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The dispersion relations for the nucleon isotopic vector form factors and the pion form factor which take 
into account contributions from both the 2ir and NN intermediate states become a set of coupled integral 
equations for the form factors if the four amplitudes (TTT | NN) (TTTT | TTTT) (NN | TTTT) (NN | NN) are assumed 
known. If these four amplitudes are replaced by their Born approximation values and spin and certain 
kinematic factors are neglected, the resulting set of coupled singular integral equations can be solved 
exactly. Comparison of these exact solutions with the form factors obtained from the usual approximation 
of retaining only the lowest mass state (i.e., the 2ir state) confirms the hope that high-mass states do not 
contribute much to dispersion integrals. It is also of interest that these solutions are obtained from dispersion 
relations without subtractions and satisfy the necessary conditions that they vanish at infinite momentum 
transfer and take on the value e at the origin for all values of the coupling parameters appearing in the 
equations. 

I. INTRODUCTION 

IN this paper we ask and attempt to answer two 
somewhat unrelated questions having to do, basi­

cally, with the nucleon electromagnetic structure prob­
lem. There has been a considerable amount of effort 
expended on this problem in the last few years using 
dispersion relations for the form factors as a means of 
attack.1 These approaches have all followed more or 
less the same line—namely, writing the form factors as 
integrals over their imaginary parts, expressing these 
imaginary parts as sums of contributions from many 
intermediate states, and attempting to calculate the 
contributions of the simplest such states with the hope 
that no others are important. As shown schematically 
in Fig. 1, the imaginary part of the nucleon isotopic 
vector form factor receives contributions from inter­
mediate states of two pions, and of two nucleons, among 
others. These contributions may be calculated explicitly 
in terms of other processes; for example, the contri­
bution of the two-pion state involves the pion electro­
magnetic form factor (i.e., the amplitude for the 
reaction 7—>jr+x) and the amplitude for the process 
7T+7T -> N+N. 

To evaluate the pion form factor, a similar procedure 
may be followed. Figure 2 indicates the two-pion and 
two-nucleon intermediate state contributions to the 
imaginary part of the pion form factor. I t is clear from 
Figs. 1 and 2 that if all intermediate states were retained 
in computing the imaginary parts of the nucleon and 
pion form factors, we would have a coupled problem. 
Even ignoring all intermediate states other than those 
shown explicitly in Figs. 1 and 2 will still leave us with 
coupled dispersion relations expressing the pion form 
factor as an integral over the nucleon form factor, 
among other things, and with the nucleon form factor 
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1 P. Federbush, M. L. Goldberger, and S. B. Treiman, Phys. 
Rev. 112, 642 (1958); G. F. Chew, R. Karplus, S. Gasiorowicz, 
and F. Zachariasen, Phys. Rev. 110, 265 (1958). 

expressed as an integral over the pion form factor, plus 
other terms. 

This coupled problem has in previous discussions 
been uncoupled by the following argument. Consider 
the two-nucleon contribution to the pion form factor. 
This is an integral of which the integrand is proportional 
to the product of the nucleon form factor times the 
amplitude that a nucleon antinucleon pair annihilates 
into two pions in the p state. This annihilation ampli­
tude is bounded by the limitations imposed by unitarity. 
Hence if the nucleon form factor doesn't get too large, 
it is possible to bound the two-nucleon contribution for 
small values of the argument of the pion form factor. 
Since this bound is small, the two-nucleon state is 
neglected. 

Now there are two things wrong with this argument; 
the first is that it is not known that the nucleon form 
factor can't get too large. After all, the nucleon form 
factor depends on the pion form factor, and the value 
of the pion form factor depends on how big the two-
nucleon contribution to it is, and so on. The second 
thing wrong with the usual argument is that even 
assuming the nucleon form factor stays small, a bound 
is provided only for small momentum transfers in the 
pion form factor. However, in evaluating the nucleon 
form factor, an integral over the pion form factor is 
needed. Thus we need the pion form factor for values 
of momentum transfer where unitarity poses no restric­
tion. There is, therefore, no reason to omit the two-

FIG. 1. Intermediate states contributing to the nucleon isotopic 
vector form factors. Dotted lines denote pions, heavy lines 
nucleons, and the wavy line is a photon. 

438 



N U C L E O N A N D P I O N E L E C T R O M A G N E T I C F O R M F A C T O R S 439 

—#:::S-"" +—#311::: 
FIG. 2. Intermediate states contributing to the pion form factor. 

nucleon contribution and the nucleon form factor is as 
a result also needed for high momentum transfer. 
Hence we can no longer use the unitarity argument to 
say that the two-nucleon state contribution to the 
nucleon form factor is negligible. But then there is no 
reason for neglecting the two-nucleon state contribution 
to either form factor and we are left with two coupled 
equations. It seems, then, that the effect of the coupling 
of the two form factors is a thing worth studying 
further. It may be that the usual assumption that the 
equations can be uncoupled by neglecting the two-
nucleon state in the pion form factor is in fact valid, 
but the usual argument is not sufficient to show that it 
is valid. 

The first problem we set ourselves, therefore, is to 
construct a pair of equations sufficiently similar to the 
actual coupled dispersion relations so that the solutions 
will have the same qualitative behavior as the actual 
ones, but also sufficiently different so that they may be 
solved exactly. We thus hope to be able to see whether 
the uncoupling of the equations is or is not a reasonable 
approximation. 

Once one is thinking in terms of coupled dispersion 
relations of this type, a second quite different question 
suggests itself. It has usually been the practice to use 
subtracted dispersion relations for charge form factors, 
since the subtraction constant is the electromagnetic 
charge of the particle which is a known number. If, 
however, unsubtracted dispersion relations are used, 
the charge may be written as an integral over the 
imaginary part of the form factor.2 Furthermore, the 
kernels in these coupled equations will depend on the 
meson-nucleon coupling constant. Thus, depending on 
the uniqueness of the solutions of these (homogeneous) 
equations, and depending on whether or not the 
equations turn out to be eigenvalue equations, one 
might hope to obtain some restrictions on the possible 
values of the electron charge and on the meson-nucleon 
coupling constant. We shall indicate later in more detail 
how such restrictions might arise. For the moment, it 
is sufficient to say that it is obviously of interest to ask 
about the existence and uniqueness of solutions to 
such coupled homogeneous singular integral equations. 

