
P H Y S I C A L R E V I E W V O L U M E 1 1 9 , N U M B E R 1 J U L Y 1 , 1 9 6 0 

Approach to Equilibrium in Quantal Systems: Magnetic Resonance* 
A. SHER| AND H. PRIMAKOFF 

Washington University, St. Louis, Missouri 
(Received January 28, 1960) 

The present paper presents a derivation of the "master" or 
Boltzmann "gain-loss" equation from the Schrodinger equation, 
i.e., a derivation of the equation for the evolution in time of the 
probabilities of finding a physical system in its various states 
from the equation for the corresponding probability amplitudes. 
The "master" equation is derived for an, in effect completely 
self-enclosed, "supersystem," £ 4 + 5 ] , consisting of a "system 
of interest," £A1» and a "surroundings," [j3], in relatively weak 
mutual interaction. A discussion is given of the range of validity 
of the "master" equation for Q4+.B] and it is shown that the 
random phase assumption is required for the state vector of 
[_A-\-B~] at the initial time only. The normally microcanonical 
character of the equilibrium statistical configuration of £A-j-B2 
is demonstrated and a treatment is given of exceptional, "ex­
tremely quantal-coherent," initial statistical distributions of 
[_A-\-B'} which may evolve away from equilibrium. Derivations 
are also presented of the "master" equation for [A~] and of the 
"master" equation for an individual particle or quasi-particle [cf], 
within [A"]-, a discussion of the range of validity of these "master" 
equations is given and the normally canonical character of the 
equilibrium statistical configuration of [A2 is deduced. General 
solutions of the "master" equations for [_A-\-B~\, [A~], and [_q~] 

are worked out and the relation between the principles of "micro­
scopic reversibility" and "detailed balance" and the nonoscil-
latory character of the approach to equilibrium are exhibited. A 
theorem is presented regarding the time variation of the entropy 
of £AJ 

As illustrations of the general methods developed two important 
processes in magnetic resonance—the time variation of the 
longitudinal magnetization, (jj,)tf and the time variation of the 
transverse magnetization, (p!)t—are discussed in some detail. It 
is shown that the variation of {ji)t with / and of (//)* with t for a 
"nonrigid" lattice can be described by means of the "master" 
equation for an individual spin [_q~] and several special cases are 
discussed on the basis of the evaluation of the appropriate transi­
tion probabilities; a comparison with the "spin-temperature" 
procedure is also appended. On the other hand, it is demonstrated 
that for a "rigid" lattice no description of the variation of (/*')* 
with t can be given on the basis of a "master" equation; in this 
case, quantal coherence effects neglected in the derivation of the 
"master" equation from the Schrodinger equation are vital and 
(jx')t must be evaluated by a rigorous calculation of Trace {[appro­
priate time dependent density matrix] /*'}. 

A. INTRODUCTION 

ON E of the major problems in quantum statistical 
mechanics entails the derivation of the "master" 

or Boltzmann "gain-loss" equation from the Schrodinger 
equation, i.e., the derivation of the equation for the 
evolution in time of the probabilities of rinding a 
physical system in its various states from the equation 
for the corresponding probability amplitudes. The 
attack on this problem was initiated by Pauli1 and 
recently very important progress has been effected by 
Van Hove.2 The discussion below presents a derivation 
of the "master" equation from the Schrodinger equation 
using elementary methods and applies the general 
theory to several magnetic resonance situations. 

In brief outline, the subjects treated in the present 
paper are: 

(1) The "master" equation for the "supersystem": 
derivation from the Schrodinger equation and dis­
cussion of range of validity—random phase assumption 
required for the state vector at the initial time only; 
deduction of the microcanonical character of the equi­
librium statistical configuration of the supersystem; 
average values of "diagonal" and "nondiagonal" dy-

* This work was supported by the U. S. Air Force Office of 
Scientific Research and by the Office of Ordnance Research, U. S. 
Army. 

t Now at Centre d'Etudes Nucleaire de Saclay, Gif-sur-Yvette, 
Seine et Oise, France. 

1 W . Pauli, Festschrift zum 60 Geburtstag A. Sommerfeld (S. 
Hirzel, Leipzig, 1928), p. 30. 

2 L. Van Hove, Physica 25, 268 (1959); 23, 441 (1957); 21, 517 
(1955); see also the instructive papers of W. Kohn and J. M. 
Luttinger, Phys. Rev. 108, 590 (1957); 109, 1892 (1958). 

namical variables; quantal coherence and possible 
evolution of the supersystem away from equilibrium. 

(2) The "master" equation for the "system of 
interest": derivation from the "master" equation for 
the supersystem and discussion of range of validity; 
deduction of the canonical character of the equilibrium 
statistical configuration of the system of interest; 
detailed balance and microscopic reversibility; time 
variation of the entropy of the system of interest. 

(3) The "master" equation for an individual particle 
or quasi-particle of the system of interest: derivation 
from the "master" equation for the (whole) system of 
interest and discussion of range of validity. 

(4) The solution of the "master" equation for the 
supersystem, the system of interest, and the individual 
particle: spectrum of real relaxation times and non-
oscillatory approach to equilibrium; comparison with 
"spin-temperature" procedure. 

(5) Magnetic resonance: time variation of longitud­
inal magnetization; treatment by means of the indi­
vidual particle "master" equation; evaluation of 
appropriate transition probabilities and discussion of 
several special cases. 

(6) Magnetic resonance: time variation of transverse 
magnetization; case of "rigid" lattice: inapplicability of 
any "master" equation and discussion of crucial im­
portance of quantal coherence effects neglected in the 
derivation of the "master" equation from the Schro­
dinger equation; case of the "nonrigid" lattice: treat­
ment by means of the individual particle "master" 
equation. 
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B. THE "MASTER" OR BOLTZMANN "GAIN-LOSS" 
EQUATION FOR THE SUPERSYSTEM 

We contemplate a "system of interest," [^4], con­
sidered imbedded in another, in general, larger system, 
[ £ ] , called the "surroundings"; the in effect com­
pletely self-enclosed combination: system of interest 
and surroundings, [-4+1?], will be called the "super-
system." The Hamiltonian of the supersystem j^4+iT] , 
3C, can then be decomposed as : 

5 C = 5 C [ A ] ( 0 ) + 3 C [ B ] ( 0 ) + C O = X ( ° > + C O , (1) 

where 3C[A](0), 3Q,[B](0) are, respectively, the Hamil-
tonians of [A~] when isolated, and of [_B~] when isolated, 
and where V is the interaction Hamiltonian between 
\_A~\ and [7T]. In circumstances where [A^\ and [_B~] 
are both macroscopically large, the ratio of V to 
3C<°> is ^NiA^/(N[A]+NiB])<Kl (hereNuhN[B] are 
the number of atoms in [^4], [ # ] , respectively) so 
that V can be treated as a relatively small perturbation. 

We now choose the complete set of 5C(0) eigenstates 
\pn, 3C<°ty»==E»(0ty«; En

(0) effectively continuous—as 
basic states for the description of the density matrix 
operator of [yl+jB], p(t). The matrix elements of p(t)} 

(^n\p(t) \\pm)=(n\p(t)\fn), are given by 

= E;<*»I e x p [ - (i/fi) (t- to) 3C]*<» (to)) 
X ( e x p [ - (i/fi) (t- to) 3C><'"> (to) | fm)pj 

= tyn| e x p [ - (i/fi) (t- to) 3C]E; J™ (to)> 
X W» (to)pj exp[(i/ft) (t- to) 3C] | >Pm) 

= (n| {exp[~ (i/fi) (t- to) 0C]p(/0) 

Xexp[(i /*) (*- to) 3C]} | m); (2) 

p(t) = e x p [ - (i/fi) (t-to) 3C]p(/0) expl(i/fi) (t-i0) JC] 

in a physical situation where at the initial time to there 
is an (incoherent) probability pj that [ i4+2T| is found 
in the state \p(ll(to) and where the state \pU)(to) evolves 
in time according to the Schrodinger equation: 

*<'> (/) = e x p [ - (i/fi) (t- to) 3e><» (to) 
= e x p [ - (i/fi)(t-to)(W^+V)W»(to); 

t-to^O. (3) 

Equations (2), (3) yields for P(n;t), the probability 
that [ ^ 4 + 5 ] is found at time t in the state i/^,3 

P(n)t)^T.MM^u\t))\'p^(n\p(t)\n) 
= (n | e x p [ - (i/fi) (t- to) 3C]p (t0) 

Xexp[(f/*) (*- *o) 3C] I »>; (4) 

E » - P ( » ; 0 = E y ^ i = l s = T r a c e { p ( / ) } , 

the totality of the P(n;t) values describing the statis­
tical configuration of [A + # ] at time /. The average 

3 Approximate calculations of (n\p(t)\m), (n\p(t)\n) from Eqs. 
(2)-(4) or the equivalent Eq. (12) below have been given in a 
magnetic resonance context by R. K. Wangsness and F. Bloch, 
Phys. Rev. 89, 728 (1953); U. Fano, Phys. Rev. 96, 869 (1954); 
R. Kubo and K. Tomita, J. Phys. Soc. (Japan) 9, 888 (1954); 
F. Bloch, Phys. Rev. 102, 104 (1956); A. G. Redfield, IBM J. 
Research Develop. 1, 19 (1957). 

T E M S : M A G N E T I C R E S O N A N C E 179 

value at time /, (£>)«, of any dynamical variable 2) 
associated with [/4+iT] is then: 

(®)t=zttu)(t)m+u)(t))pi 

j,n,m 

= E (n\p(t)\m)(m\^>\n) = Tmce{p(t)^} 

=Li>(»;«K»l»l»)+Z(i-8»») 
n n,m 

X(n\p(t)\m)(m\$>\n). (5) 

Thus, if the matrix of 3D with respect to the \f/n is 
diagonal: 

(m 13D | n) = (n | 3D | n)bmn, 

the P(n;t) = (n\p(t)\n) completely describe the de­
pendence of (3D)* on / and Eq. (5) becomes: 

<3)d i a«)«=EnP(»;0<»|SDd i a g |»). (6) 

In what follows we shall in general study "diagonal" 
dynamical variables 3Ddiag with (m | 3Ddiag| n)=(n | £>| n)8mn 

and we note that all such 3Ddiag will necessarily commute 
with X(0>. 

We now consider further the dependence of P(n\ t) 
on /. We have from Eq. (4), with r ^ O : 

P(n;t+r) 

= (n\p(t+r)\n)=(n\ e x p [ - (i/ti)(t-to+r)&]p(h) 
X exp[(f/*) (t- to+ T) X ] | n) 

= (n | e x p [ - (i/ft) r 3C> (0 exp[(i/#) r 0C] |») (7) 

= Em rWnm(r)P(m; t)+rYn(r; t-to), 

where 

^ m ( r ) ^ ( l / r ) | ^ | e x p [ - ( ^ ) r 5 C ] | m ) | 2 ; 

E TPrnm(r) = <w|exp[(t/»)r3C] 

X e x p [ - ( i / ^ ) r 3 C ] | w ) = l ; (8) 

L TWnm(T) = (n\ e x p [ - ( « / * ) T T C ] 

Xexp[ ( i /* ) r3C] |»>=l , 

F „ ( T ; / - / o ) = ( l / r ) E ( l - * t a . ) < » | e x p C - ( t / f t ) T 3 e ] | w ) 

X<» |exp[ - (* /A)r3e] |* )*<» |p (0 |* ) 

= ( 1 / T ) Z ( l -8 t»)<» |exp[- ( t /»)T3C] |« .> 

X(w|exp[-(i/^)r3C]|yfe)* 

X (TO I e x p [ - (»/*) (*- h) X ] | /) 

X<*|expC-(»/ft)(<-/o)3e]|/>*P(/;/o)-

+ U A ) E ( i - « * » ) ( i - * j . ) 

X < » | e x p [ - ( i / * ) r 5 C ] | w ) 

X<»|exp[-( i /*)T3C]|£>* 

X (m | e x p [ - (i/fi)(t-to)5C]|/> 

X (A | e x p [ - (f/») (t-h) 3C] | g>*</ |p(/0) I g) 

= F n *( r ; / - f e ) , . ' (9) 
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with 

e x p [ - (f/ft)r5e] = e x p [ ~ (i/h)r(3C^+V)2 

^ e x p [ - ( i / * ) r 3 C W ] ( l + S(r)), 

l + S ( r ) = exp[(V«)r5C^] e x p [ - (i/h)r(W^+V)1 

= l-( iA) f fUr-Kl/^ 2)( eU 2+C eO 75C ( 0 )])r 2+- • • 

= l + £ j (*»)-' f rfTi*U(n) 

= l + Z S y ( r ) ; (10) 

^ ( r J = exp[(V#)rg3C<(n;]eU e x p [ - ( i / f c ^ S C ^ ] . 

Equations (7) and (8) yield 

P(n;t+r)-P(n]t) 

= ZLWnm(r)P(m',t)-Wmn(r)P(n;tn 

+ F„(r ;*-*«>), (11) 

which is the basic equation for the subsequent develop­
ment. 

I t will be seen that the quantities Wnm(r) of Eqs. 
(8), (7), and (11) are (for n^m) the probabilities per 
unit time for "transition" of [y4+iT] during the time 
interval r from an "initial" state \pm to a "final" state 
\pn under the influence of the interaction V—this follows 
since any "initial" state \j/m evolves in time as 
e x PC~ (i/fyrSCltf/m. I t should also be noted that, using 
Eqs. (8) and (9), limT^o Wnm(r) — 0 (n9^m), and 

limT_0 Yn(r;t-to)=(i/fi)(n\Zp(t),3C]\n), 

so that, from Eq. (11), 

dP (n; t)/dt = (d/dt) {n \p(t)\ n) 

= (n\(i/h)[p(t)^2\n); (12) 

dp(t)/dt=(i/h)[jy(t)^~] 

a relation which is usually obtained by direct differen­
tiation with respect to t of Eq. (4) for P(n;t) 
= (n\p(t)\n) or of Eq. (2) for (n\p(t)\m). 

We now assume that p(U) is a "diagonal" dynamical 
variable 

p W = {pW} d i 3 g ; 

(l\p(to)\q)=(l\p(h)\l)8lq==P(l;to)8lq, (13) 

so that, substituting into Eq. (9), 

F„ ( r ; * - / „ )= (1/r) E ( l -5*«)<»[exp[-( i /»)r5fC] |w) 
k,m, I 

X<» |exp[ - ( i / * ) r5C] |* )* 

X (m | e x p [ - (i/h) (t- to) 5C] 1I) 

X(k | e x p [ - (f/ft)(t-h)3C] |l)*P(l',h), 
(14) 

F n ( r ; 0 ) = ( l / r ) E ( l -«*«)<» |exp[ - ( f /» ) rac ] |w> 

X (w | e x p [ - (i/ft)r X ] | k)*5ml5klP(l; *0) = 0. 

The assumption p(£o) = {p(/o)}dia? implies that the 
initial statistical distribution of (the ensemble of) 
[^4+ZT] over the states \p{3'} (to) involves no specification 
of any definite phase relations among the \pn; this 
assumption therefore permits identification of the 
4/(?)Oo), pj with the \f/n, P(n\ to). Thus the assumption 
p(/o) = {p(A))}d:ag implies that quantal interference or 
coherence effects associated with non-vanishing off-
diagonal (l\p(to) | q) are absent in the initial time evolu­
tion of [A+B~] and is equivalent to the so-called random 
or incoherent phase assumption 1>2 regarding the initial 
statistical distribution of Q4+iT] over the \pn, i.e., 
equivalent to the assumption that the state vector of 
[_A+B} at t = to, vK*o), is given by 

^(M = E n { [ i > ( » ; / o ) ] * ^ } ^ „ 

with the fin random. The validity of the assumption 
/>W = {pW} d i a g is ensured, in most cases of practical 
interest, by the preparation of the initial physical 
situation of [A -\-B} (see Sec. G below for an example). 

I t is now worth mentioning that p(^o) = {p(^o)}diag— 
Eq. (13)—together with Eqs. (2), (10), yield, 

(n\p(t)\m) 

= Z * (»| e x p [ - (i/ft) (t- to) 3C] | *) 

X (m | e x p [ - (i/h) (t- to) 3C] | k)*P(k; to) 

= e x p [ - (i/tt)(EnW-EJV)(t-to)l 

X{dnmP(m;to) + (n\§>(t~to)\m)P(m;to) (15) 

+ (tn\$(t-tQ)\n)*P(n;to) 

+Zk(n\$(t-to)\k)(rn\§>(t-to)\k)*P(k;to)}J 

which is, in general, different from zero for n^m and 
t>U\ thus for t>to, p(t) is a "nondiagonal" dynamical 
variable. For m=n, Eq. (15) gives 

(^ |p (0 |^ ) = E A : K ^ | e x p C - ( ^ ) ( / - / o ) 5 C ] | ^ ) | 2 P ( ^ ^ o ) 

which, in view of Eqs. (8) and (4), is equivalent to Eq. 
(17) below. 

We proceed to examine Eq. (11) or Eq. (7), together 
with Eq. (14), for the dependence of P(n;t) on t; 
setting t=to and writing / 0 + r = / / > / o , we have, 

P(n;t')-P(n;to) 

t'-h 
= ZLWnm(t,-k)P(m;to) 

m 

-Wmn(t'-t0)P(n;h)^, (16) 
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or, using Eq. (8), 

P(n;f) = Y,m{(tf-to)Wnm(t'-h)P(ni;k)}. (17) 

Equation (16) is of the general form of a "master" or 
Boltzmann "gain-loss" equation for the probability, 
P(n\ t')y that (~/4+lT] is found at time t' in the state \f/n. 
However the corresponding transition probabilities per 
unit time, Wnm(t'—to), are here dependent on t'—to 
and in fact essentially describe the whole actual de­
pendence of P(n; tf) on t'—this is best seen from Eq. 
(17). We should also emphasize that our whole develop­
ment in Eqs. (2)—(17) [m particular in Eq. (11) and 
Eq. (16)] is valid with the \pn any complete set of states, 
not necessarily the set of 3C(0) eigenstates. The JC(0) 

eigenstate property of the ypn is, however, used to obtain 
explicit expressions for Wnm(r) and Yn(r;t~to) [see 
Eqs. (20), (23)-(25), (27)-(34), below]. 

