q]equ“(mq; = ; = ; »
> expl[—ep(m)/0] X exp[lwrw,’/ 0]
mg' mg’
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where the w, are eigenvalues of the matrix
—(1/T1)
i wigr I (I—~1;1;1)
~ wgeitf=—| "
wig* (=15 15 1)

—I
(1/TI)= Z w[q]equil(mq; I: t)) etc.,,

mg=I—1
and

K,<mq>={ ’”;:s))_lcwq;s)} ;

s=—uwy

D(s)=det(s[|1]= [lwi=]);  (132)

C(my; s)=same determinant as D(s) but with the
column corresponding to m, replaced by

P (I to)
Piy(I=1; 1))

Piy(—1;t)

Thus the w, and K, (m,) are functionally determined by
the @ (mg;m,; 1) and the w*(my;m,; 1),
Prq1(my’ 5 to), respectively. However, the explicit evalu-
ation of the functions in question, apart from particu-
larly simple cases [as in Egs. (101)~(103)], is rather
complicated.

Once the probability at time ¢ of finding the spin [g]
in the state Y (M), Pro(mg;?), is known we can
determine the longitudinal magnetization, (u), of the
system of interest [ 4] composed of the individual
spins [¢]. Thus {u). is given by:

()= 20 IPm(mq; £

N
ﬁv)f )%
Via

I Nyay
= X P[q](’”qﬂ)( h’Y'mq):

mg=—1 Vv [41

X <‘P ta1(7720)

Yia) (mq)>
(133)

so that using Eq. (130), and in view of Eq. (122),

N I .
)= (ﬁv ){ S P, o,
Va4 mg=—I

T I

+2( = I{,(mq)mq)e~v»<t—zo>}

v=1 \ mg=—TI

) N
=Gyt (1—22)
Via

2r I

x>( = K,,(mq)mq)e—wy(z—m);

v=1 \ mg=—I
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—(1/Tr-y)
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wig*l(I; —1;1)
Wi (I—1; —1;1)

e : , (131)
w[q]emul(_l; I——]_, t) _(1/T—1)
, Niay Ny 7y
<#>tequll=ﬁ,y <<mq>>EHext W};I(I‘l‘l)
V04 (41
N[A] th
=41 (—) (134)
[4] o

We now discuss the evaluation of the w,, K,(my) in
various special cases of interest in magnetic resonance.

Case I: I=1 with Vaip-dip>Vguaa- Then from Egs.
(123), (124)

wig*™(150; ) =1-2w=w**"(0; 1; ¢) exp(hwr/©)
Sw(*(0; 1; ) (1+Awz/0),
W (0, — 15 1)=2- 1w
=wg*™(—1;0; ) exp(fiwr/O)

Swi®(—1;0; ) (14 wr/0), (135)
wig* ™ (1; =1; h=w*®!(—1;1;)=0.
FEquations (135), (131), (132), (134) yield
wi= (2—for/Q)w2lw;
we=(2—hwr/O)3w=26w; (136)

() e—{up et
(hyN 141/ V 141)
=— 104430/ O) P 1 (—1; )
+ (2hwz/ O) P11 (0; o) — (4—3hwr/ O) Pig1 (1; to)}
— 15" (hor /@) {— P (— 15 L)
+2P1(0; 20)— Pray(1; 0)},

so that, in general, the longitudinal magnetization {u);
approaches its equilibrium value with two relaxation
times, (2w)™, (6w)~'. On the other hand, in magnetic
resonance practice under the condition of initial satu-
ration, we have the various Pq(m,; ty) mutually equal
so that (u),=0. With

Pr1(1; t0)= P11 (0; ) =P (—1;5t0)=1,
Eq. (137) becomes
(U= il

(ByN 141/V 141)

(137)

s — % (ﬁwL/®)e—2’w(t— to)
<#> tequile—Zw(t—— 1)
(Y N1ay/Viar)

so that in this case the longitudinal magnetization {(u),
approaches its equilibrium value (u)£ei! with a single

(138)
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relaxation time, (2w)~'. Another interesting initial
condition corresponds to P, (#4; fo) =% (1-+am,) with
la|K1; e.g., a=Tiwr/O for Py (my; to) = P g0 (mq; 1),
and a=—hwr/0 for P, (m,;t) descriptive of the
(negative temperature) situation “immediately after
a sudden reversal of Hx;.”” Equation (137) now becomes

2 fhwr,
_—— e—Zw(t—to)

(h7N[A]/V[A]) 3\ 08

equil —a wr —2w (t—tg)
=_<#)¢ [1—a/(hwr/0©)le  130)
(YN 141/ V 143)

() e () et

so that (u); again approaches (u)eei! with a single
relaxation time. It is also interesting to note that

T (min)=To=[wig°™(—1; 0; O)+wiy*(1;0; )]
= (dw) ' < 2 (we) L= (3w)™?

in agreement with Eq. (95), while

T'(max)="T1= (wig"™(0; 1; £)) 7= (2w) "= (w1) !

in agreement with Eq. (100).
Case I1: I'=$% with Uaip-dip>Uquad. Then from Egs.
(123), (124),
wig™ (35 3; )
=1-3w=w*™(3; §; 1) exp(fiwr/O)
w3, 35 1) 1w/ 0),
w3
=2-2w=wg*™(—%;%; 1) exp(fwr/0O)
Swg(—3; 35 ) (1+fwr/ ),

Wi (=}, —451)

(140)

=3-lw=wrel(—%; —%;¢) exp(fiwr/B)
Swieril(—§; —3; ) (1+Hwr/0),
Wig equxl(__ _; t)

=win* ™ (—7; §; D =w™(§; — 550

=w*l(—%; §; =0,

so that from Egs. (131)-(134) and under the condition
of initial saturation

w1=(2—fiwr/O)=2w;

we= (2—twr/ @)3w=26w; (141)
ws= (2—fwr/O)6w12w;
() 1= (ug)eauil Shwr it
(h’YN[A]/V[A]) 4 ®
) equile—2w(t—to)
= _<__>‘_______ (142)

Ty N/ Viar)
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Thus the longitudinal magnetization (u); again ap-
proaches its equilibrium value ()il with a single
relaxation time, (2w)~L
Case IIT: I=1 with Uguaa>>Vdip-dip-
Egs. (126)— (129),
we*(1; 05 )
=1-1-20"=w[;?"(0; 1; ¢) exp(bwr/O)
w05 1; 9 (1+Awr/©),
wig* ™ (0; —1;7)
=1.2: 1w =w;?(—1;0; t) exp(fiwr/O)
Swigrel(—1;0; 1) (14Awz/0),
wig™(1; —1;7)
=2-1-2-1w"=w120(—1; 1; £) exp(2hiws/O)
S (—1;1; ) (14-2k01/©),
so that from Eqgs. (131)-(134) and under the condition
of initial saturation,