What we have actually done, then, is to invent 
equations which are a modification of the simplest 
nontrivial coupling of pion and nucleon electromagnetic 
form factors, namely, those shown diagrammatically in 
Figs. 1 and 2, assuming all particles have spin zero. 
We have solved these equations exactly, and therefore 

2 G. F. Chew (unpublished), S. D. Drell and F. Zachariasen, 
Phys. Rev. I l l , 1727 (1958). 

answered the above questions for these somewhat 
fictitious equations. 

The answers to the second set of questions, about 
the unsubtracted equations, are first that solutions do 
indeed exist, so that the use of unsubtracted dispersion 
relations seems justified; second, that there is enough 
nonuniqueness in the solution so that the charge is not 
determined. Finally, the equations are not eigenvalue 
equations, and solutions exist for any value of the 
meson-nucleon coupling constant. 

II. THE MODEL 

Our purpose is first of all to understand the mathe­
matical properties of coupled dispersion relations, and 
we shall therefore begin by eliminating all complications 
not relevant to this purpose. We suppose that protons, 
mesons, and photons all have spin zero, and forget 
about neutrons and neutral mesons. With these simplifi­
cations, the proton electromagnetic structure problem 
can be set up as follows. The proton form factor F2 is 
defined by 

(pip^ iMO) io)= Fti(pi+p*n (i) 
(4EP1Ep2y> 

where pi, p2 denote the 4-momenta of a pair of protons 
produced by a photon. jy(x) is the Heisenberg photon 
current operator, defined in terms of the photon field 
operator A by 

04(*) = ./7(*). (2) 
Epi9 Ep2 are the time components of pi and p2, and 
finally (pip^ | is the incoming wave Heisenberg state 
of the proton pair. 

The proton form factor will satisfy a dispersion 
relation of the form 

1 rImF2(p'2) 

7T J p'2-p2-ie 

As has already been discussed in the introduction, we 
assume the dispersion relation to hold in the unsub­
tracted form. This means that the electromagnetic 
charge of the proton is given by 

1 rImF2(p'2) 
F2(0) = e=- j dp'\ (4) 

TTJ p'2 

Whether this equation is actually an identity in e, or 
turns out to be a method by which e can be calculated 
is one of the questions we wish to try to answer. 

The imaginary part of F2 is as usual given by1 

ImF2(p'2) = - (Epi/2)i Zn(2wY8"(Pn-p
f) 

X(Pi\jP(0)\n)(n\jy(0)\0), (5) 

where jp is the proton current; that is, if \p is the 
proton field, 

jP{x)={U+mi)Hx). (6) 
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The sum in. Eq. (5) is supposed to run over all states 
which the conservation laws allow a photon to reach. 
In particular, a pair of mesons is one such state, and a 
pair of protons is another, and we shall write the 
contribution of these two states explicitly. Thus 

lmF2(p
f2) = K21(p

r2)F^(pf2) 

+sin52(^2) expp5 2 (^ 2 ) ]F 2 *(^ , 2 )+^ 2 (^ 2 ) . (7) 

Here 52 is the S-wave proton-antiproton scattering 
phase shift, to be evaluated at a total center-of-mass 
energy given by p'2. Fi(p'2) is the pion electromagnetic 
form factor, defined by 

(qm(-y\jy(o)\o)= 
l 

(4cOgiC092)5 

^l((?l+?2) 2) , (8) 

where coqi and wQ2 are the energies of the two pions. 
K2\(p'2) is the S-wave amplitude for the reaction 
7T+7r —> P + P; explicitly 

2 / J (2T)ZJ (2TT)Z 

(9) 

(2T)*J (2*r) 

x<ti\M0)\qiq*w> 
(4c0QiC0g2)* 

Finally R2{p'2) is the contribution, in Eq. (5), of all 
the remaining states n. 

An exactly analogous procedure can, of course, be 
followed for the pion electromagnetic form factor; it 
also is assumed to satisfy an unsubtracted dispersion 
relation, and its imaginary part may be written, in 
analogy to Eq. (7), as 

ImF1=K12F2*+^nd1e
i^F1*+R1. (10) 

Now it is easily shown that 

W2 -4wo2 / 

\p'2-4mi>/ 
KAP'2), (11) 

where m2 is the proton mass and nti the meson mass. 
Thus we may write (using the fact that ImF 2 is of 

course real) 

Re(sin52^52) 
jmF2= ReF2 

1-Im(sin52^52) 

rp,2-^m2
2\- Re(gFx*) 

+ 
/^/2-4w2

2y 

V p'2 ) l- Im(sm52e*52) 

Rei?2 

f- , 
1-Im(sin52ea2) 

(12) 

and similarly for InxFi with the indices 1 and 2 inter­
changed. 

Up to this point we have made no approximations. 
One could, in principle, hope to continue by adding 
dispersion relations for the remaining unknown quanti­
ties, in particular for the remaining terms from Yin in 
Eq. (5) which are encompassed in Ri and R2. Then one 
could, again in principle, and again hopefully, solve 
this large system of coupled dispersion relations. Such 
a program is, of course, impossible practically. We shall 
therefore drop the terms R\ and R2, with no justification 
except to say that we are interested in solving the 
minimal nontrivial coupled dispersion relation problem, 
and that we hope this will have some relation to reality. 
At the very least, we should be able, in this approxi­
mation, to say something about how valid it is to 
uncouple the equations completely, as has been done 
in all previous attacks on the nucleon form factor.1 

The set of equations obtained by setting R\ and R2 

equal to zero in the expressions (12) for ImF\ and 
ImF2 , and then substituting these into the dispersion 
relations, is, however, still not a closed system of 
equations. I t is still necessary to say something about 
the phase shifts 5i and 52 and the annihilation amplitude 
g. We could, of course, write dispersion relations for 
these, but this again violates our restriction that we 
wish to consider only the simplest nontrivial coupled 
problem. Alternatively we could use experiment for 
these quantities, but our purpose is to discuss the 
mathematical properties of the dispersion relations 
considered as a theory from which all things should 
follow. Therefore, in the same spirit by which we threw 
away R\ and i£2, we replace di, 52 and g by Born ap­
proximation. In Born approximation, notice, 5i, 52 and 
g are all real.3 