Equation (16) or Eq. (17) can be conveniently 
employed to find an explicit form for P(n; tf) vs f for 
small t'—h, i.e., for 

where 
tf~k«^/\(n\V\m)\^^/U^fi/U, (18) 

£ws= (Em
w-Eo^)/(N[A]+N[B]) (19) 

are the excitation energies per atom when [_A-\-B~] is 
in the states \f/n, \pm.4 In fact from Eqs. (8) and (10) 

Wnm(f-t0)* —K (t'-h) 
n e x p [ - (i/h)(t'-io)3C«»2 

X 
( -

iV(t'-lo) 

h 
K^+Cu.ac®']) 

X-
(I'-hY 

¥ 
• I \fn\\ 

1 

(t'-h) 

1 (t'-h) 

(t'-lo) 
Snm—i (n\V\m) 

h 

(20) 

•l(n\V2\m) 
2 ¥ 

+ (EJV-EnW)(n\V\m)^+-

so that, introducing Eq. (20) into Eq. (16) 

4 The approximate equality in Eq. (18) of (n\V\m) and £„, £,„ 
is a consequence of the fact that 

13 = i 2i-iNW 2,_,*[B] !)(|R»tA]-R, [B]|) 
with a short range D(|RJ141 —R,!5!!) so that the nonvanishing 
|(«|°U|JW)| are « | <»[»|»)| « | (»[i>|rc>| «_£» or {„,, the last 
approximate equality following from the virial theorem. It is to 
be noted that (n\v\n) will be considerably smaller than £„ for Case 
(II) of Sec. G below [see Eq. (180)]. 

P(n;t') = P(n;t0)+j: 
(t'-toY 

W 
| (» |1) |OT)J 2 

(t'-h)* (f-loY 

(21) 

+ te rms in -

X [ P ( w ; / 0 ) - P ( » ; / o ) ] 

= P(»;/o){l-[(/,-fo)2/ft2X<»|VJ»> 

-({n\V\n)yi+---} 

+Y,mP(m;to){L(t'-toy/h*2 

X\(n\V\tn){*+---}(l-5mn). 

The initial relaxation of the P(n; /') from the P(n; to) 
is thus seen to be quadratic in (t'—to)2. However the 
series expansions in Eq. (21) converge rapidly only for 
/ / - / o « ^ / | ( ^ | c O | m ) | « V ^ ~ V l m [ E q . (18)]andwhen 
t'—to^ fi/^n another method is required to find P(n; tr) 
vs tf from Eqs. (16), (8) or Eqs. (11), (8), and (14). 

To describe this other method we consider the Eqs. 
(11), (8), and (14) under the restrictions: 

h/kn<^T^t-to, (22) 

Vf»«T«Ci :»(2 i r /*) f i (£ m »>-£n ( 0 ) ) 
X \(m\V+VGV+>- • \n)\2(l~8mn)^ 

= [Em Wmn(r) ( 1 -5 W „) ] -^ Tn; (23) 

-fTO(JS» (0)+-En (0))-3e (0)]; 
the equality of 

(2ir/fi)5(Em
w-EnW) \(m\V+VGV+ • • • | # ) | 2 

and 

W^»(r)= (1/r) | ( m | e x p [ - (;/M)r(X<°>+e0)](^> |2, 

for r subject to the inequalities of Eq. (23) (and m^n) 
is a consequence of the application of standard pro­
cedures of time dependent perturbation theory5 to 
Eqs. (8) and (10) while the quantity Tn is obviously 
the mean life of \\A+IT\ in the state \pn. Equation (23) 
itself is only possible, of course, if [_A+B~] is of such a 
character that 

Vi»<<[E«(2V*)«(£m(0)-£n(0)) 
X \(m\V+VGV+' • • \n)\2(l-bmn)~]^ 

= 7 ,
n«ft/A£» ( 0 ) , (24) 

(A£ n
( 0 ) ^ energy width of state ^ w ) , 

and the inequality of Eq. (24): (excitation energy per 
particle in state \pn)^>(energy width of state \f/n), is one 
of the two basic restrictions on the character of [^4+iTj 
that must be made to deduce a "master" or Boltzmann 

8 See, e.g., W. Heitler, The Quantum Theory of Radiation 
(Oxford University Press, Oxford, 1954), third edition, Chap. 4. 
(P in Eq. (23) denotes the Cauchy principal value. 
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"gain-loss" equation for P(n;t) vs t for t—to^fo/in 
[see (c), (d) after Eq. (35) below]. 

We now remark that the relation already set down 
in Eq. (23), viz., 

Wmn{r) = ( 2 V * ) f i ( £ , n ( 0 ) - £ n ( 0 ) ) 

X \(m\V+VGV+- -\n)|2 (25) 

implies that this Wnm(r) is actually independent of r 
for all r subject to the inequalities of Eq. (23); we 
shall also prove below that the Yn(r; t—to) of Eq. (14) 
vanishes up to terms ~("O/tfC^)8 if t—to, r are subject 
to the inequalities of Eq. (22). Hence, up to terms 
~ CO/3C(0)),3 the right-hand side of Eq. (11) is effectively 
independent of r for all r, t—to satisfying Eqs. (23) 
and (22) so that the left-hand side of Eq. (11), 

P(n;t+r)-P(n;t) 

We proceed to give this last demonstration and write 
Eq. (14), using Eq. (10) and with 

in the form: 

F „ ( T ; * - / 0 ) 

Vkm^{\/K){Ek^-Em^), 

(27) 

T J t 

t+T dP(n,tf) dP(n]t) rd2P(n;t) 
di> = + _ 

dt' dt 2 dt2 

r2 d*P(n>,t) 

must be closely equal to dP(n\ t)/dt if it is also to be 
effectively independent of r. This last approximation, 
however, is well justified since for t—to^>fi/in [Eq. 
(22)] we anticipate that 

d*P(n;t) 

dt* 

d2P(r ,;0 
dt2 

1 

T 

d2P 

1 \dP(n-t) 

Tn\ dt 

(n;t)\ / l > 

dt \ \TnJ 

2\dP(n;t) 

dt 

etc. (see Sec. D below) and since r / r n « l [Eq. (23)]. 
Thus Eq. (11) becomes, for t—to^r^fi/in, Tn^>r 

dP(n;t) 

dt 
= ED*W(w; t)-WmnP(n; /)] 

-to); 

Wn 

+ Yn(r'y 

s(2ir/ft)5(En«»-Ew«») 

X\{n\V+VGV+'-\rn)\2, (26) 

where it is to be proven that Yn(r; t-to) is ~ (T)/3e(0))3 

for t — to^T^>fi/in' Equation (26) shows that the 
dependence of P(n;t) on t, for t—to^>fi/ini and ne­
glecting third and higher powers of V/3C(0\ is governed 
by a "master" or Boltzmann "gain-loss" equation so 
that completion of the derivation of this "master" 
equation from the Eqs. (11), (8), and (14) now only 
involves the demonstration that Yn(r;t—to) is indeed 
« CO/3C(0))3 for t-h ^ r^ti/in. 

= (1A) E (l-fi*»)(«»»+<»|S(r)|f»» 
k,m,l 

X(hn+(n\S(T)\k)*)(8ml+(m\S(t-h)\l)) 

X(f>lk+(k\S(t-to)\l)*)e""^-MP(l;t0) 

= ( l A ) E ( l - 8 m n ) C < « | S W | w > < « | 8 ( / - / o ) | » > 
m 

XeiVnm^-tQ)P{n\h)+(n\^{r)\m) 

X(w|S(^ - /o ) | ^ )*e l > ^^ -^P(m;^o ) ]+c . c . 

+ ( i / r )E{(l-«*»)[<»|S(^- /o) | /><n|S(r)*)* 
ft,! 

X(*|S(i-/o)|/)*e£'ta('-(o)Pa;<o)+c.c.] 

+ (l-8«)C<»|SWI0<»l*(r)|*>* 

X<*|8(<-<o)|0*«"* , (*" , , )i>tf; 'o)+c.c.]} 

+ ( 1 / T ) E ( 1 - « * » ) [ : < » | S ( T ) | » > < » | S ( T ) | A > * 
k,m,l 

X ( w | S ( ^ - / o ) | / > ^ | S ( / - ^ o ) | / ) * > ^ ^ - ^ P ( / ; / o ) . 

Further, from Eq. (10) 

S1(r) = ( ^ ) ~ i r dTi1)(Ti) 
0 

= (i*)-1 J dn exp[(i/^)ri5C^°)]eO 

X e x p C - C t / ^ r i a c ® ) ] * ^ ; (28) 

S 2 (T)=(«)~- 2 f ^ n f dT2
aO(ri)cU(T2)«

,U2 

• ' O "^ 0 

and 

(» | Si(r) | *») = [ (1 - e"nwT)/fo»»](» | *01 w) ; 

so that Eq. (27) becomes, neglecting terms ~ OU/3e(0))3, 

Yn(r;t -*>)=-£( )( ) 

X|<» | , 0 | f»> | a CP(»; /o) -P(w; /o) ]+c .c . , (29) 

and it only remains to prove that Yn(r; t—to) of Eq. 
(29) vanishes when t—to, r are subject to Eq. (22). 

The proof that the Yn(r; t—to) of Eq. (29) is actually 



E Q U I L I B R I U M I N Q U A N T A L S Y S T E M S : M A G N E T I C R E S O N A N C E 183 

zero when t—tQ, r are subject to Eq. (22) can be given [Eq. (22)]. Thus Eq. (32) can be written to a very good 
as follows. We recall that 

av overaT O , 

where r)(Em
(0)) is the number of 3C(0) eigenstates 

^m=^[A+B]{Em
m,am) with any am and energy eigen­

values between Em
m and Em

(0)+dEm
(0\ am denoting 

all quantum numbers other than Em
m which charac­

terize the state ypm. We can then write Eq. (29) as 

approximation as 

Yn(r;t~t0) 
l — ei[(t-t0)/T]Xy 

dxl ) ( ) 
_oo V X / V X / 

•'h-WJI^-—) (34) 

J-k)-- dEM/iun ) 

L V hvnmr / 

X ( — ) + c . c , where 

/(*m) = l?(£»(0)){ I ( ^ n ( 0 ) ^ 11> | £W
(0 W 1 

X [ P ( E » « V » ; h)~P{Em«\am- /<,)]} 

and the integral 7( | j—/o]/r) is zero for all (positive) 
(t~to)/r since [ ( l - ^ ) A ] [ ( l - p x p { C ( ^ - M / r > } ) A ] 
has no poles on the real x axis or in the upper half of the 
complex x plane and vanishes -—-1/1 ̂  12 as | x | —» °o. 

We have thus deduced from Eq. (11) [or Eq. (26)] 
the "master" or Boltzmann "gain-loss" equation with 

(30) time-independent transition probabilities per unit time, 

nmy 

dP(n;t) 

dt 
= TLWnmP(m\ t)-WmnP(n; *)] ; 

av over am 
(31) (35) 

so that, remembering that vnm=(l/fi)(En
m — Em

m) 
= (!/*) (U-k»KNiA]+Nm) [Eq. (19)] and setting 
x=DnmT, Yn(T;t—to) becomes 

|w)|2 

Wnm=(2ir/h)d(En«»-EJ<») 

X\(n\V+VGV+--

under the restrictions: 

(a) p(*o) = {p(/o)}diag, [Eq. (13)] 

(J) fi/tn«t-h, [Eq. (22)] 

(c) V ^ « V A - E « ( 0 ) = r « = [ Z « ( 2 x A ) 
X8(EJ°>-En«»)\(m\V+VGV+- • •• |ra)|2 

X ( l - S m n ) ] - 1 , [Eqs. (24), (23)], 

(rf) neglect of terms ^CO/3C (0 ))3 , (V/3C«>y, •••. 
able numerically only for \x\ <wT/(t—t0) ^ir. Since now . Al Tr , , J , , „ ,..* rTv ,„„, , . . . - , T. 
/ « „ ) is a comparatively slowly varying function of 4 m t h e F^^) o f E ^ <14) P 2 * ^ M ^ ) ] - * 

Yn(r;t-t0) = h-if dx\fUn 

—)(~ir-) 
(#M]+2V[*]) 

l_gi[«-<o) /T]a: 

; ) 

+c.c. (32) 

In Eq. (32), \_{\-eix)/xJi(l-ei{t-tQ,T)x)/x~\ is appreci-
7T. Since now 
nction of £m, 
)+const , we i.e., lnf(km)~(N[A]+N[B])(U/(U), 

have 
av over m/ 

/ i (*» 
#^ 

(N[A] + NtB])r ) 

L \/(f»)/V din I 

should also be mentioned that with neglect of 
VGV-\ compared to "0 in the expression for Wnm 
[Eq. (35)] we obtain Wnm~Wmn, i.e., "microscopic 
reversibility," so that Eq. (35) becomes 

dP(n\t) 
ZmWnm[P(tn;t)-P(n;t)y, 

X ( —xh \ "1 

(NUI+NIBJT) J 

dt 

Wnm= (2w/h)8(En«»-Em«») \(n\ V |m) |2 

= (27r/h)8(Em^-En^)\{m\V\n)\^Wmn. 
(36) 

n)U </«») i 
Xk/Zn 

However the validity of "microscopic reversibility," 
i.e., of the neglect of cUGe0+ • • • compared to V in 

] the expression for Wnm, is not necessary for the deriva-
> w3) t « o n 0£ a n eqU a t ion for dP(n; t)/dt of the form of Eq. 

(36). In fact, in view of the third of the equalities of 
and this differs from /(£«) by a negligible percent Eq. (8), we can write Eq. (11) in the form 
amount since | x\ is effectively not larger than wr/(t—to) P(n- t+r) — P(n' l) 
so that 

| * | * / f n irh/gn T T 

< — « i (t-tQ) = E Wnm(r)LP(m; t)-P(n; / ) ] + F » ( r ; * - / 0 ) , (37) 
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whence, by use of the arguments of Eqs. (22)-(34), we 
can obtain the analog of Eq. (35): 

dP(n\t) 
= £ WnmlP(m; t)-P(n; / ) ] ; 

dt m 

(38) 
Wnm^(2w/h)d(En^-Em^) 

X\(n\V+VGV-\ |m>|2, 

which has the form of Eq. (36). 
The solution of Eq. (36) or Eq. (38) is given in Sec. 

D [Eqs. (75)-(88), (95), (100), (104)-(107)] where it 
is demonstrated that for t—t£2>T(max) s= largest of the 

TniTn^tZkWknil-BkrdlT1}, 

dt it—to »T (max) 

[see especially Eqs. (84), (88), (100)] so that 

0 = 'ZlmWnm[.P(m'}t)\t-to»T(max) 

- P ( n ; / ) | / - ^ 0 » r ( m a x ) ] . (40) 

Equations (39) and (40) show that the various P(n;t) 
ultimately approach time-persistent values which are 
quite independent of the corresponding initial values, 
P(n;U).& This follows since the quantum numbers 
n^En

w, an; m^Em
m, am] Em

m=En®\ can be chosen 
so that : P(n; t)~]t-k»T{m^)SP(m\ /) J - / 0 »r(max) for 
fixed n and all m, whence Eq. (40) implies that actually, 

P(m; t)\t-tQ»T(md.x) = P(n; 01 *-*<>»r(max) 

= ( l /9 l )E*P(* ; /o ) = l /9l , (41) 

where 91 is the number of mutually accessible 3C(0) 

eigenstates of [ T 4 + J B ] . 7 Equation (41) states that in the 
ultimate and time-persistent, i.e., equilibrium, statis­
tical configuration of [^4+i?] all mutually accessible 
3C(0) eigenstates are occupied with equal probability. 

We now wish to emphasize that the equality of the 
equilibrium values of the diagonal matrix elements of 
p(t) [Eqs. (41), (4)] by no means implies that 
(n\p(t)\m)\t-to»T(max) vanishes; in fact, such an 
ultimate vanishing of the off-diagonal matrix elements 
of p(t) would not only contradict the explicit expression 
for (n\p(t)\m) given in Eq. (15) [and in Eq. (42) just 
below] but would also yield 

p(t0) = exp[(i/*) (*- *0) 3C]p(0 
X exp[— (i/fi) (t-to) 3C] 11 -h »r (max) 

= exp[( t / f t ) (t- to) 3C]{ (1/91) 1} 

X e X P [ - (i/fl) (t-to) 3C] \t-to»T(max) = (1/91)1 

contradicting, in addition, the choice originally made 

6 It will also be seen in Sec. D that the P(n;t) approach their 
ultimate and time-persistent, i.e., equilibrium, values in a non-
oscillatory fashion. 

