A RELATIVE PARITY FROM CHEW AND LOW ANALYSIS

this is not necessarily even.) For even parity the
extrapolated quantity in the case of a virtual pion
should be identically zero, since the vertex KK is
forbidden. (We are, in effect, extrapolating to a pole
where no pole exists; hence, the extrapolated quantity
is zero.) For odd parity the KK vertex is allowed but
since odd relative parity implies charge independence
is violated, the grx. coupling constant is small. How-
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ever experimental methods are not precise enough to
deal with such a small effect.
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The mathematical and physical meaning of the commutation relations of nonrelativistic quantum me-
chanics is discussed in terms of the representation of translations, Galilean transformations, and rotations
of the coordinate system by unitary transformations acting on the unitary vector space of quantum states.

INTRODUCTION

HE discussion of "this paper is confined to state-
ments concerning part of the conceptual structure
of the nonrelativistic quantum mechanics of particles,
even though the arguments may be extended to the
discussion of relativistic quantum field theories. This
restriction makes it possible to study the. essential
points that are involved without the use of cumbersome
formulas.

Most treatises on quantum mechanics include among
the various postulates of the theory a statement of the
fundamental commutation relations between the Car-
tesian components of the coordinate and the canonical
momentum of a particle:

(Xi;pj) = /Lhau (1)

Quite naturally, a great deal of attention is paid to the
physical consequences of these relations as expressed
by the Heisenberg uncertainty principle. However, with
few exceptions,!? there is little discussion of the mathe-
matical and physical ideas which underlie them. These
ideas are concerned with the representation of trans-
lations, Galilean transformations, and rotations of the
coordinate system by unitary transformations acting
on the unitary vector space of quantum states.

The author has discussed the commutation relations
with many physicists during the past few years and
has found that only the most sophisticated among them
are familiar with the ideas involved. The present article

* This work was done under the auspices of the U. S. Atomic
Energy Commission. :

1 Hermann Weyl, The Theory of Groups and Quantum Mechanics
(Dover Publications, New York, 1931), p. 175 and p. 272. Trans-
lated from second revised German edition by H. P. Robertson.

2 P. A. M. Dirac, The priwciples of Quantum Mechanics (Oxford
University Press, Oxford, 1947), 3rd ed., p. 89 and p. 99.

is concerned with an attempt to present them in a
simple and concise fashion to a wider audience. It
should be remarked here that this situation has been
clearly recognized by Schwinger,® who has given a
concise and complete statement of the laws of quantum
physics in terms of his general dynamical principle, the
quantum analog of Hamilton’s principle. His discussion
has not appeared in textbook form, however. Further-
more, Schwinger deals with the most general situation
appropriate to relativistic, localizable field theories.
Consequently, it is not easy to divide his arguments
into their various parts in order to clearly recognize
the concepts that are involved because the generality
of the problem that he attacks requires the use of
elaborate mathematical techniques, which are not
necessary for the analysis of the simpler problem to be
discussed here.

RELATION BETWEEN THE COORDINATE SYSTEM
AND UNITARY VECTOR SPACE OF
QUANTUM STATES

The basic postulates of quantum mechanics assert
that a physical system is described by a vector which
is an element of a linear unitary vector space and that
observables are represented by Hermitian operators
whose eigenvectors may be used to define a coordinate
system in this space. They also assert that if |A4’) is an
eigenvector corresponding to the eigenvalue 4’ of an
observable 4, then the probability that a measurement
of A will lead to 4" when the system is in the state |¢)
is the absolute square of the scalar product (4’|y).
This leads to the requirement that (¢|¢) be unity and
is, in fact, the reason why the transformations of

3 Julian S. Schwinger, Phys. Rev. 82, 914 (1957).
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quantum theory must be unitary.* It also shows that
states |¢) which differ by a phase factor e are
equivalent.

To describe motion one must be able to represent
the basic motions of the physical coordinate system,
i.e., translations,® Galilean transformations, and rota-
tions, by corresponding unitary transformations acting
on the space of quantum states. Once this kinematical
problem has been solved, the transition to dynamics
may be made by relating the infinitesimal generators
of these transformations to the Lagrangian of the
system.