Thus we end up with the coupled equations 

7T * M m i 2 
W)=- f 

IT • / 4 m o 2 V 

fr/2_v,2_ f-ie 
-dp'2 

+ 

1 /.°° tan5[(£ ,2)*]ReF!(£'2) 
d 

€ 

,2) R 

(pf2)pf2-f-ie 

1 r00 /£ ' 2 -4m 2V g(P'2) ReF2(^
2) 

) —dp'2, (13) 
*/2 / cos2h{pt2)p,2-p2-i 

and similarly for F2 with the indices 1 and 2 inter­
changed. Here, remember, 5i, 52 and g are to be taken 
from Born approximation. 

These equations are now a closed system, and could 
in principle be solved. Because of the mathematical 
difficulty of handling such equations, however, one 
further simplification will be made, which is the follow­
ing. The kernels (apart from the singular energy 
denominators from the dispersion integrals) all have the 
property of vanishing at the threshold of integration, 
and becoming constants at infinity. We shall replace 

3 Notice that the use of Born approximation in Eq. (12) cannot 
constitute a violation of unitarity, although its use in Eq. (7) 
could. For example, if we neglect g and Ri, we get ImFi = Fi* 
Xsin5iei5i from Eq, (7), while from Eq. (12>we have (for real 8) 
ImFi = ReFi tanSi. Replacement of siu.dieiSl by Born approxi­
mation thus may violate the condition [ sinM1'511 < 1, but unitarity 
puts no bound on tanSi which is what occurs in our equation. 
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all these kernels by constants. This approximation will 
introduce singularities in the solutions at the threshold 
4^i 2 and 4^22, which were not present in the original 
equations, because the kernels (including the denomi­
nators) are no longer integrable at the thresholds. 
However, we feel that it will not alter the qualitative 
character of the solutions, or any important properties 
(such as, for example, whether solutions exist, or are 
unique) of the equations. To support this view, it may 
be worth observing that the equations may be solved 
in the equal mass case (pion mass equals nucleon mass) 
without neglecting the factor (p'2—4tn2/p'2)K Com­
paring the solution with this factor and without it 
shows that aside from the above mentioned singularity 
at ^2=4w2 , there is no difference in the qualitative 
behavior of the two cases. 

The final set of equations on which we shall concen­
trate, then, is: 

Fi(x) = — I • dx'A I dx\ 
7T Jx\ X' — X IT Jx2 X' — X 

(14) 
X21 r"Fi{*!) X22 /• a oft(*') 

F2(x)=— I dx'-\ I dx', 
IT J xi Xf — X IT Jx2 X'—X 

together with the condition Fi(0) = JF2(0)= 1, where we 
removed the factor e from the definition of our form 
factors. 

Here we have written the equations for the real parts 
of the form factors, and written F\(x) in place of 
ReFi(p2), etc. Thus principal values are to be under­
stood on the integrals. The A# are real numbers, and 
Xi2=X2i. We wish, then, to study these equations and 
their solutions as functions of the A's and the masses 
xi and #2. In particular, we want to know (i) whether 
solutions exist; (ii) if they exist, do they exist for all 
values of A#, or is it an eigenvalue problem (note that 
Ai2=A2i is proportional to g2, the square of the pion 
nucleon coupling constant. Thus if we have an eigen­
value problem, we could restrict the allowed values of 
g2). (iii) are the solutions unique; (iv) are there any 
values of A»-y, Xi and x2 for which the usual uncoupling 
is justified, and finally (v) what are the general quali­
tative features of the solutions. 

III. RESULTS AND CONCLUSIONS 

The exact solution to the coupled integral equations 
(1.6) is derived in the Appendix. The answers to several 
of our questions are immediately apparent. First, 
solutions do exist, so that use of unsubtracted dispersion 
relations seems perfectly satisfactory. Not only do 
they exist, but they exist for all values of the constants 
\ij. Second, in regard to uniqueness, we find in the 
solutions we have obtained two arbitrary constants, 
which are determined by the two conditions that both 
the pion and nucleon form factors equal the electric 
charge at x=0. Now, we have assumed in our construc­
tion of these solutions that the form factors are both 

integrable functions of x. An analysis of uncoupled 
equations of this type by .Omnes4 shows that in the 
uncoupled case arbitrarily strong poles may be inserted 
at threshold, and the solutions are therefore not unique. 
Thus it could be that if we relax our integrability 
condition, more solutions might be possible, but we do 
not know if this is actually the case for our coupled 
problem. 

I t makes no difference for our purpose whether further 
solutions can or cannot be constructed by this pre­
scription. We only require that on physical grounds the 
actual physical form factors be everywhere finite. We 
must emphasize that this does not mean that the 
solutions of our model cannot have singularities, since 
we have replaced the physical kernels in Eq. (5) which 
vanish at the thresholds by constants which do not. I t 
is only necessary to be sure that the solutions we use 
are those which would reduce to finite physical ones if 
the correct physical kernels had been used. 

In our coupled problem we are unable to solve the 
equations with the physical kernels; therefore we are 
forced to guess which solutions of the coupled problem 
correspond to finite solutions of the physical problem. 
For the case that the eigenvalues of the matrix A»j are 
both positive, it is fairly easy to see that our integrable 
solutions are in the desired ones. To see this it is best 
to refer back to the uncoupled case. There the "pole-
less" solution is 

F(x)~ (x-xi)-^1^ t a n ~\ (15) 

If A is positive this solution vanishes at infinity, is 
integrable, and goes over into a finite solution if the 
correct kernel is inserted. For the coupled case, when 
the eigenvalues of (A^) are positive, the analogous 
situation occurs; we find solutions containing the forms 

(x-xi)-^^'1*1,* (16) 

where A; are the eigenvalues of (A^). By analogy with 
the uncoupled case, we infer that these solutions corre­
spond to "pole-less" solutions of this physical problem. 
However, if A is negative, the solution (15) does not 
vanish as x —> 00, but the solution obtained by inserting 
one pole, namely, 

F(x)~ {x-xxY^ tan"lx~1 (17) 

does, and has an integrable singularity at x=xi. In 
this case if the physical kernel is put in, the solution 
becomes one with a real pole at xi\ thus (17) is not an 
admissible solution, even though it is integrable and 
vanishes at infinity. 