7 Since Wnm <*5(£„<0>-£y°>) [Eqs. (38) or (36)] all such 
mutually accessible 3C(0) eigenstates have approximately equal 
eigenvalues: En

w=EJ°\ 

H . P R I M A K O F F 

in Eq. (13) for p(/0) = {p(*o)}diag^(1/91)1.8 I t should 
also be mentioned that use of Eqs. (10) and (28) in 
Eq. (15) for (n\p(t) \m) yields (for m^n) 

( ^ — g—ivnm(t—to) x 

/ 

X(n\V\m)(P(n; t0)-P(m;t0)) 

+terms « C0/3C(0))2, Cu/3C(0))3, • • •, (42) 

which last equation can be employed to estimate those 
terms in Eq. (5) for (£>)t which are associated with the 
off-diagonal matrix elements (m | £> | n) of the now 
assumed "nondiagonal" dynamical variable, 3D. Equa­
tions (5) and (42) give, for t—to^>fi/^n, h/imj and with 
use of Eqs. (36), (18), (24) 

H(l~5mn)(n\p(t)\m)(m\^\n) 
n,m 

(
\ — g-ivnm(t—tQ) v 

){n\V\m) 
hvnm / 

X(P(n;t0)-P(m;k))(m\£>\n) 

^ i Z ( l - ^ ) C ( 2 7 r / ^ ) S ( - E » ( 0 ) - £ « ( 0 ) ) 
n,m 

{m\$>\n)h 
X \(n\V\m)\*1(P(n; t«)-P{m; <o))———— 

(m\V\n) 2 

« I E ( i - K n ) W n m P ( m ; h){m| 3D1 n>(ft/fc.) | 
n,m 

= \lL P(m\ to){(m\ £>\n)}av over n(h/ %m)/Tm\ 

m 

« | { ( m \ <£)\n)}av over n,m\{(h/ £m)/Tm}av over m 

« \{(m\ 3D | tl)}zv over n,m | . ( 4 3 ) 

Thus, provided that 

| { ( » | S D | » > } a v o v e r » | ^ > | { ( w | 3 D | » ) } a v o v e r » , m | 

X{(fi/U)/Tm} av over my 

(44) 

which, in view of Eq. (24), is certainly satisfied if 

| { < w | S D | » ) } a v o v e r « | ^ ; | { < w | a ) | w ) } a v o v e r » . w | , ( 4 5 ) 

we have from Eqs. (43) and (5) 

<3))*=<3}nondiag) ^ £ w P(n; t)(n\ 3DnondIag|n); 
t-t0»ti/U (46) 

whence, using Eq. (41), 
<£>)*= (g^ondiag)^ ( l / 9 l ) £ „ < » | £>nondia« | ft) \ 

2- / 0 >>r (max) >>&/£„, (47) 

while, from Eqs. (41), (6) 
(©)«=(aDdiag>t=(l/9l)E»(»|'30diagl»>; 

t-to»T(m&x)»fi/l;n. (48) 
8 It should be particularly noted that however p (to) is taken, 

e.g., with arbitrary {n\p(t0)\m) (tn-^n), p(t) — exp[_— (i/fi) 
X(t-h) 3C]p(*0) exp[(*/ft)(*-*0) 3C] cannot ever become (1/91)1 
except in the special case p(/0) = (1/91)1 when p(t) is also (1/91)1 
for a l l ^ o . 
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Equations (47), (48) indicate that, in the equilibrium 
statistical configuration of [ / I+2?] , average values of 
"nondiagonal" as well as "diagonal" dynamical vari­
ables 3D are obtained by averaging the expectation 
value of 2D in a particular 3C(0) eigenstate, \pn, over all 
mutually accessible \f/n with the same weight, 1/91, 
attached to each \f/n. This mode of averaging is pre­
cisely that which would be adopted if a microcanonical 
ensemble were assigned to [_A-\-B~\ and our demon­
stration of Eqs. (47), (48) is therefore equivalent to a 
justification of the assignment of such a microcanonical 
ensemble to the supersystem [ / !+ .# ] in its ultimate 
and time-persistent equilibrium statistical configura­
tion, i.e., equivalent to a demonstration [under the 
restrictions (a)-(d) above and the further restrictions 
(e), ( /) below] of the quantal ergodic character of the 
supersystem. 

I t remains to discuss the possible effect of the neglect 
of the terms « CO/3C<0))3, CO/3C(0))4, •••, in passing 
from the Yn(r; t-h) of Eq. (27) to the Yn(r) t~h) of 
Eq. (29) [restriction (d) above]. Since eO/5fC(0) 

~N[A]*/(N[A]+N[B]) [see discussion after Eq. (1)] 
this neglect is better and better justified for larger and 
larger [^4+-B]; on the other hand, the Poincare 
recurrence time, T(5), defined by 

\P(n;k+r(8))-P(n;k)\ 
:gS (49) 

JP(»;/o) 

(for all n; 5, a preassigned arbitrarily small number, 
say 1/100) approaches infinity as [ ^ 4 + J B ] grows larger 
and larger. I t is thus reasonable to conjecture that the 
terms « ( V / 3 C ^ ) \ CO/3C<0>)4, • • • i n the 7 „ ( r ; *-/<,) 
are associated with the actual quasiperiodicity of the 
time evolution of [_A-\-B~\y i.e., are associated with the 
Poincare recurrence phenomenon in [ ^4+5] , and that 
our neglect of these terms corresponds, among other 
things, to the assumption that the T(S) of [ ^ 4 + J B ] is 
effectively infinite. If this conjecture is correct another 
pair of restrictions: 

(e) (t-to)«r(5), ( /) r ( m a x ) « r ( 5 ) , 

must be added to the list of restrictions (a)-(d), above, 
required for the validity of the "master" or Boltzmann 
"gain-loss" Eqs. (35) or (38) or (36); as a consequence 
Eqs. (41), (47), (48) should, strictly speaking, be 
written as: 

P(m; t) | r(8) »t -to »T(max) = P(fi; t) \ r(5) »t-h»T(max) 

= ( l /9 l )E* i , (* ; /o ) = l /9l , (50) 

(£>)«= ( £ n o n d i a g ) ^ ( l / 3 l ) E n < H £>nondiag|/*}; 

r ( 5 ) » / - / 0 » r ( m a x ) » f t / f n , (51) 

<£>>*= <£>diag>* = (l/9d)E»<»| £>diagk>; 

r ( 5 ) » / - / 0 » r ( m a x ) » f t / ( n . (52) 

In concluding this section we wish to emphasize that 
we have shown, subject to the restrictions (# ) - ( / ) , that 
once the equilibrium statistical configuration is attained 
it persists in time; thus it is impossible [a t least during 
time intervals <5CT*(5)] for an equilibrium statistical 
configuration to evolve into a nonequilibrium statistical 
configuration. Since in addition, any nonequilibrium 
statistical configuration evolves in a nonoscillatory way6 

toward the equilibrium statistical configuration, we 
have demonstrated, again subject to the restrictions 
(# ) - ( / ) , the essential irreversibility of the time evolu­
tion of the statistical configuration of Q4-f-2T]. The 
reconciliation of this irreversibility with the reversi­
bility of the time evolution of exp[— (i/ti)(t— /o)3C] 
Xip(j)(to) [Eq. (3)] which implies a corresponding 
reversibility in the time evolution of 

p(/) = e x p [ - {i/h)(t-h)3£]p{h) exp[(V*)(*-*o)3C] 

[Eq. (2)] is effected by the observation that very 
special, "extremely quantal-coherent," initial statistical 
distributions, associated at a minimum with a "non-
diagonal" p(to) and thus certainly violating restriction 
(a), are required to produce processes which can be 
appropriately described as the evolution of an initial 
nonequilibrium statistical configuration of [ 4 + 5 ] into 
statistical configurations of [ 4 + 5 ] still further from 
equilibrium (see Appendix A). 

C. THE "MASTER" OR BOLTZMANN "GAIN-LOSS" 
EQUATION FOR THE SYSTEM OF INTEREST 

To deduce the "master" equation for the system of 
interest we express the states \pn^^[A+B](En

m,yn) of 
the supersystem [ 4 + 5 ] in terms of the states 
\f/[A) taw), $[B] (Vufiu) of the system of interest [ 4 ] and 
the surroundings [ 5 ] , as: 

^[A+B}(En(0\7n)=^[A](€j,aj)\l/[B](Vu,Pu)y 

X ^ [ A + ^ ] ( £ n ( 0 ) , 7 n ) = { 5 C [ A ] ( 0 ) + 5 C m W } ^ ( E w W , 7 n ) 

= ^[53(^u,i8tt){3CiA]<0V[ii](€yJay)} 

+tlA](ej,aj){W[B]
(0)t[B](yu,Pu)} (53) 

= (ej+riuWlA] (€y,ay)^[B] (i?«,0«) 

= En^[A+B](E^\yn)y 

where a;-, /3U, yn^oij and f3u are quantum numbers other 
than the energy eigenvalues ey, rjU} En(0) = €;-+^M 

characterizing the states ^[A](ey; ay), ^[s] (*?«,&*)> a n d 
\//{A+B](En

(0\yn). We next consider 

P(n;t) = P[A+B}(ejW, Vu,Pu',i) (54) 

as the joint probability that [ 4 ] , [ 5 ] are found in the 
states \piA] (tj,aj), \f/[B] (y]u,(3u) at time /, equal identically 
to the probability that [^4+i?] is found in the state 
rp[A+B](En(0\yn) l = ip[A](ej,aj)\l/[B)('r]u,Pu)~] at time t} 

and define 
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P[A](ehaj)t)= E PiA+B](ej,ct3;vu,Pu;t) equation for PtA+B](€y,ay; Vu,ffu'90, Eq. (35), together 
i«'ft* with Eq. (55), then yields, with 

= E P [A+B] (ey,G£y J P n
 (0) ~ €y, ft 5 t), _ - ( . 

/8„ W' n m = H/ [A+B] (,€y,ay,77w,/5w , tkfilkflvfiv), 

r> / „ A v - r> / „ A ^ ^ W / m n = T ^ [ A + 5 ] ( € f c , Q : f c , ' r ? v , / 3 v ; € y , a y , ? ? w , f t ) , 

P[B](WW)- E Pu+Bi(w,V«fiu;t) ( o ) = e . + r 7 ~ € f r + „ = £ <«> = £ 

= E P [ A + B ] ( P n ( 0 ) - ^ , a y ; 7 ? w , f t ; 0 , d 

"' —P[A] (€,-,ay ; 0 = E [W[A] (€y,0£y J €/b,a& J 0 
as, respectively, the probability at time t that [ 4 ] is dt ek>ak 

found in the state <A[A](ey,ay) for any probability dis- X P m f e a , ; O - ^ m f e a * ; ey,ay; /) 
tribution of [ P ] over the various states ^ [ B ] ( ^ ; f t ) 
and the probability at time / that [IT] is found in the X P i A j f o w ; 0]> (56) 
state t̂ fB] (vu,Su) for any probability distribution of [-4] 
over the various states $[A](ej',aj). The "master" where 

E W[A+B](ej, ay, E—eJy ft; €*,, a*, E—ek, ft)P[A+B](efc, a*; E—ek, ft; 0 
ft*, ft, 

W [A] ( e y , a y ; € * , « * ; 0 = = — : " 

Z -^ [A+B] (CAJ, a&; P—€&, ft; 0 

E WTu+B](6A;, a*, E—€k, ft; €y, ay, P — €y, ft)P[A+B](ey, ay; E—€j, ft; tf) 
/S„, 0, 

W[A](€fc,a*;€y,ay;0 = — — — , (57) 
Z P[A+B](ey, cij\E— € y ; f t ; 0 
A* 

and 

where 

—P[B](wV, 0 = Z C^[B}(^u,ft;^,ft; 0^[B](^,ft; 0~W[B](^,f t ;^f t ; O^un (*?«,&*; 0 ] , (58) 

Z J^U+BI(P—*?«, ay; r/w, ft; P — ^ , afc, ^ , ft)P[A+B](P—??v, a*; ??v, ft; J) 
ay, a& 

«> [Bi (W3«; ifr,& ; 0 — 
Z ^[4+B](£~1«, a&; 77*,, ft; 0 
afc 

Z W[A+BI (E—rjv, a&, Vv, ft; E—7]u, ay, ̂  ft)P[A+B] (E—riu, cij; r?w, ft; t) 
aj, ak 

w [B] (vvfiv; rju,Pu; t)= 

(59) 

Z P [ A + B ] ( E - 7 ? w , a y ; ^ , f t ; t) 
ctj 

Equations (56)-(59) for P[A](ey,ay; t), P[B](??«,ft; 0 are of the "master" or Boltzmann "gain-loss" type with, 
however, time-dependent transition probabilities per unit time: 

^U](€y,ay; €k,ak;t), • • •, W[B](^,ft; rjufiu; t). 

We first consider the ultimate and time-persistent equilibrium statistical configuration of [ 4 + P ] . In this case 
r ( 5 ) » / - / 0 » P ( m a x ) (see Sec. B above) and from Eqs. (41), (50), and (54): 

PlA+B\(ekWlvfiv\ t) = P[A+B}(ejJaj;rju,pu', 0 = 1/91 (ej+Vu=ek+Vv^E), 

so that, using Eqs. (55), (57), and (59), and with ^ [^ (ey) , ^l[B](rju) the numbers of [ 4 ] , [ P ] energy eigenstates 
with energy eigenvalues ey, rju, 

P U ]
e ^ ( € y ; a y ; / ) - 9 l [ s ] ( P - e y ) / 9 l , 

Z i W q u i l f e , a y ; / ) = E 9l [ j B ] (E-6y) /9l=( l /9 l )E^U](e , )9I [ B]( J E-6y) = l, 

(60) 
-P[B]equiI0?«,/3«; t) = 91 [A] (£-»?„)/3fi, 

E ^[B] e q u i l (W3«;0= E 3i W ] (£-n«) /9 i=( i /9 i )E .9 i [ B ] ( i /« )3 i [X](£- i»»)=i , 

E ^ [ ^ + B ] (€y,ay, -E—ey, ft; e&, afc, E—cfc, ft) 

W[A]equi lfe?ay; e/^a/,; /) = 
3 l m ( E - e & ) 
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W[Af^i(€hak] €j,aj; t)=-

E W[A+B](tk, Oik, E—€k, fiv) €y, ah E~*h Pu) 
Pu, Pv 

wiBf*liKyu,Pu;vvA;t) = 

W [ 5 ] e q u i l ( ^ A ; ^ ; 0 : 

9fl[B](iS-€y) 

E W[A+B](E—rju, ay, r?w, jSM; £--??», c^, ^ , Pv) 

°fliA](E-Vv) 

E W[A+B) (E—Vv, ak, Vv, Pv; E—rju, ay, i?w, 0M) 

3 l W ] (£-i?,) 

(61) 

Equations (61), (60) and the "microscopic reversibility" of the W[A+B] [Eq. (36)] imply the principle of 
'detailed balance": 

w i i l ^ f e w ; €fc,a*; t)P[Af^il(€k,ak; O ^ ^ f ^ ^ a * ; €y,ay; O ^ U l ^ f o w ; 0 , 

^ f 5 ] e q u i l ( ^ ^ ; 17. A;- 0^ [Bi e q u i l (^A; 0=^[J5] e q u i l (^A; ^ A ; 0 ^ [ * ] e q u i l ( ^ A ; 0 
(62) 

which result is sufficient for these time-persistent and ultimate i'tA]6 '11"1^:^/; 0> •^[B]eauil(%>^«>0 °f Eq. (60) 
to satisfy identically the "master" Eqs. (56), (58). 

We may also write, in view of Eq. (60) 

Pmequilfew;0 = 
9l [ B](E-€y) 9l[B]CE-€y) *-«/'e d 

, = ^ ; e - ^ f t D - i s — l n 3 l m ( £ ) , 
L^[A](e f c )9l [ 5 ] (£-€ f c ) E 9X[B](£-«*) E ^cfc/@ d £ 

€ft,afc 

^[B] e q u f l ( i j« j8«;0= : 
fHui(E-vu) %[A](E-Vu) •3l[A](E-r)u) 

(63) 

E aiiBiWaiwi(E-n.) E 9itA](£-i?.) s W ^ E a W E - i j . ) aWJS) 
f\v Vv tPv Vv 

provided that the system of interest [_A~] is so much W[A]eCLUil(ek,ak; ey,ay; i) of Eqs. (61) and (62). The 
smaller than the surroundings [£>] (N [AI<&N m) "master" equation for P[Aj(€y,ay;/), Eq. (56), then 
that the various states ^[A](ey,ay) with appreciable assumes the form: 
P[A]emil(^j)Oij'y t) are characterized by * 

€ y « 
d\r&l[B\(E)/dE 

dnii^l[B](E)/dE2 

d(EC0™*)/dE 

d*(E«>»**)/d& 
*E~r}u^r)v. dt 

-P[A](ej',af,t) 

Equation (63) corresponds to the assignment of a 
canonical ensemble to the system of interest [_A~] and 
of a microcanonical ensemble to the surroundings [ £ ] 
in the ultimate and time-persistent equilibrium statis­
tical configuration of the supersystem [^4+iT]. 

We now consider the case of the system of interest 
[_A~] in nonequilibrium and the surroundings [_B~] in 
equilibrium; physically this is possible only if [_A~] is 
much smaller than [_B~\. Quantitatively, the assertion 
that [_B~\ is in equilibrium while \_A ] is not, is equivalent 
to the statement that P[A+B](€jiaj;yju,fiu; t) has the 
same numerical value for all /3U: j#u(l), fr*(2), * • •, 8u(n), 
•••, Pu\jfl[B](r}u)~]> this implies, using Eq. (55), that 
P[B\{r)u,$u)t) also has the same numerical value for 
all pu, consistent with the expression in Eq. (63) for 
i>[5]equi l(i?«^«;0. With the Pu+B](€y,ay;i7«,£»;0 the 
same for all fiu these P[A+B](ej,cij; yu,&u; i) cancel from 
numerator and denominator in the expressions on the 
right-hand side of Eq. (57) and the (in general, time-
dependent) W[A](€j,aj-, €k,0Lk'yt), W[A](ek,ak] €j,aj]t) are 
equal to the time-independent w t A] e q u i l (w?; ek,ak; t), ^ [ i ] e q u i l f e , ^ ; €y,ay; 0 P[A]ecLnil(*k7 ak; t) er*»i& 

= E lw[A}e*uil(*h(Xj', ek, ak) t)P[A](ek,<xk', t) 
tJcCtJc 

-w[A]
e(lxxil(ek,ak]eh ay; t)P[A](eh ay; / ) ] , (64) 

with [see Eqs. (61), (60), (63), (62)] 

^[4]equ i Ifa«i;«4,«it;fl 

E W[A+B}(ej,aj;E—ej,pu;€k,oik,E—ek,Pv) 
Pu,fr 

/^s-/ , 

~~ dl(ertkl*/ E e~el1®) 
ei,al 

= E W[A+B](€j,aj,E—€j,l3u;ek,ak,E—ek,l3v) 
fiu,Pv 

Xe-(E~€k)l®/ E ^ ^ / @ (65) 
Vw,Pw 

~ E W[A+B] (€j,ajt7fu,0u J €k,ak,Vv,Pv) 
i}u>Pu>i]vtPv 

Xe-1**1®/ E e - w @ , 
Vu>>Pw 

WU]equil(ey,«y; ek,ak;t) P [ 4 ] ^ n ( « i , ay; 0 <rV© 
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which can be employed to describe the approach of \_A ] 
to equilibrium (see Sec. D). The "master" equation* 
for P[B](rju,l3u(n);t)J Eq. (58), becomes, using Eqs. 
(59), (36) 

we have [again using Eq. (64)] 

dU[A](t) dP[A}(ej,aj;t) 
= £ e. 

dt «>"•«»• dt 

dt 

E [P[A+B] (E—rjV)ak;Vv, ft,(n); / ) 
r}V,aj,ak 

- P [ A + B ] (E-Vu, ay 5 *?«, $u(n); / ) ] 

X E W[A+B](E—riu,aj,riu,pu(n); 
m==l 

E— 7]v,CXk, Vv, ft W ) 

= = E LP[A+Bi(E—riu,aj]riu,pu(n);t) 
ctj,ctk 

-P[A+B] (E-1)u, OLj'yVu, Pu(n) J 0 ] 

X E WiA+B](E-riu,aj,riu,0u(n); 

E—Tju, ak, rju, jStt(w)) = 0. 

