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Fundamental differential equations are derived under the 
unrestricted approximation of electrical neutrality that admits 
trapping. Applied magnetic field is taken into account. The general 
transport equations derived hold without explicit reference to 
detailed trapping and recombination statistics. Modified ambi-
polar diffusivity, drift velocity, and lifetime function, which 
depend on two phenomenological differential "trapping ratios," 
apply in the steady state. The same diffusion length is shown to 
hold for both carriers, and a general ' 'diffusion-length lifetime" 
is defined. Mass-action statistics are considered for cases of (one 
or) two energy levels. Certain "effective"—rather than physically 
proper—electron and hole capture and release frequencies or 
times that apply to concentration increments are defined, and a 
restriction from detailed balance to which they are subject is 
derived. Found widely useful is "capture concentration," the 
concentration of centers at equilibrium that are occupied times 
the fraction unoccupied. Criteria are given for minority-carrier 
trapping, recombination, and majority-carrier trapping, and for 
"shallow" and "deep" traps. Applications of the formulation 

include: the diffusion-length lifetime corresponding to the 
Shockley-Read electron and hole lifetimes, and that for recom­
bination centers in the presence of (nonrecombinative) traps; 
linear and nonlinear steady-state and transient photoconductivity; 
the photomagnetoelectric effect; and drift of an injected pulse. 
The small- and large-signal nonlinearities that may occur with 
saturation of deep traps provide a single-level model for super-
linearity. Photomagnetoelectric current is found to be decreased 
by minority-carrier trapping, through an increase in diffusion 
length. A simple general criterion is given for the local direction 
of drift of a concentration disturbance. With trapping, there may 
be "reverse drift," whose direction is normally that for the opposite 
conductivity type. With solutions of one type obtained for drift 
of an injected pulse, multiple trapping ultimately results in 
Gaussian mobile-carrier distributions which spread as if through 
diffusion and which drift at a fraction of the ambipolar velocity. 
With solutions of another type, related to reverse drift is the 
occurrence of local regions of mobile-carrier depletion which may 
in practice extend over appreciable distances. 

1. INTRODUCTION 

THE space charge associated with carrier injection 
in homogeneous semiconductors is frequently 

quite negligible, and, in phenomenological transport 
theory, implications of this local electrical neutrality 
have been worked out in some detail. However, the 
simple neutrality condition widely employed'—that 
of constant excess of one mobile-carrier concentration 
over the other—is a restricted one that applies as an 
approximation in some cases. Upon injection, changes 
generally occur in concentrations of fixed charges 
associated with various impurities or crystal imper­
fections, including those on which equilibrium conduc­
tivity and those on which equilibrium lifetime, as a 
rule, largely depend. In a general sense, these concen­
tration changes constitute trapping. Extending results 
previously reported,1 this paper gives general ambipolar 
theory based on the unrestricted neutrality condition 
that admits trapping, with some theoretical appli­
cations to problems in transport and photoconduc­
tivity.2 

In Sec. 2, fundamental differential equations are 
derived that take into account diffusion, drift, recom­
bination and trapping and include an applied magnetic 
field. This section also contains: a specialization to the 
steady state, which exhibits how trapping (of arbitrary 
statistics) modifies recombination and the transport 
processes; definitions of certain "effective" frequencies 
and times that properly characterize trapping and 
recombination as they apply to concentration incre-

1 W. van Roosbroeck, Bull. Am. Phys. Soc. 2, 152 (1957). 
2 For a more detailed and extended treatment with further 

applications, see: W. van Roosbroeck, Bell System Tech. J. 39, 
515 (1960). 

ments above thermal equilibrium; certain fundamental 
relations from detailed balance; and criteria for classi­
fying centers with respect to their trapping and re­
combination properties. 

In Sec. 3, the general ambipolar formulation is 
applied to investigate trapping in various connections. 
From theory for the steady state, diffusion lengths and 
lifetimes are evaluated, and the influence of trapping 
on the photomagnetoelectric (PME) effect is deter­
mined. Small- and large-signal steady-state nonlineari­
ties are analyzed. A treatment of transient photocon­
ductivity is given; the present formulation provides 
results of comparative formal simplicity. This treatment 
involves a formalism that recurs in the theory of time-
dependent transport. An analysis is given of such 
transport, namely, the drift with trapping of an 
injected pulse. 

2. GENERAL FORMULATION 

The formulation is accomplished in two stages: In 
Sec. 2.1, general differential equations for the transport 
are derived along the lines of previous treatments.3,4 

These equations involve no specific reference to the 
detailed trapping and recombination statistics. In Sec. 
2.2, the formulation is completed with equations for 
the time rates of change of concentrations of trapped 
carriers. 

2.1 The Transport Equations 

The unrestricted neutrality condition is that the 
total concentration of positive charges, the sum of the 

3 W. van Roosbroeck, Phys. Rev. 91, 282 (1953). 
4 W. van\Roosbroeck, Phys. Rev. 101, 1713 (1956). 
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concentration p of mobile holes and the concentration 
p of all fixed positive charges, is equal to the corre-
ponding concentration of negative charges: 

m^=p-\-p=n+n. (1) 

For the total concentration m, two forms of continuity 
equation may be written which are extensions of the 
familiar (nonambipolar) continuity equations for holes 
and for electrons that apply for no trapping: 

dm/dt=dp/dt+dp/dt= -e~l divIp+g-(Rm 

= dn/dt+dil/dt=e-1 divIn+g-(Rm. (2) 

Here, Ip and I n are the hole and electron current 
densities, and the volume generation rate function g is 
that for interband excitations. The volume rate (Rm is 
associated with trapping and recombination. I t depends 
directly only on the various concentrations and not 
explicitly on coordinates and time; (Rm plus dp/dt and 
dn/dt, respectively, gives volume rates (Rp and (R„ for 
p and n. The use of the same volume rate (ftm in each 
of Eqs. (2) is consistent with the neutrality condition 
and with the condition5 

div l=0 , I = I p + I n , (3) 

which applies in regions containing no sources or sinks 
of (total) current. 

Hole and electron current densities that include 
the effect, for small Hall angles 6P and 0„, of steady 
applied magnetic field are given by6 

LP
=LP -\-upLp X&, ,.v 

where k is a unit vector in the direction of the magnetic 
field and Ip* and Iw* are defined by7 

Ip*=<rpE—eDpgradp, 

In*=o-nE+^Z)n grad^. 

Equations (4) and (5) hold under the assumption of 
Boltzmann statistics. They result in 

— divlp = — div (<TpE)+eDp div grad^> 
— 0p[grado-p,E,k] = divl«= div(crnE) 

+eDn div gradw+0n[grad<7n,E,k], (6) 

in which the heavy brackets denote scalar triple 
products. 

The ambipolar continuity equation for m is obtained 
by a procedure similar to that previously employed in 

5 W. van Roosbroeck, Bell System Tech. J. 29, 560 (1950). 
6 See reference 4. Small Hall angles are assumed partly because 

appreciable magnetoresistance is otherwise involved. As indicated 
in this reference, arbitrary Hall angles (and injection levels) could 
suitably be taken into account by theory involving the phenome-
nological magnetoresistance without added carriers. Note that 
small or moderate magnetic field will generally not affect the 
occupation probabilities for the traps. 

7 The notation employed is consistent with that of references 3 
and 4. 

the no-trapping case3-4 except that, for the required 
generality, p and n are treated formally as unrelated 
variables: The respective forms of Eqs. (6) for divlp 

and divln are introduced into Eqs. (2). The two forms 
for dm/dt that result are then multiplied, respectively, 
by crn and ap and added, to eliminate divE; and E is 
replaced by the expression obtained by solving for E 
to the first order in Hall angles in 

I=<rE+e gmd(Dnn-Dpp)+(dp<Tp+dn<rn)EXk 

- e grad (dpDpp - 6nDnn) X k. (7) 

Equation (7), the sum of the equations for Ip and In , 
exhibits the respective drift, Dember, Hall, and P M E 
contributions to total current density. To simplify the 
result for dm/dt, use is made of cur lE=0; a time-
dependent contribution to magnetic field from time 
dependence of I generally has quite negligible effect. 
Use is also made of the proportionality of the hole and 
electron mobilities \xp and \xn to the corresponding 
diffusion constants Dp and Dn in accordance with 
Einstein's relation. 

The continuity equation for m that results8 may be 
written in the form9 

dm/dt—g+(FU= — e~l divlz)n—e~l d i v l ^ 
— vw • grad^— vp • grad/>, (8) 

which exhibits current densities IDU and ID^ that 
involve the diffusion of electrons and holes, respectively, 
and velocity functions10 \n and \p that give their 
drift: 

^Dn=—eo-~l{(TpDn grad^ 

+ [dp-ld(ap/<T)~]<jpDn grad^Xk}, 

IDP^ — ea-l{arJDp grad^> 
+P«+i^(c r„A)>nZ> p grad^Xk} , ( ) 

Vn=—eiJlnlJlp(T~2p[I—6((Tp/(T)IXKl> 

Vp = ef*nlJLpOr~2n{I+d((Tn/<T)IXK\' 

Here 6=8P—Sn is the sum of the magnitudes of the Hall 
angles. Tensor ambipolar diffusivities for electrons and 
holes under the magnetic field may be written from 
IDn and ID P . The vector-product contributions to these 
current densities involve PME currents as well as the 
combined action of the magnetic and Dember fields. 
I t is easily seen that the divergences of these vector 
products vanish for the linear small-signal case; and, 

8 This equation specialized to the case of Ap = 0 and no applied 
magnetic field can be shown to be consistent with a continuity 
equation for Ap derived under the assumption of a common life­
time function for electrons and holes; E. S. Rittner, Photoconduc­
tivity Conference, edited by R. G. Breckenridge, B. R. Russell, 
and E. E. Hahn (John Wiley & Sons, Inc., New York, 1956), 
Chap. IIIA. 

9 Compare with Eq. (21) of reference 2. 
10 In Eqs. (133) of reference 2, velocities vw and \p (written with 

carets) are define which are for the linear small-signal case and no 
applied magnetic field. 
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containing [grad;z, grad/>, k ] as a factor, they vanish 
also whenever the concentration gradients are collinear, 
as in the no-trapping case, or in the steady state, or in 
certain cases of simple flow geometry. 

The neutrality and continuity equations in conjunc­
tion with equations for the time rates of change of 
concentrations of fixed charges at each of the various 
trapping levels are equations equal in number to the 
number of unknown concentrations. These equations 
accordingly suffice as fundamental differential equations 
provided I is a known function of the space coordinates 
and time. If I must be determined from boundary 
conditions, then use is made of the fundamental 
differential equation, Eq. (3), which expresses the 
solenoidal property of I. This may be written in terms 
of E or electrostatic potential V as additional dependent 
variable by use of Eq. (7); and I may then similarly be 
eliminated from the continuity equation. 