In the coupled problem we face the analogous 
situation where one of the eigenvalues become negative. 
In that case a term of type (17) appears in the solution 
which we reject in the belief that it will become a pole 
in the "physical" problem just as in the uncoupled 
case. However, an additional solution to (14) also 

4R. Omnes, Nuovo cimento 8, 316 (1958). 
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appears, which allows us sufficient freedom to satisfy 
all the conditions uniquely, even after we have thrown 
out terms of the type (17). But there seems to be no 
unambiguous method of determining whether this addi­
tional solution corresponds to a finite solution of the 
more physical problem or not. Because of this am­
biguity we have concentrated our numerical evaluations 
on the positive case alone. 

The remaining question is the validity of the standard 
uncoupling approximation, which neglects all but the 
lightest intermediate state. If x2>xh then this approxi­
mate solution is obtained by throwing out the state 
with the threshold at x2; thus Eqs. (14) are approxi­
mated by 

An r 0 0 ^ ) 
F1(x)=— I dx\ 

T Jxi %' — % 
, (18) 

X21 / ^ W ) 
F2(x) =—• I dx*. 

IT J x\ Xf — X 

The first of these is an integral equation for Fi(x), the 
solution of which is: 

Fi(x)=( ) 
\(x/xi)—l/ 

Fii 

(x/xi) 

1 

(1+Xn2)* 
vv s0^ vVj.) 

/ 1 \an 

x)=l J, x<xh 
\ 1 — (x/xi) / 

(19) 

where 
•(x/xi)j 

a n = (1A) tan^Xn, 

and the condition that Fi(0)=l has been imposed. 
To complete this approximate solution of Eqs. (14), 

we need F2y which is clearly given from the second of 
Eqs. (18) as 

F2(x)=(\2i/\ii)F1(x). (20) 

Now, however, a difficulty appears, because unless 
X2i=Xn it is impossible to satisfy the condition 

F2(0) = 1. (21) 

Thus, except for the trivial case Xn=X2i, it is impossible 

F(X) 

0.2 

01 

X„" X22 

X.2I* X 12 

~ X 2 ' I 0 - ^ 

1 . I I I 

15 

10 

1 

UNCOUPLED CASE 

I I l 1 l l I 1 1 1 . 1 1 I I 1 
-6 -5 -4 

X 

FIG. 3. F2M for x<0 when #i = l, x2 = 2, 10 and infinity for 
X n = X 2 2 = 1 5 , X l 2 = A 2 1 = 1 0 . 

to find solutions with the required properties from the 
approximate Eqs. (18). In order to obtain solutions in 
this case, it is necessary to abandon the no subtraction 
philosophy. The approximate Eqs. (18) should therefore 
be replaced by subtracted equations, namely: 

Xn '/•« Fi(x') 
F1(x) = l+—x I dxf, 

7T JxiXf(xf — x) 

/ N . X2X r ° ° Fx(x') 
F2 (x) = 1H x I dxf. 

IT Jx2 X'(xr—X) 

(22) 

The solution of these subtracted equations is still 
simple: for F\ we have the same result as before, but 
for F2 we now get 

F2(*) = l + ( X 2 i A i i ) [ ^ i ( * ) - l ] . (23) 

The retention of the heavy intermediate state, with 
threshold at x2, then, produces a significant difference 
in the high-energy behavior of the form factors, in that 

F (X) 

j i i 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 
-7 -6 -5 -4 

X 

FIG. 4. Fi{x) for # < 0 when #i = l, #2 = 2, 10 and infinity for 
Xil = X22=:Xl2 = X21 = 5 . 

if the heavy state is neglected, we have 

l i m F 2 ( * ) = ( l - X 2 i A i i ) , 

whereas we have, of course, 

(24) 

(25) 

if the heavy state is included. I t is interesting to observe 
that keeping the high mass state depresses the form 
factor F2 at high energies, instead of increasing it. 

While the inclusion of both intermediate states makes 
a significant difference in the high-energy behavior, and 
thus determines the type of dispersion relation one may 
use, the numerical effects, at reasonable energies, of the 
heavy state are not noticeable unless the masses xi and 
x2 get quite close. 

Figures 3 through 6 show F2(x) for negative values 
of x, for two values of x2/x\, namely 10 and 2, and also 
show F2(x) on the basis of the uncoupling approxima­
tion. The overall shape is seen to be qualitatively 
insensitive to x2/xi; in fact, the difference between the 
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value # 2 A i = 2 and x^/xi—infinity (the uncoupled 
approximation) is not more than 30 or 40% even at the 
larger values of x plotted. This not only confirms the 
usual idea that if the heavy mass #2 is sufficiently large 
it has very little effect upon the form factors at low 
energy, but- indicates that even when x<i/xi~2 the 
higher mass state does not produce qualitative differ­
ences even for x as large as —10. Figure 7 gives an 
example of what happens for x>0. This region is of 
somewhat less interest, since the model problem we 
have adopted has singularities at x=Xi and x=X2, and 
these singularities presumably would not appear in any 

1.2 

i.ol 

0.8 

0.4 

0.2: 

X, (»X 2 2«5 

*I2**2I * 3 jf 
U X« S | <?/ 
L- • UNCOUPLED SOLUTION ^--iZ^/ 

f X2«IO-v _^^—~ '^\^^^^^^ 

V 7^2-^ 

1 I 1 1 1 1 1 1 1 1 1 1 1 1 I 1 1 1 1 1 

-10 -9 -8 -7 -6 -5 -4 
X 

-3 -2 -I 

FIG. 5. F2(x) for x<0 when #i = l, x^ — l, 10 and infinity for 

FIG. 6. F2(x) for x<0 when #1 = 1, #2 = 2, 10 and infinity for 
Xii=X22==:0.7, Xi2=X2i=0.35. 

actual physical situation. The uncoupled approximate 
solution has a singularity only at x=xi; the great 
difference between the exact solutions and the un­
coupled as in Fig. 7 is due just to this. For, as the pole 
is left behind, it is clear that the difference between the 
various cases are decreasing, so that at very large 
values of x the situation at x>0 presumably will be 
similar to that for x<0. 