Thus P[B](rju,pu(n)', t) is time-persistent as is required 
by the circumstance that [ 5 ] is in equilibrium (though 
[_A~] is not). 

We conclude this section with an illustration of the 
use of the "master" equation for P[A](ej,aj',t), Eqs. 
(64), (65), in the derivation of an entropy theorem for 
the system of interest [_A~\. We define the entropy of a 
system of interest [A~\ whose statistical configuration 
obeys such a "master" equation, as, 

S[A](t)=-k E E[A](ejya3; t) InP^iej^j; t), (67) 
ej,aj 

and obtain from Eqs. (67), (64) 

dS[A](t) 
= (*/2) E C^u ] e q u i l f ew; tkfiik\t) 

dl €j,aj,ek,ak 

XP[A](ekyoLk', t)~-W[A]&lxxil(ek,ak;ej,aj;t) 

XP[A](ej,aj;t)'] 

Xln[P [ iU(€ i f e ,a J fc;0/P[A](ey,a i;0], (68) 

as the basic equation for the time rate of change of the 
entropy of [A~] arising from: (1) the approach of the 
probabilities P[A](€j,aj'> t) towards their ultimate and 
time-persistent equilibrium values P[A]equil(€y?ay; t) 
without any net flow of heat between [_BT\ and [^4], and 
(2) from any net flow of heat between [B~] and \_A~\, 
dQ[A]/dt. In this last connection, defining the internal 
energy of [_A~\ as 

£ W 0 = £ PW{ehaf,t)eh (69) 

d*AViAi)\dV 
- E P[A]{ej,aj) t)[ I 

*'•«' V dV[A] J 

= 4 E C^[^3e q u i lfew;€ f c ,^;/) 
ej,aj,ek,otk 

[A] 

dt 

XP[A](ek,ak', t) — WiAf^iekW, e3;aj; t) 

XP[A]{ej,aj\t)~](tj-ek) 

^ , / desiViAtiyVui 
~ E P[A\{ej,aj\t)[ 1-

•'•^ V ^V^A^ / 

(70) 

[A] dt 

dQw 

dt 

dV [A] 

nAr dt 

where it is clear that dQ[A]/dt may be either positive or 
negative depending on the direction of the net flow 
between [Z>] and [A ] , and in general, vanishes only in 
equilibrium—see Eqs. (62) or (65). These last equations, 
used in Eq. (68), also ensure the vanishing of dS[A]/dt 
in equilibrium. 

We now define 

P [ A ] ( € i , a y ; 0 - P [ A ] e q u i l ( € i , a , ; / ) 
A ( i ; 0 — — , (71) 

PlAf**{ejfiLj\i) 

which represents, at time t, the relative deviation of the 
probability P[A](ej,aj;t) from its equilibrium value 
Pu]equi l(ey, ay; t). Expression of dQ[A]/dt, dS[A]/dt in 
terms of A(j; t) and 

Ai*-wm e q u i l (^ ,a; ; €*,<**; t)P[A]eqnil(tk,<xk; t) 

= w[Af^il(ekjak; €/,«;.; t)P[Af^il(ejW, 0 

[see E q s . (62) or (65 ) ] yields, 

dQ[A](t) 
= 4 E Xy*[A(ft; 0 - A ( j ; 0 ] f e - e * ) , (72) 

^ [ A ] ( 0 * 

dt 
E X i t [ A ( * ; 0 - A ( i ; / ) ] l n 

2 y.fc 

/ 1 + A ( * ; 0 \ 

Vl+AOV)/ 

+ - E X y , [ A ( ^ ; / ) - A ( i ; / ) ] 
2 y.fc 

f /P[Af^(ek,ak;t)\ 
Xlnf - ) , (73) 

9 V[A] is the volume of \_A~] and p\A\ is the pressure exerted by 
\_A~\ on \B~\. dV[A]/dt is sufficiently slow so as not to induce any 
transitions between \^4] («/>«/) and ^ j (€*,«*). 
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whence, using Eq. (63), 

dS[A](t) k 
—• = - E Xy*[A(A; 0 - A( i ; <)] 

dt 2 3,h 

Xlnf - ) + . (74) 
/ l + A ( * ; / ) \ 

if I 
\ 1 + A ( r , 0 / l + A(j;t)/ T dt 

The first term on the right hand side of Eq. (74) 
is (except in equilibrium) always positive and repre­
sents the time rate of increase of the entropy of [_A~] 
associated with the establishment, without any net 
heat flow between \_B~] and [_A~], of the ultimate 
and time-persistent equilibrium probability distribution 
j>[A]equil(ei>ai; ^ relative to the initial probability distri­
bution P[A](ejyajm, to). On the other hand, the second 
term on the right hand side of Eq. (74) represents the 
time rate of increase or decrease of the entropy of [_A~\ 
associated with the direction of the net flow of heat be­
tween [_B2 and [A~], Only under circumstances such 
that dQ[A](t)/dt>0 (net heat flow from \_B~] to [ J ] ) is 
dS[A](t)/dt necessarily > 0 . 

D. THE SOLUTION OF THE "MASTER" OR 
BOLTZMANN "GAIN-LOSS" EQUATION 

For simplicity we rewrite the "master" or Boltzmann 
"gain-loss" equations (35), (64) in matrix form as: 

TII.Jr(0IH|wll-
dt 

where 

\\ww-. 
•( i / ro 
Wa 

WNI 

with 

Wn 
-(i/r s) 

wm 

P(\;t) 
P ( 2 ; /) 

P(N;t) 

Wu, 
Wm 

• -(X/Ts) 

(75) 

(76) 

Wnm/Wmn=l [Eq. (36)]; 

(l/Tn)=j:mWmn(l-8mn) [Eq. (23), 

for the supersystem [^4+-B], and, 

-»)IHMHI<2(0II, 
dt 

(77) 

(78) 

10 In the mathematics literature a "master" equation of the 
form of Eq. (75) is known as a "Markoff chain" equation in a 
continuous variable. For a discussion of general methods of 
solution of "Markoff chain" equations see J. S. Doob, Stochastic 
Processes (John Wiley & Sons, New York, 1953); W. Feller, 
Introduction to Probability Theory (John Wiley & Sons, New York, 
1957); W. Ledermann, Proc. Cambridge Phil. Soc. 46, 581 (1950); 
47, 626 (1951). The solution of "master" type equations is 
worked out for various special cases in the physics literature, 
e.g., N. Bloembergen, E. M. Purcell, and R. V. Pound, Phys. 
Rev. 73, 679 (1948); J. P. Lloyd and G. E. Pake, Phys. Rev. 94, 
579 (1954); F. Lurcat, Compt. rend. 238, 1386 (1954); 238, 2517 
(1954); I. Solomon, Phys. Rev. 99, 559 (1955). 

where11 

IMM 
-(i/ro 

Ui 

•'(i/ro 

UN2 

Uw 

••• -{VTN) 

Uxi=W(\,2)e^E^-E(-^iikT, ••• 
tf„sjp(r>J)e[*(D-*<.)]/s*r . . . (79) 

HG(0lh 

with 

£ ( l ) = e 1 ; 

Q(i;0 
Q(2;0 

Q{N;t) 

P{\;t)eB^l2kT 

P(2;t)eE^'ikT 

P(N;t)eE (N)MT 

£ ( 3 W e i ) ) = 6 i , 

£ ( 3 W e i ) + l ) = e 2 , 

waa^wiAf^ieiMV; «i,«i(2); 0, • • •, 

W ( l ; 5 n W « i ) + l ) 

P ( l ; 0 ^ J P u 1 ( 6 i , a 1 ( l ) ; 0 , •••, 

i ' ( 9 l W ] ( e 1 ) + l ; 0 s P w ( « » J a j ( l ) ; 0 , 

iV=9 l [A]=E3 l W ] (« / ) ; 

Urs W(r>s)e^^-E^liiT 

(80) 

U„ W{s,r)eVs^-EW'ikT 

(i/r,)=E w(s,rXi-s„) 

:1 [Eq. (65)]; 

for the system of interest [_A~]. Since \\W\\ and ||Z7|| 
are both symmetric matrices, Eqs. (75)-(77) are of the 
the same general form as Eqs. (78)-(80), and it will 
suffice to discuss the solutions of the former, those of 
the latter being obtainable from those of the former by 
appropriate substitutions. 

The solution of Eqs. (75)-(77) can now be written as 

\\P(t)\\=Nt\\\PM-\\P(t4)\\PA\e-
v=0 

v(t-to) • 

II* 

with 

* ( i ) 

* ( 2 ) 

(81) 

(-11^11) -11*11 =«,||#,||; 11*11 • 11*11 = ̂ , (82) 
the <av, \\pv\\ being the eigenvalues (here assumed non-
degenerate) and the corresponding eigenvectors of the 

11 The relationship between Q(r\ t) and P(r;t) used in Eq. (79) 
was suggested to us by Professor F. Bloch. See also E. W. Montroll 
and K. W. Shuler, Advances in Chemical Physics (Interscience 
Publishers, New York, 1958), Vol. 1, p. 361. 

file:////ww-
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matrix -- | |W| | . Since — \\W\\ is symmetric—"micro- with 
scopic reversibility," Eqs. (36), (77)—theco,: , UTTU, ,, ,, ,u „ . ,_„ „ .. „ 

(-II^ID-ll^lh^ 11̂11; ll^ll'll^lh^, 
oj0<coi<a?2< * • • <O>N-I and 

are all real, while the normalizability of the P(n; t) for (~~ ll^il)- IÎ olI =co0
,|Igfo|l = 0, 

all t l(d/dty£nP(n; /) = 0 or ZnP(n; *) = 1] demands whence, with the ||J7||( = \\U\\) of Eqs. (79), (80), 
that the algebraically smallest w„ is zero, i.e., 

, x \p-E(l)l2kT 

(83) x 

IMI=— 

(90) 

(91) 

0 = co0<wi<co2< • • • <COJV-I.12 

Thus, substituting Eq. (83) into Eqs. (81), (89) 

\\pm==(\\po\\'\\PM\\)\\Po\\ 
'[A] 

0-E{2)\2kT 

0~E(N)/2kT 

+ E(ll^ll-l|Jp(/o)||)||^lk •03v(t— to) (84) 
<[AY-

= £ e~E(r)!kT= ST e-tjlkT 
(92) 

N-l 
,—o)v(t—to) 

= | | p e q u U | | + E ( | | ^ | | . | | P W | | ) | | ^ | | e -

(-WW)- IMI=o, 
and, since the \\W\\ of Eqs. (76), (77) satisfies, 

(-l|w|IH|i|l = (-llwilHli|l=o, 
we have (o>0 assumed nondegenerate!) 

W = (1/91*) 111 II. 
Hence, from Eqs. (84), (87) 

so that, substituting into Eq. (89) 

\e-E{l)l2kT 

(85) \\Q«^\\ = 

(86) 

(87) 

(ZrP(r;t0)) 

> [ A ] 

e-E(2)/2kT 

e~E(N)/2kT 

1 
e-E(l)lkT .eE(l)l2kT 

e-E(2)lkT.eE(2)}2kT 

e-E(N) IkT*. eE (JV) !2kT 

(93) 

i.e., using Eqs. (80), (79), 

-E{l)l2kT 
| | P ^ | h ( l / 9 l ) ( E . P ( ^ ^ o ) ) | | l | h ( l / 9 l ) | | l | | (88) 

in agreement with Eq. (41) or Eq. (50), The reality of p[A]e q u l l(ei,ai(l); t)=P«**{\ ; t)^Q^l(l)e~ 

the various co„ in Eq. (81) or (84) shows in addition = (e-,x\kT/ y- e-^ihT\ e t c (94) 
that | |P(0 | | approaches ||Pe<iuil|| in a nonoscillatory e.,a. ' *' 
fashion, the (coi)-1, (co2)

_1, • • •, (COJV-I)-1 playing the 
role of relaxation times. Similarly, solution of Eqs. 
(78)-(80) yields, 

oP'(t—to)' \=Z(MA\-\\Q(to)\\)h,\\e-

= (ii?«n-iie(<o)ii)ii?oii 

+ E(llg,ll-ll^o)ll)ll^lk-'((-'») (89) 

= IIMI+E(ll2,|l«o)ll)IWk »/(<—<o) 

in agreement with Eq. (63). The symmetry of —1|£7|| 
—"detailed balance," Eqs. (62), (65), (80)—ensures 
the reality of the co/ and so the nonoscillatory character 
of the approach of | |0(/)| | to ||<2equil||. 

An interesting lower limit can be obtained for the 
shortest of the relaxation times, i.e., for (COAT-I)-1, viz., 

( ^ ( m i n ^ ^ - i ) - 1 ; 
T(min)=smallest of the T„, (95) 

so that the shortest relaxation time is ^ J (lifetime of 
the shortest lived state). Equation (95) follows upon 
introduction of the "non-negative" symmetric matrix, 

yriM-
1 

T(min) 
UII+IW 

H/T(ram)-1/T{\ Wlt 

[ l / r ( m i n ) - l / r 2 ] 
wlN 

[i/r(min)-i/zy] 

(96) 

Xu = [\/T{mm)-\/T{}^0, Xlt=Wit*0, etc., 

n The normalizability of the P(n; t) for all t, as given, e.g., in Eq. (4), is also obtainable from Eq. (11) since, on the basis of Eq. 
(9) or Eq. (14), 2 „ F „ ( T ; t-h)=0 and* since Snw[[T;Friw(r)jP(wj /) —Wmnir^P (ti't /)]]:=s0. Thus the neglect of Yn{r\ t—to) in passing 
from the rigorous Eq. (11) to the approximate Eq. (35) (the "master" or Boltzmann "gain-loss" type equation) does not upset 
the normalizability of the P(n;t). From a mathematical point of view, the normalizability of the P{n\ t) in Eq. (35) is a con­
sequence of the fact that each column of the — ||PT|| matrix vanishes, and this property of — ||TT|| together with Eq. (82) 
may be used directly to establish Eq. (83) and also Eq. (87) below. 
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and use of a theorem of Frobenius13 to the effect that which, upon squaring and dividing by COJV-I, is seen to 
a non-negative symmetric matrix such as ||X|| has an be equivalent to Eq. (95).14 On the other hand, no 
eigenvalue spectrum xv: Xo ^ xi ^ x2 ^ • • • ^ %N-I such general expression in terms of the Tn seems to exist for 

the upper limit to the longest of the relaxation times, 
(coi)-1, though examination of particular examples (see 
Sec. F) appears to indicate that, as might be expected 
physically, 

that 

Xo }ZXi }ZX2 ^ ' ' • Z^Xp ^ 0 ^Xp+i ^ • • • ^XN~h 

a n d 

Xo ^ | XN-l I . 

Equations (98), (96), and (75) yield 

[1/T(min)] ^ | [ l / r (min)] -aar - i | , (99) 

(97) 

(98) (coi)"1» P(max); T(max) s= largest of the Tn. (100) 

As an example, we shall now give an explicit ex­
pression for \\Q(t)\\ in the simplest case: N=2. Here, 
from Eqs. (79), (80), (92), (90), (93), we have 

111711 = 

llfZolh 

'IN 

-W(2,l) 

W(2il)e
[Ev)-EWkT 

1 

1 

liQequi lli=-; 

so that from Eqs. (101), (89), (79), 

| P ( l ; / ) ^a ) /2* r i 

|p(2;0^(2)/2H 

1 

ZU\ 

e-E(l)(2kT 

e-E(2)f2hT 

e-E(2)l2kT 

— e-E(l)l2kT 

e-E(l)JkT.eE(l)l2kT 

e-E(2)JkT.eE(2)/2kT 

W(l72)e[Ea)~E(2)]IkT 

-W(l ,2) 

1 

(e-Ea)/kT_±.e-E(2)lkT^ 

; co1
, = PF(l,2)+TF(2,l); 

e-E(l){2kT 

e~E(2)/2kT 

(101) 

IIGWIH 

l 

Z[A] 

e-E(l)lkT.eE{\)l2kT 

e-E(2)fkT.eE(2)/2kT 

1 
- [P( l ; /0)e^a)-^(2)l/2A!r_p(2;^o)e-[J57(1)-jE?(2)3/2A;r] 

' [A] 

X 
e-E(2)/2kT 

e-E(l)l2kT 
e-[W(l,2)+W(2,l)](t-to)f (1Q2) 

i.e., using also Eq. (80) 

IT(1,2) . /TF(2,1)P(1; / 0 ) -^ ( l ,2 )P(2 ; ^ 

• ( • 
- ) 

g-[ir(l,2)+TF(2;l)](<-!o) 

Wr(l,2)+IT(2,1) V PF(1,2)+PF(2,1) 

P(2;0=(l/^U])e-B(2)/w-(l/2[A])Ce-B(2)/4J ,P(l;ifi)-e-£(1) / ; fe : ri5(2;<o)>- , r (1 '2)+ ' r (2 '1)1((-<o) 

W(2,l) /W(2,1)P(1; fe)-JT(1; 2)P(2; *„)> 

(103) 

W(l,2)+W(2,l) -(- W(l,2)+W(2,l) 

}<;h)\ 
e~[Wa,2)+W(2,l)](t-to) ^ 

Equation (103) demonstrates the proportionality of "detailed balance" and so to the initial deviation from 
P ( l ; 0 -P e q u i l ( l ; 0, F(2>> 0~^ e q u i l(2; t) to equilibrium. 
, TTT/ZO i \n/ i , \ TT7/I o\n/o . \ i I n concluding this section we wish to point out that 

±iW (l,l)±J{±; to)— W {l,Z)r{A; to)j 
— A-iW(l \\TP(\ • / W Pequii/i . A l 14The method of proof of Eq. (95) given in Eqs. (96)-(99) was 

zxz\vv v ^ ^ L A \L> W) * vx> V)A suggested to us by Professor I. I. Hirschman. For nondegenerate 
- P F ( 1 , 2 ) [ P ( 2 ; / 0 ) - P e q u i l ( 2 ; 0 ] } «* the ^ , ^ signs in Eq. (99), (95) must be replaced by > , 

< signs. Our statement of Frobenius' theorem is valid only for 
[see E q . (65)1, i.e., t o t h e init ial devia t ion from a non-negative symmetric matrix J|X||. The theorem can also be 
_ _L_ x ' -" proved for any non-negative matrix, m which case some of the Xj 

