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A Heitler-London treatment is applied to the transfer mechanism which has been traditionally associated 
with the fundamental absorption of alkali halide crystals. In particular, detailed calculations are made for 
NaCl using the free atom Na 3s Hartree-Fock solution for the one-electron transfer function and the free 
ion Hartree-Fock solutions for the remaining one-electron functions. The energy and oscillator strength 
so determined are irreconcilable with experiment showing that the free atom Na 3s function cannot be used 
in conjunction with the transfer model if the model is to yield sensible results. In a very semiquantitative 
way it is shown that an electron-hole overlap integral of about 0.1 coupled with Overhauser's exciton model 
leads to a doublet structure which is in agreement with experimental results for many of the chlorides, 
bromides, and iodides. These findings do not distinguish the transfer model from the "excitation model." 

I. INTRODUCTION 

THEORETICAL studies of the fundamental ab­
sorption of alkali halide crystals have been based 

on two different models. The "electron transfer model" 
presupposes the primary absorption process to be the 
transfer of an outer shell electron from a lattice anion 
to a nearest neighbor cation, leaving the halogen atom 
in the ground-state configuration. Using this model, 
Klemm1 and von Hippel,2 within the limits of a classical 
approach, were able to obtain satisfactory agreement 
with the observed position of the absorption peak in 
most of the alkali halide crystals. The transfer model 
has been extended by Overhauser3 in a group theoretic 
treatment of the multiplet structure of exciton absorp­
tion lines. Dexter,4 in his calculations of the absorption 
cross section associated with exciton creation in NaCl, 
assumed localization of the excited electron in a 4? 
state on the same chlorine site as the hole, and has 
referred to this as the "excitation model."6 Muto and 
Okuno6 have studied this model in great detail for KC1 
and more recently it has been studied for the remaining 
alkali chlorides.7 Both models are subject to criticism. 
For example, in the work of Klemm and von Hippel 
questionable assumptions are made concerning the 
polarizability of the alkali and halogen ions and atoms. 
The work of Muto and Okuno is essentially an applica­
tion of the Wannier .theorem in which the dielectric 
constant and effective mass near the bottom of the con­
duction band play the role of parameters. Judicious 
choice of these parameters yields results in accord with 
experiment. However, the choice of parameters implies 
an electron-hole separation of about 2.5 Bohr radii 
which is by no means large relative to a lattice con-
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stant, so that validity of the Wannier theorem is ques­
tionable in this instance. 

On the basis of the excitation model, Muto et al.7 

have predicted a multiplicity exceeding the doublet 
structure. In their analysis, the Wannier functions 
describing the hole belong to the irreducible repre­
sentation IV (here the notation of reference 3 is used), 
while the excited one electron function is a basis for IY 
The singlet spin function of the electron and hole be­
longs to Ti, while the triplet spin functions belong to T±. 
The product representations are, therefore, 

ru xriXTi=r4, 
r4

/xrixr4=r1
,+r3,+r4,+r5

/. 
Since the perturbation operator for an optical dipole 
transition belongs to T4', we see that the excitation 
model (as applied by Muto, Oyama, and Okuno) will 
not yield a multiplicity exceeding the doublet structure. 

No treatment to date based on either model has taken 
into account exchange energy associated with the over­
lapping of the excited electron with its neighboring 
electrons. In Sec. I I , the electron transfer model is 
treated in the spirit of a Heitler-London approximation. 
The calculations are applied to NaCl using the free 
atom Na 3s Hartree-Fock8 solution for the one electron 
transfer function and the free ion Hartree-Fock9 solu­
tions for the remaining one-electron functions. Correla­
tion effects, other than exchange, are taken into ac­
count by a classical treatment in which the dielectric 
constant (K) of the material appears as a parameter. 
In the absence of overlap and exchange effects, and 
choosing K equal to its high-frequency value for NaCl, a 
value of 7.8 ev is obtained for the excitation energy. 
Agreement with the room-temperature value of 7.7 ev 
is fortuitous, however, since inclusion of overlap and 
exchange effects of the excited electron with its nearest 
neighbor Cl~ 3p and 3s electrons yields an excitation 
energy about 8 ev too high. These results indicate that 

8 D. R. Hartree and W. Hartree, Proc. Roy. Soc. (London) 
A193, 299 (1948). 

9 D. R. Hartree and W. Hartree, Proc. Roy. Soc. (London) 
A156, 45 (1936). 
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if the transfer mechanism is to yield sensible results, 
the transfer function must be either more localized than 
the free atom Na 3s function or have an oscillating tail 
which tends to reduce the overlap and exchange effects. 