1= (2— o) O)w' + (2— 2o,/ ©)dao"”

Then from

(143)

0w'+-8w”,  (144)
we= (2— A/ 0)2w' 6w/,
equil
(,u)z {upsee _ __(th)e (Qw'+807") (1= to)
(h’YN[A]/V[A]) (143)

</J> tequile— (@w+8w’’) (t—to)

(BryN 141/ V 141)

whence (u); once more approaches {u)%! with a single
relaxation time, (2w’'+8w'")~L

The evolution in time of {(u); toward (u)£® [as in
Egs. (137)-(139), (142), (145)] has also been treated
in terms of the concept of a time-dependent “spin-
temperature” T,(¢). For a comparison of the results
obtained here with the not always correct results
deduced by means of the spin-temperature procedure,
see Appendix C.

G. MAGNETIC RESONANCE: TIME VARIATION
OF TRANSVERSE MAGNETIZATION

We shall now analyze the variation in time of {(u’),,
the transverse magnetization of the system of interest
[4] composed of the individual spins [¢]. We have:

<u'>t=<<hv/vm>z IW> =((ry/ Va2 (146)

Such a nonvanishing transverse magnetization may be
obtained at the initial time #, by the application of a
(very short) “90°” tf pulse at a carrier frequency equal
to wr=+Hex which rotates the previously existing
equilibrium longitudinal magnetization into the plane
perpendicular to Hexy=Hex2; thus immediately after
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the pulse, we have in view of Egs. (2), (4), (5), (50), (51),
p(to) =exp[i(m/2) (—1,) Jpe exp[ —i(n/2)(—1,) ]

exp(— 304, @/ ®) exp(— 505 ®/0)

=exp[—i<w/z>ry](

expli(r/2)1,]

Trace[ exp(— 3141 @/ O) exp(— 55,/ 0)]
exp(fiwrl./0O) exp(— 33/ 0)

=exp[—i<r/z>zyj(

exp(inl/6) exp(— e ®/6)
B N exp(—E/O)

)

Trace[exp(fwrl./O) exp(— 315 @/0)]

E=E,O~E,Ox...

) expli(n/2)1,] (147)

H

(" yo="Trace{p(bo)n'} = (Av/V 141) Trace{p(to)1.}
fry Trace{exp(fuwrl./ @)1}

B Viay Trace{exp(fwrl./0)}

= (u) o (148)

The description of the variation of {(u'), with t(f>1,)

is most easily given in a frame of reference “rotating

with angular velocity w2 relative to the laboratory

frame” and we proceed to generalize our discussion to

the treatment of phenomena in such “rotating” frames.
We begin with Eq. (5) for {u');, viz.,

{u")s=Trace{p(Hn'} = Trace{p.ot (ot (1)},

where

(149)

prs(= gL =0 () gienti=Ts,  (150)

(151)

urot'(t)_—_=-e—'L'wL(t-to)Iz'u’eiwL(t—to)IZ,

the subscript rot indicating operators in the “rotating”
frame. Use of Eq. (2) with 3¢=3C14; @+ 35, P40
= —twrl,+ 3P+ and of Eq. (146) in Eqgs. (150),
(151) yields,

prot() = e~ enl— 0 L explin;, (b— o)1,
— (/) (t—t0) (3C15 @ +0) Jo (to)
Xexp[—iwr(t—to) L.+ (2/7) (3—to)
X (315 W +0) Jpeier =01,

prot! ()= (ry/V 1asH{I = cos[wr(t—to) ]
+1y sin[wn(t—t) 1},
so that, substituting Eq. (153) into Eq. (149),

{u"ye= (By/V 1a1) (cos[wr (t—10) ] Trace{pros(H) 1}
+sinfwr((— 1) ] Trace{pros()1,}), (154)

with p,i(f) given by Eq. (152), and p,et(fo) =p(f) by
Eq. (147).

The expression for prt(f) in Eq. (152) is considerably
simplified if,

(152)

(153)

[3C4y®,0]=0, (155)
le.,

[1,70]=0 (156)

the Egs. (156), (152) yielding,

prot(f) = exp[ — (/%) (t—to) (3151 +0) Jo(t0)
Xexp[(3/%) (t—to) (3¢ (5 @ +0) .
If in addition,

(157)

[SC[B](O)’EO:l:O;
the Eqgs. (157) and (147) give

prot(8) = exp[ — (/%) (= 10)0 o (to)
Xexp[ (#/7) (1—t) V). (159)
It is further reasonable to suppose on physical grounds

that Trace{protl,} =0 for p.ot given either by Eq. (157)
or (159) so that

(W)= v/ V 1a1) (cos[wz(t—t) ]
X Trace{pot()I:}). (160)

Equation (160) corresponds to the assumption that, in
the frame of reference rotating with angular velocity
wr? relative to the laboratory frame, {(u’), approaches
(")t without any further precession.'®

Equation (160) shows that the problem of evaluating
{(u")¢ 1s reduced to the problem of evaluating

Trace{prot (1)1 5}
which can be written, using Egs. (5), (6), as
Trace{peot ()1 2} =2 n{n| prot(£) | $u)(On] L 2|
=3 Prot(n; t)<¢nllxl¢ﬂ>7 (161)

provided that the matrix of I, is diagonal with respect
to the complete set of states ¢,. The quantity Pro(n; %)
= {¢n| prot(£) | $n) 1s the probability that [ 4+ B7]is found
at time ¢ in the state ¢,. Equations (160), (161) for

(158)

15 See 1. J. Lowe and R, E. Norberg, Phys. Rev. 107, 46 (1957),
who have also demonstrated by an explicit but approximate cal-
culation in the case =% that Trace {pwotfy} =0 for prot given by
Eq. (159) with U =T0a4sp-qip *eu!er as in Eq. (168) below.
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{u'y: are analogous to Eq. (133) for {(u); and may be
evaluated in the same way if the Pr(#;f) satisfy an
equation of the “master” type.