13 See, for example, E. Bodewig, Matrix Calculus (North with l^j^N—1 may be complex, and Eqs. (97), (98) become: 
Holland Publishing Company, Amsterdam, 1956), p. 145. x0 ^ 1 xi | ^ • • • ^ | %N-\ I . 
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a Laplace transform method for solving Eqs. (75)—(77) *A[i](j(1)), ^[2](i(2))> • • •, ip[i](j(i)), • • •, $[q](j(q)), * * -
or (78)-(80) yields an explicit formula for the matrix of its constituent individual particles or quasi-particles 
| | ^ | | s ( | | ^ | | . | | P ( ^ o ) | | ) | | ^ | | in Eq. (81) or for the [1] , [2 ] , •• •[*], •••, [g] , •••, we can consider 
analogous \\K/\\^(\\qvl\mo)\\)\\qv\\ in Eq. (89), viz., 

H ~ I I , „ - „ „ „ , MK„ „ ^[A](€y,ay 0 = -P[A]({7(l)} 0 ; 

l l * lh<IWHIWII)WI «y,«y-«({i»}),«({i»}); 
1 

<H>(s) 

where 

C(l;s) 

C(2;s) 

C(i;*) 

{iCi )}-ia ) , j (2) , (» ) . . . 7 '(9-D l(q) ,-(9+1) 

(104) (108) 

I ds J 

Z>(*)=detC*l|l||— IIPTH), 

as the joint probability that [1] , [2 ] , • • •, [f], • • •, 
[#— 1], [g] , [ g + 1 ] , ••• are found in the states 

(105) *[i](i ( 1 )), ^[2](i (2)), •••, * w ( i ( 0 ) , •••, ^ M ( i ( H ) , 
$[q]Uiq))> ^[<z+i](i(<z+1))> * • * at time 2, equal identically 

C(;*;*)=same determinant as D(s) but with nth to the probability that [_A~] is found in the state 
column replaced by ^[A] (€yW) a t time *. We further define 

| P ( 1 ; to) 
P [ 9 ] ( i ( 9 ) ;0- E Pu]({i ( i )};0; 

|y(0}(a)^j(D j j(2)? . . .? y(i)? y(«-D? yCe+Dj 

P(2;*0) 

|P(iV^o) | 

Equations (104) and (105) are valid for nondegenerate 
(109) 

o)v and are derived in Appendix B below; the corre- , . , .,. . J . ^ r -,. . , . ,̂ ^ A ,. -̂ r j . 1 • • as the probability at time / that L<7J is found m the state 
spondmg equations tor degenerate co„ are also given in , . ( ^ f u u-r t H t h t' f Til T2l 
this Appendix. I t is to be noted for future reference ^ [ 9 l Y . J or any pro a 11 y is 1 1 [_ J> L i 

that, f ran Eqs. (104), (87), (82), ' / ' V ^ A " / ' Lf~J? ^ } 7 ^ * * T T K f 

T,nKo(n) = (\\p0\\-\\P(t0)\\yEnPo(n) ^[«+i](i ( ( f f l )), • • •• The "master" equation for 

( l ^ v ^ i V — 1 ) (107) Eq. (64), together with Eq. (109), then yields 

= (ll^ll'l|i>«o)||)9l»(||^||-||^ll)=0. , 

dt kw 

- w [ a ] ( * ^ ; i < « ) ; 0 P [ f l ] ( i ( f l ) ; 0 ] , (HO) 

E. THE "MASTER" OR BOLTZMANN "GAIN-LOSS" 
EQUATION FOR AN INDIVIDUAL PARTICLE 

OR QUASI-PARTICLE OF THE SYSTEM 
OF INTEREST 

If the states ^ [A i t aw) of the system of interest [_A~] with the, in general, time-dependent transition prob-
can be appropriately described in terms of the states abilities per unit time, 

w[fl]O'<*>;*<«>;0 = 

w f a ] (*<«>; i<«>;0=-

E iW{* ( °} ;0 

E te»MJ«»«a({*<«}; {j«}; flPm ({/<«}; 0 
(111) 

E iW{i ( i )};0 

Let us now suppose that the system of interest [^4] is, as a whole, never too far from equilibrium so that we 
can replace the PiA]({j(i)};t) in Eq. ( I l l ) by their equilibrium values: 

e x p [ - « ( { / « > » / © ] 
P[A]^n{{jW}. t)g* , „ , , . „ w ^ - , CEqs. (63), (108)], 

E e x p [ - « ( { * w j ) / e ] 

E e x p [ - « ( { j ( « } ) / e ] 

i , [9] e q u U ( i ( 9 ) ;0= E Pu^llU(i);t)^ • [Eq. (109)]. 
U<«>!<»> E e x p [ - e ( { f c « } ) / e ] 

(112) 
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^i(fc ( 9 );i ( 9 );0 

Then 

are replaced by time-independent 

jM;t) 

while Eq. (65)—"detailed balance"—ensures that the 
numerators in the two resultant expressions on the 
right-hand side of Eq. ( I l l ) are equal; thus, using also 
Eqs. (109), (112), we obtain 

^Me q u i l(i ( a ) ;^ ( 9 ) ; 0 E iV] e q u i l ({ j w } ; t) 

^Mequi l(£ (g)J (5); t) 

Puf^(j{q))t) E exp[-e«j<»}) /e] 

PM«»,fl(*<«);fl E exp[-e({£<«})/@] 
(113) 

Equation (110) with 

ww(W ( J );0, 

replaced by 

^M e q u i l( i ( s ) ;^ ( 5 ) ;0 , 

wiS](i (J),i ( t );fl 

^[<z]e^ui l(^ (e),y (2);0 

and Eqs. (Ill)—(113) define the "master" equation for 
the particle or quasi-particle Q?]; the analogy between 
these equations and the Eqs. (64), (65), defining the 
"master" equation for the system of interest [_A^\ is 
obvious, and we can use the methods of Sec. D to 
obtain P[q] (j(q); t) as a function of /. A particular sim­
plification is obtained if, to a sufficient approximation, 
e({j(i)}) depends additively on the €[;j(j (0), 

e({j^})^e[1](j^)+el2](P
))+'-

+ €to](ite>)+6[fl+l](i<^1>)+- (114) 

since Eqs. (114), (113) give 

W[ff]equn(y<«>; #«>;*) exp[-e [ 3 ] ( i<«>) /e] 
S (115) 

W[3]equil(&(a); i ( 9 ) ; t) exp [ -€ M (& ( 5 ) ) /@] 

in complete analogy with Eq. (65). 

F. MAGNETIC RESONANCE: TIME VARIATION 
OF LONGITUDINAL MAGNETIZATION 

We proceed to discuss certain magnetic resonance 
situations in view of the general theory established in 
Sees. B-E above. In these magnetic resonance situ­
ations, the system of interest [_A~] is identified with the 
degrees of freedom describing the orientations of 
nuclear (or electronic) spins, and the surroundings [Z?] 
with the degrees of freedom describing the motions of 
atoms containing the spins, i.e., in brief, [^4]== spins, 
[£]== "lattice." The ratio 

sO/5e<°> = eO/(3eIA](0)+3C[s](0)) 
is now no longer ~NIA]%/(N[A]+N[B]) but is inde­
pendent of N[A](=N[B]) and is not necessarily neg­
ligible for a sufficiently large specimen—on the other 
hand, *U/3C(0) is indeed small in many cases, e.g., for 
eU=nonsecular spin-lattice phonon interaction (mag­
netic dipole-dipole or electric quadrupole spin-lattice 
interaction). We present a treatment of the approach of 
the nuclear spin system (£AJ) toward equilibrium under 
circumstances in which the "lattice" ([£>]) remains in 
equilibrium throughout and with V/ (3Q,iA]i0)+ 3C[B](0)) 
small. Under these circumstances the conditions for 
validity of the "master" equations deduced in Sees. B, 
C, E are satisfied and our discussion is, in particular, 
based on the individual particle "master" equation of 
Sec. E. 

We treat this "master" equation for an individual 
particle [_q], i.e., for an individual spin [#] , of the 
system of interest [,4], Eq.J(llO), with w[q] ( j ( c ) ;frq); t) 
W[«](k(q); jM; t) replaced by w{q^

il{^q); k(q); t), 
^M e q u i l (^ ( 9 ) ; i ( g ) ; 0 and with Eqs. (111)-(113) for 
^M e q u i l( i ( e ) ;& ( Q ) ;0> ^ M e q u i l ( ^ ( Q ) ; i ( e ) ; 0 - These last 
equations, together with Eq. (65), yield 

^ [ W ( i ( { ) } , w v , {*w},i?.A> 

x ( 

^Mequ i l(& (2 ); j ( q ) ; t)=w[q]
e*nil(j(q); ¥q); t} 

E exp[-€({*<*>})/©] 

E e x p C - e ( { i « } ) / e ] ' 
JjCOJCfl) 

rjw, Pw 

exp[-e({^W})/0] 

£ exp[-e({£<«}/®] > 
(116) 

where in the present instance j ( q ) is to be interpreted as the magnetic or spin-orientation quantum number of 
the spin [_q~]. Also, from Eq. (36), 

Wu+Bi({jw},tiuA}{kM},n,fr)=(2T/h)6itaj«>})+*-

=HWi({*H )>,i» .A; (i ( i )>; n*A), (H7) 
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where, for the case of the magnetic dipole-dipole spin-lattice interaction, V — Vdip-dip and Ddip-dip can be 
identified with 

^dip-dip^86™1^* ECC^(/[/]rfw++/m^to]*)+£/a(/c/]+/to]+)]+Herm. conj., 
f.g (118) 

3 ti?y2 3 %2y2 

C/g= s i n^ coad/ge-Vf; Efg= — —— (sin0/„)V***, 
2 (rfgy 4 (r„)» 

where 7=nuclear gyromagnetic ratio; this relatively slower approach to equilibrium involves 
if-Tg=(rf0yefg,<l>fg)i r /=R/+&, eneT%y interchanges between the spins [ 4 ] and the 

~ P . r r-i ^ T i r "lattice" [2?]. If the atomic motions of the "lattice" [B"\ 
^ - l a t t i c e vector of the atom [ / ] , ?{=disp acement of a r e i a t e t liquid-like rather than solid-like 
the atom [ / ] from its lattice position=function of g t a t e s o f ^ d m u s t b e e d i n t e r m s of phonon creation and destruction operators, and lm ,. , \ , J , ,. , ^ , ^ , . M , r

 r,-i m, . creation and destruction operators of motional quasi-H=spm of the nucleus in the atom (_/_]. I he term . _ , , r ™ 1 <• ,. 
•Udip-dip^1- which establishes relatively rapidly a P a r t l c l e s o t h e r t h a n P h o n o n s - T h e S e n e r a l formahsm 
"quasi-equilibrium" spin configuration within M , need developed below holds however in this case also. 
not be explicitly considered in the treatment of the We now introduce the notation j^=m{, k^=m/ 
relatively slower approach to equilibrium of dynamical (—I^m,, m/^I) and find from Eq. (118) as typical 
variables such as the longitudinal magnetization since nonvanishing matrix elements, 

({mi} = {mi} <«>,««; VnM <Udip-diP
nonsecular| {mi'} = {m,} <«>, mq-1; ij„, /?„> 

=Z/(^,^|c /9h»A)w/C(/-^+i)(/+w8)]i, (H9) 

{{mi} = {mt} <«> (»>«,,«,; 7jwlJSM | <Odip-dipnonse<!U,ar| {»/} = {m{} w &», » , - 1 , « , - 1 ; *„ /?„> 

= <WM ^Ept\rltfi,)l(I-mt+l)(I+m9)'K(.I-mp+l)(I+mp)2
i. (120) 

Thus, from Eqs. (119), (120), (117), (116), (114) and with e[q](mq)=—hymqHext=—huiLinq, we have 

wlq]<wa(mq;mq-l;t) = (I-mq+l)(I+mq)(2w/h) £ [exp(-,?„/©)/ Z e x p ( - W ® ) ] 
l?Mt £«• V̂» $V *?«>» £ « 

X {»(I»«-IJ,-*«£)12/| (vufiu I C„ 19, A> l2(«™/»-.« W» 2 ) 
+1 <w*„| L/ C / a |wOI2(<W>)W(^-^-2&oi) 

XCZ/I <W».|Re £ / e | , . A ) I W + l ) ~ « « / » » + « » / » ) ] } , (121) 

53 >»/ exp(ftw£W//0) 

<W>-^ —^(fee)!z(/+i), 

2L exp(̂ coz,W//fe)) 

« » / » ^ - — £ 3 / ( / + l ) , (122) 
mf 

whence, for Hext, T such that feoz,/@<£l, 
^M e q u i I (^ ; w f l - l ; 0S ( / -w f l +l ) ( /+»a ) i / ( /+ l ) (2 i r / * ) E [ e x p ( - w W L exp(~W©)] 

»7«t Put Vvt Pv Vw, &w 

s(I-mq+l)(I+mq)w. (123) 

The shape dependent term, | < W ^ I E / Cfq\^l)\
2{{(mf)))

2, in Eq. (121) contains the factor 

(ho>L/@¥=(hyHext/kTy 

pEq. (122)] and so becomes important at extremely low temperatures. 

with 
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In a similar way we can work out W[qf
CLnil(mq— 1; mq\ t) and obtain, consistent with Eqs. (116), (114), (115) 

exp[— €[g] {mq— 1 ) /©] 
w[qf^

il(mq-l; mq; t)=w[qf^
il(mq; mq-\\ t) =W[qf^\m^ mq-\\ t) exp(-#a?z,/0). (124) 

e x p [ - e M ( w 9 ) / @ ] 

An analogous discussion can be given for the case of the electric quadrupole spin-lattice interaction; here, 

^quadn°nSeCUlar = E ^ 

Af^ [ G / 8 7 ( 2 I - 1)WUY.**- ^ [/];,,*), , x 
125) 

A/^LQ/SI(2I^imUUhx,x-U[f];yty^2iU[f];x,y)y 

d2U(r) 

dxdx 
etc., 

( exp(—rjv/ty) \ 
p(Vu — Vv — tlUl) | (Vu,0u \Aq\ V)vfiv) 12 

£ exp(-77w /©)/ 

where ()=nuclear quadrupole moment, and Z7(r)=lattice electrostatic potential at r. A calculation similar to 
that in Eqs. (119)-(123), yields: 

w[qf^
il{mq) Mq-l;t) = (2mq-l)\I~Mq+l)(I+Mq)(2ir/h) 

exp(-rjv/@) 

x E ( 
vu,Pu,w,Pv\ E exp(-

^(2mq-mi-mq+l)(I+mq)w\ (126) 

w[qf^
il(mq; mq-2; t)= (I-mq+2)(I-mq+l)(I+mq)(I+mq-l)(2T/fi) 

( exp(—rjv/@) \ 
mflu-Vv-2tiaL)\(riufiu\AQ'\riv£9)\* 

E exp(—rjw/®)/ 

^(I-mq+2)(I-mq+l)(I+mq)(I+mq-l)w
f\ (127) 

Again, consistent with Eq. (116) or Eq. (115), we have: 

e x p [ - € [ f l ] ( w f l - l ) / 0 ] 

expL-€[ f l](w f l)/0J 

=w [ Q ] e q u i l ( ^ ; * » f l - 1 ; 0 e x p ( - f o L / 0 ) , (128) 

exp[— €[fl] (me— 2 ) / 0 ] 
^ M e q u i l K - 2 ; m,; 0 = ^ M e q u i I K ; » V - 2 ; /) , w /A_, 

expC-€ [ g ](i» f l)/0J 

= w [ 3 ] e q u i l K ; mq-2;t) e x p [ - 2 # c o L / 0 ] . (129) 

Having thus obtained the transition probabilities Eqs. (110)-(115). Thus, on the basis of the analogous 
per unit time, W[q]

e(luil(mq; mq ; t) [Eqs. (116), (121)- mathematical structure of Eqs. (110), (115) and Eqs. 
(124), (126)-(129)] we can use the methods of Section D (75)-(80) we can apply the results of Eqs. (81)-(94), 
to solve the individual particle "master" equation, (104), (105) and write (—I^mq^I) 

21 

P[*}(***', t) = P[qf^
il(mq] 0 + E Kw(tnq)<r°><>-«\ 

(130) 
exp[— 6[q] (mq)/®2 exp[fiojLmq/&'] 

P[qf*
niKmq\ t) = = , 

£ e x p [ - ^ ] ( / < ) / 0 ] £ e x p [ f a W / 0 ] 
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where the co„ are eigenvalues of the matrix 

-(i/zv) 

lF[«l' equil 1 1 ^ 

w [d
equi l(-/;/;0 

wltf*(I;I-l;t) 

w[qf*
il(-I;I-l;t) 

w[rif^
a(ITl;-I;t) 

-(i/r_r) 
(131) 

and 

(\/Ti)= E w[qf^(mq;I;t), etc., 
mQ=J—1 

I C{mq;s) 

D(s)^det(s\\l\\-\\wlqf^\\); (132) 

C{mq\ s) = same determinant as J9(V) but with the 
column corresponding to mq replaced by 

P[q](I-l;t0) 

Thus the co„ and Kv(mq) are functionally determined by 
the ze>[<7]e<luil(mg; w / ; / ) and the Wfo]equil(mg; ^ ' ; /), 
P[q]{mq

r\ to), respectively. However, the explicit evalu­
ation of the functions in question, apart from particu­
larly simple cases [as in Eqs. (101)-(103)], is rather 
complicated. 

Once the probability at time t of finding the spin [_q] 
in the state &[q](tnq), P[g](mq;t), is known we can 
determine the longitudinal magnetization, (ju)<, of the 
system of interest [_A~] composed of the individual 
spins [_q]. Thus (fi)t is given by : 

i 

</*>« = E Pig](ing;t) 
mq=—I 

J \/N{A] \ I \ 
XOp[q](mq) I fiy \I[q}Z\xl/[q](mq) \ 

* \W[A] / I / 

fNlAA 1 r 
= E P[q](fnq;t)l-

mq^—I \ 1 

-fiyml 

[A] • ) • 

(133) 

so that using Eq. (130), and in view of Eq. (122), 

N l v> 

+E( E £,(«,)««)*-"<•-'•> 
v—l \mq=—I 

Ni 
=<M>iequil+(&y I 

X E ( E Kv(mq)mqJe »At-to). 

iV [A] t 

<p)t«pM=fiy {{mq))^H^ 
N[A] *V 

F */(/+!) 
[A] V[A] 0 

(134) 
[A] 

We now discuss the evaluation of the coy, Kv(mq) in 
various special cases of interest in magnetic resonance. 