These results leave open for criticism the conse­
quences of Overhauser's3 analysis; namely, that the 
fundamental band of an fee crystal should consist of a 
multiplet of five lines, while that of a bec crystal should 
consist of six lines. However, in his development it is 
necessary only that the excited one-electron wave 
functions located about the hole transform into each 
other under the symmetry operations of the cubic 
group. This leaves considerable freedom for the selec­
tion of the one-electron transfer function. Proceeding, 
therefore, on the premise that transfer is the primary 
mechanism involved in the absorption process, the model 
has been investigated in the following approximations. 

In Sec. I l l , the problem of total oscillator strength 
associated with the five exciton lines predicted for an 
fee crystal is discussed. Using the free atom Na 3s 
function for the transfer function and including its 
overlap with the nearest neighbor Cl~ 3p and 3s func­
tions as well as overlap between nearest and next 
nearest neighbor Na 3s functions, an oscillator strength 
of 5.2 is computed for NaCl. In view of the preceding 
results, the disparity between this value and the experi­
mental value of about l10,11 is not surprising. 

In Sec. IV, a semiquantitative study of chloride, 
bromide, and iodide structure is made by neglecting all 
overlap and exchange effects except those associated 
with the excited electron and its nearest neighbor outer 
p shells. The overlap, a, between the transfer function 
and its nearest neighbor outer shell functions is treated 
as a parameter in the sense that all Coulomb and ex­
change interactions involving overlaps of the transfer 
function with neighboring p electrons are assumed pro­
portional to a; the proportionality constant being deter­
mined from the results obtained using the free atom 
Na 3s function and the chlorine ion 3p functions. Ex­
perimental values for the spin-orbit splitting of the 
ground-state configuration of the halogen atoms are 
used in conjunction with the spin-orbit term of the 
Hamiltonian. The polarization correction is assumed to 
be a multiple of the unit matrix, and therefore does not 
contribute to structure. Within the limits of these 
approximations and choosing a=0.1, agreement is found 
for the doublet structure observed in the chlorides, 
bromides, and iodides. For NaCl this choice of a yields 
an oscillator strength of 0.8. 

II. ELEMENTARY TRANSFER PROCESS 

Consider a localized excitation in cell L of a NaCl 
crystal having N unit cells. The excited electron can be 
localized on any one of the six nearest neighbor Na + 

10 P. L. Hartman, J. R. Nelson, and J. G. Siegfried, Phys. Rev. 
105, 123 (1957). 

11 J. Hopfield, thesis, Cornell University, 1958 (unpublished). 

ions and may have either ( + ) or (—) spin. These will 
be represented b y xi*, Xi^, y ^ , VL*, ZL^ ZL^ where 
the barred and unbarred quantities are on opposite 
sides of the CI - ion, the superscripts denote spin, and 
the subscript L denotes unit cell location of the hole. 
The one-electron functions appearing in the ground-
state wave function of the crystal will be designated by 
v. The Cl~3^ functions (taken to be polarized along 
the cubic axes) at cell L will be denoted by x^, y^, SzA 
The CI" 3s functions at cell L will be denoted by s^-

Suppose that the electron occupying the JL+ state is 
excited to an X1+ state. The crystal wave function corre­
sponding to this excitation will be written as 

$=B'xL+(l)yL-(2), (2.1) 
where 

B' = A/(28Nl)*, (2.2) 

£yL-(2) = ^-(2)xL+(3)xL-(4)sL+(5) 

X2iT(6) n lv(r,)l. (2.3) 

In the above, TLP^ZPL v{rv) represents the product of 
one-electron functions excluding the Cl~~ 3p shell at cell 
L, and A is the antisymmetrization operator. The wave 
function $ is now regarded as an approximate eigen-
function of the Hamiltonian 

H=Y,Hi+h £ H^+ZHi', (2.4) 
i ijh^i i 

where 

p -2 ZG e2 

ff,=—-*»£—; Hik= — ; # / = f ( ; ) L r S ; . 
2m o riG rik 

Kinetic, Coulomb, and spin-orbit energies are repre­
sented by (2.4). Ionic motion is neglected. Before writ­
ing out explicitly the inner product (<£>| #!<£>), it is 
convenient to use the Schmidt orthogonalization pro­
cedure and replace the excited electron wave function by 

r 2 ,±=7L ± -E ,<7L ± | i ' > i ' , (2.5) 
where 

7 L ± = ^ ± , XL*, yL±, Up*2, zi*, ZiA 

Thus, (2.5) stands for 

XL^—XL61—HV (#L ± | J ' )* ' , etc. 

