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In this communication, the author has solved the Boltzmann equation for electrons in a slightly ionized gas
under the influence of an electric field (ac+dc), a magnetic field and temperature gradient. Expressions for
the electrical and thermal currents have been obtained in terms of integrals having collision frequency and
Jo, the isotropic part of the distribution function, in the integrand. A differential equation for fo has been
set up and analytical expressions obtained under simplifying assumptions. The application of the analysis
to transport properties and electromagnetic wave propagation has also been indicated.

INTRODUCTION

N this communication, the author has investigated
the electrical and thermal currents in a slightly
ionized uniform gas, under the influence of temperature
gradients, a magnetic field, a stationary electric field,
and an alternating electric field. Many investigations!
in this area have been published but none seems to be
so general. Usually the investigators have neglected
temperature gradients, assumed the magnetic field to
be perpendicular to the electric field and considered
only one type (ac or dc) of electric field. Some investiga-
tors have assumed a constant collision frequency
independent of electron velocity, which severely limits
the applicability of their results.

The author has solved the Boltzmann equation and
obtained expressions for the three components of
electrical and thermal currents involving integrals
having collision frequency and fo, the isotropic part of
distribution function. Assuming the collisions between
electrons and neutral molecules to be elastic, a differen-
tial equation for f; involving a collision frequency,
temperature gradient, electric field, and magnetic
field has been set up. Analytical solutions for some
special cases have been obtained.

The application of this analysis to the study of the
propagation of an electromagnetic wave in the gas and
transport properties of the gas has also been discussed.

BOLTZMANN’S EQUATION

Boltzmann’s transfer equation may be written as
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where f(v) is the distribution function of electron
velocities, ¢ is the time, e« is the acceleration of electrons,
v is the electron velocity, #, ¥, z are space coordinates,

*This work was supported by Wright Air Development
Division and Air Research Development Command.

'W. P. Allis, Handbuch der Physik, edited by S. Fliigge
(Springer-Verlag, Berlin, 1956), pp. 21, 383; L. Mower, Phys.
Rev. 116, 16 (1959) (assessment of recent pubhcatlons)

and (9f/d¢). is the rate of change of f due to collisions.
The acceleration @ of electrons in the presence of an
electric field Eo+E exp(iwef) and a magnetic field B
is given by
—a=a+ A exp(iwit) +vX o, (2)
where
a= qu/ m,
A=gE/m,
o=gB/mc,,

g is the electronic charge, m is the electronic mass,
and ¢o is the velocity of light in vacuum.
The distribution function may be expressed as

FV) = fotvapstvypy+v.us, 3)

where
pe= fotf.' exp(iwof) = fatgs coswotth, sinwet, (3A)
uy=fu+ 1, exp(iwt) = fy+g, coswot+1, sinwet, (3B)
pa= fot [’ exp(iwot) = futg, coswot+k, sinwet,  (3C)

and fo, f. o Sus for 8oy 8us 8o Poay boyy hay [y fy) and f!
are functions of v only. From Egs. (3A), (3B), and
(3C) we have

f =gy—ihs; fu,=gu'—ihy; f=,=gz—1:hz- 4)
From Eq. (2) we obtain
3 f/0v2=1,F1(v)+pa, (5A)
8f/9t=2 iwov.f, (5B)
where
194 Uy Oty
O
2 9 2 v

Assuming constant electron density, we further
obtain

of of
-—+'Uz—— (=0 vz)—f= - (Bz-l—vywz-—vzwy)—]:, (6)
97, ox 07, 07,
where
Bo= a4+ A exp(iwot) + b2,
and

b= (1/2T)0T/dx.
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ELECTRICAL AND THERMAL

For a Lorentzian gas consisting of neutral molecules
and electrons, a reasonable assumption for slightly
ionized gases it may be shown? that

af m 0 .
(E)c_ —”(f—fo)"l‘ﬁé;(fov v)
kT 0 dfo

2
vy ,

M? v dv
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where » is the collision frequency of electrons, M is the
mass of molecules, % is the Boltzmann constant, and
T the temperature of the gas.

Using Egs. (2), (3), (5), and (7), putting (2,2)av
=(0,2)av= (0.2)av=1%/3 and (V2 )av=(Vy0)av= (V:V2)av=0
and equating the terms having v,, v,, and », and the
remaining terms on both sides of Eq. (1), we obtain

(f 3)+ i zaf") 6.2 (w9, (®)
— —(for®)+——( w =—— (0
Mo " 3
Bz 9 fo Az
- _“+wyﬂz"‘wzl~‘«y—_’= Vlz,y (9A)
v 9 ot
By 9o M
- wz}‘x'_wx#z_“l= Viy, (9B)
v v a¢
Bz 6f0 aﬂvz
— —wapty— Oyl ———= V. (9¢)
v dv at

Equating the time dependent and time independent
terms on both sides of Eq. (9), we arrive at the following
relations:

z b:c a 0
(_a_i_vl_f_ oy fomnfy =], (10A)
v v
v bu dfo
M f +wzfx wxfz ny, (IOB)
v dv
.+0.0%) 9
GV ottt (100)
/] dv
Az df0
"—"—‘+wyfz "“wzfy = (V+1'w0)fx ) (11A)
v
Ay, 9dfo
— _+wzf:c —wzfz = (V+WO>flI ) (IIB)
v
z afo
- _+w:cfy _wyfz - (V+1’w0)f= (11C)
v

2S, Chapman and T. G. Cowling, Mathematical Theory of
Nonuniform Gases (Cambridge University Press, New York,
1939), p. 348; P. M. Morse, W. P. Allis, and E. S. Lamar, Phys.
Rev. 48, 412 (1935).
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Solving Egs. (10A), (10B), and (10C) for f., fy,
and f, we obtain