Case I: 1=1 with "Odip-dip^Oquad- Then from Eqs. 
(123), (124) 

^ M e q u i l ( l ; 0 ; / ) = l-2w=wM
e<iui l(0.; l;t) exp(ho)L/@) 

^w[qf^(0;l;t)(l+ha>L/@), 

w[qf*
nil(0,-l',t) = 2-lw 

= W [ f l ]
e < i u i l(- l ; 0; 0 exp(feoL/©) 

g^W[qfwii(-1;o;t)(l+ha>L/@), (135) 

^[9] e q u i l(i ; - 1 ; 0 = ^ [ g f q u i l ( - 1 ; l ; 0 = 0 . 

Equations (135), (131), (132), (134) yield 

o)i= (2-hccL/®)w^2w; 

co2= (2-feoz/©)3ze^6zc;; (136) 

<M>*-<M>*equil 

= _ i e - 2 W ( f - i 0 ) { ( 4 + 3 W 0 ) P t e l ( - 1 ; 'o) 

+ (2*«jL/e)P t a](0; * o ) - ( 4 - 3 W © ) P f a ] t t ; *o)} 

- ^ e - ^ ^ - ^ ( f e L / © ) { - ~ P M ( - l ; / 0 ) 

+ 2 P M ( 0 ; ^ O ) - P M ( 1 ; 0 ) } , (137) 

so that, in general, the longitudinal magnetization (ix)t 

approaches its equilibrium value with two relaxation 
times, (2w)_1, (6w)~l. On the other hand, in magnetic 
resonance practice under the condition of initial satu­
ration, we have the various P[q]{mq\ to) mutually equal 
so that (/x}*o=0. With 

P[ff](l;/o) = Pfa](0;/o) = P [ f f ] ( - l ; / o ) = i 

Eq. (137) becomes 

</*>*-<M>*equil 

(faNiAi/Vw) 
- f ( W @ K •2w(t—to) 

/n\ tequile—2w (t— to) 

(faNui/Vw)' 
(138) 

so that in this case the longitudinal magnetization {p)t 

approaches its equilibrium value (M)*5"1"1 with a single 
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relaxation time, (2w)~1. Another interesting initial 
condition corresponds to P[q](mq; to) = l(l+amq) with 
|a|<<l;e.g.,a=fej i/0forP[f l](wf l;/o) = PMequil(wfl;O, 
and a= — HOIL/® for P[q](mq;to) descriptive of the 
(negative temperature) situation "immediately after 
a sudden reversal of Z?ext." Equation (137) now becomes 

<M>*"-<Ai>*equil _ 2 /fuaL \ 
-2w((-<o) 

<M>t
e<>uiO-a/(W©)>~2,H'~'0> 

(139) 

so that (fi)t again approaches (M)«equil with a single 
relaxation time. It is also interesting to note that 

r ( m i n ) = r 0 = Ocri"*u i l(-1; 0; t)+wlq]™
il(l; 0; 0 ] " 1 

^ (to)-1 < 2 (wa)-1 = (3w)-» 

in agreement with Eq. (95), while 

r(max) = Ti= (wt3]
e<»uiI(0; 1; ty-^pwy^iwi)-1 

in agreement with Eq. (100). 
Case II:I=\ with "Udip-dip^Oquad- Then from Eqs. 

(123), (124), 

«T«]eauil(f;l;0 
= l-3w=wM

e* , a(i ; %;t) exp(ha>L/@) 

WMa,oU(J;-i;') 
= 2-2w=iy[a]

eiuil(-f; | ; 0 exp(/W©) 
^W [ a ]eQua (_i . i . t){l+huL/%), (140) 

= 3-lw=w [9]
e<Jui l(-|; - | ; t) exp(foz,/©) 

s»w^( - l ; -§;*)(i+we), 

= W [ 9 )equU(_l. f ;/) = wM«««U(f ; - § ; * ) 

= ̂ f»u i I ( - f ; i ;*) = 0, 

so that from Eqs. (131)-(134) and under the condition 
of initial saturation 

w i = ( 2 - f c i / 0 ) ^ 2 w ; 

co2= (2-hcoL/&)3w^6w; 

w3= (2-hojL/®)6w=l2w; 

(141) 

</*><--WequiI 5 fci 
,—2w(t— to) 

(*yNw/Vw) 4 © 

/n\ equilg—2w(«— to) 

(tyNiAi/Vui)' 
(142) 

Thus the longitudinal magnetization (fi)t again ap­
proaches its equilibrium value (/x)iequil with a single 
relaxation time, (2w)~1. 

Case III: 7=1 with e0qua<££>e0dip-dip. Then from 
Eqs. (126)-(129), 

= l-l-2w'=ze;[fl]
e«uil(0; 1;/) exp(fe»z/®) 

^ [ ^ ( 0 ; 1; 0 ( 1 + W © ) , 

w[«3equi l(0;-i;0 
= l-2'lw'=w[qf«

nn(-1;0;0 exp(feoj,/©) 

^ M
e q u i l ( - i ; 0 ; 0 ( 1 + W © ) , (143) 

^ M e q u i l ( i ; - M ) 
= 2-l-2-lw , ,=zy [ f l ]

equi l(-l;l;0exp(2»coV©) 
9 ^ M

e q u i l ( - 1 ; 1; 0(1+2 W © ) , 

so that from Eqs. (131)-(134) and under the condition 
of initial saturation, 

«i= ( 2 - ^ W ® K + ( 2 - 2 W © H ^ " 
^2o/+8w", (144) 

co2= (2-ha)L/®)2w'^6w'y 

(n)t-(»)teciun 2/ha. 

&yN[A]/V[A]) 
)(t-t0) 

2/fuaL\ 
— I \e-(2w'+&w" 

3V © / 
A A ^equilg- (2w'+&u>'') ( t - to) 

(145) 

(*tfW*Vi) 

whence {ix)t once more approaches (M)*equil with a single 
relaxation time, (2wf+Swff)~1. 

The evolution in time of (ix)t toward (£i)*equil [as in 
Eqs. (137)-(139), (142), (145)] has also been treated 
in terms of the concept of a time-dependent "spin-
temperature" T8(t). For a comparison of the results 
obtained here with the not always correct results 
deduced by means of the spin-temperature procedure, 
see Appendix C. 

G. MAGNETIC RESONANCE: TIME VARIATION 
OF TRANSVERSE MAGNETIZATION 

We shall now analyze the variation in time of (//)<, 
the transverse magnetization of the system of interest 
[_A~] composed of the individual spins \_q]. We have: 

/ NU] V 

<M , ) i =<^T/F U ] )E / h ] . ) s ( ( * y / 7 i i , ) / ^ . (146) 
\ 3=1 / t 

Such a nonvanishing transverse magnetization may be 
obtained at the initial time U by the application of a 
(very short) "90°" rf pulse at a carrier frequency equal 
to o)L=y3ext which rotates the previously existing 
equilibrium longitudinal magnetization into the plane 
perpendicular to Hext=#ext§; thus immediately after 
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the pulse, we have in view of Eqs. (2), (4), (5), (50), (51), 

pW-exp[i(7r /2)(- / l / ) ]p^ i l expC-f (ir/2)(-7 tf)] 

/ exp(-5CU](°V©) exp(-3C[jB](o)/0) 
= exp[-i(ir/2)7y] | • 

VTrace[exp(- W[A]
(0)/®) exp(- 3C[i3] «»/©)] m)twLi{K /2)/J 

/ exp(fez,Ve)exp(-3C [ ij]« ,Ve) \ 
= exp[-*(T/2)J„]( I eq>[*(ir/2)/»] 

\Trace[exp(*W./©) exp(- 3C[Bi«>/©)]/ 

exp(W«/©) exp(-3C[B1«)/@) 

9 l e x p ( - £ / 0 ) 

<M')(o=Trace{p(/oV} = (fa/Vw) Trace{p(<0)I,) 

fry Trace{exp(^wi7x/0)/a;} 

(147) 

Fu ] Trace {exp^^i*/®)} 

^ ( ^ u 1 / F U ] ) J % J ( 7 + l ) f e i / 0 . 

= G*>, .equil (148) 

The description of the variation of (ix')t with t(t>to) the Eqs. (156), (152) yielding, 
is most easily given in a frame of reference "rotating /jA r ,.,^,t , w „„ «n , „^n /, x 
with angular velocity ccLz relative to the_ laboratory P«*W = e x p [ - ( . / W ' - j X ^ M - v ) > & ) 
frame" and we proceed to generalize our discussion to 
the treatment of phenomena in such "rotating" frames, jf m addition 

[ftW0>,<o]=o, 

the Eqs. (157) and (147) give 

We begin with Eq. (5) for (//)*, viz., 

<l«0«=Ti^e{p(0MO = Trace{prot(0/*rot
/(O}, (149) 

where 
p r o t(/)s6T^f«-«o)J.p(/)gt-«L«-«o)i. ) (150) 

/irot
/(/)ser*«iCfr-«o)i«/i'et»L«-«o)/.) (151) 

Xexp[(^)(/-/o)(5C[5] (0)+eO)]. (157) 

(158) 

Prot(0 = exp[~ (f/*) (/-h)V2p(k) 
Xexp[(i/A)(*-*0)'O]. (159) 

It is further reasonable to suppose on physical grounds 
the subscript rot indicating operators in the "rotating" that Trace{p,0t4} ==0 for Prot given either by Eq. (157) 
frame. Use of Eq. (2) with WEBW[A](V+W[B]W+V ° r ( ' S° 
= - W . + OCEBI^+V and of Eq. (146) in Eqs. (150), (^)t= (tiy/Vw){cos[o>L{t-h)~] 

XTrace{prot©/x}). (160) 

Equation (160) corresponds to the assumption that, in 
the frame of reference rotating with angular velocity 
COL§ relative to the laboratory frame, (//)* approaches 

(152) (M')<equil without any further precession.16 

Equation (160) shows that the problem of evaluating 
(fjLf)t is reduced to the problem of evaluating 

(151) yields, 

Prot(0 = ^i&,L°~<o)J1exppcoL(/-/o)/, 

X exp[—io)L (t— k)Ig+ (i/K) (t— to) 
X(5C[B] ( 0 ) + e O)]}e^C-^ /„ 

Mrot'W = (by/V[A]){Iz COs[«l,(/—ft))] 

+/s/sin[coL(^-/o)]}, (153) 

so that, substituting Eq. (153) into Eq. (149), 

W)t= (hy/V[A])(cos[a>L(t-l0)'] Trace{prot(0^} 
+sin[o>L(*-*o)] Trace{prot(/)/^}), (154) 

Tmce{pTOt(t)Ix} 

which can be written, using Eqs. (5), (6), as 

T r a C e { p r o t Q)IX} = £n{<j>n | Prot (t) \ </>n)(<t>n \ Ix | 0 n ) 

= Z n - P p o t ( » ; ^ ) ( 0 n | / a | 0 n > , ( 1 6 1 ) 

with Prot(*) given by Eq. (152), and Prot(/o) = p(*o) by provided that the matrix of 7, is diagonal with respect 
Eq. (147). t o t n e c o mplete set of states 0n. The quantity Prot(^; 0 

The expression for Prot (0 in Eq. (152) is considerably = <*» I Prot (01 *») is the probability that [ 4 + 5 ] is found 
simplified if a t time * m t n e state <K- Equations (160), (161) for 

i.e.. 

[5C[A](0),eO] = 0, 

[/z/o]=o 

(155) 15 See I. J. Lowe and R. E. Norberg, Phys. Rev. 107, 46 (1957), 
who have also demonstrated by an explicit but approximate cal­
culation in the case I=i that Trace {pvoily} = 0 for prot given by 

(156) Eq. (159) with V ^dip-dip s e c u l a r as in Eq. (168) below. 
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(p!)t are analogous to Eq. (133) for (p)t and may be 
evaluated in the same way if the PTot(n; t) satisfy an 
equation of the "master" type. 

We now discuss whether PTOt(n; t)==(<f>n\prot(t) |#») 
satisfies a "master" equation analogous to that satisfied 
by the P(n;t) of Eq. (35). First of all, we note that if 
the <£« are such that (<t)m\Ix\4>n)=(4>n\Ix\<l>^mn, i.e., 
Ix={Ix}di&e, then for the p(*o)=Prot(*o) of Eqs. (147) 
and (152): 

W>m I Pro t (^o) I <l>n) = \<t>n \ P ro t (h) \ <j>n)^mn 

= Pxot(n; to)dmn, i .C, Prot(^o) = {p ro tW} d i a g . 

Then, following the procedures of Eqs. (7)-(11) and 
Eqs. (13)-(16), the Eqs. (157) and (159) yield the 
analogs of Eqs. (11), (8), (9), and (14) and Eq. (16), viz., 

Pvot(n; t+T)—PTOt(n; t) 

= L UVrotintm(r)PTot(m; t)-Wvo^m,n{r)PTOi{n\ t)~] 
m 

+ Ytot.n(T;t-to), (162) 
where 

WTOt;n,m(T) 

a (1/r) |<*» | exp[ - ( * / * ) T 3 C ] | * » > I2, (163) 

I'rot;ra(''"; I—to) 

= (1/r) L ( l -8»m)<*. |expC- (*/*)*<] l*»> 
k,m 

X{<t>n\exp[- (t/*)TK]|0t>*<«»|/w(O l**> 

= ( 1 / 0 E ( l - « t » ) ( 0 » | e x p [ - ( * / * ) T a e ] | ^ > (164) 

X<*»|exp[-(f/*)T3e]|0*>* 

X <<£™ | e x p [ - (i/ft) ( / - *o)3C] 101] 

X fo* I e x p [ - (i/ft) (/-/o)3C] 10i>*P«*(/; *o). 

with 
aCs3e [B] ( 0 )+€0: Prot(0 ofEq. (157), (165) 

ttsi): prot(0 ofEq. (159), (166) 
and 

Prot(n;t)-Prot(n',to) 

t-h 

= E [WTot',n,m(t—to)PI0t(in; to) 

-WTOt;m,n(t-to)PI0t(n; h)J (167) 

I t remains, in order to demonstrate the equivalence of 
Eqs. (162)-(166) to a "master" equation, to show that 
the transition probability per unit time, WTOt;n;m(r), is 
independent of r for ft/^n<^ir^t—to with £w a suitably 
defined excitation energy per particle [analogous to the 
discussion in Eqs. (18), (19), (22)-(25); restrictions 
(b), (c) after Eq. (35)] and that Yrot',n\T I t—to) IS 
relatively negligible [analogous to the discussion in 
Eqs. (27)-(34); restriction (d) after Eq. (35)]. 
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To consider the questions raised in the preceding 
paragraph we distinguish two cases: (I) "Rigid" lattice; 
(II) "Nonrigid" lattice, and discuss them in order. 

Case ( I ) : "Rigid" Lattice 

Here we suppose that 

•o=v(---(R/+&)-(Ra+W---;---,I[/],Iw,---) 
is well approximated by 

where V is the spin-lattice phonon interaction, e.g., 

V = e0diP-dip=e0dip.dipsecular+e0dip-dipnon8ecular, 

with c0diP-dipnonsecular given in Eq. (118) and 

^dip-d ip 8 6 0 ^^* E Afg(I{f]xI[g]x+I[f]yI[g]y 

f,9 

-2I[f]J[gU), (168) 

Afg(tf-rg)^-U^y2/rf9
z)(l-3 cos20/9); 

r/~r0 = (Wta>0/*)-

r / = R / + & ; R / = lattice vector of the atom [ / ] ; 
? /= displacement of the atom [ / ] from its lattice posi­
tion = function of phonon creation and destruction 
operators. 

The neglect within V of £/, \Q compared to R/, Ra 

corresponds to the physical assumption of the "rigid" 
lattice and to the neglect of any energy interchanges 
between the spins and the lattice; since 3C[#](0) = 
3C[.B](0)(* * '&&,-•') thisneglect ensures that[aC [ jB] (0 ), 
X)]=0 [Eq. (158)] and implies the validity of Eq. (159) 
for prot(0 provided that in addition [3C[^] (0),eU]=0 [Eq. 
(155)]. This last commutator vanishes however if 
'Odip-dip11011860111^ is neglected compared to 'Udip-dip86™1**, 
i.e., if 

V = 'Udip-dip = ^dip.dip^^+'Odip.dip11011860111^ 

-^dip-dip86™1*', (169) 

an approximation valid in the "rigid" solid where 
energy interchanges between the spins and the lattice, 
associated with 'Udip-dip11011860111 ,̂ are entirely unim­
portant. 

We proceed to investigate the properties of Wxot-« m (r), 
YTOt;n(r;t-k) [Eqs. (163), (164), (166)] with ' ' 

OC E=*0 ^^dip-dip8 6 0^^ • • • ,R /~ R „ • • •; 

and, in accordance with the general method employed to 
deduce Eq. (25) from Eqs. (8), (10), decompose X as 
[see Eqs. (170), (168)] 

3 C ( 0 ) ^ i E Afg(Rf-Rg)(IU]xI[g]x), (171) 
f.g 

CU — h 1L Afo(Rf—Rg)(Ilf]vI[0]v—2I[f]J\gu), 
f,0 
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and take for the 0„ 

0»= {<£[!] O*l)0t2] fe) ' •0ta]O*«)"-}[ii]^C5i(i?«^t*), 
(172) 

1 /ftVx2?"1 * 

y2/a3) \ a3 / J ~ V 

J [«] *0 [«] 0*«) = /*<?<£ M 0*«)> 

whence 

/.* 
« t f [A] (*V/a 8 ) ^#W]*» (173) 

(a = lattice spacing). 