In our approximation, the sum in (2.5) is over those 
Cl~ 3p and Cl~3s wave functions which are centered 
about the six ions neighboring the neutralized alkali. 
We define 

a=(xL
±\xL±), (2.6) 

/3=<*L±|3fL±>. (2.7) 

Direct calculation gives a = 0.219 and /3=0.232. Since 
the remaining overlaps are on the order of 0.05 or less, 
it is felt that by including the a and £ overlaps we have 
considered (as far as exchange effects are concerned) 
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the important contributions. I t is to be noted that 

^=BfxL+yL-=BfXL^L-, (2.8) 

because of the exclusion principle. I t is now a straight­
forward procedure to show that the energy associated 
with the wave function ($) minus the ground-state 
energy is 

E=-M(y;y)+(l/p) 

XlM(X;X)-C(X;X)+I(X;Xny (2.9) 
where 

p = l - 6 ( a 2 + 0 2 ) , (2.10) 

M(V;V^ = Y,v((v^H12\r]'±v)-(V±v\H12\vv'±)) 
+<1?±|ff1|1?'±>l (2.11) 

C(ii; i|0 = <^±3?±l^i2|i|/±y±> = <i|±yd=l^i2|i?/±3^^ (2.12) 

Hv; v')=(^ IH1215 V±>={^FI ^»IJV T ) , (2.13) 

<flJ|JBPi2|rf>= f fa*(l)b*(2)H13fi(l)d(2)dTidn. (2.14) 

Where the asterisk denotes the complex conjugate 
transpose and the integrals imply integration over 
spatial coordinates and summation over spins. The 
terms in (2.9) are easily identified. Minus M(y;y) is 
the energy required to remove a CI" 3p electron from 
the crystal to infinity. The quantity (\/p)[M(X\X) 
—C(X;X)2 apart from the contributions of overlap 
effects, represents the energy release associated with 
taking the infinitely removed electron and placing it in 
a 3s state on a Na + site which has had one of its nearest 
neighbors neutralized. The term (l/p)I(X;X) is re­
lated to the electron-hole exchange energy. 

In the absence of overlap and exchange, evaluation 
of (2.9) gives 

£ = 1 0 . 4 e v . (2.15) 

Evaluation with overlap and exchange included gives 

£ = 2 3 . 2 ev. (2.16) 

The disparity between (2.15) and (2.16) has its origin 
in the following term which occurs in the expansion of 
(\/p)M{X]X). 

(l/p){-13|8C<^|£ri(3f) |^> 

+ Z / ( ^ + H ^ i 2 | ^ ) ~ ^ + H ^ i 2 | ^ + » ] 

- (s+p | H121 * > s + » ] } ~ - (6p/p)(s+ \HF | s+) 
= 16.4 ev. (2.17) 

HF is the Hartree-Fock operator for the Cl~ ion about 
which the function s is centered. The prime on the 
summation over v signifies that the sum is to include 
only those functions centered about the same site as s 
and Hi(s) implies the one-electron operator associated 
with the nucleus G about which the function s is lo­
cated. The term (2.17) may be regarded as the inter­

action between an exchange hole and the Cl~ ion; 
proximity of the hole to the Cl~ nucleus giving rise to 
an overwhelming repulsive energy. 

To illustrate that the inordinately large energy given 
in (2.16) is not peculiar to the elementary transfer func­
tion 3>, we list the corresponding energies for the other 
elementary transfer functions which would be expected 
to yield energies different from $. 

B'xL
+cyL+--23.2ev, 

£'xL+9Czr---21.4ev, 

£'tfL+9CL+---20.4ev. 

I t is clear that the large energy represented by (2.16) 
is not peculiar to $. The degeneracy between B'XI+^LT 
and B'XI+^L* is accidental. 