To summarize, inclusion of a higher mass state 
permits the use of unsubtracted dispersion relations for 
both forms factors. Unique solutions exist which go to 
zero at infinity and take on the value e at the origin, 
for all values of the coupling constants, while in the 
uncoupled case such unsubtracted dispersion relations 

1.4 

1.2 

1.0 

0.8 

F(X) 

0.6 

0.4 

0.2 

0 

\ 
\ 

T X . 
\ ^> 
\ 

-

L.J.. 1 . 1.. I.. 

\ 
>. ^-X 2 = I0 

^ ^ ^ _ i 

*^\/-X2:2 

X11 = A22 • 0.7 

X,2
S X2, =0.35 

V.i 
'UNCOUPLED CASE 

1 1 1 1 1 1 1 1 1 1 1 1 1 1 

FIG. 7. F2(x) for x>0 when the same conditions as in Fig. 6. 

are inconsistent with the necessary behavior of the form 
factors at the origin. However the form factors in the 
coupled case do not qualitatively differ from those of 
the uncoupled situation even when the mass ratio is 
not much greater than 1. This seems to bear out the 
validity of the uncoupling approximation for a wide 
range of x. Of course it would be unwarranted to assume 
that the neglect of higher mass states in the actual 
physical problem produces such a mild effect on the 
predicted form factors as in our simple model. 
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APPENDIX 

I t is convenient to make a scale change x —» (x—xi)/ 
(#2-—#i) in equations so that the lower limits Xi and X\ 
are replaced by 1 and 0, and the conditions at x=0 on 
F and G become F[—xi/(x2—xi)']=G[_—Xi/(x2—xi)'] 
= 1. 

We therefore consider the equations 

An r00 FW) A 
F(x) 

n r™F{x') A12 r"G(a!) 
- P I dx'+—P { dx', 
T J\ X' — X T JQ X' — X 

X2I r™F(x') x22 / • "GO' ) 
G(x)=—FI dx'+—P dx', 

T Ji X' — X T JQ X' — X 

( l ) 

where Xi2=X2i, and look for solutions which —» 0 as 
x —-> 00 and are locally integrable. 

Take the Fourier transform of (1). The right-hand 
side of (1) can be written as a convolution by suitably 
extending the functions F(x) and G(x), e.g., define 

- 0 
x>l 

x<l, 
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in which case 

F{xf) ' F1(x
f) 

-x 

rwt<{x) r ri\x 

I dxf= I • 
Jl x ' — X ^ - o o Xr—0 

Then, if we define 

F+(co)= I eio}XF(x)dx, G+(a>) = I eil0XG(x)dx, 

F_(co)= j e™xF(x)dx, G-(co) = I eio}XG(x)dx, 

and use the fact that 

(2) 

/ : 

0 dx 
ei(ax~=iTe(a)), 

o X 

where 
e(w)= 1 co>0 

= - 1 co<0 

(3) 

the Fourier Transform of (1) becomes 

F+(«)+F_(o))=-ic(o))[>iiF+(co)+Xi aG+(«)], 

G+(co)+(?_(co)=-ze(co)[X21F+(aJ)+X22G,
+ (co)]. 

This is all for real co. The integrals (2) can be used to 
extend F+9 F_, G+, GL into the complex co plane. Let 
<a=u+iv. Then (2) defines 

F+, G+ analytic for v^O, 

F_, GL analytic for v^O. 

Also as v —> oo, 

/?+(«)->0(«rl .I) , G + ( M ) - * 0 ( 1 ) , 

and as v —> — <*>, 

F_(«)->0(c '» i ) , G_(« ) -*0 (1 ) . 

Finally, as « —» ± oo, 

/ ^ , G ± - > 0 ; 

in fact, if F is bounded, F + _(co) —> 1/w as ^—> QO, 
while, if F has a singularity of type x~a, a < l , then 
F+,_(co) - ^ l/ul~a as w —> oo. 

Let us introduce vector notation: 

*_(*•) , t . ( * - ) , X=f" »»). (4) 
\ G + / VG_/ VX21 X22/ 

Then (3) becomes 

g:
+(co)+g:_(w)=-i€(co)X9:

+(co). (5) 

We now want to decouple the equations (5). Let us 
choose S to diagonalize X. Then 

SXS~ 
vo x2/ 

i.e., Xi, and X2 are the eigenvalues of X. If we define the 
functions 

fl±=£/Siy(fF±)y, ^d==Ei52i(SF±) i , 

then Eq. (5) becomes two independent equations for 
H± and W±, namely: 

[l+i€(a>)X1]5+(o,)= -£T_(«), (6) 

[l+i€(«)X2]W r+(w)= - lF - ( aO . (7) 

For definiteness we shall assume the eigenvalues of X 
satisfy X2>Xi>0. 

We now have 2 independent equations, each with 
two unknowns. We would like to use these equations, 
coupled with known analytic properties of H+ and # _ 
when extended in complex plane, to determine H+ and 
H-, and similarly W+ and W-. 

Let us first look at Eq. (6). Now H+ in this equation 
is the limiting value of a function analytic in the upper 
half plane as we approach real axis from above, since 
it is a linear combination of F+ and G+. Likewise, H-
is the limiting value of a function analytic in lower 
half, and Eq. (6) is then a relation which holds for the 
limiting values of these analytic functions on the 
common boundary of their regions of analyticity. 

We will now use Eq. (6) to characterize H+ every­
where. By means of analytic continuation, we will 
determine all the singular points of H+(w). 