The current densities in ambipolar form obtained by 
eliminating E may be written as 

Ip = ((7p/<r)I+I s=I*o+Al, 

In=(<rn/cr)I-Is=InO-Al, ( ' 

with 

I = = — e<i~l((TpDn gr&dn+anDp grad^) 

+d(o-norp/a
2)IXk+e(T-2(dp<Tn+dncrp) 

• (cTpDn grsidn+(TnDp grad^) Xk, (11) 

and 

Al=e2^nfjip(T(r1a~1 (mAp—poAn)l 

— e<r~l(<TpDn gmdn-j-o-nDp grad^>) 
+de2fjLnfJipa~2[_a(r1((TnQ—apo)(noAp—pQAn) 

- fii2 (AoAo)2+AnAp~]lX k+ea-2 (dpan+enap) 
• (orpDn gx&dn+(jnDp gmdp) Xk. (12) 

Subscripts zero denote equilibrium values, and An, Ap, 
and Ao- are increments above equilibrium; ni2 = nop0 is 
independent of conductivity. The current densities for 
equilibrium carrier concentrations are given by 

IpO= (o>o/o-O)I + 0 ^ n M ^ ^ O ~ 2 I X k , 

InO= ( ( 7 n o A o ) I — ^ 2 M n M ^ 2 O " 0 _ 2 I X k . 

The current density I s represents the amount by 
which the electron and hole flow densities exceed the 
corresponding drift flow densities under I/V, the ohmic 
contribution to the electrostatic field. The current 
density Al is the current density of added mobile 
carriers: For given I, it represents the amount by which 
the electron and hole flow densities exceed their values 
for no added carriers. I t is easily seen that the right-
hand member of the continuity equation, Eq. (8), may 
be written as —e"1 divAl—dennVp^vfT2 curll-k, the 
second term of which is a contribution from PME 
circulating current,4 associated with diffusion under 
the magnetic field. 

2.11 Formulation for the Steady State 

A number of results for the steady state can be 
established from the general differential equations 
without specifying in detail the trapping and recom­
bination statistics. Differential trapping ratios 

rn^dn/dm, rp^dp/dm, (14) 

are introduced. These apply since, in the steady state, 
n and p each depend directly only on total concen­
tration m of negative or positive charges. In the im­
mediate context, rn and rp will be considered simply as 
factors which depend in general on m and which, 
multiplying gradw, give gradn and grad^, respectively. 
They apply, of course, for any number of trapping 
levels. 

With Eqs. (14), it follows from Eqs. (8) and (9) that 
the continuity equation for the steady state may be 
written as 

div(Df grad Am) — v'-gradAra+Ag—Am/rm=0, (15) 

in which Df and v' are modified ambipolar diffusivity 
and drift velocity given by 

D'^o-^il-rjD^n+il-rJDnap-} 

= kTixnnPa-l[_(l-rp)n+{l-rn)p~], 

\f^e}in^P(T~2{[_(l~rp)n—(l — rn)p~^ 

+6{e/a)[{l-rp)iinn
2+{\-rn)l,pp

2^lX\L}, 

and in which the net generation rate g— (Rm has been 
written as the increment Ag—Am/rm in this rate over 
thermal equilibrium, with Ag and Am the corresponding 
increments in g and m and rm a lifetime function for 
Am. The modified diffusivity and velocity do not apply 
to time-dependent cases; v' would, for example, give 
the effect of applied field on apparent diffusion length, 
but is not, for example, drift velocity for an injected 
pulse. The current densities given by Eqs. (10) may 
be written for the steady state in accordance with 

I s = -eDf gradAw+^(o-no-p/o-2)IXk 

+ea-1(0pan+On<TP)Df gradAwXk. (17) 

The equilibrium lifetimes for electrons and holes 
differ in general, but are nevertheless always associated 
with the same diffusion length. This result follows 
readily from Eq. (15), whose linear small-signal form is 

Do' div gradAw—Vo'-gradAm+Ag—Am/rm=0, (18) 

the zero subscripts denoting thermal-equilibrium values. 
The lifetime function rm is here constant; and since An 
and Ap now equal (l — rn)Am and (l — rp)Am, with rn 

and rp the thermal-equilibrium trapping ratios, Eq. 
(18). implies 

(1 — fn^Do div gradAn — (1 — rn)~
lv</ • gradAn 

+Ag-An/(l-rn)rm=0, (19) 
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for electrons and a similar equation for holes. Thus, 
for An the lifetime is rm multiplied by (1 —rw), while— 
as may be established in greater generality from Eqs. 
(14) and (15}—the diffusivity and velocity are those 
for Am multiplied by the reciprocal of this factor, and 
similarly for Ap. I t follows, in particular, that the 
product of equilibrium diffusivity and lifetime, which 
is the square of Z,0, the diffusion length, is the same for 
An, Ap, and Am, independently of the particular 
trapping and recombination statistics.1 A "diffusion-
length lifetime" TO, based on the unmodified ambipolar 
diffusivity3 Do=kTjjLnjj/p(no+po)/ao may accordingly be 
defined by11 

To=U/Do=(Do'/DQ)Tm 

= [ 1 - (rpn0+rnpo)/(n0+po)2rm 

= (nQTp+poTn)/ (no+po), (20) 

in which rp and rn are the equilibrium lifetimes for Ap 
and An. The diffusion length and lifetime TO that 
correspond to the (equilibrium) Shockley-Read electron 
and hole lifetimes as well as the TO for recombination 
in the presence of nonrecombinative traps are evaluated 
in Sec. 3. 

2.2 Mass-Action Theory 

Relationships of the mass-action type provide a 
simple12 and general13 basis for trapping and recom­
bination. Levels from two types of centers will be 
considered and, partly by way of notational convention, 
these will be taken as acceptor and donor levels. This 
case, involving both negative and positive fixed charges, 
is the simplest for which both steady-state trapping 
ratios occur. With suitable interpretation of the no­
tation, the mass-action equations for this case apply 
to (one or) two kinds of single-level centers in general. 
An extension for centers of a single type but with two 
energy levels will also be given. In multilevel cases, 
two successive levels generally suffice for analysis of 
the trapping at a given time. Levels appreciably lower 
and higher than these may contribute to recombination, 
but will not contribute to trapping, since the lower ones 
remain full (or else saturated) and the higher ones 
empty. 

2.21 Single-Level Centers of Two Types 

Mass-action equations for the two types of single-
level centers present together are: 

11 R. N. Zitter, Phys. Rev. 112, 852 (1958), discusses phenome-
nological lifetime for any model derived from the PME effect (in 
the thick slab). This is the same as r0, and Zitter relates it to a 
diffusion length. 

12 A. Hoffmann, Halbleiterprobleme, edited by W. Schottky 
(Friedrich Vieweg und Sohn, Braunschweig, 1955), Vol. II, Chap. 
5. See also; E. Spenke, Elektonische Halbleiter (Springer-Verlag, 
Berlin, 1955), pp. 304-307. 

13 F. W. G. Rose, Proc. Phys. Soc. (London) B71, 699 (1958). 

g-(Rm=g-Cinp-Cpi[pn—pi(<Ri—n)'] 

—Cn^np—»2(9l2—^)], 

dn/dt=(Rn—(&m=Cniln(Wi—nx)--nin'] 

-Cpi\j>6-pi(Vli-A)l, 

dp/dt=(&p-(Sim= - C » 2 [ » £ - » 2 ( 9 l 2 - £ ) ] 

+ Cp2lp(^l2-p)-p2pJ 

The first equation gives (ftm, and it (as well as the other 
two) is obtained by considering the photoconductive 
case of uniform concentration and no transport, g—(Rm 

being the contribution to dm/dt which does not involve 
transport. Four processes are taken into account for 
each type of center. In the second equation, for example, 
the term CpipH is the volume rate of neutralization of 
fixed negative charges by holes; Cpi is a phenome-
nological capture coefficient which depends in general 
on temperature and not on concentration. The second 
term in the same brackets gives the rate for the inverse 
process, Cp\p\ being the emission coefficient for hole 
emission from a neutral acceptor center. Here 911 is the 
total concentration of the acceptor centers, and the 
concentration pi, constant at given temperature, is 
defined by the condition that the quantity in brackets 
vanish at thermal equilibrium, in accordance with 
detailed balance. The brackets to the left relate to the 
interactions of the same centers with electrons, the 
term Cnin(%i—H) being the volume rate of capture of 
electrons by the neutral acceptor centers, and Cn\n\ 
the coefficient for electron emission from the charged 
ones. The concentrations n\ and p\ are those of the 
Hall-Shockley-Read theory,14-15 and are here intro­
duced without explicit reference to Boltzmann sta­
tistics. The third equation expresses the dependence 
of dp/dt on the analogous processes for the donor 
centers. In the first equation, which includes the rate 
dnp of direct electron-hole recombination, are involved 
only interactions which change the total concentration 
m. 

Though written symmetrically for fixed charges of 
both signs, Eqs. (21) may formally be transformed so 
as to apply to two types of donor or acceptor centers. 
This possibility is related to the circumstance that the 
fixed charges are not properly considered as trapped 
carriers in that the trapping processes are manifest 
through changes in fixed-charge concentrations rather 
than in these concentrations themselves. For example, 
centers of the acceptor type function as electron or 
hole traps according to whether the concentration of 
the charged centers increases or decreases with carrier 
injection. 

For theoretical applications, it is desirable to replace 
Eqs. (21) by equations in concentration increments 
above thermal equilibrium and to define, from the 
latter equations, suitable capture and release fre­
quencies and times for mobile electrons and holes. 

14 R. N. Hall, Phys. Rev. 83, 228 (1951); 87, 387 (1952). 
15 W. Shockley and W. T. Read, Phys. Rev. 87, 835 (1952). 
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Subtracting from Eqs. (21) the corresponding thermal-
equilibrium equations, in which the time derivatives 
and the quantities in the various square brackets are 
zero, gives equations for Ag—A(Rm, dAn/dt, and 
dAp/dt. From these, if volume generation and direct 
recombination are neglected, it follows that the re­
spective contributions to dAn/dt and dAp/dt other 
than the terms involving transport processes as such 
are 

-A(Rn= - A & m - dAn/dt 
^—Cni^dli—^An—noAn—AnAn^+CniniAn 

— CnzlpoAn+noAp+AnApl+CnzmA (9fl2—p), 

-A(R2 ,= - A ( R m - dAp/dt (22) 

= -CpilnoAp+poAn+ApAn^+C^pxAi^-n) 
-Cptli^-foAp-poAp-ApApl+CpipiAp. 

In Eqs. (22), the magnitudes of the contributions 
involving brackets are capture rates, while the re­
maining terms on the right are release rates. The cap­
ture and release frequencies, introduced in accordance 
with 

— A(Rn= — vtniAn+ VgniAn 
— Vtn2Afl+ VgnlA (3l2— p) 

-A&p^-vtpiAp+VgpiA^-rL) (23) 

— vtp2Ap+Vgp2Ap, 

may be suitably identified by comparison with Eqs. 
(22). In both sets of equations, the top and bottom 
rows of each right-hand member give contributions 
associated, respectively, with the acceptor and donor 
centers. 