We now discuss whether Prot(#; £) = {¢n] prot(£) | )
satisfies a ““master” equation analogous to that satisfied
by the P(n; 1) of Eq. (35). First of all, we note that if
the ¢ are such that {¢m|l.|dn)={Pn|l:|Pn)0mn, 1.€.,
I.={I.}%e, then for the p({o)=pret(fo) of Eqgs. (147)
and (152):

<¢"‘ ' Prot (to) | ¢7‘> = <¢'ﬂ | Prot (t()) l ¢-,.>5m.,,
= Prot(n 5 t(})amn, i.e., prot(to) = {ptot (io) }diag‘

Then, following the procedures of Egs. (7)-(11) and
Egs. (13)-(16), the Eqgs. (157) and (159) yield the
analogs of Eqgs. (11), (8), (9), and (14) and Eq. (16), viz.,

Pm(n; t+T)—Prot(n; t)
T

:; [Wrot;n,m(T)Prot(m§ t)‘“Wrot;m,n(T)Prot(n; t)]

+Yrot;n(7'; l"to), (162)
where
Wrot;n.m("')
= (1/7) K¢u| expl— (&/2) 73] ém) I, (163)

yrot;n('r; lf'—?fo)
=(1/7) Z (1=8m){¢a|exp[— (i/7) 7K ]| dm)

X (o] €xpL— (/B) 7R ]| S5 (b prot (1) | 56)
=(1/7) X (A—8xm){dn]expl— (i/B)7%]| ) (164)

kym, 1

X{¢a|expl— (i/B) 73 ]| di)*

X {¢m|expl~ (i/%) (t— 1)K ]| b1]

X el expl— (i/%) (t—t0) K] b 2)* Prot (5 t0),
with

K=3Hm:P+V: pra(9) of Eq. (157), (165)
R=U: orot(t) of Eq. (159), (166)
and
Prot(158)— Prot (15 10)
t—1lo
=; [Wmt;n,m(t"‘io)Prot(m§ 50)
—Wrotima{l—10) Pros(m3 1) ). (167)

It remains, in order to demonstrate the equivalence of
Egs. (162)-(166) to a “master” equation, to show that
the transition probability per unit time, Wiot; nim(7), is
independent of 7 for #/£.<Lr=i—1, with £, a suitably
defined excitation energy per particle [analogous to the
discussion in Egs. (18), (19), (22)-(25); restrictions
®), (¢) after Eq. (35)] and that Via(r;t—1t) is
relatively negligible [analogous to the discussion in
Egs. (27)-(34); restriction (@) after Eq. (35)].
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To consider the questions raised in the preceding
paragraph we distinguish two cases: (I) “Rigid” lattice;
(I1) “Nonrigid” lattice, and discuss them in order.

Case (I): “Rigid” Lattice
Here we suppose that

V=00 R+ — Ro+&) -5 -+, Ly Ligrye o +)
is well approximated by
A CERN¢.VES (HEEREFRERH VN IS REEY
where U is the spin-lattice phonon interaction, e.g.,
'-Uztvdip_dipzfodip_dipsecular_l_rodip_dipnonsecular’
with Vgip-dip™omer given in Eq. (118) and
codip-dipseculm‘:% fZ A/ﬂ(I[flzI[alz+I[f]uI[alu
g
=215 112),
Azg(ty—1) =—5 (/1) (1~3 cosby,) ;

tr— 1, = (¥15,075,1,)-

(168)

ry=R;4-%; Ry=lattice vector of the atom [f];
£r=displacement of the atom [f] from its lattice posi-
tion=function of phonon creation and destruction
operators.

The neglect within U of &, &, compared to Ry, R,
corresponds to the physical assumption of the “rigid”
lattice and to the neglect of any energy interchanges
between the spins and the lattice; since 3Cip@=
iz ®(: - -,&r&,, - - ) this neglect ensures that[ 3¢5 @,
V]=0[Eq. (158)] and implies the validity of Eq. (159)
for prot(#) provided that in addition [ 3C(4;©,0]=0[Eq.
(155)]. This last commutator vanishes however if
Vaip-aipto®®e is neglected compared to Vgsp.-aipeier,
ie., if

V ;vdip-dip= '-'Udip_dipsecular+@dip_dipnonsecular

secular
’

(169)

an approximation valid in the “rigid” solid where
energy interchanges between the spins and the lattice,
associated with Ugip.aip®™*™4", are entirely unim-
portant.

We proceed toinvestigate the properties of Wrot, n, (7)),
Yiot;n(7; t—t0) [Eqs. (163), (164), (166)] with
R =0 ~Vaip-aip" (- - - ,Ry— Ry, - -3

<), (170)

and, in accordance with the general method employed to
deduce Eq. (25) from Egs. (8), (10), decompose & as
[see Egs. (170), (168)]

Y SORE T
KO=3 fZ Arg(R~R) I 101 1014),
g

‘uE%fZ: Afa(R/"'Ra)(IUlUI[a]y_ZI[f]zI[rJIZ);
9

=~ Vaip-dip

(171)
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and take for the ¢,
bn={D011 ()b 121 (u2) - - Pra1(g) " - '}[A]%[B;(nu,ﬁu),(”z)
I1q)c$ 101 () = BB 101 (1),

N[A]

Lgn={ 2 uq)qu
whence -
KOp,=5%,0¢,=3 fZg Ay (Ry—Ro)psug
~ N a)(By*/a*)2N 1y én
(e=lattice spacing).

We then have [see Egs. (23)-(25)]
Trotin=L2 Wiotym,n () (1—8mn) 1™

<5 (2 /1300 50,

X bl W bn) P(1—8mnT

[1 1 (h%/?)?]—l i
RO AY A S

so that restriction (c), after Eq. (35), i.e., the analog
of Eq. (24), is not satisfied and the quantity
W roti nn(7) = (1/7) [{bn| exp[ — (/%)

X 70aip-aip® (- - -, R

(173)

(174))

—Rey o5 I,

Xigy, -+ )1l I?
of Eq. (163) is not ever effectively independent of 7.
In addition U~X® so that restriction (d) after Eq.
(35), i.e., the analogs of Egs. (29)-(34), is not satisfied
either, and the term Yo, o(7; i—14) of Eq. (164) (with
K=V~ Vaip-aip™ ™ (-+-, Ry—=Rg, -+ -+, Ipy, L1y +),
is not relatively negligible in Eq. (162) compared to
the term

Zm[Wrot; n, m(T)Prot (m, t) e Wrot; m, n(T)Prot (71‘; l)]'

Thus no “master” equation analogous to that of Eq.
(35) for the P(n; ) is satisfied by the Pos(n; 1) of Eq.
(162) in the “rigid” lattice case and the correct deter-
mination of P.(n;t), (u'): must be made from the
complete Egs. (162)-(164) or from Eq. (167), together
with Egs. (161), (160), or alternatively, from Eqgs.
(159), (160). Such a correct determination of {(u’); on
the basis of Egs. (159), (160):

W)= B/ V 1a1) (cos[wz(t—to) ]
X Trace{exp[— (i/#%) (t—t0)0 1o (t)
Xexp[ (i/7) (¢—t)V1I=}), (175)
V~Vaip-aip™ (-, Rr—Rg, -5 -+, Iippy Tiy- - ),
as in Eq. (168), p(f) as in Eq. (147), has been given by
Lowe and}Norberg! and predicts a type of oscillatory
approach to equilibrium for {{u’),/cos[wz(—1) |}—the
Lowe-Norberg beats—which is observed (six beats are
detected in CaF at 1.2°K!) and which can #never be
predicted by a calculation based on a “master” equation
[see discussion at end of Sec. B and after Eq. (88)].
The Lowe-Norberg beats demonstrate in a dramatic

A. SHER AND H.

PRIMAKOFF

fashion for the case of the “rigid” lattice the quantal
coherence effects contained in the r dependence of the
term Wiot;m;m(7) and in the presence of the term
Y cot;n(7; 8—10) in the complete Egs. (162)-(164).