TRANSLATIONS

First consider the representation of displacements of
the coordinate system by a fixed amount a; The
eigenvalues of the coordinate operator x; label the
position of a particle, and therefore, under this dis-
placement, corresponding eigenvalues must be related
by

x/ O=x5/0—gq, (2)

where the labels 1 and 2 refer to the two different
systems. If the system was described by a state vector
|), this changes into |¢’) under the transformation,
and |¢/) is related to |¢) by a unitary transformation

[¥)=Ul¥). ©)

This transformation may be determined by the
condition:

W' wil )= |wi—aily). 4)
This leads to
U_1x¢U=xi—ai. (5)

Now one may express U as the exponential of an
Hermitian operator D which is clearly a function of
the displacement a,:

U=¢il @), 6)
One must have

D(0)=0,

and consequently the Taylor expansion of D has the
form :

© a;" d"D(a;)
D(a)=3% ———— (7
=1 n! da" |e;=0

For infinitesimal displacements, only the first term is
important, and so it is convenient to set

= , (8)
da,- a;=0
and to write
U=1+1ida,. 9)

4 This remark does not apply to time reversal.

5 Translations are, of course, contained in the Galilean trans-
formations. They are discussed separately in this paper since it
seems desirable to break up the discussion in such a way that it
parallels the corresponding relativistic one,

JOSEPH V. LEPORE

Consequently, one has

(1—idie)xi(14-idsa;) = x:— a;, (10)

(11)

This relation defines the infinitesimal generator d;
which was desired and shows that when «; is diagonal,
d; may be represented as

di=—id/dx,.

or
(xi,di) =1,

(12)

It may be shown that the general form [Eq.(7)] is
not required to yield all displacements that may be
achieved by a continuous change from the identity
(no displacement at all), but that an arbitrary dis-
placement may be written as

U(a;) =etoidi, (13)
As mentioned previously, Eq. (13) is a purely kine-
matical statement. The transition to dynamics takes
place when one makes the fundamental hypothesis
that the momentum operator p; is given by

where L is the Lagrangian function.

Clearly a similar argument might be used to discuss
the representation of time displacements. This would,
however, be incorrect since the time is merely a pa-
rameter and may not be regarded as a dynamical
variable of the system. It is interesting to note that
this situation which mars the structure of nonrela-
tivistic quantum mechanics is not present in relativistic
quantum field theory, where particles are described by
field operators that are functions of position relative
to the coordinate system. These positional coordinates
(which include time) are therefore only parameters.

From the foregoing remarks it should be clear that
the state vector in nonrelativistic quantum mechanics
is to be regarded as a function of time which changes
according to dynamical laws. The dynamical law must
be expressed as a unitary transformation by postu-
lating Schrédinger’s equation ’

3
ifi— | pty=H | ). (15)
Y

Thus the time does not express any kinematical features
of the system.

GALILEAN TRANSFORMATIONS

Nonrelativistic quantum mechanics satisfies a prin-
ciple of relativity with respect to Galilean trans-
formations. If one considers two inertial coordinate
systems moving relative to each other with velocity
v;, which were coincident at =0, it is clear that the
eigenvalues of the momentum operator p; which give
the momentum of the particle relative to the two
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inertial frames must be related by

b @ =p/ O —mu;, (16)

where m is the mass of the particle, and the labels 1
and 2 refer to the two different inertial coordinate
systems. It is also necessary to recognize that the
eigenvalues of the coordinate operator x; are related by

17

The transformation between the two inertial frames is
now to be represented by a unitary transformation
acting on the state vector |¢) of the system:

w D=0 —qp,

[W)=Uly). (18)
The conditions which determine U are
W pl )= pi—mui|¥), (19)
and
W i [¢) = |xi—vit|P). (20)
Equations (19) and (20) lead immediately to
U=p,U = pi—mu, (21)
and
: U=lx,U=x;—v4d. (22)

Suppose that one first studies Eq. (21) by temporarily
ignoring condition (22). One may then write U in the
form

U=¢ivimvi, (23)
where g; is the infinitesimal generator of the trans-
formation. Upon passing to the case of infinitesimal
9;, one finds from Eq. (21) that

(gonpi) = —1. (24)
Consequently, the infinitesimal generator may be
expressed as

gi=—1d/dp.. (25)

Now Eq. (25) is a purely kinematical statement so that
the connection with dynamics must be made by the
assertion that the generator g; is related to the neg-
ative of the coordinate operator by

One may now return to the problem of representing
the Galilean transformation. One must exhibit a
unitary transformation U which is determined by
Egs. (21) and (22). Since Eq. (21) by itself would lead
to a unitary transformation Uy of the form

Ui=exp[ (i/R)vitp:],

one is lead to a study of the composite transformation
U 1U 2.