The capture and release frequencies must evidently 
entail concentration dependence. As will appear, Eqs. 
(23) do not impose unique definitions with respect to 
this dependence, while the uniquely determined con­
stant frequencies that apply near thermal equilibrium 
are certain "effective" rather than physically proper 
quantities. These circumstances result because the 
capture rates, as they appear in Eqs. (22), cannot be 
written with An or Ap as a factor and thus expressed 
in terms of capture frequencies. To obtain the physi­
cally proper capture frequencies would necessitate 
solution of the particular problem; they would depend 
in general on coordinates and time. The contributions 
to the capture rates that contain An and Ap as factors 
are associated, however, with trap saturation: These 
contributions, for carriers of given charge, represent 
the decreases and increases in capture rate with the 
rilling of centers that assume, respectively, the same 
and the opposite charges. They may, in a phenomeno-
logical sense, be deleted from the capture rates and 
assigned to the release rates, by which the difference 
between these rates for centers of each type remains 
unchanged. Note that the quadratic terms also contain 
An or Ap as a factor; assigning them entirely to the 

release rates is a matter of convenience. The "effective" 
capture and release frequencies and times are accord­
ingly as follows: 

Electron capture by neutral acceptors: 

Electron release from charged acceptors: 

vgni^Tgnr
l^Cni{n-{-ni), 

Hole capture by charged acceptors: 

vtpi^Ttpi~l^Cpin^ 

Hole release from neutral acceptors: 

Vgpl^Tgpi-i^Cplip+pl), 

Electron capture by charged donors: (24) 

Ptn2^Ttn2~1^Cn2p0j 

Electron release from neutral donors: 

Vgn2^Tgn2~1^Cn2(n+n2), 

Hole capture by neutral donors: 

Vtp2=Ttp2~l = Cp2i^i2 — pQ)1 

Hole release from charged donors: 

Vgp2=Tgp2-1 = Cp2(p+p2). 

Note, for example, that vtni is the "effective" average 
frequency per electron of electron capture by a neutral 
acceptor center and hence the reciprocal of the corre­
sponding electron capture or trapping time, rtni) and 
Vgni is the "effective" average frequency per charged 
center of electron release from a charged acceptor center 
and hence the reciprocal of the corresponding electron 
release time, Tgni. The saturation terms that originate 
from the true capture rates appear as the contributions 
from n and p in the "effective" release frequencies, 
while the "effective" capture frequencies do not depend 
on the injection level. 

These "effective" quantities are generally the ones 
on which theoretical expressions depend. For example, 
for the decay of photoconductivity associated with 
trapped minority carriers, with recombination of com­
paratively short lifetime r3 entirely in other centers, 
for which decay times are16 a release time rg for nearly 
full traps and rg plus the multiple-trapping time 
{rg/r^rz for nearly empty traps, rt and rg are cor­
rectly identified as equilibrium values of "effective" 
capture and release times. Thus, rg is in general not a 
constant for the traps but depends also on conductivity, 
which should be taken into account in calculating the 
trapping level from the product of rQ and the capture 
cross section. 

16 J. A. Hornbeck and J. R. Haynes, Phys. Rev. 97, 311 (1955); 
J. R. Haynes and J. A. Hornbeck, Photoconductivity Conference, 
Chap. IIIF (reference 8). 
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2.211 Thermal-Equilibrium Relationships 

The definitions 

ni=n0(dli—no)/n0, pi^pono/iVli—ito), 

n2=nop0/(^l2—po)y p2=po(<3l2—po)/po, 

are required by detailed balance. I t is evident from 
these equations that 

nipi=n2p2= nopo=ni2, (26) 

hold, where n% is the thermal-equilibrium electron or 
hole concentration in intrinsic material. Note that Eqs. 
(26) state, in effect, that the product'—(Cnini)(Cpipi) 
or (Cn2n2)(CP2p2)—of the electron and hole emission 
coefficients equals nf times the product of the corre­
sponding capture coefficients.17 I t is readily found from 
Eqs. (25) that fractions of charged acceptor and donor 
centers are given, respectively, by 

V 3 l i = (1+aio-1)-1 , £o/3l2= ( l + ^ o - 1 ) - 1 , (27) 
with 

aio=no/ni=pi/po, 0:20 ̂ po/p2—m/no. (28) 

Through familiar considerations involving equi­
librium Boltzmann statistics, the concentrations n\ or 
px (and %2 or pi) have been shown to equal electron 
concentration in the conduction band or hole concen­
tration in the valence band for the Fermi level coin­
cident with the energy level of the centers.15 The 
relationship 

ni=ni2/pi=fii exp[(£i— &)/kT~] 

= m e x p [ e ( $ - ¥ i ) / # r ] (29) 

for acceptor centers is here employed, and a similar 
one for donor centers. Here ^ 1 ^ — e~l8\ and <£^ — e~l8 
are the equivalent electrostatic potentials of the energy 
level 8\ of the centers and the Fermi energy 8 for 
intrinsic material. This relationship is more phenome-
nological than those involving the energies of the 
conduction- and valence-band edges and which give 
ni and pi in units of the effective densities of states in 
the bands. Note that the temperature dependence of 
the energy gap is involved through n^ while the differ­
ence between the effective densities of states or the 
effective masses with nonspherical energy surfaces in 
momentum space is reflected simply in a difference 
between <£ and the midgap potential. If statistical 
weights associated with spin degeneracy are taken into 
account, then the definitions of Eqs. (25) are of course 
retained, but Eqs. (29) are modified. The right-hand 
members (for n\) are multiplied by 2; the exponentials 
for pi are multiplied by J. In the similar result for donor 
centers, the exponentials for n* and p2 are multiplied 
by \ and 2, respectively. For given n\ and n*, these 

17 A. Hoffmann, reference 12; Chih-Tang Sah and W. Shockley, 
Phys. Rev. 109, 1103 (1958); W. Shockley, Proc. Inst. Radio 
Engrs. 46, 973 (1958). 

modifications18 produce comparatively minor changes 
in Si and 82 or SFi and ^ 2 . • 

The four effective trapping and release times or 
frequencies for each type of center satisfy a funda­
mental restriction, namely 

TgnjTtpj ^tnjVgpj pQ l + Ap/(p0+pj) 
=-• = , i = l , 2 . (30) 

TtnjTgpj VpnjVtpj %Q l+An/(n0+fij) 

Thus, only three are independent. As will appear, this 
restriction is widely useful for calculations and physical 
interpretations. I t is essentially a consequence of 
detailed balance: For thermal equilibrium, it follows 
readily from the definitions of Eqs. (25), while the 
factor on the right that depends on An and Ap results 
simply from the concentration dependence of the 
effective release frequencies. 

2.212 Trapping and Recombination Ranges; 
Shallow and Deep Traps 

Three linear small-signal ranges, respectively, charac­
terized primarily by minority-carrier trapping, re­
combination, and majority-carrier trapping may be 
defined for each type of center by use of Eq. (30). The 
"minority-carrier trapping range" is defined by the 
condition that the equilibrium minority-carrier to 
majority-carrier release frequency ratio exceeds unity. 
In ^>-type material, this ratio, vgnj/vgpj, is Cnjnj/CPjpo 
= Cnjnv/CVJph from Eqs. (24), (26), (27), and (28); 
and from Eq. (30), vtnj/vtPj is larger by the factor 
po/no. The "majority-carrier trapping range" is defined 
by the condition that the majority- to minority-carrier 
capture frequency ratio exceeds unity, for which the 
equilibrium majority- to minority-carrier release fre­
quency ratio is larger by the factor po/no for ^-type 
material, or no/po for n type. The "recombination 
range" is defined as that not included in either trapping 
range. Thus, the recombination range is given by 
no/nj=pj/po<Cnj/CVJ<pj/no=po/nj for ^>-type ma­
terial, the electron-trapping range by Cnj/CPj>pj/no 

— po/nj, and the hole-trapping range by Cnj/CPj<pj/po 
— no/nj. A "minority-carrier capture range," which 
includes the trapping and recombination ranges, may 
be defined by vtnj/vtpj>l. Similar results, obtainable 
by interchanging n and p, hold for ^-type material. 

The three ranges may be specified in terms of the 
equality densities. These are the equilibrium carrier 
concentrations for the Fermi level coincident with the 
equality level.19 They are defined in the present context 

18These are derived from: F. W. G. Rose, Proc. Phys. Soc. 
(London) B70, 801 (1957). See also; P. T. Landsberg, Proc. Phys. 
Soc. (London) A65, 604 (1952); C. H. Champness, Proc. Phys. 
Soc. (London) B69, 1335 (1956). 

19 This is the Fermi level for which the (equilibrium) rates of 
electron and hole capture and release are all equal: Chih-Tang Sah 
and W. Shockley, W. Shockley, reference 17. The equality level 
is similar in purport to the demarcation level of Rose, which is 
the trapping level for which the rates are equal: A. Rose, Phys. 
Rev. 97, 322 (1955); Progress in Semiconductors, edited by A. F. 
Gibson (John Wiley & Sons, Inc., New York, 1957), Vol. II , pp. 
111-136. 
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by 

nj* = Cpjpj/Cnj=pOVtpj/vtnj=noVgpj/Vgnj, 

pj* = Cnjnj/Cpj= noVtnj/vtpj=pQVgnj/Vgpj, 

in which the release frequencies are equilibrium values. 
Thus, the recombination range is given by no<pj*<po 
or po>n*>no for ^-type material, the electron-
trapping range by nf<n0 or pj*>po, and the hole-
trapping range by tij*>po or pj*<no, and similarly for 
n-type material. The ranges may evidently also be 
specified in terms of the equality level, the Fermi level 
8 for intrinsic material, the actual Fermi level SF, and 
the "reflected Fermi level" SF=2S— 8F, the reflection 
of §F about 8: For the recombination range, the 
equality level is between 8F and 8/ ] for the minority-
carrier trapping range, it is between 8F and the edge 
of the majority-carrier band; and for the majority-
carrier trapping range, it is between 8F and the edge 
of the minority-carrier band. Note that if the capture 
coefficients are equal, then n* = pj (or pj* = nj) holds 
and the respective trapping ranges are given by con­
ditions on the trapping level 8j obtained by inter­
changing those on the equality level. 

The volume rates of electron and of hole transitions 
at equilibrium are, respectively, CniWo(9li—^o)=Cni^i^o 
= novtni and Cpipono=Cpipi(<3li—no) = povtpi for ac­
ceptor-type centers. From Eq. (30), these rates are 
proportional to vgni and vgv\. Hence each definition 
given for a trapping range insures that the transition 
rate at equilibrium for the particular carriers is the 
larger, and also that the transition rate vtn\ or vtpi per 
mobile carrier is the larger too. The definitions for 
minority- and majority-carrier trapping reflect the 
circumstance that a transition rate will be the larger 
if either the cross section or the concentration of the 
particular carriers is sufficiently large. The recombi­
nation range is that for which a larger transition rate 
per mobile minority carrier is associated with a total 
transition rate for majority carriers which is the larger. 