In summarizing the “rigid” lattice situation it must
be emphasized that the “master” equation is inap-
plicable and that the quantal coherence effects are
crucial because the physical coupling between the spins
[A7] and the lattice [B], i.e., the dependence of U on
£, ¥, is considered negligible [Eqgs. (158), (159), (170),
(169), (168) with r;22R/ ). The supersystem [4+B] is
then decomposable into two effectively noninteracting
parts: the set of coupled spins [4*] described by the
Hamiltonian 3C;4)@ =40 and the lattice [ B7] described
by the Hamiltonian 3¢(5; @, ([ 3143 Q40,35 @ ]=0),
the variation of (u'); with ¢ referring in fact to phenom-
ena occurring wholly within [4*].

Case (II) : “Nonrigid” Lattice

To treat the case of the “nonrigid” lattice we begin
with the always applicable Egs. (162)-(164) with &
given by Eq. (165), (169), (168),

K=3mO+0= 5 O(- - &,&, )
+Vdip-aip™ (- -, (R4E)
—Ry+&), -5 Ty, Ly, --0). (176)

Thus the dependence of Vgip.aip™™* on the & is
included but energy interchanges between the spins
and the lattice are still considered relatively unim-
portant so that Uaip-aip?®**°W** is neglected compared
to Vaip-aip®@®, ensuring the validity of Eq. (155).
Physically Case (I) applies for T<<T'pebye and Case (IT)
for T 2 Toevye-

We proceed to show that in this “nonrigid” lattice
case Egs. (162)-(165), (176) for Pr(n;f) are well
approximated by a ‘“master” equation of the type of
Eqgs. (35), (36) for P(n; 1), viz.,

d
5 rot('n; t) =Z[Wrot;n,mProt(m; t)
- Wrot;m,nProt(n; t):]’ (177)

with time-independent transition probabilities per unit
time
W rotn,m= (2m/7)8 (=0} | {n| Vatip-aip™ 127 [ ) |

- rot; m,ny (178)
where
bn=dra1({u:} ¥ 151 (M4,8u)
={bu1(u)prr(ue) - -drales)- -
X103 (ka) * * * } a1 181 (1,84),
dn=01a1 {181 (10,85)
={¢m (1 )b (u) - dralud)---
Xo1a1(1e) -+ + Y 1a 181 (n0,84),
ICip) (O)d’n =Nudn; HiB) (0)¢‘m =NPom,
I'141:%101 (4g) = 0o 101 (), (179)
N4y
I:c¢n= ;1 ﬂq)¢n-
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The derivation of Eqs. (177), (178) from Eqs. (162)- of 3C4; 935 @=3® and Vaip-4ip®"* playing
(165), (176) is effected by essentially the same pro- the role of V. In particular, the validity of Egs. (177),
cedure as that used in Sec. B to obtain Egs. (35), (36) (178) follows from the validity, in this Case (IT), of
from Egs. (11), (8), (14) with 3C(5® playing the role restrictions analogous to {(c), (d) after Eq. (35), viz.,

ﬁ/gnzh/kTDebye<<Tn= [Z erot; m.n<1 "5mn)]——l = [Z (27r/ﬁ)5(nv—77u) l <¢m[ rUdip-clipseculmr l ¢n> l 2(1 _6mn)]_1

[ (kTDebye <( CR+&)— (Rf+1+§f+1>] ) >avover§]—
g[;(k:riebye) (%)] ’

and

(180)

"Odip_dipsecular<<3cw](0), (181)

while restriction (@) is ensured by the diagonal character, with respect to the 3C(® eigenstates ¢, of Eq. (179),
of the p(to) =prot(lo) of Eqgs. (147) and (152).

The validity of the “master” equation for Pre(n; 1), Eqs. (177) and (178), implies the validity of the corre-
sponding individual particle (here individual spin) “master’” equation [see the analogous passage from Eq. (35)
to Eqs. (55)—(57) or (64), (65) and then to Egs. (109)-(111)]

‘(‘it‘Prot; ta1 (kg ) =§’[wrot; ta) (ta5 a5 ) Pros(itd” 5 ) = Wrot; 101 (14 5 o> ) Prots ta1 (103 D) ], (182)
where
Prostai(ue; )= 2 DPralns)= 22 Pral{ni} ;00 Bus 1), (183)
{ui} @, g, Bu i} @, nu, Bu
W rotin,mProt (15 1)

{111} @, gy, Bus {0’19, 00, B

Z Prot("”; 1)

fui'} @, 9, By .

Wrot({“i} 3 My By {1}, Mo, Bv)Prot({#i,} M0y Bus t)

{15} @), 0, Bus 03"} @, 10, By

Wrot; [q] (,Uq; U-q,; H=

; (184)

Prot({,ui’} s Moy Bv; t)

‘I-lil} (q}' v ﬁv

Weot ({2} 3 10,805 {ti} MusBuu) Prow ({ai} 5 0usB0 5 1)

{12} @, 7, Buy {03’} @, 10, By

wrot; [ ' s )=
[q] (.“11 y M ) Z Pmt({ﬂi} B )
{ui} @, 74, Bu
are, respectively, the probability at time £ that the individual spin [¢] is found in the state ¢4 (kg) and the, in
general, time dependent individual spin transition probabilities per unit time.
As in the corresponding discussions in Secs. C, E, we can, to a sufficient approximation, replace the quantities
Proc({pi}; 10,843 )y Prot({us'},10:8v; ) in Eq. (184) by their equilibrium values:

Pmtequn({l-’-i};'ﬂu:ﬁu; t)=Protequil({ﬂil}:’7vyﬁv§ t)= 1/37': 1/{(2]+ 1)N(A] Z EYC[B]("I?))}'
Nv
These equilibrium values follow from Eqs. (41), (50) since Egs. (177), (178) are of the same mathematical

structure as Eq. (36), or, in more physical language, are a consequence of the “master” equation, Eq. (177), with
the “microscopic reversibility”” condition, Eq. (178). Thus Eq. (184) becomes, using also Eqgs. (178), (179),