Calling (a>e,Ve) and (m,Vh) the charge density and 
vacuum potential associated with the electron and hole, 
respectively, the polarization energy released during 
the transfer process is estimated as follows: The elec­
tron-hole pair is assumed to be initially in a vacuum 
infinitely removed from the NaCl crystal which is 
treated as a large homogeneous isotropic dielectric 
(dielectric constant /c). If the electron-hole pair is now 
introduced into the dielectric, the resultant decrease in 
electrostatic energy (i.e., Coulomb interaction plus 
self-energies) is just the polarization correction which 
must be applied to (2.15) and (2.16) to account for the 
polarization energy released by the lattice during the 
absorption process. This polarization correction is 

P=-(--l}f(<*eVe+mVh+2«*eVh)dT. (2.18) 

In the absence of overlap and exchange and choosing 
K = 2 . 2 5 (the high-frequency value for NaCl), the po­
larization correction becomes P=—2.6 ev. Combining 
this with (2.15) gives an excitation energy of 7.8 ev. 

When overlap and exchange are included, the calcula­
tion of (2.18) becomes much more difficult because the 
normalized orbital of the excited electron has the 
complex form 

X2 1 3 6 6 6 
— = - ( x 2 - 2 a £ x0i+2a £ xSi+c? £ W - 2 0 £ xSi 

p p i=l i—4. i—1 i—l 

+/32 E 3?+2a0 Z Mi- 2a/3 £ Mi), (2.19) 
i=\ i=l i=i 

where 0; represents either xiy y^ or Zi and the indices 
i= 1 to 6 label the six sites neighboring the site about 
which the Na 3s function is centered (i=l, 2, 3 are 
taken to be the sites for which (x\$i) = a and i = 4 , 5, 6 
those sites for which (x\8i)=—a). We shall make the 
simplifying assumption that (2.19) represents six equal 
charges each having the value — (a2+/32)/p, in units of 
the electron charge, symmetrically spaced about the 
charge 1/p. To estimate the self-energy associated with 
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each of the charges — (a2+/32)/p, it is further assumed 
that the charge is distributed uniformly throughout a 
sphere of radius r8. Finally, interactions between the 
charges centered about i~\ to 6 as well as the inter­
action between these charges and the charge 1/p are 
approximated by replacing the distributions by point 
charges. The polarization correction then assumes 
the form 

P ~ ( 1 0 . 2 + 6 . 7 / f . ) ( l A - l ) , (2.20) 

where P is in electron volts and rs is to be expressed in 
Bohr radii. Choosing K= GO, a choice which gives maxi­
mum correction, it is found that a value of rso^.l.3 Bohr 
radii is necessary to bring (2.16) into agreement with 
experiment. Now the self-energies of the individual 
charge distributions contributing to the charge situated 
about each of the sites i= 1 to 6 have been determined 
along with their radii r (i.e., r as determined by assum­
ing the charge is uniformly distributed throughout a 
sphere). These radii are listed below: 

Charge density 

(l/p)a2xx 
( I / P F J J 
(l/p)2axx 
(l/p)2#*5 

r (Bohr radii) 

2.49 
2.16 
2.61 
3.06 

These calculations indicate that the charge distribu­
tions contributing to the charge situated about each 
of the sites i—1 to 6 are not sufficiently localized to 
make the value of rc^l.3 seem reasonable. Moreover, if 
a more palatable choice of K were used, such as K= 2.25, 
a totally unreasonable value of rsc^0A is necessary to 
bring (2.16) into agreement with experiment. A reason­
able value of rs would appear to be ~ 2 . 5 . Using this 
figure and taking K = 2 . 2 5 gives an excitation energy of 
16 ev. I t must be concluded, therefore, that the simple 
electron transfer model in which the excited electron 
function is taken to be the free atom Na 35 function 
leads to results which are irreconcilable with experi­
ment. This conclusion is corroborated by the oscillator 
strength calculation given in the following section. 

III. OSCILLATOR STRENGTHS 

Defining B=A/[_(2SNl)W] and Pn (w=l-5) to be 
the normalizing constants, the five exciton functions ^n 

formulated by Overhauser3 may be written as follows: 

B 
* i = - — - E (sL+yL--siryL+), , (3.1) 

(12Pl)* L 

B 
* 2 = — — E (tL+yir-tL-yL+), (3.2) 

2(6P2)^ L 

B 

^3= E (sL+Xir+sL-xL
+ 

2(6p3)* L 
+sL+dL

+-sL-dL-), (3.3) 

B 
^ 4 = — E (uL

+XL-+uL-XL
+ 

4(3p4)* L 
+vL+dL+-vL-dL-), (3.4) 