For shallow minority-carrier traps, since relatively 
few are occupied by minority carriers at equilibrium 
so that they can capture majority carriers, the condition 
for the minority-carrier trapping range may be met 
even though the capture coefficients are comparable in 
magnitude. For deep traps, since relatively few can 
capture minority carriers, the minority-carrier trapping 
generally requires a minority-carrier capture coefficient 
considerably the larger. Suitable conditions for "shal­
low" traps and "deep" traps are, in view of the con­
dition on Cnj/Cpj for the electron-trapping range, 
respectively, pj<£n0 (or tij2>po) and n3-<Kpo (or pj2>no) 
in ^-type material. That is, "shallow" and "deep" 
traps for minority carriers are appreciably removed 
from the reflected Fermi level, <§//, towards the edges 
of the minority- or majority-carrier bands, respectively. 
Similarly, for majority-carrier trapping, "shallow" and 
"deep" traps are appreciably removed from the Fermi 

level, 8F, towards the edges of the majority- or 
minority-carrier bands, respectively. The proper cri­
teria are essentially that 8F

f separates the "shallow" 
and "deep" traps for minority carriers and 8F separates 
them for majority carriers. Thus, for minority carriers, 
levels in extrinsic material considerably shallower than 
the midgap may still be "deep" levels. 

2.22 Centers with Two Energy Levels 

The formalism for centers of two types is readily 
modified to yield equations for one type of center with 
two energy levels. With the assumption that the centers 
can each assume single negative or positive charge or 
be neutral, it and p denote concentrations of centers in 
the respective charged states. I t is thus clear that the 
fundamental mass-action equations for this case are 
formally the same as Eqs. (21) with the modification 
that both 9li—^ and 3I2—p are replaced by W—n—p, 
where 31 is the total concentration of the centers. The 
equations in concentration increments that result if 
direct recombination is neglected are accordingly 

A g - A ( R m = A g - (vtpi+vtn2)Am 

+ (vtn2— Vgpl—Cn2n2)An 

+ (vtpl— Vgn2 — Cplpi)Ap, 

dAH/dt= {vtni—vtpi)Am 

— (vtnl+Vgnl+Vgpl)AH (32) 

+ {vtpi—Cnin—Cpipi}Ap, 

dAp/dt = (vtp2— vtn2)Am 
+ (vtn2—Cp2p—Cn2ni)An 

— (vtp2+ Vgp2+ Vgn2)Ap. 

Effective capture and release frequencies are here 
employed whose definitions are provided by Eqs. (24) 
if 9fli—no and ^fl2—po are both replaced by Tfl—no—po. 
Aside from these modified definitions, Eqs. (32) are 
formally identical with corresponding equations for 
single-level centers of two types except for the addi­
tional "constraint" terms in which the capture co­
efficients appear explicitly. 

For thermal equilibrium, definitions of nh ph n2j 

and p2 apply which are Eqs. (25) with both 3Ii— ti0 

and ^l2—po replaced by 91— $0—po- I t follows that the 
restriction 

nQ
2/nin2=pip2/po2=WpOy (33) 

holds for this two-level case. As is easily verified, Eqs. 
(26) still apply, while the fractions of charged centers 
are 

^0/91= (l+ni/no+n1n2/no2)~1 

= (l+po/pi+po2/pip2)~1 = aio/(l+aw+a2o)J 

£o/9fl= (I+P2/P0+P1P2/P02)-1 

= (l+n0/n2+no2/nin2)~
1=a2o/'(1+0:10+0:20), 

with ano and 0:20 given, as before, by Eqs. (28). Rela-
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tionships formally identical with Eqs. (29) give n\ and 
n2 in terms of the two energy levels. 

For this two-level case, the four effective trapping 
and release times or frequencies associated with each 
energy level satisfy the fundamental restriction that is 
formally identical with Eq. (30). I t is also easily 
verified that the various conditions given for the 
recombination and trapping ranges and for shallow and 
deep traps apply without formal modification. 

By suitable notational generalization of the funda­
mental mass-action equations, the results of this section 
can be shown to apply to two-level centers in general, 
whose states (differing successively by one electronic 
charge) may include ones that are multiply charged, 
either positively or negatively. Through use of the 
phenomenological capture coefficients, statistical 
weights associated with multiply charged states do not 
enter explicitly. 

3. SOME THEORETICAL APPLICATIONS 

3.1 Linear Steady-State Photoconductivity; 
Diffusion-Length Lifetimes 

The mass-action equations written for the steady 
state and linearized by neglect of the quadratic terms 
give concentration increments that are proportional; 
solving for Ait/Am and Ap/Am provides the thermal-
equilibrium trapping ratios, and lifetimes r», TP, rTO, 
and diffusion-length lifetime TO are readily evaluated. 
These procedures will be illustrated in detail for the 
single-level case.. 

For formal simplicity of the results in this connection 
(and in various others as well), a concentration which 
will be called the "capture concentration" is introduced. 
For, say, acceptor centers, the capture concentration 
9li* is defined as follows: 

mi*=yii/(l+n1/n0)(l+p1/po) = novtni/vgni 

= poPtpi/v9Pi = 9li (do/9li) (1 - ^o/9li) • (35) 

The various forms for 9li* are obtained by use of the 
definitions of Eqs. (24), the equilibrium relationships, 
Eqs. (25), (27), and (28), and the fundamental re­
striction, Eq. (30). As the last form shows, 911* is the 
concentration 911 of centers multiplied by the respective 
equilibrium fractions of centers occupied and unoc­
cupied. Values of it which are small or large result, 
respectively, in negligible capture frequencies or in 
large capture frequencies with negligible release fre­
quencies. If the centers are nearly all ionized or un­
ionized, then 911* is small; the last form shows that its 
largest value is J9li, which it assumes for $o/9l i=§, 
that is, for the Fermi level coincident with the energy 
level of the centers. Note also that the volume rates of 
electron and hole transitions at equilibrium,20 novtni 
and povtpi, are equal to 911* times the corresponding 
effective release frequencies. With an obvious nota­

tional change, entirely similar results hold for donor 
centers. 

The trapping ratio for the case of acceptor centers 
and the equilibrium lifetimes, which are the Shockley-
Read lifetimes,16 are given by: 

Vtnl—Vtpl 

Vtnl~{-Vgnl-{-Vgpl 

Tpo(9Zi—ibo) — Tnofio 

Tpoidli-itQ+m+flxJ + TnoipO+pl) 

9 l l * ( r ^ i — Ttnl) 
— =l—Tn/7 

( 9 l l * + flo) Ttpl+pQTtnl 

rn= (1 — rn)rm= (vtpi+Vgpi+vgni)/Ai 

rno(no+po+pi) + rpo(no+ni) 
Vli*+no+po 

( 9 l l * + # o ) Ttnl+noTtpl 

(36) 

9li*+^o+£o 

20 See Sec. 2.212. 

Tp= T m = (Vtnl+Vgnl+Vgpl)/Ai 

Tpoiyii—fio+no+nJ+Tnoipo+pi) 

Vti*+m+po 

(Vll*+no)Ttpl+poTtnl 

Vli*+no+po 
Here, rno and rpo given by 

Tn0= ( C m S d l ) - 1 - (l-A0/Vll)Ttnl 

= (l+pi/po)-1rtnh (37) 

T P O= (CpiOTi)~"1== (^O/91I )T < P I= (l+ni/noyhtpi, 

are the respective limiting lifetimes21 in strongly 
extrinsic p- and ^-type materials (in which they are 
also Ttni and Ttpi); and Ai given by 

A i ^ VtnlVgp\-\-VtnlVtp\-\-VtplVgnl 

= CnlCpl9ll(9li* + ^0+j>0) (38) 

is always positive if neither C ni nor Cpi is zero. 
The diffusion length Lo and lifetime TO corresponding 

to the Shockley-Read lifetimes may be evaluated from 
Do and Tm or from TU and TP, thus from Eqs. (16) or 
(20) and Eqs. (36). These equations give 

Lo2 = DoTm=DoTo=Do[l — rnpo/(no+po)2Tp 

= kTnnllp<T0~l (noTtpl+pOTtnl) 

= (TQ~1((TpoDnTtnl-{~0-noDpTtpl), ( 3 9 ) 

where ano and apo are ejinno and e^ippo- Other forms may 
be written by expressing rtni and Ttp\ in terms of rno 
and TPO by use of Eqs. (37). The diffusion-length life-

21 Conditions for these lifetimes are po2><dli*-\-pi-)rpi* and 
wo»9li*+w1+w1*. 
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time for this case, 

T0= (Vgnl-\-Vgpl)/(vtnlVgpl+VtplVgnl) 

= [Tpo(no+n1) + Tno(po+pi)~]/(no+po) 

= (noTtpi+poTtni)/(no+po), (40) 

is formally similar to the familiar common lifetime14,15 

for both electrons and holes for the limiting case of 9li 
small, as inspection of Eqs. (36) serves to verify.22 This 
common lifetime otherwise applies as such only under 
a condition restricting the capture concentration which 
is frequently severe: The condition, obtained from 
Eqs. (36) by use of \rp— TO|/T0<<C1 and | rn— ro|/ro<Cl, 
requires for the minority-carrier trapping range that 
this concentration be small compared with the equi­
librium minority-carrier concentration. 

A diffusion-length lifetime which is also of interest 
is that for traps in conjunction with recombination 
centers. For recombination centers in extrinsic material, 
a lifetime 73 for minority carriers may be specified. 
Assume negligible recombination in the traps them­
selves, so that, for ^>-type material, r m = r n / ( l — rn) is 
rz/(l — rn). Then, for nonrecombinative electron traps 
of the acceptor type, Eqs. (36) give rn=vtni/ 
(vtni+Vgni), rp=Q, and, from Eqs. (16), Do/Do 
= [l-#o9li*/(wo+#o)(9li*+»o)] results. Or, if the 
electron traps are of the donor type, then rn—0, 
rp= — Vtn2/Pgn27 DQ/D0= [ l + 9 l 2 * / ( ^ 0 + ^ > O ) ] , a n d Tm = T3 

are obtained. Essentially the same diffusion-length 
lifetime, namely 

To=(Z>o7A)rm=[l+9ly*/(»o+#o)>8, i = 1, 2, (41) 

results for both types of traps.23 Thus, minority-carrier 
trapping increases diffusion-length lifetime.24 As the 
analysis shows, this increase results directly from an 
increase in the ambipolar minority-carrier diffusivity. 
The effect is appreciable for capture concentration at 
least comparable with the equilibrium concentration 
of majority carriers. Similar analysis for nonrecom­
binative majority-carrier traps gives a TO which is that 
of Eq. (41) modified by division by 1+dlf/no for 
/2-type material or l + 9 I / / ^ 0 for ^-type. Thus, ma­
jority-carrier trapping decreases diffusion-length life­
time, but only by a factor no smaller than ( l+^o /^o) - 1 

or (l+no/po)~l, respectively. 