(27)

U Us=exp[ (i/7)aip:] exp[ (i/7)ba:],
where a;=v¢ and b;=—muv; If this is applied to Eq.

(28)
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(21), one finds

U U p;ULU,
=exp[ — (i/%)bix; ] exp[— (i/H)a:p:]p
Xexp[ (i/%)a:p;] exp[ (/%) bv:]

= pi=mv;. (29)

Now checking Eq. (22), one can write

UZ—IUI_IgiUlUZ
=exp — (i/%)bix:] exp[— (i/h)a:p: T
Xexp[ (¢/#)aip.] exp[ (i/%)bix:]

=x;—V;l.

(30)
Thus the unitary transformation

U=U,U,, (31)

does indeed represent the Galilean transformation.

It is at this point that one comes upon an interesting
and somewhat surprizing situation, for if one considers
the unitary transformation

U’=U2U1, (32)

it may be immediately verified that U’ also satisfies
the conditions required by Eqs. (21) and (22). One is
therefore lead to the conclusion that the state vectors
|[¢/) and |¢") defined by

W)=Uly), (33)
and

W)=U"lY),

actually represent the same physical situation. This
possibility can. exist only because of the probability
hypothesis of quantum mechanics which asserts that
only the modulus of the state vector has a physical
meaning. Weyl described this situation by saying only
the rays of the vector space were physically significant.!
A ray is defined by

(34)

| R)=e[¢),

where « is an arbitrary real number. All state vectors
which satisfy Eq. (35) lie on the same ray.

Upon returning to Egs. (33) and (34), one may
therefore conclude that

[¥")=e[¥)),

or that |¢'") and |¢’) lie on the same ray. Consequently
the unitary transformations are commutative in the
sense that

(35)

(36)

U1(a)Us(b) =€t U, (b) U1 (a). 37

Weyl asserted that quantum kinematics is described
by an Abelian group of ‘“rotations” of the rays asso-
ciated with the vector space. With this hypothesis, he
then showed that one is led to the fundamental com-
mutation relations, This is easily seen by letting a;, b;
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be infinitesimal. In this case

%y
v(a,b)=ab; ;
9000l a—0,—0

(38)

since y(0,0)=0. Consequently, one finds

C1+ G/ B)ap L1+ (/)b ]
= (1+iadn") [ 14 (@/R)big L1+ G/ R)api],

or
abh? (xq/,p@) = idibn/”. (39)

If 4" is chosen as %7, one may conclude
(wi,ps) =1, (40)

From a purely physical point of view the situation
may be summed up by saying that one may make the
translation first and then the momentum change, or
vice versa. It seems evident that either way should lead
to the same physical properties.

As the reader will have noticed, many salient points
have been omitted from the foregoing discussion. Some
of them will be discussed in a later section, since they
do not at this point fall into the scheme of this paper.

ROTATIONS

In order to complete the study of nonrelativistic
quantum kinematics, it is necessary to represent the
only other possible type of motion that can occur—
rotation. While it is clear from the foregoing discussion
that one might immediately infer that the infinitesimal
generator of rotations is the usual angular-momentum
operator, it seems more in the spirit of this paper to
treat rotations in the same way as translations and
Galilean transformations.

Consider, therefore, a rotation of the coordinate
system by an amount specified by the rotation matrix
S.;. The effect of this rotation is to alter the eigenvalues
of the coordinate operator x; according to the relation

x/ A= S,-jxj’ (1). (41)

Accordingly, this transformation induces a change of
the state vector of the system |¢) given by

W)=Ul¥), (42)

where the unitary transformation U is determined by

W as|Y)= S | 2] ¥). (43)
Consequently, one finds
U‘lin = S,-jxj. (44)

If, as in the foregoing sections, one considers only
infinitesimal rotations, one may write

Ss5=084+Qu;, (45)
where Q;; is an antisymmetric matrix
Q¢j= '—jS. (46)
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This matrix is related to the infinitesimal angle of
rotation 8; (6;=w.d¢) by the relation

(47)

where ¢;; is the usual alternaiing symbol of tensor
analysis.