B 
^ 5 = E (CWL+VCL-+WL-XL+ 

4(p5)* L 
+rL+dL+-rL-dir), (3.5) 

where 

r=(y+y)-(x+x), (3.6) 

s= (x+x+y+y+z+z), (3.7) 

t=2(y+g)-(z+z+x+x), (3.8) 

u=2(x+x)~ (y+y+z+z), (3.9) 

V=2(z+z)-(x+x+y+y), (3.10) 

w=(y+y) -(z+z). (3.11) 
A quantitative study of structure requires finding 

those linear combinations of (3.1) through (3.5) which 
diagonalize H. However, the total oscillator strength 
associated with the five exciton lines can be computed 
without knowledge of the eigenstates. The total oscil­
lator strength associated with the five exciton states is 

2m 5 5 
/ = — E &\<L *»**»!£ r, |¥0>|2 . (3.12) 

fl2 X=l n=l i 

Here, ^o is the ground-state wave function of the 
crystal, E n ccn^n is the eigenfunction of H correspond­
ing to the eigenvalue Ex , and E° is the energy difference 
between the energy Ex and the ground-state energy. 
The energy E° is taken to be 7.7 ev for each of the 
exciton lines. In addition to including the a and j3 
overlaps, we shall also include in the calculation the 
overlaps 

s={;\i (3.i3) 
y=(x\x) 

Direct calculation gives 5 = 0.359 and 7=0.144. Using 
(3.1) through (3.5) it can be shown that for the overlaps 
considered 

m 
• M i = < ¥ i | £ r, |¥o>= [ 4 e i + 8 e 2 > , (3.14) 

M2 = <*2|Er*l*o>=-

(12PI)* 

(24p2)i 

M n = <¥n|Ei\- |*o> = 0 » = 3 , 4 , 5 , 

LSQ1-SQ2]u, (3.15) 

(3.16) 

Q1=(y\r'u\y)-p(s\r'u\y)J (3.17) 

Q2=(x\r'u\y)-p{s\r-u\y), (3.18) 

p 1 = l + 4 5 + 7 - 5 a 2 - 1 5 i S
2 ; 

p 2 = l - 2 5 - 5 a : 2 - 3 / 3 2 . (3.19) 

In the above, u is a unit vector in the y direction. 
Using (3.14), (3.15), and (3.16), it is a simple matter to 
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reduce (3.12) to the form 

/ SmEf(Q1+2Q2y 2(Q1-Q2y] 
~ = -+ . (3.20) 
N 3¥ L pi p2 J 

Direct evaluation gives 

Pi=1.53, p2=0.025, (3.21) 

Q1== +0.604, Q2= +0.334. (3.22) 

Inserting these values in (3.20), we obtain the value 
5.2 for the total oscillator strength per unit cell. This is 
in gross disagreement with the experimental value of 
~ 1 . 

Taking the transfer function equal to the free atom 
Na 3s function and including the 8, y overlaps, Dexter6 

has calculated the total oscillator strength associated 
with the exciton lines to be 1.585. The discrepancy be­
tween this value and the present value of 5.2 is due in 
part to the effect of the a, ($ overlaps on the normaliza­
tion constants pi and p2 and in part to the effect of the 
/3 overlap on the matrix elements Qi and Q2. While 
Dexter?s value for the total oscillator strength leaves 
open to question the applicability of the free atom Na 3s 
function as the transfer function, the present value 
demonstrates quite conclusively its inadequacy. 

IV. STRUCTURE 

We now find the linear combinations of (3.1) through 
(3.5) which diagonalize the Hamiltonian given in (2.4). 
Such combinations will be an improvement on the 
simple electron transfer functions investigated in Sec. II 
because they incorporate the symmetry demands of the 
lattice and satisfy as well the requirements for an 
optical dipole transition from the crystal ground state. 
However, they will at best still be approximate solu­
tions, since a one-electron approximation is made. We 
write 

H En an^n=E* En an^n. (4.1) 

Taking the inner product of (4.1) with ^m yields 

I n ( £ r m n - ^ X p m n ) ^ X = 0 , ( 4 . 2 ) 

where Hmn are the matrix elements of H in the space 
defined by the functions (3.1) through (3.5). This is a 
secular equation of order five which will yield five eigen­
values and five associated eigenvectors. Writing 

fl^r^d-* E Hik, (4.3) 

the matrix elements of 77' are most easily derived by 
replacing x by X, y by F, etc. (where X, F, etc., are 
denned in 2.5), in (3.6) through (3.11). This substitu­
tion does not alter the wave functions (3.1) through 
(3.5) because of the exclusion principle and because it 
is only the combinations (x+x), (y+y), and (z+z) 

which occur. The matrix elements Hmn' are listed below. 