22 As W. L. Brown has pointed out, this formal similarity must 
hold because diffusion length does not depend on release times 
but on the capture times, the times the carriers are free. It can 
be shown that it holds for any number M of types of centers, for 
which T0 is given by 

M 

[ 2 (tt0T*p,-+M*n/)~1]~1/(«O+£o). 

23 Equation (20) provides an equivalent derivation. It can be 
shown that if different types of traps are present, the 3Z/* in Eq. 
(41) is replaced by the sum of the respective capture 
concentrations. 

* A. K. Jonscher, Proc. Phys. Soc. (London) B70, 230 (1957) 
gives an increase of diffusion length with trap concentration which 
is bounded and always essentially negligible, a result at variance 
with that given here. See reference 2, footnote on p. 52$, 

General conditions for the validity of the linear 
analysis of this section may be formulated as conditions 
for the neglect of the quadratic terms. For this purpose, 
the steady-state equations for uniform concentrations 
and volume generation rate Ag are employed. The 
conditions are then obtained in a self-consistent manner 
as restrictions on (positive) Ag or on concentration 
increments by substituting for the concentration in­
crements their values from the linearized equations in 
terms of Ag and the equilibrium capture and release 
frequencies. I t is thus found, for example, that for 
nonrecombinative electron traps of the acceptor type, 
Ap and AH must be small compared with the concen­
tration 9di—Ho of unoccupied traps, and An small 
compared with tio+tii. These may be severe conditions 
for ^>-type material. They could in practice require an 
injection level much lower than small-signal ones 
meeting the familiar condition3 based on conductivity 
change. 

3.2 The Photomagnetoelectric Effect 

The steady-state PME effect with trapping in an 
infinite slab to the faces of which the applied magnetic 
field is parallel will be considered for a linear small-
signal case. Equations (7), (10), and (17) for current 
densities may be suitably specialized, as in the treat­
ment previously given for the no-trapping case,4 and 
the short-circuit PME current along the slab obtained 
as an integral across the slab of the PME current 
density. The latter is evaluated from the solution of the 
suitably specialized continuity equation for boundary 
conditions corresponding to recombination of carriers 
at the respective surfaces with generation at the 
illuminated one. The concentration variable is now 
Am7 the modified ambipolar diffusivity ZV is employed, 
and a surface recombination velocity sm for Am implies 
velocities sn for An and sp for Ap. These are clearly 
such that smAm=snAn=spAp holds, from which the 
relationships 

= r ( 4 2 ) 

SmTm SnTn SpTp—l^s 
follow. 

The increase AG in conductance of the slab is the 
integral of Aa across the slab, or 

{lxnAn+nPAp)dy 

rmVQ 

= e(fin+}jLp) I {rc/rm)Amdy. (43) 
*J-2/0 

The second form follows from An/Tn=Ap/rp—Am/ 
Tm=(Slm, with 

Tc^Ao-/e(/Xw+jLtp)Ag= (lXnTn+flpTp)/{Hn+flp), (44) 

a lifetime function that determines the conductivity 
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increase Aa for the uniform volume generation rate 
Ag=(Rm. 

The P M E method of the high-recombination-
velocity dark surface is best employed, since it generally 
provides better accuracy for the conductance change 
than does the thick-slab method which it otherwise 
subsumes as a limiting case.25 Optimum slab thickness 
is about one or two diffusion lengths. For large dark-
surface recombination velocity, the small-signal results 
for no trapping26 give, for the present case, 

/<"> = -^£L 0 (6 , i+co th2Fo)~ 1 

= -difXn+fi^iLo/ro) (cothFo)AG, (45) 

in which L0^ (Ajro)* is the diffusion length, F 0 is yo/Lo, 
and Si is smiL0/Do=Lsi/L0, subscript 1 referring to 
the illuminated surface. Note that AG now involves r c 

as a factor. 
For nonrecombinative traps in extrinsic material 

with recombination of lifetime r3 in other centers,27 TO 
is given by Eq. (41). For AG, Eqs. (43) hold with 
r c /rT O=[(l~f„)/*n+(l-OA*p]/(Mn+Mp) f o r the linear 
small-signal case. The solution for Am is readily ob­
tained by comparison with that for the corresponding 
no-trapping case,28 and 

AG==Koe(jin+iip)Ta£(cosh2Yo--1)/ 
(Si sinh2 F0+cosh2 F0) (46) 

results for the present linear small-signal case, where, 
for ^-type material, KG^TC/TZ is given by 

KG=1+ (b+ l)~l<$i3*/m (electron trapping) 

KG= [1+ (l+^-^V^oD/Cl+^-V^o] (47) 
(hole trapping). 

For hole and electron trapping, respectively, in w-type 
material, n0 and po in these equations are interchanged 
and b^fjin/fip replaced by its reciprocal. Note that the 
expression which KG multiplies also depends on 
trapping, since Lo does. 

Dimensionless PME current-conductance ratio 

*/ (AG/Go) s - 2y0 (fin+fip)I^/ODoAG 

= (Kr/K0)2Y0cothYo (48) 

follows from Eqs. (45) and (46), with 

i£T^ro/T3= l+m,*/(tio+p0), (49) 

for nonrecombinative minority-carrier traps; for ma­
jority-carrier traps, this KT is modified as in connection 
with Eq. (41). Apparent lifetime r r on the assumption 
of no trapping, obtained by equating $/ (AG/Go) to 

25 Reference 4, Sec. 3.42. 
26 Reference 4, Eq. (50). 
27 This case has been treated by A. Amith, Bull. Am. Phys. 

Soc. 4, 28 (1959); Phys. Rev. 116, 793 (1959). See also reference 
11. 

28 In Eq. (44) of reference 4, Ap is replaced by Am; the Do that 
appears explicitly originates from the boundary conditions and 
is replaced by DQ and Si is smiLo/ DQ'=Lsi/ Lo. 

[2;y0/(A)Tr)^] cothQyo/CPor,.)*], is accordingly given by 
rr tanh2[y0/C£Vr)"^]= (KG2/KT)T^ tanh2F0 , and equals 
(KG2/KT)TZ for the thick slab. As trap concentration 
increases, diffusion length increases and a slab of any 
given thickness becomes a "thin" slab, for which 
FoCothFo~l ; and $/AG/Go) approaches a constant 
value which is independent of the thickness. For ex­
ample, if the half-thickness y0 is of order (Arra)*, then 
KT^>1 or dlj*^>no+po also gives small F0 . From the 
expressions for KT and Eqs. (47) for KG it is found 
that # / (AG/Go) approaches 2(b+l)n0/ (m+po) for 
electron trapping and 2{b+l)po/b(no+po) for hole 
trapping, regardless of conductivity type. On the other 
hand, if the slab is so thick that yo2^>D0r$lj*/ (m+po) 
holds, then the condition 9ly*»Wo+£o for large trap 
concentration gives29 rz/rr equal to KT/KG2 or 
(b+l)2no2/(no+po)^lf for electron trapping and 
(b+l)2po/b2(no+po) for hole trapping in ^-type 
material, with similar results for n-type obtained as 
in connection with Eqs. (47). 

The recombination lifetime T% can be determined 
from suitable measurements with traps saturated. 
With r3 known, measurement of # / (AG/Go) serves to 
determine r0, since, from Eqs. (47) and (49), KT/KG 
may be written as (b+l)no[no+po— (po— bn0)rs/To]~'1 

for electron trapping in ^-type material, or as an 
analogous expression for hole trapping in /z-type. If the 
equilibrium concentration of empty traps and the 
release time (which, if 73 is comparatively short, is the 
photoconductive decay time for the traps nearly full) 
are also determined, then trap concentration, energy 
level, and capture cross section can easily be calculated. 

3.3 Nonlinear Steady-State Photoconductivity 

Lifetime functions rn and rp for An and Ap resulting 
from arbitrary steady-state injection levels may be 
evaluated from (Rm. For centers of the acceptor type 
and no direct recombination, Eqs. (21) give 

An/Tn = Ap/rp=(Rm=CniLn(m1-6)-ni61 

= Cpitpn'-pi(yii-n)'] 

np—n2 

= . (50) 
Tpo(n+ni) + Tno(p+pi) 

The familiar last form,15 which results from elimination 
of it and use of Eqs. (37), provides expressions for rn 

and rv in terms of An and Ap. Certain other forms2 

result if both n and p are eliminated instead by use also 
of the neutrality condition. Then r n and TP as well as 

29 Amith (reference 27 and private communication) has pointed 
out that trapping usually influences the PME current-con­
ductance ratio mainly through the effect on conductance. For 
minority-carrier trapping in the thick slab, T3/rr is proportional 
to 91 j~2 in the intermediate range in which 91,-* is large compared 
with minority-carrier concentration no or p0 but small compared 
with po or nQ so that the change in diffusion length may be neg­
lected. For majority-carrier trapping in general, r3 and r r are 
substantially equal in this range. 
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An and Ap are written in terms of An as a single 
independent parameter which can be related to the 
steady generation rate Ag=(Rm. 

The lifetime function15 for | A?i\<^An~Ap= Am, 

Tpo(no+ni+Ap) + Tno(p0+pi+Ap) 
Tn^rv— , (51) 

no+po+Ap 

follows readily from Eqs. (50). That this lifetime 
function apply in general requires \Aii\ relatively 
small for all Ap, a condition which subsumes, as may 
be expected, equilibrium lifetimes substantially equal 
to ro. This common lifetime then applies for low in­
jection levels for which the condition Ap<^(vgni+vgpi)/ 
(Cni+Cpi) holds, in which equilibrium release fre­
quencies are employed. In the minority-carrier trapping 
range, both conditions may be severe: Equilibrium 
lifetimes are TO for 9Zi* small compared with minority-
carrier concentration no or po) and ro then applies for 
Ap small compared with n§-\-n\ or po~\-p\, which follows 
also from the condition of Sec. 3.1 for neglect of 
CniAnAn or Cp\ApAn suitably specialized. If the con­
dition on Ap is not met, then (with the condition on 
3Zi*) Eq. (51) gives a lifetime which increases rapidly 
with injection level at low injection levels.30 But such 
observed behavior with extrinsic material, as these 
considerations indicate, cannot usually be properly 
analyzed by use of Eq. (51). The rn and TP in the small-
signal range generally either result primarily from 
recombination or majority-carrier trapping and are 
both ro and substantially constant, or else have differing 
equilibrium values given by Eqs. (36). Thus, unless 
trap concentration is quite small, Eq. (51) has sig­
nificant application in the former case only to the 
transition from TO to the lifetime Tno+rpo for the 
large-signal range. 

I t can be shown2 that in the latter case of differing 
lifetimes small-signal trap saturation generally obtains 
with which apparent diffusion-length lifetime increases 
to a value given by rgn\ for ^-type material or rgv\ for 
^-type. Further increase then occurs in the approach 
to a large-signal lifetime which is substantially rno for 
w-type material or rpo for p type, that is, the (small-
signal) lifetime in the limit of strongly extrinsic material 
of the opposite conductivity type. Such increases of 
lifetime can account for certain cases of superlinearity, 
or the more-rapid-than-linear increase of photocon­
ductivity with injection level, on the basis of a single 
trapping level.31 

30 As a result of saturation of centers available for minority-
carrier capture, this lifetime increases essentially linearly in the 
small-signal range from the equilibrium value rPo(no-\-ni)/po or 
Tno(po-\-pi)/no and asymptotically to the large-signal value rpo 
Or TnQ. 