The unitary transformation U, on the other hand,
may be written in terms of its infinitesimal generator as

(48)

Q= e,

— gimklk
U=¢' %,

where summation over %k is now intended. For in-
finitesimal @; one therefore finds

U=1+ir#.. (49)

Upon using this relation in conjunction with Eqs. (44)
and (45), one finds that

— i (70:,%5) = Qi (50)
and from Eq. (29), one obtains
— (7)) = — eijpxifi. (51)

Since the angle of rotation 6 is arbitrary, one may
conclude that
(52)

Since this is a kinematical statement only, one must
make the connection with dynamics by comparing it
with Egs. (14) and (24) or by making, independently,
the hypothesis that

(Ti,xj) = ieq-jkxk.

Tuh= Ly,
and (53)

L= €jiXips

In either case, one finds that the generator of in-
finitesimal rotations is

L= —ihe,cjixja/axi, (54)

which is just the angular-momentum operator. An
elementary calculation leads to the commutation rules
between various components of the angular momentum

(Li,L,) = ihesjuLr. (55)

It is instructive to discuss three simple cases which
illustrate the typical problems with which nonrela-
tivistic quantum mechanics is concerned. These are
concerned with scalar, spinor, and vector functions of
the position operator. Under a rotation, S, these
scalar functions transform as

W' o) [¥)=0W o (S™0) [¥). (56)
The corresponding transformation for spinors is
VW)= WS, o

A‘“lo'iA = Sija'j,

where o; is the Pauli spin operator. For vectors the
transformation is

W' As(@) [9) =S| 4;(S7%) [¥). (58



COMMUTATION RELATIONS OF QUANTUM MECHANICS

For the scalar case, the unitary transformation is
U ¢ (x)U=¢(S ). (59)

Thus when the rotation is infinitesimal, one finds, upon
writing

U=[1+(/7)J-6], (60)
that
— (/)T i-0:,0 1= (3¢p/ dcx1.) €xjitif, (61)
or
[J )= —iein;pr. (62)

In this case one finds J;=L,;. Thus, the angular mo-
mentum carried by a scalar field is purely orbital.
The spinor case is more interesting. One writes

U=14-(i/7)J 8

; (63)
A=14(i/%)cH;.
Consequently, one has
— @/ M) T 00 1= —Sio b+ enjix9:09/0xr,  (64)
" oy ]=[—iheijw0/dxt+i(h/2)a . (65)
In other words, one has
Ji=Li+(1/2)0;. (66)

A number of details regarding the explicit construction
of the spin matrices have been omitted from this
argument for the sake of brevity. They may be ob-
tained however by an application of the methods of
this paper.

For the case of the vector field, one finds that

I:J%;A m:|= [Lﬁmz—‘i‘hezmz]fl I3 (67)
Consequently, one can write
where
(Sa‘)jkz —iﬁeijk. (69)
One easily verifies that
(24 S2)ji= 211, (70)

which is the standard result that the vector field
describes an intrinsic spin of 7.

The foregoing discussion may be extended to the
case of higher-rank tensor fields provided that sufficient
attention is paid to the question of irreducibility of the
acquired representations. It does not seem profitable
to discuss more complicated situations in this paper.

WEYL’S THEORY OF QUANTUM KINEMATICS!

Weyl’s theory of quantum kinematics shows the
close connection between the probability hypothesis of
quantum mechanics and the commutation rules. The
probability hypothesis leads to the conclusion that one
is not concerned with the vectors of the representation
space, but only with the rays of this space. Weyl
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observed that the commutation rules of quantum
mechanics imply that the operators «; and p; are the
infinitesimal generators of an Abelian group of “rota-
tions” of the rays of the state vector space. He then
investigated the general conditions that are required
in order to set up an irreducible unitary representation
of an Abelian group of ray rotations.

Suppose that |¢) belongs to the ray |R) and that
one considers two “‘rotations” 8; and 8,. Since 8; and
82 are commutative, the ray obtained after the ‘“ro-
tations” is

(71)

If one now represents these “rotations” in terms of
unitary transformations acting on the vector space,

lRl>= 8182 ] R>= 8281 l R)

U1 i 51, (72)
Uz g 52,
one realizes that Uy and U, must satisfy
N=UU
|¢H> 10:[9), (73)
[¥")y=UxU1lY),
and also
[¥)=et|y"). (74)

Consequently, the relation (81,82)=0 is represented by

U,Uy=¢e2UyU5. (75)
It is clear from this equation that a unitary repre-
sentation of an Abelian group of ray rotations can

never be set up in a finite dimensional vector space,
for this would require that

det(Ule) = det(ei"‘UQUl),

and, consequently,

(76)

eine=1, (77)
That is, e would have to be an nth root of unity,
where » is the dimensionality of the space. Moreover,
one would have the additional requirement that

trU1U2=trei°‘U2U1, (78)
or that
ele=1. 79)

It is therefore necessary to consider a space of infinite
dimensionality where Egs. (77) and (79) need not hold
true.