Suppose imaginary co=^>0. Then H+(co) is an 
analytic function. When we arrive at the negative real 
axis, H+ takes on value 

fl+(«)=-flL(a>)/(l-iXi) («<0) , (8) 

but —H-/(l—i\i) is an analytic function in the lower 
half plane. Thus on the right-hand side of Eq. (8), we 
have a function analytic in the lower half plane, and 
on the left-hand side of Eq. (8), we have a function 
analytic in the upper half plane. They are equal on 
their common boundary, the negative real axis. There­
fore, ~H-/(l—i\i) is the unique analytic extension of 
H+ into the lower half plane across the negative real 
axis. Thus, by using Eq. (8) as the definition of H+ in 
the lower half plane, we have been able to extend H+ 
to a single valued function in the entire plane excluding 
the positive real axis. For if we start off with H+ in the 
upper half plane or the lower half plane as defined by 
Eq. (8) and we go around any closed circuit (a) which 
does not cross the positive real axis, we come back to 
the same value of H+ (see Fig. 8). 

U) PLANE 

FIG. 8. Contours in co plane referred to in text. 
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However, consider a point w lying just above the 
positive real axis. Suppose we move around the contour 
(b) to a point w* just below the real axis. We can use 
Eq. (6) for co>0 to relate H+(co) and H+(a>*). This will 
give us the multivalued properties of H+(o)) across the 
positive real axis. 

We have, in fact, 

( l+Ai )#+(« )=- f f_ (o>) , co>0. (9) 
Therefore 

H+(a>*)=-H-(a>*)/(l-i\1) 

= [ ( l + i X i ) / ( l - i X i ) ] H + ( « ) (10) 
as Imco —•> 0. 

Thus the analytic function defined by Eq. (8) is 
single valued in the cut plane and gets multiplied by a 
factor (1+iXi/l—iXi) when crossing the positive real 
axis. We look for an elementary function which has 
this property. 

Consider a>al, where a i = (1/V) tan-1Xi. Then 

w*ai=co«i exp(2i tan-1Xi) = co a l [ ( l+ iXi ) / ( l - iXi ) ] . 

(Note that O ^ a i ^ J ) . Thus if we let 

H+(<a) = a)iai-*$(<a), 

then <£(a>*) = <l>(a>) and <£(o>) is single valued in the 
entire complex co plane. 

How about the local singularities of <£(co)? If $(a>) 
has a pole at w^O then so would H+, but clearly from 
the integral representation of F± and G±, H+(u>) is 
bounded at any point a>^0. At co=0, clearly H+(oo) 
must be integrable for the inversion formula to hold, 
and hence must behave as co7, y> — 1. This also follows 
from the fact F(x), G(x)—>0 as x—> oo. [Note if 
F(x)—»0 faster than 1/x then F+(aj) is bounded at 
co = 0.] Hence, $(co)^co~al+7+1 near co=0 and hence $(«) 
cannot have a pole at a>=0. Therefore <£>(co) is an entire 
function. What about the behavior near co= 00 along 
lines parallel to the real axis? By the Reimann-Lebesque 
lemma, 

F+(cd), G+(o)) —> 0 as Reo; —•» 00 

(due to the rapidly oscillating exponential) and, indeed, 
if F(x) and G(x) are bounded, F+fa), G+(o))~l/a) near 
Reco= 00. Hence <£(w)/co=#+(a>)ar"ai —> 0 as Rea> —> co. 
Thus we have the result that $(w) = [$(co) —$(0)]/co is 
an entire function which —» 0 along any line parallel 
to the real axis. Now as Imco=v—> + <*>, from (2), 
^+(00)^0(1) and hence $ ( c o ) ^ 0 ( l ) ; similarly, as 
A—>—00, $(co) —>0(e |v |)- To summarize, then, 2>(co) 
is an entire function which has the properties: 

5 — > 0 as u—> dh00, 

5 - > 0 ( l ) as * ; ->+oo , (9) 
5 — » 0 ( e H ) as z;—>—00. 

I t can be shown that a general representation for an 
entire function with properties (9) is 

$(«) = 

where <p(t) is an arbitrary integrable function. Clearly 
any function of the form (10) is an entire function 
satisfying conditions (9). Tha t - any entire function 
which satisfied (9) can be written in form (10) is best 
seen by using Laplace's representation of an entire 
function.5 Finally, then, we get the result 

H+(oo)=a)al-1<$>+Q)<xl I ei0}t(p(t)dt, (11) 
Jo 

where 3>=<£>(0) is an arbitrary constant and <p(t) is an 
as yet undetermined integrable function. 

Since Eqs. (6) and (7) are the same except for the 
replacement of Xi by X2, and since W+ satisfies the same 
boundary conditions which were needed to obtain Eq. 
(11) for H+, we immediately infer the corresponding 
representation for W+ to be 

W. .(o)) = coa2r-1y+o)a2 f eio}t\f/(t)dt, (12) 

where a2= (1/TT) tan-1X2 and \f/(t) is an arbitrary 
integrable function. Now 

O-w'o-'O-
VGU/ \W±J \WJ 

where R=S~l. Let 

R ( Jin -K12\ 

^21 i^22' 

We can thus express F+ and G+ in terms of \f/(t) and 
<p(f) as follows: For Imco = ^ > 0 : 

F+(a)) = R11\o)ai-1$+ual f <p(t)eiwtdt\ 

+R12\ co«2-i^+co«2 f ^(t)eiutdt , (13) (a) 

G+(o)) = R2i\cca'-1^+cc0il J <p(t)eiutdt 

+R22\ o^tf+co** f ^(ty^dt . (13) (b) 

Now, for v<0, 

Thus 

H-(a ) )=- ( l - iXi ) f f + (co) , 

W r _(co)=-( l - i \ 2 )W r +(«) . 

*<p(t)dt, (10) 

F_(w) = — (l-^Xi)J?iJ w^-^+co* 1 . ! cp(t)ei(atdt 

~ (1-;X2)#12 CO«2-̂ / + CO«2 f ^ ( / ) e ^ ^ l (13)(C) 

5 E. C. Titchmarsh, Introduction to the. Theory of Fourier 
Integrals (Clarendon Press, Oxford, 1937), p. 48. 
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and 

GL(co) = - (1—iXi)JR2i| w^-^+a"1 f <p(t)e^dt 

- (l~iX2)^22 co^-i^+co«2 f #(*y«tf / l (13) (d) 

For any functions <p(t), \p(t) the transform equations 
(3) are satisfied and also F+, G+, F__, G _ - ^ 0 as u—> 

. . ± Q Q ' . . • • . 