Wrot; (a1 (g Mo 3 D= Wrot; 1q1° M (g s g3 1)
(2n/1)8 (u—n0) | {Pras (s} 181 (14,8.) | Vatip-ain®*™2 [ b a1 ({1 D 181 (1,80) )| 2
{ui} @, 7, Buy {0’} @, 74, By

= (185)
{QI+1)Viar? nZ MNip1(n0)}

—_ i ’. . . .
= Wrot; [q]equnl(uq 5 Mg Zt)g'wrot: 03} (qu s Mg t),

so that “microscopic reversibility”” also holds for the wyoy; (o1°WL
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We now set down typical nonvanishing matrix elements of Vaip-aip®°™®* entering into Egs. (185) and (182);
we find from Egs. (168), and (179)

<{:U'l} (Q)’(p)nuq;ﬂp; ﬂuaﬁul eodip-dipﬂecularl {Mil} (@) jue— 1, ppF L 77?1:6?)

. LAd~pp+ 1) I +u) 1 (D)
= <"7u: BulAml 77v;)8v>[(l_/“q+1) (I-th):]% { [(I—-,up) (I+,up+1):|% (_ %) . (186)
Equations (186) and (185) yield,
Wrot; (g1°™ ! (g pg— 15 1) = Wrot; 1a1°™ M (g — 15 kg3 £)
5 27 1
=I—w,+ VDT +p)—II+1)— X w)a(ﬂu"“’lv)ZI(nuyﬁu)lquMv;Bsz (187)
12 % Ty Bus 90s By Z N [B] ("Tw) f

= (I —pg+1) (I + ) Weran,

which is to be compared with Egs. (123) and (124) for wy®(my; mq—1; 1), w1 (me—1; my; £). It is to be
noted that 4 ;,=4 ;;(R;4-&—R,—&,) [Eq. (168)] so that pairs of states ¥51(7,8+), Y181 (4=, B.) With non-
vanishing (.= 1, Bu|4 14| 1:,8+), 1.€., pairs of states which make finite contributions to Wrey; (3% (g ue—1; ),
Wrot; [1° (g— 15 1g; £), In general contain different numbers of phonons. It is the presence of u,e=2u,~— 1 spin flip
transitions involving a net phonon emission or absorption which destroys, in the Case (II), the quantal coherence
effects so characteristic of Case (I).

Having obtained in Eq. (187) the @.ot; 141°%" (1g; 1" £), we can use the methods of Sec. D to solve the individual
particle “master” equation, Eq. (182), for Prot; (1 (uq; £). The general procedure is completely analogous to that
given in Eqgs. (130)-(132), (135)-(142) and will not be reproduced in detail here. With Pioy; (41 (1q; £) available and
using Eqgs. (160), (161), (179), and (183), we can write

W= (Iry/Viay) cosfwr(t—te)] 2

{ui}, nus Bu

Ny o1

Na)
Prot({ﬂ'i} 3 Wu;Bu; l)( Z—l I-‘p)

=cosfwr(l—10) 12 22 Prot; 1p1(kp; 1) (Bryien/V 4})

p=lup=—1

z N
= COS[‘*’L (t—t]) 2 Proy; 11 (g5 1) ( ﬁ’Y.U«q);
Viay

o= 1
where [analogous to Eq. (130)]
Prot; 1a1 (g D)

= Pra a3 )5 K)om0, (159)
Progs q1°0 M (ug; )=1/(21+1),

and w,, K,(m,) are given by Egs. (131), (132) with
lwieelll, Prg(mg; ) replaced by  |lwror; 1q** ),
Prot; 101 (g ©). Equations (188), (189) yield

h’yN[A]>

Via

<u'>t=cos[wL<z—zo>J(

oI I
x3 (= Ky@q)uq)e—wv“—m, (190)

y=1 \ pg=—TI

which is to be compared with Eq. (134) for (u)..
Equation (190) for (u’); may be used to discuss various
special cases, e.g., I=1 and I=3%, as in Sec. F for (u)..
From a fundamental point of view, the nonoscillatory
approach of this {{u')s/cos[wr{t—%)]} to

{(w)ert/cosLen (1= 10) 1} =0

is to be noted.

(188)

A word should be added about the situation in liquids,
Here Vaip-aip™™ ¥ (- o 1y~ 1g, -+ -5 Xipyy Tpgg, - )
is effectively of the order of

Vaip-aip™ (-, 17—, + o+ 5 oo+, Iy, Ipgp, oo 0)

so Eq. (155) no longer holds and the p,(#) of Eq. (152)

must be used. However the p,o1(#) of Eq. (152) does #ot
satisfy a relation of the form:

prot(tt7)= eXP[— (1/h) T£]Prot 0] eXP[(i/h) 7'£:|

—4& some operator—so that the procedure involved in
the derivation of Eq. (11) from Eq. (7) and so ulti-
mately in the derivation of the “master” equation,
Eq. (35) or Eq. (177), is not immediately applicable.
Auxiliary, largely physical, arguments, to be reported
elsewhere, show nevertheless that a “master” equation
of the type of Eqs. (177), (178), and so an individual
particle “master” equation of the type of Egs. (182)-
(185), are also valid in the case of a liquid but with
fodip_dipsecular replaced by Udip_dipseculur+rodip_dipnonsecular
in the corresponding transition probabilities per unit
time: Wiotinm, and  @roh 010 (ug; #g’; 2). These
Wrot g1V (g 4’5 £) may then be evaluated in a
manner analogous to that of Eqgs. (185)-(187) and the



EQUILIBRIUM IN QUANTAL SYSTEMS:

corresponding {u’); found in a manner analogous to
that of Egs. (188)-(190).