HK'=G-M(5\ y)+(l/pi)\:W(X+X_; X+X) 
+W(X; Y)-\C(X+X;X+X) 
- | C ( F + F ; F+F)-(8/3)C(X; F)-fC(X;Z) 
+§7(X+X; X+X)+|7(F+ F; F+ F) 
+ (16/3)7(X; F)+ (8/3)1 (X; Z)+iZ>J, (4.4) 

H22'=G-M(y; 5D+(l/p2)[§M(X+X; X+X) 
-2M(X; F)- |C(X+X; X+X) 
- | C ( F + f ; F+F)+(8/3)C(X; F)-§C(X;Z) 
+§7(X+X;X+X)+f7(F+F; Y+Y) 
-(16/3)7(X; F)+|7(Z;Z)+|Z?2 

-fD,+'4l>«], (4.5) 

HiZ'=G-M(y; y)+(l/Pl)lW(X+X_; X+X) 
+4M(X; Y)-iC(X+X;X+X) 
- | C ( F + F ; F+F)-(8/3)C(X; F) 

- |C (X ;Z ) ] , (4.6) 

Hu'=G-M(y; y)+(\/Pi)[_W(X+X; X+X) 
-2M(X; Y)-IC(X+X;X+X) 
-\C(Y+7; F+f)+(8/3)C(X; Y) 

- |C(X;Z)] , (4.7) 

H&&'=G-M(y; y)+ ( l / P 2 ) f lM(I+l ; X+X) 
-2M(X; Y)-iC(X+X;X+X) 

+2C(X;Z)], (4.8) 

ff12'=tf21'=[l/(2plP2)i][iC(X+X;X+X) 
-\C(Y+Y; F+F)-fC(X; F)+fC(X;Z) 
-§7(X+X;X+X)+f7(F+F; Y+Y) 
+ (8/3)7(X; F ) - (8/3)7(X; Z)+§£>2 

+|7?3-|7?4], (4.9) 

Hu'=Hu'= [l/(2plP2)i]CiC(X+X; X+X) 
-\C{Y+Y;Y+Y)-±C(X;Y) 

+C(X;Z)]. (4.10) 

In the above, G is the ground-state energy of the crystal, 
MM), C(v,v'), and I(v,v') are given in (2.11), (2.12), 
and (2.13), respectively; pi and p2 are given in (3.19). 
Also 

Di= Z exp(;K-L)<(Xo+Xo+F0+Fo+Z0+Zo)5^ 

X|77i2 |yo(X i+XL+FL+FL+Z i+Z i)) (4.11) 

# 2 = £ exp(iK-L)<(Fo+F0)yi 

X\Hn\y0(YL+?L)), (4.12) 

I>3=E exp(iK-L)((F0+Fo)5'L 

X|77X2|5!o(Xi+Xi+ZL+Zi)), (4.13) 

7J>4=£ exp(tK-L)((X0+Xo+Zo+Zo)yL 

X\HK\y«{XL+XL+ZL+ZL)). (4.14) 
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The terms (4.11) through (4.14) occur because the wave 
functions are excitons. Here it is necessary to retain 
the phase factor exp(^K-L) (K equal the photon wave 
number) since these terms represent dipole-dipole inter­
actions which in the absence of a phase factor would be 
volume dependent. We have used the results of Heller 
and Marcus12 to evaluate these dipole-dipole inter­
actions and have assumed K to be normal to the dipole 
moment associated with the charge overlaps which 
occur in the terms Dh D2, D$, and D± (i.e., transverse 
excitons have been assumed). 

The matrix [p w J is readily shown to be equal to the 
unit matrix. Finally, the spin-orbit matrix given below 
has been derived by Overhauser.3 
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Here X is the spin-orbit splitting parameter of the 
ground-state configuration of the halogen atom. These 
results for the matrix elements Hmn, as well as the re-
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F I G . 1. Relat ive intensity, Rm, of the alkali chloride exciton 
lines and their energy separations, em, plotted for values of the 
overlap integral, a, equal to 0.05 and 0.10. 