31A multilevel model for superlinearity has been given by 
A. Rose, R C A Rev. 12, 362 (1951); Phys. Rev. 97, 322 (1955); 
Proc. Inst. Radio Engrs. 43, 1850 (1955); Photoconductivity 
Conference, Chap. 1A (reference 8). See also: R. H. Bube, J. Phys. 
Chem. Solids 1, 234 (19571 

The steady-state fractions of ionized centers can be 
represented by simple formal generalizations of the 
equilibrium relationships of Eqs. (27) and (34) for 
single- and two-level centers: In these equations, no 
and po are replaced by n and p and aio and a2o by 

Cnifi+Cplpi l+An/(n0+ni*) 
« i = =« io , 

C^p+Cmnt l+Ap/(po+pi*) 
(52) 

__Cp2p+Cn2n2 l+Ap/(po+p2*) 
a2==z — a2o —, 

Cn2n+Cp2p2 l+An/(no+n2*) 

as can readily be shown32 by solving for the ionized 
fractions from Eqs. (21) and also from the corresponding 
two-level equations of Sec. 2.22. 

3.4 Time-Dependent Photoconductivity 

The decay of photoconductivity is governed in the 
general case by nonlinear differential equations which 
are rather intractable analytically.33 Solutions2 of the 
nonlinear equations are obtainable in closed form, 
however, for cases of nonrecombinative trapping and 
for sufficiently small concentration of centers or large 
concentrations of mobile excess carriers such that the 
steady-state lifetimes are substantially equal. The 
latter solution has the restricted general application of 
the lifetime function of Eq. (51), since it is the inte­
grated form corresponding to this function. 

With the neglect of direct recombination, the 
limiting large-signal equations are linear and give an 
exponential decay with lifetime equal to the steady-
state large-signal lifetime. During this decay, the 
concentrations of carriers in traps remain constant. 
The lifetime for centers of a single type is rno+Tpo, 
and the concentration in the centers is Aii= (vtni— vtpi)/ 
(Cni+CPi) or Ap=(vtP2—vtn2)/(Cn2+CP2). If single-
level centers of the acceptor and donor types are present 
together, then these values of An and Ap clearly still 
apply; and the lifetime is the harmonic mean of the 
lifetimes r n 0 + rpo for each type of center. For two-level 
centers, on the other hand, Eqs. (32) give 

An = CniCn2^/ (CniCn2~{-Cn2Cpi-\-CpiCp2) — $0 

and 

Ap = Cp\Cp23l/ \CnlCn2-\~Cn^Cpy-\-Cp\Cp2) ~ pO, 

with large-signal lifetime equal to 

(1 + Cnl/Cpi+Cp2/Cn2)/ ( C n l + C ^ S l . 
32 The equation given in the abstract of the paper of Sah and 

Shockley (reference 17) rewritten in the present notation yields 
n/(3l—n — p)==ai and (dl — n — p)/p^a2~1, from which the 
ionized fractions for the two-level case here given follow as 
solutions of simultaneous linear equations. 

33 Certain analytical approximations have been considered by 
W.-H. Isay, Ann. Physik 13, 327 (1953). A treatment which 
includes numerically computed solutions has been given by K. C. 
Nomura and J. S. Blakemore, Phys. Rev. 112, 1607 (1958). 
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In the linear small-signal case, the photoconductive 
decay is given by a sum of exponential modes with 
(real and positive) decay constants whose number 
exceeds by one the number of types of centers present. 
This decay will here be considered for centers of a 
single type.12,34-40 The solution for centers of the ac­
ceptor type is readily found to be given by 

2 2 

Am=Ap = Yl Ajer*''', A7z = £ rnjAje-^, (53) 

in which Aj are constants determined by the initial 
conditions; the rnj are trapping ratios for the respective 
decay modes determined by 

— vtpi+vj—vgplrnj=0; 

Vtn\— T>tpl+ {—Vtnl— V gn\~ Vgpl+ Vj)rnj = 0, (54) 

with the decay constants VJ the roots of the equation 
obtained by equating to zero the determinant of Eqs. 
(54). The Aj are found in terms of the trapping ratios 
and the initial concentrations Ami, An\, and Ap\ by 
setting t equal to zero in Eqs. (53) and solving. The 
trapping ratios are thus given by 

rnj= (vtnl—Vtpl)/(vtnl+Vgnl+Vgpi—Vj) 

= (VJ— vtPi)/vgph (55) 

and the decay constants by 

^ = i [ ( - l ) ^ r + ^ ] , i = l , 2 , (56) 

with 

Vr=(vs
2 — 4:Ai)*=[_(vtnl+Vgnl—l>tpl—Vgpi)

2 

+ ^gniVopi2K (57) 
Vs^ Vtnl+ Vgnl+ Vtpl+ Vgpl, 

and Ai defined by Eq. (38). Equilibrium values of the 
effective release frequencies are, of course, employed. 
The corresponding time constants n = vf1 and T2= ><TY 

are also equal, respectively, to v^/A\ and v\/A\. Non-
oscillatory decay is easily verified for this case: The 
second form for vr shows that the VJ are real; and since 
vr<vs, the \>j are positive. 

A subcase that provides some physical interpre­
tations is that of 9di sufficiently small so that capture 
frequencies are small compared with release frequencies. 
As Eqs. (38) and (57) show, the condition i>s

2 >̂>4Ai 

34 H. Y. Fan, Phys. Rev. 92, 1424 (1953); 93, 1434 (1954). 
35 E. S. Rittner, reference 8. This reference includes some 

nonlinear cases. 
36 E. I. Adirovich and G. M. Guro, Doklady Akad. Nauk 

S.S.S.R. 108, 417 (1956) [translation: Soviet Phys. Doklady 1, 
306 (1956)]. 

37 D. J. Sandiford, Phys. Rev. 105, 524 (1957). 
38 D. H. Clarke, J. Electronics and Control 3, 375 (1957). 
39 W. Shockley, reference 17. 
40 G. K. Wertheim, Phys. Rev. 109, 1086 (1958). 

then holds, and expansion of the radical gives 

Tl^'Vs~
1=TgnlTgpl/(TQnl+TgPl) 

i (58) 
<KT2^Vs/Ai~TQ. 

Thus, for this subcase, T<L is the steady-state lifetime36-38 

TO of Eq. (40). Tt is large compared with n , the time 
constant for the adjustment of An to a fixed fraction 
of Ap substantially equal to the equilibrium trapping 
ratio, r». This interpretation of n follows readily from 
r»2~ (vtni— J>tPi)/(vgni+vgpi)^rn. If the initial trapping 
ratio is rn, then the trapping mode does not occur in 
An, An, or Ap; it does not occur either for "critical 
recombination'' with which An remains identically zero 
as result of equal capture frequencies vtni and vtpi or, 
for this subcase, equal capture rates for An and Ap. 
For small 9fli, the capture rates are in all cases sub­
stantially in the ratio vtni/vtpi- In linear cases, they also 
decay in the lifetime mode after this mode predomi­
nates. The release rates behave similarly, their ratio 
being equal to vgnl/vgpl, or to (no/po)(vtni/vtpi) in 
accordance with Eq. (30). 

The condition for neglect of the capture frequencies 
may be severe: For the minority-carrier trapping range, 
the condition vtni+vtpi<^vgni+vgpi for the approximate 
form of vb (which subsumes 3li*<3C^o+/>o for neglect of 
vtnivtpi in Ai and, generally, J>6

2^>>4AI as well) is the 
same as that for steady-state lifetimes equal to TO; it 
requires 9&i* small compared with minority-carrier 
concentration no or p0. 

The release frequencies may be neglected under the 
condition 9li*^>#o+/>o. The solution is then simply41 

An/Atii=exp(—t/Ttni) and Ap/Api=exp(—t/rtPi). For 
9li* large, Eqs. (36) show that rtni and rtpi are, re­
spectively, the steady-state lifetimes36-38 TW and rp. 
The condition *>s

2)>>4Ai is accordingly l(Tn/Tp+Tp/Tn) 
+ | » 1 , namely that one of rn or rp be small compared 
with the other. If rn or rp is the smaller, then sub­
stantially all of An or Ap, respectively, is transformed 
comparatively rapidly into positive or negative Ait, 
after which a slower recombinative decay of A$ and 
the concentration of the other mobile carriers takes 
place as these carriers are captured. 

The condition J>S
2^>>4AI implies TI<<CT2, with n 

essentially a characteristic time for trapping and TO 
essentially a lifetime. This interpretation does not 
apply if vs

2 and 4Ai are comparable so that r\ and T2 
do not differ by much. For small 9tti and the recom­
bination or majority-carrier trapping range, for 
example, T I ^ T 2 may hold. The case of *>s

2^4Ai io: 91] 
large, for which n , T2, T ^ I , rtpi, rn, and rp are all 
substantially equal, is a case of recombination with but 
slight trapping. 

The general trapping time and lifetime, obtained 

41 This result easily follows directly from the differential 
equations. Or, note that the quantity in brackets in Eqs. (57) is 
(vtnl — Vtplf. 
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from Eq. (56) and related equations, are37 

Ti=Vs-
1=TgnlTgPl/1i(<3l1*/pO+l)Tgnl 

+ (9li*/»o+l)r t f P i] 

- TtnlTtpl/Kl + po/Vl^Ttnl 

+ (l+»o/9li*)r«p i] 

« r 2 = vs/Ax= (ai^+Wo+^o^Eworflni+^oropi (59) 

+^ 2 ( r 0 ni+r ( / 2 , i ) /3 l i*] 

= (9li*+^o+^o)-1C(9li*+^o)r fwi 

+ (9fl1*+»o)r<pi]. 

Comparison with Eqs. (36) and (40) shows that this 
lifetime ri is larger than the steady-state lifetimes rn , 
TP, and ro; all are equal in the limit of 911 small. For 
9li large in intrinsic material, T2 equals 2ro. Further­
more, these lifetimes all decrease monotonically to zero 
as 9li increases indefinitely. 