Clearly, G+=0(1) as * ->+«>. . and F _ = 0 ( e H ) as 
v —-> — cc ; indeed these conditions were used to con­
struct H+ and W— However, the stronger conditions 

F+=0(e rM) as A - * + *>, 
and 

GL=0(1) as z ) - > - o o 

have not been used and as is easily seen for an arbitrary 
(random) <p(t), \l/(t), the construction of Eq. (13) gives 

i V - O ( l ) 

I t is just these stronger conditions that allow us to 
uniquely determine <p(t), \p(t), and we are left with a 
solution containing two unknown constants <£, ̂  which 
are then determined from the conditions 

F(—x\/ (x2—xi)) — G(—xi/ (%%—%ij) = 1 . 

As indicated above, we need to look at the equations 
for F+ and GL. The requirement that F+(w)~0(e-W) 
means that the inverse Fourier transform of F+(co), 
that is F(x), has no Fourier components less than 1; of 
course, that is how we obtained this condition. As a 
result, we must require that the inverse Fourier trans­
form of (13)(a) vanish for x<\. (It automatically 
vanishes for x<0.) I t is slightly more convenient to 
consider the function 

^V(«) = [ F + ( « ) / i 2 i i > - « 

Jo 

H 1 — + I yp(t)e^dt 1. (14) 
Rn\co Jo / 

Now, just as explained above, for F+(o)), the inverse 
Fourier transform of F+(<a) must also vanish for 0<x 
< 1 . Because the inversion is done in the upper half co 
plane imw>0, the inverse transform of l/co1+7 exists 
and equals 

xy/il+yT(l+y) X>Q 

0 x<0. 

Using this result and the rule that the inverse Fourier 
transformation of a product of Fourier transforms is 

the convolution of their individual Fourier transforms, 
we get 

0=-
$xy 1 fx 

I <p 00 (x—t) y~ldt 
i-yT(y) J* 

+ (Ris/RiJZ-i*-hKx)l, 0 < * < 1 , (15) 

where y = a2—ai. Likewise, if we invert 

G-or012 

- M l - * X i ) 
u~7 I <p(t)eil0tdt 

Jo 

R22/l-i\2\r* r1 1 

+—{'- ) - + I dte™y(t)L 
R2i\l-i\i/lo) J0 J 

we get (remember Imco<0 here) 

1 . f i 

-i)vT y) J„ 
R22 /1~~^X2\ 

+—( W(*), (16) 

where we have used the fact that the inverse Fourier 
transform of or? (Imo;<0) = 0 for x>0. 

Eliminating \f/(x) from Eqs. (15) and (16), we obtain 

-i^r-
Ri §xt 

R12^T (1+y) 

Ru 1 f rx 

i?i2^r(7)Uo 

- - [• vm-x)r-w\ (17) 
A Jx J 

where 

1 R2iRi2/l-i\i 

A R22R1 

/ l - * A l \ f _R2lRl2/l+X^y 

\l-i\2/(-i)y R22Ri\l+\22/ 

If we shift the range of integration in Eq. (17) to 
0 —> GO ? then transform techniques can also be applied 
to that equation. This is done by letting 

t=a/(l+a)y X=T/(1+T). 

Equation (17) then becomes 

cT 1 r00 

I <pi{<j){T-<r)y-ld(j I <£i(o-)(<7-r)T'-W<r 

R12 $ TV 

= i$ ^ r ( 7 ) ( l + r)'v-1 

Ru iyl+r 
(18) 

where 

&(*) = <p(a/(l+<r))ll/(l+<7)J+y. 

Equation (18) is a linear inhomogeneous integral 
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equation. If <p\y(<r) is a solution if only the ^ term 
appeared in the inhomogeneous term, and <pi$(o) a 
solution if the <£ term appeared alone, then the general 
solution is <pi(cr) = <pi$(a)-\-<piy(a)+arbitrary solution 
of the homogeneous equation. 

We then first calculate <pi*(<r). In the process of 
doing this, we will also see there are no solutions to the 
homogeneous equation. Let a= ru in Eq. (18), omitting 
the <£ term. Then 

r1 * r 
I <piy{Tu)(l — u)7-ldu I (pi^(ru)(u—l)y~ldu 

JQ A J I 
= i^(Ru/R11)iyT(y)r-y(l+r)y-1^h(r). (19) 

Now, if we take the Mellin transform of Eq. (19), it 
becomes an algebraic equation. Explicitly, define: 

J(\ 
<pi-$(u)du, 

-, l - 7 > R e s > 0 , 

7 < R w < l . 

G(s) = I u8-x{\-u)y-xdu I duus~l(u-l)y~l 

Jo A JQ 

_T(s)T(y) 1 T(l-s-y)T(y) 

" r(*+7) A r(i-s) 

Rn r(s-7)r(i-*) 
H(s) =i*—4yT(y) , 

Rn r ( i - 7 ) 

The Mellin transform F(s) of f(x) is defined as 

F(s) = f dxxs~lf(x)) 
Jo 

f(x) = ( a(t)b(xt)db, F(s)=A(l-s)B(s). 

then if 

Thus Eq. (19) becomes 

$i*(s)G(l-s) = H(s), (20) 

where H(s) and G(l — s) exist only for 7 < R e s < l . Now 

7rr(7)[sin7r(^—7)— (1/A) sin7rs] 
G ( l - s ) = 

Also 

where 

and 

For 

r ( s ) r ( l — s+y) smws sin7r(^—7) 

sin7r(^—7)— (1/A) simrs—D sinT(s—d/)) 

tanks' = -
sm7T7 

COS7T7— 1/A 

D= \e-
i7rv—l/A 

<tan7T7, 

7 < R e ^ < l , 0<y-8'<Re(s-8')<l-8'<l. 