We then have [see Eqs. (23)-(25)] 

TTot;n:=[21 WTot;m>n(r) (1~S w w ) ] _ 1 

TO 

« E ( 2 T / * ) 5 ( K „ O » - 3 C » O » ) 

X K ^ I O l l ^ l ^ l - ^ J - 1 (174)) 
1 

L^ (&272 , 

so that restriction (c), after Eq. (35), i.e., the analog 
of Eq. (24), is not satisfied and the quantity 

W r»t;».»(r)=(l /r) |<0n| e x p [ - ( f / * ) 
XrVdip-dip^^C- * , R / - R . , • • •; • " J m , 

x i w , •••)]!**)I2 

of Eq. (163) is not ever effectively independent of r. 
In addition cll«5C(0) so that restriction (d) after Eq. 
(35), i.e., the analogs of Eqs. (29)-(34), is not satisfied 
either, and the term YTOt;n(r; t—to) of Eq. (164) (with 
5C= e u^ e 0dip .d i P

s e c u l a r ( - - , 'R / - -R, , - - - ; - - , I [ / ] , lM-- - ) , 
is not relatively negligible in Eq. (162) compared to 
the term 

Y,m[Wrotin>rn{r)Prot{in) t) — Wrot;m,n(r)Pvot(n; / ) ] . 

Thus no "master" equation analogous to that of Eq. 
(35) for the P(n;t) is satisfied by the PTOt(n; t) of Eq. 
(162) in the "rigid" lattice case and the correct deter­
mination of PI0t(n;t), (tx')t must be made from the 
complete Eqs. (162)-(164) or from Eq. (167), together 
with Eqs. (161), (160), or alternatively, from Eqs. 
(159), (160). Such a correct determination of (fif)t on 
the basis of Eqs. (159), (160): 

</*')*= (hy/Vw)(cos[o>L{t-h)-] 
XTrace{exp[ - (i/n) (/-/0)eU>(/o) 

Xexpt(i/h)(t-to)VlIx}), 

t ) ~ \ ) d i p - d i P
s e c u I a r ( - - ^ R / - - R f f It/], I [0] 

(175) 

as in Eq. (168), p(/0) as in Eq. (147), has been given by 
Lowe andfNorberg15 and predicts a type of oscillatory 
approach to equilibrium for {(M')*/COS[WZ,(2--/O)]}—the 
Lowe-Norberg beats—which is observed (six beats are 
detected in CaF at 1.2°K!) and which can never be 
predicted by a calculation based on a "master" equation 
[see discussion at end of Sec. B and after Eq. (88)]. 
The Lowe-Norberg beats demonstrate in a dramatic 

fashion for the case of the "rigid" lattice the quantal 
coherence effects contained in the r dependence of the 
term WTOf, n;m(r) and in the presence of the term 
Yrot;n(r; t-~- to) in the complete Eqs. (162)-(164). 

In summarizing the "rigid" lattice situation it must 
be emphasized that the "master" equation is inap­
plicable and that the quantal coherence effects are 
crucial because the physical coupling between the spins 
\\A~] and the lattice [B~], i.e., the dependence of V on 
If, %g is considered negligible [Eqs. (158), (159), (170), 
(169), (168) with r / ^ R / ] . The supersystem [A+BT\ is 
then decomposable into two effectively noninteracting 
parts: the set of coupled spins [A*~] described by the 
Hamiltonian 5C[^](0)+eU and the lattice [B~] described 
by theHamiltonian aC[B](0), ([3C[A](0)+eO,5C[j5](0)] = 0), 
the variation of (//)* with t referring in fact to phenom­
ena occurring wholly within [A*2-

Case ( I I ) : "Nonrigid" Lattice 

To treat the case of the "nonrigid" lattice we begin 
with the always applicable Eqs. (162)-(164) with 5C 
given by Eq. (165), (169), (168), 

3C= &W°>+<U~ &W°>(- . .& ,?„ • • •) 
+eOdip-diP

s e c u l a r(---,(R/+^) 
- ( R , + & ) , • • • ; • • • ! [ / ] , I[,b • • • ) • (176) 

Thus the dependence of c0diP-dipseeular on the & is 
included but energy interchanges between the spins 
and the lattice are still considered relatively unim­
portant so that eOdiP-dipnonsecular is neglected compared 
to ^dip-dip860111^, ensuring the validity of Eq. (155). 
Physically Case (I) applies for T<^Tvebye and Case (II) 
for F > r D e b y e . 

We proceed to show that in this "nonrigid" lattice 
case Eqs. (162)—(165), (176) for PTOt(n;t) are well 
approximated by a "master" equation of the type of 
Eqs. (35), (36) for P(n; t), viz., 

d 
—Prot(n; 0=LC '^ ro t ; n ,mi , ro t (w ; t) 
dt m 

-WTOt.,m,nProt(n;t)l, (177) 

with time-independent transition probabilities per unit 
time 

Wtot; »,«= (2ir/n)5(riu- rjv) | <0n | ^dip-dip86™1*110«> |2 

= Wrot;mfny (178) 
where 

4>n = <t>[A] ({v>i})^[B\ (Vufiu) 
555 {*[« O*l)0 [2] 0*2) " " 'fail 0*t) ' ' " 

X0[ f f] (/*«) " • • } [AltIB} (Vufiu), 

<l>m = <t>{A)({Hi'})4'[B](riv,Pv) 
s {*[« 0*i0*c2] 0*2') • • -0m 0*/) • • • 

X4>{q] W ) ' • ' } [AVp[B] (ivfiv), 

5C [B] m(j>n = Vu<t>n J 5C [jB] ( O ) 0 m = *?v0m , 

^ w ^ t a i W ^ ^ w W , (179) 

( X[A] 

3-1 

Ai 
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The derivation of Eqs. (177), (178) from Eqs. (162)- of 3e tA] (0 )+3(W0)= 5C(0) and Vdip.dip^^ playing 
(165), (176) is effected by essentially the same pro- the role of V. In particular, the validity of Eqs. (177), 
cedure as that used in Sec. B to obtain Eqs. (35), (36) (178) follows from the validity, in this Case (II), of 
from Eqs. (11), (8), (14) with 3C[£](0) playing the role restrictions analogous to (c), (d) after Eq. (35), viz., 

*/*»«%/kTDehye«Tn = [ E WTOt;m,n(1 - O J " 1 = H E ( 2 i r / * ) « ^ . - ^ K ^ m l ^ d i p - d i p ^ ^ l ^ l H l - ^ ) ] - 1 

m m 

(180) 
r i / i w / # V \ 2 \ 

^UuTDebye A \ [ ( R / + ^ / ) - ( R / + 1 + C / + l ) ] S / A 

r l / 1 w & V V r 1 

~ " U u T D e b y e / V a 8 / J 

and 
l)dip-dipsecuIaK<rc[in(^ (181) 

while restriction (a) is ensured by the diagonal character, with respect to the 3C[B](0) eigenstates cj>n of Eq. (179), 
of the p(*0) = Prot(*o) of Eqs. (147) and (152). 

The validity of the "master" equation for PTot(n;t), Eqs. (177) and (178), implies the validity of the corre­
sponding individual particle (here individual spin) "master" equation [see the analogous passage from Eq. (35) 
to Eqs. (55)-(57) or (64), (65) and then to Eqs. (109)-(111)] 

d 
—Prof, [«] (M<z J 0 = E O r o t ; [q] Qlq ) /*« ' ) t)Prot(fiq \ t)-WTot; [q] Qlq' ) flq ] O ^ r o t ; [q] faq ) 0 1 (182) 
dt Mg' 

where 

i W « ] (/*«;/)= E Prot(n;t)= L PvotiifJiriuiPu'yt), (183) 

;n,m* rot\W j I) 

{ni}M,Vu,Pu;{»i'}W,Vv,Pv 

w r o t ; [q] (jig; fig'; 0 = ~ — ; : 
22 Prot{nt;t) 

W)M,r)v,Pv . 

Z WTOt({fXi} ; rju, (3U; {/*/}, rfv, pv)Prot({ix/} ; rjv, @v; 0 

L W W W } ;^?»A; {/**} ̂ tt,W^rot({Att} ;yu,@u',t) 
[fii} (a), ?7u, A*, [m'} <«), ^ /3 r 

Wrot; fo] (M/ ; M« ; 0 = ~ ~—j~z : 
2L, Prot({Hi};r}u,Pu;t) 

{»i}M,V»,Pu 

are, respectively, the probability at time / that the individual spin Q£| is found in the state 0 [q] (nQ) and the, in 
general, time dependent individual spin transition probabilities per unit time. 

As in the corresponding discussions in Sees. C, E, we can, to a sufficient approximation, replace the quantities 
Protiito} ; Vu^u'y t), Pjot({/*/},i7«A; 0 i n Eq. (184) by their equilibrium values: 

ProteClUil({»i},Vu,Pu; 0 = P r o t e q u i l ( { M / } ^ , A ; t) = l/9l=l/{(2I+l)N™ Z 9 W * , ) } . 
Vv 

These equilibrium values follow from Eqs. (41), (50) since Eqs. (177), (178) are of the same mathematical 
structure as Eq. (36), or, in more physical language, are a consequence of the "master" equation, Eq. (177), with 
the "microscopic reversibility" condition, Eq. (178). Thus Eq. (184) becomes, using also Eqs. (178), (179), 

Wrot; [q] (jlq ; flq ] 0=«>rot; fol " ^ G*« W 5 0 

Z (2T/H)5(VU-VV) I (4>[A1 ({/*<} V[B] (l?« A ) | ̂ dip-dip86™1- | 0 [ A ] ( { / i / } ¥ [ B ] fo„0.)> I 2 

{/*»}<«>. Vtt.£«, {/*»'}<«>, 

= (185) 
{ ( 2 / + I ) * M - I I : 9 W I ? . ) > 

= W ro t; [ f l]
e q u i l 0 * / J Mg 5 0 = ^ r o t ; [a] (/*«' 5 /** J 0 , 

so that "microscopic reversibility" also holds for the wTOt; [3]
equil. 

(184) 
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We now set down typical nonvanishing matrix elements of e0diP-diP
secular entering into Eqs. (185) and (182); 

we find from Eqs. (168), and (179) 

= (Vu;P«\Apg\rivfiv)Z(I-Hg+i)(7+/xff)]* Ip , 7_ C(/-/*p+i)(/+/*p)]*(i) 
A*,)(J+/ip+l)]* (-1) 

(186) 

Equations (186) and (185) yield, 

^rot; M e q u i l G ^ ; Mfl- 1 J 0 = Wrot; M ^ f e - 1 5 Mfl J 0 

5 27T 
= (/-« f l+l)(/+/* f l)-/(7+l)— L _ 

12 n Vu,Pu,Vv,Pv\zL ^l[B](Vw) .(i 
1 

J5 ( i7„—^LKiyu^ l^ /g l^ j jSv) ! 2 

= (7—/*fl+l)(/+iLtfl)tt;tP, 

(187) 

which is to be compared with Eqs. (123) and (124) for W[qf*
uil(mq; mq—l;t), W[qf^

nil(mq—li mq\ t). I t is to be 
noted that Afq=Afq(Rf+^f—Rq— %q) [Eq. (168)] so that pairs of states ^ [ 5 ] ( i j ^ ) , 4/[B](r}u=Vv, pu) with non-
vanishing (rju=rjv, Pu\Afq\rjv,l3v), i.e., pairs of states which make finite contributions to wTOt;[qf^

nil(]jLq; /j,q—l; t), 
wTOt; [g]

e(luil(iJig— 1; Mg; t), in general contain different numbers of phonons. I t is the presence of jjig<±fjLq— 1 spin flip 
transitions involving a net phonon emission or absorption which destroys, in the Case (II), the quantal coherence 
effects so characteristic of Case (I). 

Having obtained in Eq. (187) the wTOt; M
equil(M<7; p / ; /), we can use the methods of Sec. D to solve the individual 

particle "master" equation, Eq. (182), for Prot; M (P<? ; 0- The general procedure is completely analogous to that 
given in Eqs. (130)-(132), (135)-(142) and will not be reproduced in detail here. With Prot;[g](y>g; t) available and 
using Eqs. (160), (161), (179), and (183), we can write 

( N[A] x 

. p=l / 

N[A) j 

= COS[0>Z,(/-/0)]S E ^rot;[p]0*p;0(*7/*p/^U]) 
i> = inP = —/ 

1 /N[A] \ 
= C O S [ > L ( / - * O ] ) E Prof, [Q](lJiq; 01 *7/*fll, (188) 

where [analogous to Eq. (130)] 

Pvot; [q] (Pq J t) 

A word should be added about the situation in liquids, 
Here 'Odip-dip11—1^- • •, l y - r , , • • •; - • •, I[fh I[qh • • •) 
is effectively of the order of 

= P, rot; [,]equi lfe; t)+ZK,b*)<r°'™, (189) 

Prot;Mequil(Ma;0 = l / ( 2 / + D , 

and co„, Kv(mg) are given by Eqs. (131), (132) with 
IN<z]equil||, Pig] (mq; i) replaced by \\w^. r^e<iuilil 
P™t;[q\{tiq)t). Equations (188), (189) yield 

ffiyNi 

' O d i p - d i p 8 6 0 ^ ^ - */-** •> hfh I ioh ') 

P[q](mq;t) replaced by \\^Tot;[qf 
ions (188), ( 

) 
V\A] ' 

XL ( £ ^ W ^ " ( H , ) , (190) 

which is to be compared with Eq. (134) for (p)*. 
Equation (190) for {//)« may be used to discuss various 
special cases, e.g., 1=1 and 7=f , as in Sec. F for (jx)t. 
From a fundamental point of view, the nonoscillatory 
approach of this {(p')*/cos[wz,(/—/o)]} to 

{(M ,)^u i l/cos[coL(/-/o)]}=0 
is to be noted. 

so Eq. (155) no longer holds and the prot(0 of Eq. (152) 
must be used. However the prot(0 of Eq. (152) does not 
satisfy a relation of the form: 

Prot(M-r) = exp[— (f/ft)r<£]prot(0 exp[(i/ft)r«£] 

—<£ some operator—so that the procedure involved in 
the derivation of Eq. (11) from Eq. (7) and so ulti­
mately in the derivation of the "master" equation, 
Eq. (35) or Eq. (177), is not immediately applicable. 
Auxiliary, largely physical, arguments, to be reported 
elsewhere, show nevertheless that a "master" equation 
of the type of Eqs. (177), (178), and so an individual 
particle "master" equation of the type of Eqs. (182)-
(185), are also valid in the case of a liquid but with 
^dip-dip86™1*11 replaced by Ddip-dip^^+^Odip-dip11011860111^ 
in the corresponding transition probabilities per unit 
time: Wrot;n,m, and ^rot;[<z]equil (/*<?; p</; 0- These 
^rotifli^^GjgjjUg7;/) may then be evaluated in a 
manner analogous to that of Eqs. (185)-(187) and the 
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corresponding (//)* found in a manner analogous to 
that of Eqs. (188)-(190). 

In conclusion, and for the sake of completeness, we 
most comment briefly on the calculation of expressions 
involving "lattice" matrix elements such as that enter­
ing into Eq. (187): 

2TT E / | ( ^ W | 4 I ^ > I 2 

5 ^ — X, Kvu—'nv)-
fl Vut Put Vvt ftv Hvw^mM 

(191) 

For solids, A/g can be expanded in terms of the dis­
placements $af=Tf—R/, Zq=rg— R3 which are known 
functions of the phonon creation and destruction oper­
ators [see Eq. (168)] while $U1 /3„ are expressed in 
terms of the phonon occupation numbers characterizing 

the states ^[B](VU~VV',I3U)J ^mirjvfiv)', thus the 
matrix elements in ^ and so ^ itself can be evaluated 
in a reasonably straightforward fashion.16 On the other 
hand, in the present state of development the theory 
of liquids, the (iy— rq) within A/q cannot in general be 
expressed in terms of creation and destruction operators 
of suitable motional quasi-particles and # cannot be 
evaluated exactly. However $ can be calculated approx­
imately using, eventually, a classical stochastic method.16 

Such a method can be introduced if one recalls the 
relation 

S(ifc-i7.)=(l/2irft) f rfrexp[(f/*)(i?u-i?.)rl (192) 

so that 

J dr L (v«fiu I G/fl(r) | VvA)(Vv^v | Ct/«(0) | i?„,jff„} 
—«n Vut Pu, Vv, Pv 

«F= (V**) £ • 
f 

' _ o o Vut Pui Vvt Pv 

Z 91 [£](>?*,) 
(193) 

1 r« 

ff=-E dr (195) 

where 

a / 9 ( r ) = e x p [ ( ^ ) r 3 C [ B ] w ] ^ / g 

X e x p C - ^ / ^ r X t B ] ^ ] ; (194) 

afg(0)=Afg. 

Thus 

[T race [a / a ( r ) a / a (0 ) ] l 

Trace (1) J" 

Finally, approximation of the "correlation function of 

/ ( r )^{Trace [a / < z ( r ) a / g (0 ) ] /Trace ( l )} , 

by a suitable average over the quantity d/e(r)CX/g(0), 
results in the determination of / ( r ) as a known function 
of r and permits the evaluation of ^ by calculation of the 
integral over r in Eq. (195). In performing this suitable 
average over Ct/9(r) &/g(0) the Heisenberg operators, 

[ r / W - r . W D s e x p C C i / ^ r O e t B i ^ D C r / - ^ ) 

Xexp[— (i /*)^^[B] ( 0 )] j within the d/Q(r) are treated 

as classical stochastic variables. 
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APPENDIX A 

In the present appendix, we analyze an example, 
proposed to us by Norberg, of a supersystem Q 4 + # ] 
described by such an "extremely quantal-coherent" 
nonequilibrium statistical distribution at the initial time 
/o, that C4+2T| evolves away from rather than toward 
the equilibrium statistical distribution. Essentially the 
same as well as related examples have been analyzed 
in detail from the point of view of pulsed nuclear mag­
netic resonance theory15 by Lowe,17 and the "solid 
echoes" observed by Lowe provide experimental evi­
dence for the existence of nonequilibrium statistical 
distributions which evolve away from equilibrium. 

Consider a solid which contains two different nuclear 
species, A and B. Suppose that the lattice of the solid 
is effectively rigid (see Sec. G) and that JB^JA SO that 
the local magnetic field at any nucleus is effectively 
due only to the B nuclei. Under these circumstances 
the two spin systems A and B form an essentially self-
enclosed supersystem, [^4+If] (see related discussion 
in Sec. G after Eq. (175)) with the A spins acting as 
the system of interest, [^4], and the B spins as the 
surroundings, [ £ ] . 