12 W. R. Heller and A. Marcus, Phys . Rev. 84, 809 (1951). 

suit of the unit matrix property of [p w J could be used 
in a calculation which included the four major overlaps 
(a, /?, 7, and 5) and their associated exchange effects. 
However, it is clear from the results of Sees. II and III 
that such a calculation would yield absurd results if 
the free atom Na 3s function were used for the transfer 
function. We will investigate the structure assuming 
that it is only the overlap of the excited electron with 
its nearest neighbor outer p shells which is important. 
We shall also assume that the "jump" frequency of the 
excited electron about the hole is of the same order of 
magnitude as the frequencies of the atomic electrons so 
that they will be able to follow the motion of the 
excited electron. We also assume that the exciton 
propagates so rapidly that the ions cannot follow the 
disturbance. The polarization correction then becomes a 
multiple of the unit matrix and does not contribute to 
structure. The overlap a between the excited electron 
function and its nearest neighbor outer shell p func­
tions is treated as a parameter in the sense that all 
Coulomb and exchange interactions involving overlaps 
of the transfer function with neighboring p electrons 
are assumed proportional to a; the proportionality con­
stant being determined from the calculations per­
formed in establishing the results of Sec. II. Within the 
limits of these approximations the only dependence on 
lattice parameter (as far as exciton structure is con­
cerned) enters into the matrix elements W through the 
combination [C{Y\ F)—C(X; X)] which can be shown 
to a good approximation to vary as l/a0

z (#o being the 
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F I G . 2. Relative intensity, Rm, of the alkali bromide exciton 
lines and their energy separations, eTO, plotted for values of t he 
overlap integral a, equal to 0.05 and 0.10. 
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lattice constant). The difference [ C ( F ; F ) - C ( X ; X ) ] 
for an average bromide and iodide can then be inferred 
from the results for the NaCl lattice (for which the 
difference equals 0.06 ev). Inserting the spin-orbit 
splitting parameter for CI, Br, and I in (4.15), the 
secular equation (4.2) has been solved for a=0.05 and 
a = 0.10. The results are shown in Figs. 1 through 3. 
The ordinate Rm, a measure of line intensity, is defined 
as follows: From (3.14), (3.15), and (3.16) and recalling 
that in the present case pi=p2, the square of the dipole 
matrix element connecting the Xth eigenstate and the 
ground state is readily found to equal 

| AfX|«= (4tf/3pi)| (Q1+2Q2W 
+(2)*(ei -e*)*2 x i 2 - (4.16) 

In the present case & and Q2 are calculated from (3.17) 
and (3.18) to be 

Qi=(y\t'u\y) = 0.S32, (4.17) 

e 2 = < * | r - u | 5 H 0 . 5 6 2 . (4.18) 

Inserting these values in (4.16) gives 

I Jf* I *= (4N/3pi) 11.96a ix+0.382a2
x |2. (4.19) 

We have taken the quantity i C = 11.96^+0.382a 2
m j 2 

as a reasonable measure of relative intensity and this is 
plotted as the ordinate in Figs. 1 through 3. 

For a=0.05 , Fig. 1 shows two intense lines separated 
by 0.09 ev, the higher energy line being the more in­
tense. The case a=0 .10 shows the two lines separated 
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FIG. 3. Relative intensity, Rm, of the alkali iodide exciton lines 
and their energy separations, em, plotted for values of the overlap 
integral, a, equal to 0.05 and 0.10. 
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FIG. 4. Hartman's Nelson's, and Siegfried's low-temperature 
reflectivity measurements for NaCl and KCI. 

by 0.16 ev and the ratio of intensity of the higher 
energy line to the lower to be 8:1. In both cases there 
are less intense higher energy lines. The feature of two 
relatively intense lines separated by the spin-orbit 
splitting of CI agrees with the results of Hartman et al.,10 

shown in Fig. 4. The doublet separation as determined 
from their curves is 0.14 ev. Choosing a=0.10, placing 
p 1 = P 2 = l - 5 a 2 in equation (3.20) and assuming Qx and 
Q2 to be proportional to a [ the proportionality con­
stant being determined from (4.17) and (4.18)] gives 
a total oscillator strength of 0.8 for NaCl which is in 
reasonable agreement with Hopfield's11 analysis of 
Hartman's experimental results. 