In conclusion, and for the sake of completeness, we
most comment briefly on the calculation of expressions
involving “lattice’” matrix elements such as that enter-
ing into Eq. (187):

Zf I("lu,ﬁu[qu"?vyﬁv> IZ’
2w Nz (1w)

For solids, Ay, can be expanded in terms of the dis-
placements &=r,—R;, §=r,—R, which are known
functions of the phonon creation and destruction oper-
ators [see Eq. (168)] while 8., 8, are expressed in
terms of the phonon occupation numbers characterizing

2w
F=— 3

Nus Buy Nos By

(191)

8(nu—1.)

o

de >

—00 s Buy 0s B
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the states Kb[B]("lu:"Iv;Bu)’ ‘l’IBl(ﬂv)Bv); thus the
matrix elements in § and so F itself can be evaluated
in a reasonably straightforward fashion.!® On the other
hand, in the present state of development the theory
of liquids, the (r;—r,) within 4, cannot in general be
expressed in terms of creation and destruction operators
of suitable motional quasi-particles and & cannot be
evaluated exactly. However & can be calculated approx-
imately using, eventually, a classical stochastic method.®
Such a method can be introduced if one recalls the
relation

S(nu—m) = (1/2n%) f dr expl (/) (ra—na)7],  (192)

so that

(’7%7.814 I @fq<7') [ m,ﬁv>(m,ﬁv I Grq (0> I ﬂu;ﬁu>

=1/ 2
7

where
Qsq(r)=exp[ (¢/7)73C151 W 14 14

Xexp[— (#/7)r3¢im©]; (194)
Qyq(0) =4 s,
Thus
1 ®  (Tracel Qse(7) @s,(0)]
gﬁ%% \f:w dT{ Trace (1) S

Finally, approximation of the ‘“correlation function of

Gyg (T))”

f(r)={Trace[ Qro(7) Gse(0) )/ Trace(1)},
by a suitable average over the quantity G, (7) Qs (0),
results in the determination of f(7) as a known function
of 7 and permits the evaluation of & by calculation of the

integral over 7 in Eq. (195). In performing this suitable
average over Qs,(7)Qs,(0) the Heisenberg operators,

Crs () = xo(7) J=exp[ (i/B) 7 S 1m V) (15— 1))
Xexp[— (i/#)73C 5 @7, within the @, (r) are treated

as classical stochastic variables.
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APPENDIX A

In the present appendix, we analyze an example,
proposed to us by Norberg, of a supersystem [4-+B]
described by such an “extremely quantal-coherent”
nonequilibrium statistical distribution at the initial time
lo, that [4+B] evolves away from rather than toward
the equilibrium statistical distribution. Essentially the
same as well as related examples have been analyzed
in detail from the point of view of pulsed nuclear mag-
netic resonance theory'® by Lowe,”” and the “solid
echoes” observed by Lowe provide experimental evi-
dence for the existence of nonequilibrium statistical
distributions which evolve away from equilibrium.

Consider a solid which contains two different nuclear
species, 4 and B. Suppose that the lattice of the solid
is effectively rigid (see Sec. G) and that y¥z>>vy so that
the local magnetic field at any nucleus is effectively
due only to the B nuclei. Under these circumstances
the two spin systems 4 and B form an essentially self-
enclosed supersystem, [4-+B] (see related discussion
in Sec. G after Eq. (175)) with the 4 spins acting as
the system of interest, [47], and the B spins as the
surroundings, [ B,

Let us suppose that [4-+B] is in equilibrium in a
magnetic field Hex2 at time fy—7 and that at this time
a (very short) “90°” rf pulse at a carrier frequency
=w 41 is applied to the 4 spins. Then, by Eq. (147),
we have immediately after application of the “90°”
pulse,

exp (b 1411,141/0) exp(fwiB11,181/0)

pllo—7)=

Trace [exp (o 411,141/ ®) eXp(th[B]Iz[B]/@)]’

(A.1)

16 See, for example, the forthcoming book on nuclear magnetic resonance by A. Abragam.

17 1. J. Lowe, Bull. Am. Phys. Soc. 2, 344 (1957).
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while for {>f— 7, Eq. (152) yields,

prot{t) =exp[—i(t—to+ e 1A I exp[ L (F—tot7) (w141 T 141 -0 L BV IB1— (1/7)0) Jp (fo— 1)
Xexpl—i(t—to+7) (w4 1A 0 IBILLIBI— (1/7)0) ]} expli(t—tot T)w4ILI4T]. (A2)

If now I,14], I,13] commute with ‘U, a condition that is satisfied if ‘U is taken as [see Egs. (169), (168)7],

t'o=rodip_dipsecu1ar=¢0dip A-dip Asecular_{_fodip B-dip Bsecular+=(3dip A-dip Bsecular’ (AS)
then

, prot(¢) =exp[ — (i/%) (t— to+7)0 Jo (lo— ) exp[ (/%) ({—to+7) V], (A4)
where, in the case at hand [see Eq. (168) and recall that #iwy, B> %hw 1417,

VVdip 4-dip B*°"* +Vdip B-aip 8N =2, A1 IBI(R;— Ry) (— 27 (41,1410 (1, 1BY)
g
+3 2 A BV B R, — Ri) (T 1512 B (e BIT 11y VBT 1y, 18T — 20 151,180 131, 121)
g,k
E—§ Ty alin ™ Hisy(Ry; - T 18- ) =3 By pli) B Hip ¥ (Regy; - - I #1---). (AL5)
g

Also from Eqs. (154), (160),
(urar)e= (frya/V 1) {cos[wr 4} (t—to+7) ] Trace[prot (121411}, (A.6)
whence, substituting Eq. (A-4) into Eq. (A-6),
(a1 e= Fryrar/ Vian){cosLwr ) (¢ —to+7) ] Trace(exp[ — (i/%) (t— ot 7) Vo (to—7)

, Xexp[ (/1) (t—te+7)V]L14D)}, (A7)
so that, using also Eq. (A-1),

(a1’ to—r=(Fy1a1/V1a1) Trace {p(to— 7)1}
Trace {exp[ (A {43/ @), 4], 141}
= (frya/Viay) (A.8)
Trace {exp[ (fw[41/B) 41T}

= (u1a)) WX (N 141/3V 1a) Ay a TN (T T4 1) (B0, 141/ ©).

The Egs. (A-7) and (A-8) are analogous to Eqgs. (175) and (148) and the quantity {{u(a))¢/cos[wr!41(t—t+7) T}
will approach {{ura1” )%/ cos[ w41 ({—t+7) ]} =0 in an oscillatory fashion—Lowe-Norberg beats; see discussion
after Eq. (175) in Sec. G. Thus we may say that the p..(f) of Eq. (A-4) evolves in time as ¢ increases beyond
to— 7 in such a way that [4-+B] approaches equilibrium, though of course, as in the “rigid” lattice case treated
in Sec. G, this oscillatory approach to equilibrium as exemplified by the {{(urai’)s/cos[wr41(@¢—t+7)]} vs ¢ of
Eq. (A-7) cannot be described by any “master” equation.