Thus G(l — s) never vanishes in the region 7 < R e s < l 

and there are no solutions to the homogeneous equation 

$>i*-o(s)G(l-s) = 0, 
except 

$i*=o(s) = 0. 

For ^ O w e get the solution 

iriy+1R12c$cir(s-5') 
$ly(s) = -

D Rn T(l-y) 

Inverting Eq. (21) produces 
^ f r f i R12 T~8' 

(21) 

<P1^(T)~ 
T(l-y)DRnl+r 

or 
Rn W8' (l-tY'-y 

^ (f) = ir+i . (22) 
i ? n r ( i - 7 ) D 

Finally, using Eq. (15) to obtain fa(x), we get 

fib sin7T7 d z*1 

fa(x)= I dtt-*'(l-ty-y(t-x)y. (23) 
irAD dx Jx 

We can obtain <p$(t) and ip$(t) by noting that our 
original expressions in Eq. (13) for F+ and F_, G+ and 
G- are left unchanged by the interchange $ < - ^ ^ , 
<p(x)<r+\f/(x), Rn+->R12y R2i<-*R22, Xi<->X2, ai<->a2. 
Under such a substitution y<r->—y and A <-> 1/A and 
5'<r^> —5, where 

tan7r§=sin7T7/ (cos7T7+A). 

Thus we get 

H(t) = ih 

and 

Now 

and 

Rn ^5(1~07"5 

y 

R12T(l+y)\e"y-A\ 

$ sinnr d 

(24) 

w(l/A)\ei7ry-A\ dx 

X f dtt8(l-t)y~s(t-x)-y. (25) 

¥> (#) = <p$ (x) + <p* (x), 

If we insert the expressions from Eqs. (21) through 
(25) into Eq. (13), we get F+(w), F_(co), G+(co) and 
GL(o>). Inverting these Fourier transforms, we get the 
final formulas for F(x) and G(x), as shown below. The 
arbitrary constants <£, ^ are then determined by setting 

F(—Xi/(X2—Xi))~G(—Xi/(X2 — Xi))=l. 

The final results are listed below. Only the solutions 
for F(x) are explicitly given; the solutions for G(x) are 
easily obtained from the ones for F(x) by replacing Rn 
by R21, R12 by R22, and by multiplying the two single 
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integral terms by (R\2R21/R11R22). In addition, in going 
from F to G it is necessary to note the F solution for 
x>\ corresponds to the G solution for # > 0 , except 
that if %<1 in the G solutions, the upper limits on the 

Solutions 

(i) F o r x > l , 

integrations over dy should be x instead of 1. Similarly, 
the F solution for x < l corresponds to the G solution 
for # < 0 ; consequently this G solution has none of the 
modifications that F has in the range 0 < x < l . 

F(x) = Rn<S> \x~al 
sm7T7 1 lr d r1 d r1 

\\A— I dy(x-y)~al~ I dt (t~y)-n8(l-t) 
iTv — A\l dxJ0 dy Jy 

I dy (x-y)~a2yd(l-y)y-5 l+Ru^fl x~a2-
r ( l - a 2 ) dxJ0 J) I 

r ( l - 7 ) r ( l - a i ) d r \ sin7ry 

7T7 

1 

e^y-l/A 

r l d r1 dp1 

X I dy(x-y)~a*— I dt {t-y)n~8'{\~t) 
IA dx JQ dy Jy 

5 ' - 7 

r ( i + 7 ) r ( i ~ a 2 ) d c
l 

(ii) For x<l 
r ( l - a 1 ) dx J dy (x-y)~aiy-5'(l-y) 

0 

F(x)=Rn(l+^)^\ ( - » ) - « -

Vl+X!2/ 

sin7T71 1 

/ l + X 2
2 \ " r ( l - 7 ) r ( l ~ a i ) d cl 

r ( l - a 2 ) dx 

+ # i 2 ( i + x 2 W (-*)-«» 

7T7 \eivy 

011) ( 

a 

sin7T7 

L lr d r1 d r1 

\\A— I dy(y-x)~al— I dt {t-y)~nh{\-tY 
— A\LdxJx dy J„ 

dy»y 

I dy (y-x)~a*y8(1 -y)^~8 \ 

1 I r l d r1 d r1 

— ~ I dy {y-x)-«>— I dt(t-y)n-8'(l-ty'-
7T7 \eiirt-l/A\LA dx Jx dy Jy 

/ i + X i 2 \ ^ r ( i + 7 ) r ( i - a 2 ) d r i 

+ \1+X 2
2 / r ( l - a i ) dx 

I dy (y—x)-aly-8'(l—y)8'-v\ 

Note: If 0 < # < 1 drop terms (—x)~ai and (—^)_a2; 
if x<0 make lower limits on integrals over y zero 
instead of x. 

This discussion has all referred to the situation 
where X2>Xi>0. When one of the eigenvalues is zero; 
i.e., when XuX22=Xi2

2, then the equations can be 
uncoupled. The equation for Fi(x) is a simple Omnes 
type equation which is easily solved, and F2(x) 
= (\u/\u)Fi(x). In this case there is no solution which 
satisfies Fi(0) = F2(0) = 1 unless Xi2=Xn, much like the 
situation where the two nucleon state was neglected. 

When both eigenvalues X2 and Xi are less than zero 
the solution contains terms of the form $x~ai~l and 
yfrx~a2r~l which we anticipate would become poles in the 
physical problem. This requires we set * = ^ r = 0 . This 

gives us a null solution since the remaining terms are 
all proportional to <i> or ^ . 

If X2>0 and Xi<0, the same general method is 
applicable and the solution which again is quite involved 
contains terms of the form $x~ai~1 and ^x~a2. Based 
upon an analogy with the uncoupled case we then 
reject the terms proportional to $. However, for this 
case the homogeneous integral equation analogous to 
(18) (a) possesses a solution and so we are still left 
with two arbitrary parameters. Then we could satisfy 
the conditions F(0) = G(0)=1, if we accepted this 
solution. However, since it is now impossible to compare 
with the uncoupled case, we have no unambiguous way 
of determining whether this solution will give rise to a 
pole in the physical problem. I t is for this reason we 
have omitted detailed discussion of this case. 