For a=0.10 the bromide structure shown in Fig. 2 
consists of two relatively intense lines separated by the 
spin-orbit splitting of Br which agrees with the room-
temperature measurements of Hilsch and Pohl.13 

The results shown in Fig. 3 may be compared with 
Martienssen's14 experimental absorption curves for the 
iodides shown in Fig. 5. Both cases (a=0.05 and a 
= 0.10) agree reasonably well with Martienssen's re­
sults for N a l and KI . However, splitting of the high-
energy component in Rb l is not explained. Goodman 
and Oen,16 without giving details, have reported calcu­
lations of the structure for N a l and Csl to be expected 
on the basis of Overhauser's model. For the fee crystal 
they have given a doublet structure similar to that 
shown in Fig. 3. 
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FIG. 5. Martienssen's transmission measurements for the iodides. 

is R. Hilsch and R. W. Pohl, Z. Physik 59, 812 (1930). 
14 W. Martienssen, J. Phys. Chem. Solids 2, 257 (1957). 
15 B. Goodman and O. S. Oen, J. Phys. Chem. 8, 291 (1959). 
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The rather general feature of two relatively intense 
lines indicated by our results may be explained on the 
basis of Eq. (4.19). This shows that the pure "s" state, 
\pi, will have a dipole matrix element squared which is 
about 25 times that for the pure "d" state, ^2. When 
the Coulomb and exchange matrix elements which con­
tribute to structure are small relative to the spin-
orbit matrix elements, the direct coupling between \p\ 
and ^3 by virtue of the spin-orbit matrix gives rise to a 
doublet structure separated in energy by an amount 
comparable to the spin-orbit coupling of the halogen 
ion. If, on the other hand, the Coulomb and exchange 
matrix elements which contribute to structure are large 
relative to the spin-orbit matrix elements only one 
intense line would be expected on the basis of Eq. 
(4.19). This, for example, is what is found for the 
chlorides if a is taken equal to 0.219. 

V. CONCLUSIONS 

The energy of the near ultraviolet absorption in NaCl 
as calculated on the basis of the elementary transfer 
model using the Hartree-Fock free atom Na 3s function 
for the transfer function is irreconcilable with experi­
ment. The total oscillator strength, as determined using 
the exciton functions formulated by Overhauser3 in 
conjunction with the undistorted Na 3s function for 
the transfer function is approximately five times the 
experimental result.10,12 It must be concluded, therefore, 
that the undistorted free atom Na 3s function cannot 
be used for the one electron transfer function if the 
transfer model is to yield sensible results. 

In a very semiquantitative way we have shown that 
an electron-hole overlap integral of about 0.1 yields 
agreement with the doublet structure observed in 
many of the chlorides, bromides, and iodides and a 
total oscillator strength in NaCl of about 0.8 which is 
in reasonable agreement with the experimental value 
of approximately one.10,11 It is apparent that these con­
siderations do not distinguish the transfer model from 
the "excitation model." 

In view of the semiquantitative nature of Sees. IV 
and V, it is clear that reliable results can be obtained 
only if the transfer function is determined in a rigorously 

consistent way. This is a very complicated correlation 
problem, complicated not only by electronic polariza­
tion but also by lattice polarization in a way similar 
to the polaron problem.16 When considering the problem 
of line intensity, this requirement on the accuracy of 
the transfer function becomes even more demanding 
since oscillator strengths depend more sensitively on 
the wave function than energy. Work has been reported 
on a quantum mechanical calculation of the exciton 
peak in NaCl using the elementary transfer model.17 

However, numerical details of the one electron transfer 
function incorporated in the calculation have not, to 
the author's knowledge, been published. 

In carrying out the calculations of the foregoing 
sections, extensive use has been made of the techniques 
developed by Lowdin.18 
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Note added in proof. Since the completion of this work 
two particularly relevant papers have appeared: 

(i) R. S. Knox and M. Inchauspe19 discuss similar 
aspects of the "excitation" and "charge transfer" 
models. 

(ii) Eby, Teegarden, and Dutton20 give measured 
absorption spectra of the alkali halides, with the ex­
ception of LiF, at room temperature and 80°K in the 
region from 1100 A to 2500 A. 

16 H. Haken, Z. Physik 147, 323 (1957). 
1 7 1 . M. Dykman and A. A. Tsertsvadze, J. Exptl. Theoret. 

Phys. (U.S.S.R.) 34, 1319 (1958) [translation: Soviet Phys.-
JETP 34(7), 910 (1958)]. 

18 Per-Olov Lowdin, Some Properties of Ionic Crystals (Almqvist 
and Boktryckeri AB, Uppsala, 1948). 

19 R. S. Knox and M. Inchauspe, Phys. Rev. 116, 1093 (1960). 
20 J. E. Eby, R. J. Teegarden, and D. R. Dutton, Phys. Rev. 

116, 1099 (1960). 