To investigate this problem further, one supposes
that there exist infinitesimal generations, o;, which are
appropriate to the problem so that U, and Us may be
expressed as

Ui(r)=¢imioi,

. (80)
Us(\) =eivi,

The 7; and A, are parameters which define U; and U,

and summation in the exponent is implied over the

assumed finite set of # infinitesimal generators o4,* * *om.
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Upon substituting Egs. (80) into Eq. (75), one finds
(81)

where the explicit dependence of a on the 7; and \;
has been noted.

Upon passing to the case of infinitesimal 7; and A,
one may write

17305 TN 0] e pia(TN) piNjO i piTi0s
eiTivigt ]vi_eza(‘r )37’ ,v,eznm’

e"”“”= 1+’i7i0'z‘,

eMivi=14-1\jo;, (82)
e *mN=14ja(r,\),
and also, to sufficient accuracy,
a(r\) =a(0,0)+7:00/dr+N;00/ ON;
37N O%/dT 0N+ . (83)

Clearly only the last term can be present, for if either
7; or A; is set equal to zero, Eq. (81) reduces to an

identity.
It is convenient to set
20%/d7,0Nj=—Cyj. (84)
Upon substituting Egs. (82) into Eq. (81), one finds
7N (04507) =1CsTiNj, (85)
or, since 7, \; are arbitrary,
(04,05) =1C}j. (86)

There is a strong restriction on the matrix C;; which
is imposed by the requirement that our representation
be irreducible. From Schur’s lemma the only matrix
which may commute with all the matrices of such a
representation is the unit matrix. Consequently, one
must assume that the equation

CijTi)\j= O, (87)

never has a solution A; for a given set =; except A;=0.
Thus one can write
detC,;70. (88)

Furthermore, from Eq. (86) one sees that C is anti-
symmetric:

Cij=—Cjs. (89)

Now such a matrix can exist only in a space of an
even number of dimensions.® This implies that the
number of infinitesimal generators o; must be even:

m=2f, (90)
where f is an integer.

One sees at this point how the representation is
adapted to the occurrence of pairs of infinitesimal
generators that occur in a canonical formalism. Further-
more, it may be shown that any matrix C;; with the
properties described by the last three equations may be

8 See reference 1, appendix 3, p. 397.
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brought into the form of blocks along the main diagonal
made up from units of
0o 1
(91)
-1 0
by a linear change of basis, o;— o¢. If one imagines
this has been done, one arrives at the commutation

relations by identifying the new generators o/ so
obtained as follows:

0'1,= xl/h,
o =pi/h,

It seems to the author that the main point of Weyl’s
investigation has been dealt with. The foregoing argu-
ment shows clearly how closely the commutation rela-
tions are connected with the probability hypothesis of
quantum mechanics. The author realizes that many
important mathematical questions have been heuristi-
cally treated in this paper. It is hoped that this manner
of treatment will be satisfactory to the average
physicist.

0'3I= xg/h

92
0'4,=P2/h, etc. ( )

SUMMARY

A discussion of the fundamental commutation rela-
tions in nonrelativistic quantum mechanics has been
presented which shows how closely they are connected
with simple physical and mathematical requirements
imposed on the theory. The method of presentation is
intended to amplify and clarify arguments that lead
to them by more formal means. The restriction to
nonrelativistic quantum mechanics which allows a
simplified discussion in terms of translations, Galilean
transformations, and rotations may be removed by the
following scheme:

(a) translations — translations; (b) Galilean trans-
formations and rotations — Lorentz transformations;
and (c) point-particle mechanics — field theory.

This program, which is treated in the paper by
Schwinger,® leads to the fundamental commutation
relations between field operators when augmented by
the demand of time-reversal invariance. The very
simplicity of the requirements leading to these com-
mutation relations suggests that an attempt to modify
the commutation relations between field operators must
be based on a modification of the field equations of the
theory.
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