Let us now suppose that at a time r after application of the “90°” pulse to the 4 spins, a (very short) “180°” rf
pulse at a carrier frequency wz!®! is applied to the B spins. Then, immediately after application of this “180°”
pulse, i.e., at the time (fo—7)-7=1o, which time Z, we shall consider as the initial time for the subsequent behavior
of [A+B7], we have from Egs. (A-4) and (A-6),

prot (to) = explim (— 1,81 ] exp[ — (/%) 7V Jo(bo—7) exp[ (¢/%)7V] exp[—in (—1,181)]
=exp[— (4/%)r0* p*(to—7) exp[ (#/F)T0*], (A9)

where, using also Egs. (A-5), (A-1),
V*=exp[ —inl, B0 exp[inl, 1B )= — Vaip a-aip 5822+ Vaip B-dip 5%
p*(to— ) =exp[—irI, P! Jo(to—7) exp[inl,[PT]
expl s 1,141/ 0 ] expl — o P12/ 0 ]
N Trace {exp[ fuwr 1,141/ 07 exp[ —fior,[BI, 1B/ O 1} ’

(A.10)
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(a1 o/ cos(wr47) = (Fya/V 141) Trace [p(to)I,141]
= (Try1a1/ V 141) Trace {exp[— (3/7)10* Jo*(fo— 7) exp[ (4/%)r0*]I, 141}
= (fry 141/ V141) Trace {exp[.— (¢/%)70 Jo(to— 1) exp[ (i/%)r V], 141}, (A.11)
prot(fo+7) = exp — (/%) 70 Josor (t0) exp[ (i/%)7V]
=exp[ — (i/%)70] exp[ — (5/7) 70* Jpro* (to—7) exp[ (¢/%)70*] exp[ (¢/7)V], (A12)
(n1ay’)to+r/cos(2wp41r) = (Frya/V a1) Trace[pros(fot7)1:141]
== (rya/V141) Trace [exp[— (i/%)70] exp[ — (i/#) 70*Jorot* (fo— 1)
Xexp[ (3/7)70*] expl (i/%)70]I,141].  (A.13)
We now note that [see Egs. (A-11), (A-8)]
(a1 o/ cos(wrl4l7) 3 Trace{p(to—7) exp (¢/%) 701141 exp[ — (3/%)70]}
o Trace {p(t—7)T,141}
=1—3%(7/%)? Trace {(0,[V,[,IAID}+-- - =1—-A<1, (A.14)

the inequality being, physically speaking, a consequence of the ‘“‘dephasing effects” of the local fields
Hiz Ry - 1,18 . .) [see Eq. (A-5)] which, in the frame of reference rotating with angular velocity w413,
precess the various A spins, 1,141 at different rates [since Hyz (Ry; - - -I,[21. - ) is different at different R;].
The spin ‘“‘dephasing” Eq. (A-14) which indicates the decrease of {{uia;")s/cos[wr!41(t—t+7)]} with ¢ for
lo— 7 <#<4y is the basis of our previous remark that [4+ B] approaches equilibrium during the time interval f—r
to #o. We further note that [see Eqs. (A-13) and (A-11)7,

(uay Yo+r/cos (20141 7) ~Trace {p*(to—7) exp[ (3/%)7°0*] exp[ (4/%) 7014} exp[ — (3/%) 0] exp[— (/%) 7V*]}

{uray’ Yo/ cos(wr,1417)

and if the ratio of the traces turns out to be greater
than 1, i.e., equal to 1/(1—A), the A spins “rephase”
during the time interval ¢ to {4 and so

{(rrar)e/cos[wr 141 (t—to+7) ]

increases as a consequence of the reversal of sign of
Hp; by the “180°” pulse, i.e., as a consequence of the
difference in sign of the term Vaip 4-aip B*°* in OV*
and in U [Egs. (A-10) and (A-5)]. Alternatively, if
the trace ratio in the spin “rephasing” Eq. (A-15) is
greater than 1, i.e.,, equal to 1/(1—A), we can say that
during a time interval of duration = subsequent to the
initial time ¢, the quantity

{{urar’)i/cos[wrt41(1—to+7) T}

p(to) = explirw I, 141 Jpoy (to) exp[ —irwp [411,141]

Trace {p(to— 7) exp[ (¢/%)7V]I,'4} exp[ — (3/%)7V]}

b

(A.15)

evolves further and further from
(Cuar’)ere/cos[ewn 1 (t—tot-7) I} = 0,19

i.e., during this time interval the nonequilibrium initial
statistical distribution of [4+4B], described by the
prot{t0) of Egs. (A-9) and (A-10), evolves into another
statistical distribution, described by the prot(to+7) of
Eq. (A-12), which is even further from equilibrium.
Also we note that, as already mentioned in Sec. B, the
nonequilibrium “extremely quantal-coherent” initial
o(to) of Egs. (A-9), (A-10), and (150) which is associated
with this possible trend away from equilibrium is cer-
tainly “nondiagonal” with respect to the eigenstates of

501410+ 5015 © = — (heop 41T, 141 4-Fieop 1B1] 181,

viz,

_ explir (s L4104 explon 411,143/ 0] expl —ir (g WL, 141— #7409 ] expl oy 17,121/ €

" Trace {exp[ir (w41, 41— 710%) ] exp[ i 411,141/ 0]
Xexp[ —~ir(wg A, 41— #710%) ] exp[ — fiw, 1BV ,1B1/ @]}

(A.16)

18 Because of the assumed rigidity of the lattice containing both the A spins and the B spins, {(g(81)g+r={B1)t0=—{01B)) tg—r

=—(uz)eeul, so that, as the 4 spins
pera.ture) statistical conﬁguratlon

“rephase,” the B spins effectively remain in the same nonequilibrium (negative tem-
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It remains to investigate the circumstances under which the ratio of the traces in Eq. (A-15) is actually greater
than 1, i.e., equal to 1/(1—A). If the B species is fairly dilute compared to the A species Vaip B-aip 2*°2" may be
somewhat less important than Vaip 4-aip 5599 s0 that, from Egs. (A-10) and (A-5), :

V¥a — 0.

Equations (A-17), (A-15), and (A-14) yield

(upar’)to+r/cos (2w 1417)

(A.17)

Trace {p*(to— 7)1}

{uiay Yo/ cos(wr417) " Trace {p(to— 1) exp[ (3/%) T0O 147 exp[ — (3/h) 70 ]}
Trace {p(fo— 7)1, 141}

" Trace {p(to—7) exp[ (i/B)r 0T, 141 exp[— (i/%) 70}

which shows that, in the approximation of Eq. (A-17),
the “dephasing” of the 4 spins during the time interval
fo— 7 to #o is wholly compensated by their “rephasing”
during the time interval 4 to /- 7. In practice however
it is probably a poor approximation, even at small dilu-
tions of B, to neglect the “dephasing” Vdip B-aip B>
compared to the “rephasing” Vaip 4-aip B°°*" so that
the actual “rephasing” of the 4 spins is far from
complete.