The decrease of T2 with increasing 9li may, however, 
proceed essentially in two ranges, with approximate 
constancy of 72 in an intermediate range.42 From the 
first form for r% of Eqs. (59), this intermediate range 
occurs provided there are capture concentrations 3li* 
that are small compared with m+po and also large 
compared with (vgnl+Vgpl)/(vgnl/no+vppl/po), that is, 
if the strong inequality 

Tgnl+Tgpi<<<(no/po)Tanl+(po/no)TgPi (60) 

holds. I t can hold for sufficiently strongly extrinsic 
material if the majority-carrier release time is not too 
small. For small 311, r^ varies inversely with 9li, as 
Eqs. (40) for ro show. For large 3li such that 
9li*>2>wo+#o, T2 varies similarly, equalling the value 
(noTgni+pQTppi)/(no+po) of approximate constancy 
divided by 9li*/(wo+#o). With the second or third form 
for 9li* of Eqs. (35), this T2 reduces to Ttni+Ttpi. Since 
n for large 9li* is the harmonic mean of rtn\ and rtpi, 
T\ is the smaller of these capture times and TI the 
larger, as previously discussed for this case. I t can be 
shown that, for the minority-carrier trapping range, 
the inequalities that 9li* must satisfy for approximate 
constancy of ri generally imply the condition *>s

2;S>4Ai 
on which the calculation is based. A similar situation 
has been shown to obtain with the inequality for the 
case of negligible capture frequencies. But since this 
case involves a condition for neglect of the capture 
frequencies which is usually severe for the minority-
carrier trapping range, it is the present case which would 
usually apply in practice in this range. 

The decay times associated with a small-amplitude 
pulse of added carriers above a steady generation level 
Ag are readily evaluated. The equations for dhn/dt and 
dbp/dt linear in the concentration increments 8n and 
dp resulting from the pulse may be obtained from Eqs. 
(23) and (24). Written with capture and release fre­
quencies that are concentration-dependent, they are 

42 The approach to constancy with increasing concentration of 
centers is discussed in reference 40. 

formally the same as the linear small-signal ones for 
dAn/dt and dAp/dt. For the release frequencies, the 
definitions of Eqs. (24) apply; for the capture frequen­
cies, UQ and po in these definitions are replaced by H 
and p. The condition J^S

2^>>4AI of this section generalized 
in this way is the condition for a lifetime f2 for 5n and 
8p which is equal to the generalized ratio *>S/Ai and 
which is large compared with the corresponding time 
constant for trapping. The lifetime f2 depends on the 
steady-state values of An, Ait, and Ap\ it reduces to 
r2 of Eqs. (59) for the linear small-signal case and to 
Tno+Tpo for Ag large. 

3.5 Transport of Injected Carriers 

Steady-state transport as well as drift of an injected 
pulse will be considered in this section on the basis of 
general differential equations of Sec. 2 specialized to 
the linear small-signal case for centers of a single type 
and no applied magnetic field. After this readily effected 
specialization, Ail for centers of the acceptor type may 
be eliminated between the continuity equation in 
Am=Ap and the mass-action equation for dAfi/dt. 
With the introduction of 3li* and Ai from Eqs. (35) 
and (38), the following third-order equation results: 

d2Ap/dt2~D0 div gmd(dAp/dt)+\o'grdid(dAp/dt) 

+ vsdAp/dt— VDD0 div gradA^>+ vv\o • gradA^ 

+ AxAp= dAg/dt+ (vs- vtpi)Ag. (61) 

Here, Do^kTfXnVp(no+po)/ao and v0=ejun^(w0-^o)IAo2 

are the equilibrium ambipolar diffusivity and velocity; 
vs is defined in Eqs. (57) and VD and vv by 

vv=Vgni+vgpi+(vgni— Vgpi)?fli*/ (no—po). (62) 

The frequency vv will be referred to as the "straggle 
constant." I t is readily shown that the linear differential 
equations which An and An satisfy are entirely similar 
to Eq. (61) except for suitable modifications of the 
right-hand member; all the concentrations satisfy the 
same equation if there is no volume generation. For 
An it suffices to replace vtpi where it occurs explicitly 
by vtni, while for Ail only the generation term 
(vtni— vtpi)Ag occurs, dAg/dt being absent. I t can also 
be shown that recombination of lifetime T3 in other 
centers in extrinsic material can be taken into account 
by adding T3_1 to the coefficient vs of dAn/dt and 
dAp/dt and (vs—vtpi)/rs or (vh—vtni)/rz for n- or 
^>-type material to the coefficient Ai of An and Ap. 

3.51 Steady-State Transport; Reverse Drift 

A simple case which yields qualitative information 
of interest is that of injection into a filament in the 
steady state with applied field. For this case, 

vDD0d
2Ap/dx2- vvvQdAp/dx- AxAp=0 (63) 



C U R R E N T C A R R I E R T R A N S P O R T W I T H T R A P P I N G 649 

is to be solved for, say, Ap zero for distance x along the 
filament negatively or positively infinite and con­
tinuous at the origin at which there is carrier injection 
with zero injected total-current density. Equation (63) 
is easily shown to be equivalent to Eqs. (15) and (16) 
specialized for no volume generation and acceptor 
centers only; VD and vv are vs—vtpi times Do/Do and 
flo'Ao, respectively, and rp from Eqs. (36) is 
(v8— vtpi)/Ai. 

The solutions in the semi-infinite regions separated 
by the origin are exp(fi^) and exp(r2x) where r\ and f2 

are given by 

( ) =livvVo/vDDo±l(vvv0/vDD<)¥+4A1/vDDQy~2 

( VVVQ/VDD0\ , h <64) 

"-Ai/vvVo/ 

as obtained from Eq. (63). The case of recombination 
without appreciable trapping5 presents no unfamiliar 
features; the approximation given will accordingly be 
considered, which is that for Ai small, as may result 
from one of the capture coefficients small. The mag­
nitude of r% is thus large compared with that of r2. 
With the condition flo>0, which may be assumed 
without loss of generality, exp(fix) gives the familiar 
sharply varying field-opposing solution to the left of 
the origin and exp(r2x) gives the corresponding gradu­
ally varying field-aiding solution to the right, provided 
vv is positive; thus r\ and r2 are, respectively, positive 
and negative. But negative vv can occur, for which an 
anomalous behavior obtains, the field-opposing and 
field-aiding solutions then being, respectively, the 
gradually and sharply varying exponentials exp(r2x) 
and exp(fi#). For this case, in the limit of no diffusion, 
added carrier concentration appears only in the direc­
tion opposite to that of the ambipolar drift velocity, 
that is, opposite to the direction of drift normally 
determined by conductivity type. 

This "reverse drift" associated with trapping may 
be understood in terms of properties of the current 
density Ai of added carriers. From Eq. (12), added 
carriers drift in the direction of the total current 
density, or the contribution to Ai from drift has the 
sign of I, if noAp—poAn or Ap/An—po/no is positive, 
that is, if injection results in proportionately more 
holes than electrons than is the case at thermal equi­
librium, This behavior is, of course, that which nor­
mally occurs in n-type material; with no trapping, 
Ap/An equals unity and added carriers drift with or 
opposite to I according to whether the semiconductor 
is n-type or ^>-type, with no drift in intrinsic material.3'5 

Thus, the normal behavior requires the conditions that 
Ap/An—po/no be positive in ^-type material and nega­
tive in ^-type. I t is easily shown by writing these condi­
tions by means of Eqs. (36) for the steady-state value 
(\—rn)~l of Ap/An that both are tantamount in the 

steady state to the single condition, vv>0. This con­
dition clearly always holds for the majority-carrier 
trapping range, while reverse drift results for sufficient 
minority-carrier trapping in not too strongly extrinsic 
material. From Eqs. (62), vv>0 gives 

pO—flo> (Vgnl— Vgpi)?fli*/(Vgnl+^gpl) (65) 

for ^>-type material, and a similar inequality for n-type 
obtainable by changing the sign of each side. Equating 
the two sides gives the condition for no drift which, 
for no trapping, holds for intrinsic material. For 
electron trapping without recombination, the right-
hand side reduces to 9di*; for this case, since 3li* equals 
novtni/vgni from Eqs. (35), reverse drift obtains if 
m/po in ^-type material exceeds Ttni/(rtni+rgni), the 
fraction of the time electrons are free. A similar result 
holds for hole trapping in n-type material. 

3.52 Drift of an Injected Pulse 

The differential equation for drift with negligible 
diffusion and no volume generation in one Cartesian 
dimension with trapping by centers of a single type is 

d2Ap/dt2+v0d
2Ap/dxdt+ vsdAp/dt 

+ vvv0dAp/dx+A1Ap=0, (66) 

from Eq. (61). To solve Eq. (66) for a pulse of carriers 
injected into a doubly infinite filament, for which a 
suitable technique is that of the bilateral or two-sided 
Laplace transform with respect to the distance variable, 
the equation is put into a particular dimensionless form: 
Independent variables 

X E E X / L , U=t/r, (67) 

are introduced, and with distance and time units given 
by 

L=V0T, T - ( M ) - , 

v2^4{vv(vs—vv)-A{\ 

= ±n? (vtm - vmY (po~no)~2 (68) 

•L(vtnl+Vtpl)(£o — n0)/(vtnl—Vtpl)?fll*'- 1 ] , 

subject to the restrictions v29^0 and noT^po, the reduced 
equation 

d2Ap/dU2+d2Ap/dXdU+£dAp/dU 

+ * (f+K)dAp/dX+i (f2- K2=F l)Ap = 0, (69) 

results, where K and f are the parameters 

K=(2VV— vs)T=[vgnl+vgp1 

+ (no+po)(vtni—vtpi)/(n0-po)2ri (70) 

£=V8T= (vTnl+Vgnl+Vtpl+VgPl)T>0. 

Coefficient unity for the second term of Eq. (69) 
results from the definition of L. The double sign in the 
last term of the equation results from the necessity of 
defining a real (and positive) r, the upper and lower 
signs applying, respectively, for positive and negative v2. 
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Solutions for the initial delta pulse at the origin of 
(P carrier pairs injected per unit area of cross section 
are, as may be verified without difficulty, 

X -1 11X(U-X)1\, (71) 
[X(t/-X)]*J 

.Io(lX(U-X)J)llX(U-X)2, 
Jo 

where £ and rj are the parameters 

^(vs—2vtpi)T, 7]^(vs~2vtni)r. (72) 

For AN^An((?/L), £ in AP is replaced by r\. The 
modified Bessel functions I0 and Ii apply for the upper 
sign in Eq. (69), that is, for v real, while the Bessel 
functions Jo and J\ apply for v imaginary. The term in 
AP and AN with the delta function d(U— X)=^v0r 
'd(vot—%) represents a contribution that drifts at 
velocity VQ. The continuous distributions are confined 
to the interval 0<x<Vot, l [ X ( c 7 - X ) ] = l [ > ( ^ - x ) ] 
being the step function that is, respectively, zero and 
unity for negative and positive values of its 
argument.43'44 

An illustrative case of minority-carrier trapping in 
strongly extrinsic material, for which v is real and the 
interpretation comparatively straightforward, will be 
presented first. For strongly extrinsic material, since 
the parameter £ or ij for minority carriers is substan­
tially equal to tc, the minority-carrier concentration 
does not include the term with the Bessel function h. 
If, also, the trapping is nonrecombinative, then 
t=(vg+vt)r and K=(vg—pt)r hold with v2^Avtv9, 
where vt and vg are vtni or vtpi and vgni or vgpi, respec­
tively, and refer to the minority carrier. Figure 1 shows 
distributions of mobile minority carriers for f = 5 / 4 
and K = — 3/4, as for release time equal to 4 times the 
trapping time. The continuous distribution is shown 
for different times after injection at the origin of the 
neutral delta pulse. This distribution is led by a delta 
pulse which drifts at the ambipolar velocity vo. This 
remnant of the initial pulse is composed of untrapped 
carriers; it is attenuated comparatively rapidly by the 

43 Fan (reference 34 and private communication) has given a 
solution of this drift problem which applies for negligible majority-
carrier capture frequency. Clarke (reference 38) has, in effect, 
pointed out this restriction, to which solutions in references 34 
and 35 for the decay of photoconductivity are also subject. 