Let us suppose that [^4+2?] is in equilibrium in a 
magnetic field He*tZ at time to— r and that at this time 
a (very short) "90°" rf pulse a t a carrier frequency 
= O)L[A] is applied to the A spins. Then, by Eq. (147), 
we have immediately after application of the "90°" 
pulse, 

p(t0— r) = 
e x p ( W A ] / * [ A ] / @ ) expCW* 1 / . 1 * 3 /©) 

Trace [exp( fe L
[ A ] / a^ ] /@) e x p ( W s ] / * [ i ? ] / ® ) ] ' 

(A.l) 

16 See, for example, the forthcoming book on nuclear magnetic resonance by A. Abragam. 
1 7 1 . J. Lowe, Bull. Am. Phys. Soc. 2, 344 (1957). 
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while for t>to—r, Eq. (152) yields, 

Prot(0 = e x p [ - f ( * - / o + T W ^ ^ 

X e ^ [ - * X * - * o + r ) ( » L I A 1 ^ (A.2) 

If now IZ
[A\ Iz{B] commute with V, a condition that is satisfied if V is taken as [see Eqs. (169), (168)], 

e0 = e0dip-diP
secular=e0dip A-dip AseGulat+Vdip s-dip 5S8CUlar+e0diP A-dip Bsecular, (A.3) 

then 
/Orot(/) = e x p [ - ( ^ ) ( / - ^ o + r ) e O ] p ( / o - r ) e x p [ ( ^ ) ( / - / 0 + r ) % ) ] , (A.4) 

where, in the case at hand [see Eq. (168) and recall that fe[5]»^i[i]], 

^ ^ d i p A - d i p B S e C u l a r + U ^ ^ 
f,g 

= -ILfyAlwiA}-niBi(Xf;---lMm (A.5) 

/ Q 

Also from Eqs. (154), (160), 

W / > < = tyyA/VlA]){cosZa>LW(t-to+T)l T race [p r o t ( / ) iy^ ]} , (A.6) 

whence, substituting Eq. (A-4) into Eq. (A-6), 
W ] 0 < = ( ^ 7 [ A ] / F U ] ) { C 0 S ^ 

Xexpl(i/n)(t-to+r)v2h[A])}, (A.7) 
so that, using also Eq. (A-l), 

•<PlAi')to-r= ( A T W ^ M I ) Trace {p{h-r)Ix^} 

Trace {exp[ (W A V@)/* [ A ] ] /* [ A 1 } 
= (^A/V[A]) — ^ — (A.8) 

Trace { e x p [ ( W A ] / ® ) ^ U 1 ] } 

= ( j u [ A ] ) ^ i l ^ ( i V [ A ] / 3 F [ A ] ) ^ / [ A ] ( / [ A ] + l )^co L ^] /@) . 

The Eqs. (A-7) and (A-8) are analogous to Eqs. (175) and (148) and the quantity {<M[A3/)«/cos[coLU10~^+r)]} 
will approach {(/x[A]/)fequil/cos[ajz/

U](/--/o+T)]} = 0 in an oscillatory fashion—Lowe-Norberg beats; see discussion 
after Eq. (175) in Sec. G. Thus we may say that the prot(0 of Eq. (A-4) evolves in time as t increases beyond 
to—T in such a way that £ 4 + 5 ] approaches equilibrium, though of course, as in the "rigid" lattice case treated 
in Sec. G, this oscillatory approach to equilibrium as exemplified by the {(p[A]')t/cos[(aLlAKt— ^o+r)]} vs / of 
Eq. (A-7) cannot be described by any "master" equation. 

Let us now suppose that at a time r after application of the "90°" pulse to the A spins, a (very short) "180°" rf 
pulse at a carrier frequency O)L[B] is applied to the B spins. Then, immediately after application of this "180°" 
pulse, i.e., at the time (to—r)+r=to9 which time to we shall consider as the initial time for the subsequent behavior 
of [A+B~], we have from Eqs. (A-4) and (A-6), 

prot(/o) = exp[*V(- iy* l ) ] e x p [ - (i/*)T%)]p(*o-T) exp[(i/*)Tl)] e x p C - ^ - / ^ ) ] 
^ e x p C - C t / ^ T V ^ C f e - r J e x p C ^ / * ) ^ * ] , (A.9) 

where, using also Eqs. (A-5), (A-l), 

V*= exp[- i ir lyWJO expiiirly^] = -'Odip A-diP £secular+e0diP *-diP *secular 

p * ( / 0 - T)S e x p [ - iirly W]p(*0- T) exppTr^™] 

expC*o)L
[ i l I /«W I /0] e x p [ - W ^ i V ^ / O ] 

(A.10) 
Trace {exp[feL

[ A 1 /s [ A 1 /®] e x p [ - W * 1 / ^ / © ] } 
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W ] > / C O S ( « J ^ T ) = (ftyA/V[A]) Trace [p(/o)/*U ]] 

= ( ^ [ i ] / F [ i ] ) Trace { e x p [ - ( t /* ) r -0*>*( / 0 - T) exp[(</ft)r^*]/,W3} 

= ( * 7 [ A ] / F [ A I ) Trace { e x p [ - P ) r t 3 > ( l o - T ) exp [ (* / f t ) r t f ] / , ^} , (A.l l) 

Prot(/o+r) = e x p [ - (i/fi)rV2pvot(k) exp[(i/*)r%5] 

= e x p [ - (i/AJrl)] e x p [ - (i/*)r f lU*]p tot*(^- r) exp[(i/ft)r'0*] exp[(i/ft)r^)], (A.12) 

(MU],)«o+r/cos(2coZr^V)= («7V^[A]) Trace[prot(*o+ r ) / , ^ ] 

= ( ^ 7 A / F [ A ] ) Trace [ e x p [ - {i/K)rV^ e x p [ - (iA)rt)*]p rot*(/o-7) 

Xexp[(*/*)yu*] e x p C ^ / ^ r t ) ] / , ^ ] ] . (A.13) 

We now note that [see Eqs. (A-ll) , (A-8)] 

(fJ>[A]f}to/cos(o)L[A]r) Trace{p(*0- T) exp[(f/ft)r80]7a5
Iil] e x p [ - (i/ftjrt)]} 

W ] % - r Trace { P ^ O - T ) / , ^ ! } 

= l - l ( r A ) 2 Trace { ( e U , [ e O , / , ^ ] ) } + - • - ^ 1 - A < 1 , (A.14) 

the inequality being, physically speaking, a consequence of the "dephasing effects" of the local fields 
H[B](R/; • • -lglB]' • •) [see Eq. (A-5)] which, in the frame of reference rotating with angular velocity o)L

[A]z, 
precess the various A spins, I/iA], at different rates [since H[B](R/; • • -lg

[B]' • •) is different at different R / ] . 
The spin "dephasing" Eq. (A-14) which indicates the decrease of {(MIAI^/COSQOL 1 ' 4 1^--^o+r)]} with 2 for 
h— r<t<k is the basis of our previous remark that [-4+.B] approaches equilibrium during the time interval h—r 
to to. We further note that [see Eqs. (A-13) and (A- l l ) ] , 

<M[A]/>o+r/cos(2coLU1r) Trace {p*(/0-r) exp[(i/*)r e0*] exp[(i/h)rV2hlA] e x p [ - (f/ftJr-O] e x p [ - (i/ftjrl)*]} 

W i % / c o s ( a > r , [ ^ r ) Trace {p ( / 0 - r ) exp[(i/*)T"0]/« W1 e x p [ - ( f / * ) ^ ] } 
(A.15) 

and if the ratio of the traces turns out to be greater evolves further and further from 

than 1, i.e., equal to 1 / (1-A) , the A spins "rephase" {(At[A] /)/quil/cos[coLU](^-^o+r)]}=0,18 

during the time interval to to k+r and so 
i.e., during this time interval the nonequilibrium initial 

W ] V C O S [ O > L U 3 ( / - / O + T ) ] statistical distribution of [A+B~], described by the 
_ . . . Prot(̂ o) of Eqs. (A-9) and (A-10), evolves into another 

increases as a consequence of the reversal of sign of s t a t i s t i c a l distribution, described by the pUk+r) of 
E[B] by the "180°" pulse, i.e., as a consequence of the E q # (A-12), which is even further from equilibrium. 
difference in sign of the term 'Udip A-diP s

secular in %)* Also we note that, as already mentioned in Sec. B, the 
and in V [Eqs. (A-10) and (A-5)]. Alternatively, if nonequilibrium "extremely quantal-coherent" initial 
the trace ratio in the spin "rephasing" Eq. (A-15) is p(^o) of Eqs. (A-9), (A-10), and (150) which is associated 
greater than 1, i.e., equal to 1/(1—A), we can say that with this possible trend away from equilibrium is cer-
during a time interval of duration r subsequent to the tainly "nondiagonal" with respect to the eigenstates of 
initial time /<, the quantity 3C[A](0)+3C[B]W=- (tia)L[A]Iz

lA]+1io>LlB]IzlB]), 

{<l»[A]Vcos[«Lwl(^-fc+T)]} viz, 

p(^o) = exp[ira;L[ j4l/2
[A1]protOo)exp[-ircoi /^3/2[A]] 

exp[iT(a>LWl,W-ir1V*)l e x p [ W A ] / * [ A ] / 0 ] e x p [ - i r ( c o L ^ ] / , ^ ] - ^ - ^ * ) - ] e x p [ - - W B ] / * [ B 3 / 0 ] 

" T r a c e { e x p [ M « L [ 4 ] / . I A 3 - ^ l a U * ) ] e x p [ W A 3 / * [ A 1 / © ] 

X e x p [ ~ i r ( c o L ^ 3 / s ^ 3 - ^ - l e O * ) ] e x p [ - W B ] / * [ * ] / e ] } 
(A.16) 

18 Because of the assumed rigidity of the lattice containing both the A spins and the B spins, {/J>[B])t0+T—(MB])^ =—(&&)) t0-r 
= — (AH-B])*equiI, s o that, as the A spins "rephase," the B spins effectively remain in the same nonequilibrium (negative tem­
perature) statistical configuration. 
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I t remains to investigate the circumstances under which the ratio of the traces in Eq. (A-15) is actually greater 
than 1, i.e., equal to 1/(1—A). If the B species is fairly dilute compared to the A species T)dip s-diP jB

secular may be 
somewhat less important than Ddip A-dip jB

secular so that, from Eqs. (A-10) and (A-S), 

V*~-V. (A.17) 
Equations (A-17), (A-15), and (A-14) yield 

(M[Ai,)<o+r/cos(2wLIA1r) Trace {p*(fc-T)7,^} 

<P[A]'Wcos(a>LiA]T) Trace {p(k-r) e x p ^ t / * ) ^ ] / * ^ e x p [ - (i/fyrV]} 

Trace {P(h-r)IxW} 

Trace {p(to-r) e x p Q i / * ) ^ ] ^ 1 e x p [ - ( i / f t ) ^ ] } 

(V[A]')tQ-T 

W J V C O S ( C O L ^ T ) 1-A 
> 1 , (A.18) 

which shows that, in the approximation of Eq. (A-17), where the — w„; v=0, 1, 2, • • •, N—l are the roots of 
the "dephasing" of the A spins during the time interval the polynomial D(s), and in view of Eq. (B-5), are 
to— r to to is wholly compensated by their "rephasing" also the eigenvalues of ||W||. 
during the time interval to to k+r. In practice however 
it is probably a poor approximation, even at small dilu­
tions of B, to neglect the "dephasing" VdiP s-diP 5

secular 

compared to the "rephasing" Ddip A-dip B
secular so that 

the actual "rephasing" of the A spins is far from 
complete. 

APPENDIX B 

Since C(n;s) is a polynomial of order N— 1, the 
method of partial fractions can be used to give: 

N-iKv(n) 

for nondegenerate a>„, where, 

(B.7) 

In this appendix we present the solution of Eq. (75) / N-I 
by a Laplace transform method and discuss further Kv(n) = C(n; — ccv) / Yl (ov—co„) 
certain mathematical questions mentioned in Sec. D. ' "'^o^"'^") questions 

Let p{n\s) be the Laplace transform of P(n; t) 

p{n\s)= I p-s(t- tQ,)P(n;t)dL 

Then, the Laplace transform of Eq. (75) is 

4p(s)\\-\\P(to)\\=\\wl\\p(s)\\, 

(B.l) 

(B.2) 

= C(n] —<a,) J 
dD(s) 

so that 
ds 

\\K,\\ = dD(s) 

or 
ds J 

C(l;s) 

C(2;,s) 

C(ti;s) 

(B.8) 

(B.9) 

(5||l||-||W||)-||#(*)|| = ||i'(<o)||. (B.3) The inverse Laplace transform of Eq. (B-7) reproduces 
The solution of the N linear inhomogeneous equations Eqs. v°l)> (104), and (105) 

specified by Eq. (B-3) can be written as, 

p(n;s) = C(n,s)/D(s), (B.4) 

Let us now briefly treat the degenerate case where 
wy=av for certain v and v*. Here 

where 

Z)(s) = det{s||l |HMI} 

= det 

s-Ti-1 -Wu • 

-Wu s-Tz-1 • 

— Wm — WN2 

•• -W1N 

• -w2N 

• s-'T*-1 

(B.5) 

Nd-1 Nd-l 

D(s)= I I (*+«,)"; E rv=N, (B.10) 

where Nd is the number of distinct co„, (Nd^N). With 
this D(s) the method of partial fractions leads to the 
following generalization of Eqs. (B-7), (B-8): 

and C(n;s) is the same determinant as D(s) except 
that the terms in the ^th column are replaced by 
P(n')to), » '=1 , 2, 3, •••, N. D(s) can be written in w h e r e 

the factored form: 

D(s) = (s+o)o) (s+ui) (s+^2) • • • (S+O)N-I), (B.6) 

Nd-i rv Kvj(n) 
P(n,s)= £ S -

y=0 y=i (s+0)v)
3 

(B.U) 

Kvj{n)^= 
d^-»4>v{n,s) 

(r,-j)\, (B.12) 
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with 

<t>v(n,s)= (s+uvy»-
C(n;s) 

(B.13) 

Eq. (110), having the form, 

v exp[ -€ M ( f» f l ) /* r 8 ( / ) ] 

The inverse Laplace transform of the p(n,s) of Eq. 
( B - l l ) i s : 

P(n',t)= E E *(*-i>«r«>c*-«o>, ( B . 1 4 ) 

E exp[-€[ f l](w f f)/Ar a(0] 

l+mq(iio)L/kTs(t)) 
J 

(2 /+1 ) 

( C I ) 

i.e., 

I|P(0II = 

,=0 ?=i (y— i) i 

^ - 1 rv \\KV " 

= r E — 
v=o y=i (7— 1) ! 

are assumed, whence, substitution of Eq. (C-l) into 
Eq. (110) and use of Eq. (115) yields 

tU-l)e-«At-t0) ( B t l S ) 

which is the appropriate generalization of Eq. (81) to 
the case of degenerate co„. 

L\r.(0 T)\ 

= -\i:'wiqf^
il(mQ

,;mq;t)(l - ) \=-a>(ntq); 
Lmq> \ Ma / J 

APPENDIX C 

The evolution in time of (ji)t toward (iJL)teCLnil [as in 
Eqs. (137)-(139), (142), (145)] has also been treated 
in terms of the concept of a time-dependent "spin-
temperature" Ts(t). In the spin-temperature procedure, 
solutions of the individual particle "master" equation, Equations (C.2) and (C.l) give 

mq5*0, (C.2) 

0 = E w[qf^
il{mq'\ 0; t)rnq'=v\ 

mq' 

mq=0 (only when 7 = 1 , 2, 3, 

JP [«](*»«;*) = 

1 fiQ}Lr l r i / i i \ i 

2 7 + 1 2 7 + 1 k IT \Ts(to) TJ J 

flCOL / 1 1 \ 

(27+1)4 Vra(/o) r / 
= P t e ] w a ( w f l ; / ) -

(C.3) 

which is to be compared with the P[Q](fnq;t) of Eqs. co(mq)==2w'£l-\r8tnq
2-~M(I+i)~] 

(130)-(132). + 8 ^ r - 2 7 ( 7 + l ) - 2 w 9
2 - l ] , (C.5) 

I t is now to be emphasized that Eq. (C-3) for 
P[q](mq;t) is correct and so is equivalent to Eqs. (130)- s o t h a t f o r V = Vq«ad™™™1™ with 7 > 1 the spin-tem-
(132) for P[q](mq', t) only if Eq. (C-2) is satisfied, i.e., perature Piq](mq;t) of Eq. (C-3) are not correct. 
only if the transition probabilities per unit time, Confining our further attention to the cases of Eq. 
w[Qf^(mq

f;mq;t) are such that v=0 and that the (C"4)> w h e r e t h e P^m^1) ° f Eq- ^ - 3 ) are correct 
cofm ) are actuallv indeoendent of m (for m ^ 0 ) • this a n d s o a r e e ( l m v a l e n t t o t h e P M K ; 0 of Eqs. (130)-
^mq) are actually independent ot mq tior mq^U), this (m)^ J e t u s s u b g t i t u t e t h e p ^ ^ . t) o f E q > ( c _ 3 ) last condition must hold since (1/T8(t) — 1/T) is inde­
pendent of mq. Using Eqs. (123), (124), (126)-(129) 
with fez,/©<<Cl it is straightforward to verify that the 
W[q]

eCLnil(m^;mq;t) are indeed such that v=0 always, 
and that the ai(tng) are independent of mq (for mq9^0) 
for eU = eUdip-diP

nonsecular with any 7, and for eUquad
nonsecular 

with 7 = 1 ; in fact: 

co(mq) = 2w: V = ^dip-dip^860111^; 7 = 1, f, 

W r E 4 i h ; 

into Eq. (133) and obtain, 

= O x > ^ a { l - [ l - r / r . ( f c ) ] < r - ( ' - ' o ) } ; 

( M ) ^ u i l ^ ( ^ u ] / F { A ] ) ^ 7 7 ( 7 + 1 ) ( ^ L / G ) , 

; 0 I nymq\ 

(C.6) 

which, for example in the condition of initial saturation, 
(Cases I, I I of Sec. F), 7 > f (C.4) Ts(t0)= oo, becomes, 

o) (mq) = 2w'+8w": V = eUquad
nonsecular; 7 = 1 

(Case I I I of Sec. F). 

On the other hand, for eUquad
nonsecular and 7 > 1, 

(tit^irit^ll-e-^-^J (C.7) 

The Eqs. (C-7) and (C-4) for (p)t are identical with 
the Eqs. (138), (142), and (145) for </*>< vs /. 