APPENDIX B

In this appendix we present the solution of Eq. (75)
by a Laplace transform method and discuss further
certain mathematical questions mentioned in Sec. D.

Let p(n;s) be the Laplace transform of P(n; 1)

pln;s)= i e P (5 $)dl, (B.1)
4]
Then, the Laplace transform of Eq. (75) is
slipG =1L =11 1pO], (B.2)
or
Gl =1 el =[P (B.3)

The solution of the & linear inhomogeneous equations
specified by Eq. (B-3) can be written as,

p(n; 5)=C(n,s)/D(s), (B.4)
where
D(sy=det{s||1]|—]|WI|}
s—Tvt —~Wh — Wiy
=det| —Wun s—Ts7 —Wiv |, (B.S)
—Vi/m —I/I:/m S-—f:Z“N—1

and C(#n;s) is the same determinant as D(s) except
that the terms in the sth column are replaced by
P(n';ty), n'=1, 2,3, ---, N. D(s) can be written in
the factored form:

D(S) = (S+wo) (s+w1) (s+w2) v (s+wN_1), (B6)

(rar Yoo == 1

- {uiar’)s/cos(wr417) T 1—aA

>1, (A.18)

where the —w,; v=0, 1, 2, ---, N—1 are the roots of
the polynomial D(s), and in view of Eq. (B-5), are
also the eigenvalues of ||W][.

Since C(n;s) is a polynomial of order N—1, the
method of partial fractions can be used to give:

N—1 Kv( )
s )= % —2,

v=0 s+w,

(B.7)
for nondegenerate w,, where,

N—-1
KV(”)=C(n; —wl') H (wv'_wv)
v!=0; (v #v)

aD(s)
=Clns —a) [ —
1 C(1;s)
IK.][=11dD(s)||C(2;5)
ds C(]\:I;s)

, (BS)

s=—wy

so that

(B.9)

s=—wy

The inverse Laplace transform of Eq. (B-7) reproduces
Egs. (81), (104), and (105).

Let us now briefly treat the degenerate case where
w,=w, for certain » and »’. Here

Ng—1 Ng—1
D(s)= I (s+w)™; X 7n=N, (B.10)
v=0 =0

where Ng is the number of distinct w,, (N, <N). With
this D(s) the method of partial fractions leads to the
following generalization of Eqs. (B-7), (B-8):

Na—1 v K,i(n)

)= 5 B.11
P X R, (BaD
where
d(fv“"f)qs”(%’s) )
va(ﬂ)=m~]s=_w/(ry—])!, (B.12)
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with
C(n;s)

by (1,5) = (s+w,)™ D)

(B.13)

The inverse Laplace transform of the p{zn,s) of Eq.
(B-11) is:

Nag—1 1y va(”)

Pln;d)= Y 3 (D=0 (B.14)
S 5 (j=1)!
ie.,
Vol Kyl
[POI= X X [FDgmanti—t0)  (B.15)
S F G-

which is the appropriate generalization of Eq. (81) to
the case of degenerate w,.
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Eq. (110), having the form,
exp[ — erq1(mq)/kT ()]

Prg(mg; )=
> expl— eqq1 () /RT (1) ]
mq (C.1)
Nl—l—mq(th/kTs(t))
- (2741)

are assumed, whence, substitution of Eq. (C-1) into
Eq. (110) and use of Eq. (115) yields

%[IH(T:(;)_%)]

m !
= —[Z Wigr* W (g ; my; t)(l——q—)]E ~aw(my);
My

mg’
APPENDIX C g0, (CZ)
The evolution in time of {u); toward (u)£®! [as in B et e .
Egs. (137)~(139), (142), (145)] has also been treated 0_7:‘:!1,10[41 wil(mg'; 05 g =v;
in terms of the concept of a time-dependent “spin- - -
temperature” T,(). In the spin-temperature procedure, my=0  (only when I=1, 2,3, ).
solutions of the individual particle “master” equation, Equations (C.2) and (C.1) give
1 My ﬁwL 1
Prgi(mg; ) =——+ ——[—— ( — e““’(’”“)““"’)]
2I4+1 2141 k- T(t) T
(C.3)
P " i (223 ( 1 1) o> it
=L1q1 " (g5 L m —— Jem@imeiti=io),
! N Qr+0E C\TL) T
which is to be compared with the Pp(my;8) of Egs.  w(m,)=2wT1+8m,2—4I(I+1)]
(130)-(132). +8w T2 (I+1)—2m2~1], (C.5)

It is now to be emphasized that Eq. (C-3) for
Pyi(my; 8) is correct and so is equivalent to Egs. (130)~
(132) for Pi,(my; £) only if Eq. (C-2) is satisfied, i.e.,
only if the transition probabilities per unit time,
w1°Wi (e, miq; t) are such that »=0 and that the
w(m,) are actually independent of m, (for m,<0); this
last condition must hold since (1/7,($)—1/T) is inde-
pendent of me, Using Eqs. (123), (124), (126)-(129)
with %wz/OK1 it is straightforward to verify that the
Wi* ™ (mm, ; mg; 1) are indeed such that »=0 always,
and that the w(m,) are independent of m, (for m,0)
fOI‘ r0=¢o dip- dipnonsecular Wlth any I’ and fOl' roqu& dnonsecular
with I'=1; in fact:
w(mq) =2w: f()=’0dip_d;pn°nse°“1“; I=1, %,

(Cases I, II of Sec. F), I>2 (C.4)
w(my)=2w'}-8w';

V= 'Uquadnonsecular’. I=1

(Case III of Sec. F).

On the other hand, for Vgusq™?** and 7>1,

so that for V="TUqyaq""*W2" with />1 the spin-tem-
perature Py (my; ) of Eq. (C-3) are not correct.

Confining our further attention to the cases of Eq.
(C-4), where the P (my,; ) of Eq. (C-3) are correct
and so are equivalent to the P (m,; £) of Egs. (130)-
(132), let us substitute the Pi,(m,;#) of Eq. (C-3)
into Eq. (133) and obtain,

Ny
Wy=F Pro(ma; ’)(v fwmq)

(4]
= (uyei1—[1—-T/T(t) Je ==} ;  (C.6)
()2 (N 43/ V 43) 37 I (T +1) (fiw1/ ©),

which, for example in the condition of initial saturation,
T (lg) = o, becomes,

<M)t= <u>tequil[1 —_ ~w(t—50)]. (C.7)

The Egs. (C-7) and (C-4) for {(u); are identical with
the Eqs. (138), (142), and (145) for {u): vs &