44 A. K. Jonscher, Proc. Phys. Soc, (London) B70, 223 (1957) 
has given solutions for drift of minority carriers with recombi­
nation and nonrecombinative trapping at variance with solutions 
given here. See reference 2, footnote on pp. 526, 527. 
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FIG. 1. Continuous concentration distributions at different 
times of mobile minority carriers from an injected neutral delta 
pulse for drift with trapping. A strongly extrinsic semiconductor 
and f = 5/4, K = —3/4: are assumed, as for nonrecombinative trap­
ping with release time, rgi equal to 4 times the trapping time, rt. 

exponential factor [exp(— U) for the particular values 
of the parameters] as the area under the distribution 
of actual concentration increases asymptotically, as 
can be shown,2 to J(P, the initial pulse strength multi­
plied by the fraction of the time the carriers are free. 
The abrupt front of the distribution for the shorter 
times results from most carriers having been trapped 
only slightly-—at least once, but not much more. A 
relative maximum within the drift range appears com­
paratively soon, and the abrupt front then progressively 
disappears as a result of multiple trapping. Further­
more, there is a reduction of apparent mobility: The 
maximum drifts, as will be shown, at a velocity which 
decreases asymptotically to \v^ the fraction of ô equal 
to the fraction of the time the carriers are free. It 
appears from the figure that this limiting velocity is 
approached comparatively slowly. By suitable approxi­
mation involving large U, it is readily shown that45 the 
distribution also becomes increasingly Gaussian in 
shape, particularly about its maximum, spreading as 
if the carriers were subject only to drift and diffusion 
with diflusivity (for nonrecombinative trapping) given 
by v0L/^d=-Vo2vtvg/(vt+vg)^ 

Some of these results depend on certain general 
properties of the parameters. From the first forms for 
K and f of Eqs. (70) and the definitions of r and v2 of 
Eqs. (68), 

$•= 0c2=bl+4Air2)*> (/c2±l)^ (73) 

follows. The inequality sign is associated with recom­
bination, Ai being zero for nonrecombinative trapping. 
The parameter f is real and never negative. For v 
imaginary, so that the lower sign applies, a similar 

45 Use is made of the approximations 

h(z)~Ii{z)~(27T2)~* exp(z) for \z\ large. 
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calculation gives 

K 2 = 1 + ( I / 8
2 - 4 A I ) T 2 > 1 , ^ 2 <0 ; (74) 

the condition vs
2—4Ai>0 implies real decay constants 

and holds from Eqs. (57). For v real, K is not restricted. 
For example, for nonrecombinative trapping in strongly 
extrinsic material K is iHivg/vt)*— (vt/vg)*~\ and can be 
zero or have any positive or negative value. Thus, f > 1 
holds for v real and f > 0 holds for v imaginary. Also, 
for nonrecombinative trapping, the parameters do not 
depend on the capture coefficient and f = ( K 2 ± 1 ) ^ 
equals £ or t\ according to whether electrons or holes 
are trapped. 

The maxima for sufficiently large U of the con­
tinuous distributions of mobile and trapped carriers 
for cases of real v occur substantially together. They are 
found to be given by45 X/U=x/vot = i[l+K/(K2+l)i2, 
from Eqs. (71). I t is easily seen that for nonrecombina­
tive traps real v implies minority-carrier trapping with 
positive vv and ( K 2 + 1 ) * equal to f. From Eqs. (35), 
(62), and (70), X/U for the maximum and large U 
accordingly reduces to vv/(vt-\-vg), which is 

\jtn\—n§Tgn\l (pO—no)']/ ( r « w l + Tgnl) 

for electron trapping or 

[jtpi—poTgpi/ (no—po)']/ (rtpi+ Tgpi) 

for hole trapping. Hence this X/U, the factor by which 
the apparent mobility is smaller than the magnitude 
of the ambipolar pseudomobility,3 is in general less 
than Tt/(rt+Tg), the fraction of the time minority 
carriers are free; but this X/U is substantially equal 
to the free-time fraction46 under the condition 
\n0—^o|^>3li*, obtained with the use of Eqs. (35). 
As \m—po| approaches 3li* in the nonrecombinative 
case, X/U approaches zero. Recombination reduces 
the distance for a maximum at given time, and thus 
reduces the apparent mobility, since for nonrecom­
binative traps with recombination of lifetime r3 in 
other centers the distribution of the mobile carriers 
subject to trapping is simply that for no recombination 
multiplied by the decay factor exp(—x/vori). This 
factor applies because the carriers which arrive at x 
at whatever time have drifted in the conduction band 
for time x/v0. 

The decay constant for the straggle effect, or the 
limiting decay time at fixed x for the tail of the distri­
bution after the maximum has drifted past, is readily 
evaluated. With the condition X<£JJ for the tail of the 
distribution, this decay constant is clearly the co­
efficient of t in the exponent of Eqs. (71). I t is thus 
§ G " + K ) / T =*'*>, and vv has accordingly been named the 
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46 Fan (reference 34) has shown from his solution that for 
relatively small trap concentration X/U for the maximum ap­
proaches the free-time fraction. 
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DIMENSIONLESS DISTANCE, X = X / V Q T 

FIG. 2. Continuous concentration distributions at different 
times of mobile minority carriers from an injected neutral delta 
pulse for drift with trapping in the reverse-drift range. Equi­
librium majority-carrier concentration is taken as Sfii and non­
recombinative trapping is assumed with 9li*^>|w0—£o|, whence 
0.1r f f»r = 2.4'n and f = 2.4, K= —2.6 hold, with 0.1 the coefficient 
of the term in J0. 

"straggle constant." I t is easily seen from Eqs. (35) 
and (62) that vv for strongly extrinsic material is sub­
stantially Vgni+Vgpi plus either vtni, for tio^>po, or vtpi, 
for po^>no. 

Imaginary v obtains with K>\ over the majority-
carrier trapping range, and it obtains with K< — 1 over 
a range which includes the reverse-drift range, as can 
be shown2 from Eqs. (62) and (68). With recombina­
tion in the centers, the reverse-drift range applies for 
the finite range, KT<K< — \. For nonrecombinative 
trapping, K < — 1 (with imaginary v) gives the reverse-
drift range. This case is illustrated in Fig. 2, which 
shows the continuous distribution of mobile minority 
carriers at differing times for majority-carrier concen­
tration no or po equal to Stii and 9li*)£>| no—po\, 
namely rff^>24r<; the delta pulse of untrapped mobile 
carriers that leads the distribution is rapidly at-
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tenuated by the factor exp(— 2.517). As the figure 
shows, the distribution crowds towards the injection 
point as its maximum excursions both above and below 
the axis increase with time: There is local carrier 
depletion, the distribution being negative over part 
of the drift range after a certain time.47 The distribution 
approaches a pulse at the injection point of strength 
equal, for nonrecombinative trapping, to the initial 
strength times the free-time fraction. I t does not 
exhibit essentially unidirectional drift: The drift of 
added carriers, initially in the direction of the ambi-
polar velocity, is largely in the opposite direction after 
some trapping has taken place. Numerical estimate of 
the effect of diffusion indicates that negative added-
carrier concentrations can occur over appreciable 
distances under conditions which can be realized in 
practice.48 

For a pulse injected in more strongly extrinsic 
material under the condition of large 911* or rg which 
gives reverse drift, smaller concentration changes 
occur more slowly with U and are appreciable over a 
smaller fraction of the drift range.49 For strongly 
extrinsic material, the exponential factor limits the 
solution to small X, since K and f are large in magnitude. 
Approximating the Bessel functions for small values of 
their argument then gives, for ^-type material, 

AN=Z(fii/2po) exp(mU/2po)2(l-x/vQTtni) 

'exp(—x/v0Ttni). (75) 

This approximate solution bears out the statements 
made: Because of i(ni/po)rgnh^>r=J (po/fii— ni/pd)Ttni, 
an increase in po for given r requires larger rgn\ and, in 
particular, decreases rtni as well as fii/2po. A curve 
from Eq. (75) of AN versus x/v0Ttni is qualitatively 
similar in shape to the curves of Fig. 2: AN decreases 
to a negative relative minimum at x/voTtni=2 and then 
asymptotically approaches zero. 

The current density AI of added carriers provides 
further interpretations. From Eqs. (12) and (71), this 

47 W. Kaiser (private communication) has suggested that 
negative added-carrier concentrations which were observed with 
localized optical injection in silicon under applied field may be 
accounted for through these results. A theoretical discussion of 
carrier depletion is included in reference 3. 

48 For po = 5fii and electron and hole mobilities of 1500 and 
570 cm2 volt-1 sec-1, as for silicon at 300°K, L=V$T is 0.12 cm for 
r = 2.4r*ni=10~5 sec and an applied field of 10 volt cm-1. The 
diffusion distance (Dat)§ f° r 10r is 0.06 cm, which is appreciably 
smaller than the approximate distance 2L = 0.24 cm over which 
negative added-carrier concentrations occur. 

49 See Fig. 3 of reference 2, which shows a more nearly intrinsic 
reverse-drift case. 

is given by 

AI=e2nnVp<To-2I((P/L)(noAP-pQAN) 

= e.0((P/L){exp[KZ-J(f+/c)^]} 

-Uu-X^ilXiU-Xm-- —J 

•V[X(U-X)1 (76) 

for the present case of one-dimensional drift with no 
applied magnetic field. That the Bessel functions of 
order zero do not occur follows from the easily verified 
relationship no£—porj=(no—po)K. These functions are 
accordingly associated with carriers that neutralize 
the charge of trapped carriers or with the trapped 
carriers themselves, while those of order one are 
associated with the drift of, in effect, carrier pairs. The 
direction of drift of a mobile-carrier distribution con­
sidered in its entirety depends on the sign of the net A/, 
or AI integrated over the drift range. For nonrecom­
binative trapping and large U, the integral over the 
drift range of the concentration of mobile carriers that 
are subject to trapping equals (P times the free-time 
fraction. The corresponding value of the integral of AI 
with respect to X for electron trapping is therefore 
ev0((P/L), the initial AI, times50 vv/(vtni+vgni). Thus, 
as may be expected, the limiting value of the integral 
for large U has the sign of VQ or the opposite sign 
according to whether vv is positive or negative. This 
result supports the conclusion that, for the reverse-
drift case, the distribution from an injected pulse 
ultimately crowds towards the origin, where A / = 0 
holds. 
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so p o r r e a j V} which implies positive vv and ^>-type material, 
this factor is the limiting value of X/U for the maximum of the 
mobile-electron distribution. 