F,d [¢)
Ja=— —JE sz’lf, (12A)
2 9v dv
F,o a
f=r %y 2 (12B)
v v dv
F,0 d
fe=— £+vF,'—f3, (120)
v dv dv
where ,
P (V2 F 0.2+ ay (w0, — vw,) F 0. (w0 vw,) . (12D)
v (P+w?)
e b (V2 Fw2)+ by (Wawy— vw,)+ b, (wzwz-{-vw,,)’ (12E)
v(P+w?)
Fym ay (P, 0. (g0 — vws) + aa(wywatvo,) (128)
v (1P +w?)
py= by (P +w,2) b, (w0, — vw2) b2 (wywat v;) 120)
v (12w?)
Fm 2, (4w F e (ww— Vw,,)—{—ay(wzwu-{—vwz)’ (12H)
v (12 +w?)
e b, (124 w.2) b (wew— vewy) + by (o0, + vwz). (121)
v (12+w?) '

Solving Egs. (11A), (11B), and (11C) for f., f,/,
and £’ and using Eq. (4), we obtain

g== (1/2) (8 fo/3v)Go, (13A)
= (1/v) (8 1o/ 0)Gy, -(13B)
g:= (1/v) (8 fo/9v)G, (13C)
he= (1/v) (3 fo/3v)H, (13D)
hy= (1/v) (3 fo/dv)H,, (13E)
b= (1/) (3 fo/ 0v) H,, (13F)
where
= {v(1®— 3w+ )[4 (12— wi?+w.?)
F 4y (watwy— vw2) A (wr00:4+10,) ]
w23 —wi+w?) (24 v— A .+ A.w,)}
XL (24 we?) (P+wit+ w4 2ww)
X (4wt o?—2ww) 1, (14A)
H.=w{ (32— wi+ )[4 :(*—wit+w.?)
+Au(w==‘*’y V"-’z) +4. (wxwz-}-vw,,)]
—v(1P—3wil+w?) 24 v — Ay, +A.0,)}
X L2+ we?) (24 w4 2wuw)
X (P+wltw?—2ww) T, (14B)
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and the expressions for G,, Hy,, G., and H, are in
symmetry with Egs. (14A) and (14B).
ELECTRICAL AND THERMAL CURRENTS

The electrical and thermal currents, which are
associated with an electron having velocity v are given
by

j=—g¢v and c=(m1?/2)v.

Hence, using Egs. (3), (12), and (13), the electrical
and thermal currents due to electrons are given by

Jo=— f f f qufdf1=— f f f qUa'padoy

— (/D @), (154)
r=— [ [ausio=oasn@vy, sy
== [ [ [wustor= /@00, (150)

+fffm—zﬂvzfdal—+fff-—vwzdﬂ

=—?@>x+¢:), (15D)
o[ [f m—ﬂvyfdoe—%@;w;), (15E) —
e[ f f T—zvzfdm —%’f@;wz’) (15F)

where
doy=dv.dv,dv,,

('v:c>av—' <vy>av— <vz>av <'vx‘vy>av <vy7}z>av <7)zvz>av—0 by
symmetry, v.% v,2 and v2 have been replaced by %/3,
doy has been replaced by 4rv’dv, the triple integrals
have been replaced by single integrals extending from 0
to «,
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@, d,/, ¥y, ¥/, &, &/, ¢, and ¢,/ are given by expres-
sions symmetrical to Egs. (16), and # is the electron
density.

The following relations are helpful in evaluating the
above integrals. If

dr 0 3f
o)== f €0,

then

1 9¢
= <— —> if ££constant,
22 v

4
¢= ——E[f 0Jo”
n

if £=constant,

m (&
§=E<_> if foco exp(—m2®/2kT), i.e., Maxwellian.
v

By using suitable auxiliary conditions expressions
for well-known transport properties may be derived
from Egs. (15) and (16).

EVALUATION OF fo

Using Egs. (3), (8), (12), and (13), and averaging
over one cycle we obtain

3% (antb 7)2)_{7)3[_ . ] fo}

v

6

A ,Gz 6f0 )
— .3
dv 9 dv

3 2 f0
=ﬂ—(1!f01) )+ A—{-—; 14 9 ). (17)

This equation has in general to be solved numerically
for fo with the boundary conditions 8 f,/dv=0 and
fo=1 (arbitrary) at v=0. The distribution function is
C 1f0 where

le 4r? fodv=1n.
Q

dr dfo
$p=—— f (Fo4G coswoi+H, sinwot)v33-dv, (16A)
”
0 i EVALUATION OF f, FOR ISOTHERMAL PLASMA
Vo= __4___7'- ? F /v,;a_f" v (16B) For an isothermal plasma b,=b,=0,=0 and Eq. (17)
* n J, ow after simplification reduces to
4 19 fo m 9
P,/ =—— (FH—G coswol+ H ; sinwgt)® fdv (16C) _““”02”5 () —t=—=—0fw?)
n Jy 3 dv !l M
kT a [ dfo
4 afo —_—{ r— ), (18A)
Yo =—— F v— (16D) M o\ v
n Yo 67) where
a®?+ (azwarf'tzuw,,-l‘azo.’z)zi 1 (A"’(V2+wo"’) (P+witw?)+ (12— 3wo?+w2) (A4 ,,w,,+Azw,)2) (18B)

S(v)= 1
: ® V(v +w?) 2

(v2+w02) (V2+w2+w02—

2wow) (V2 Fwi+we+ 2wiw)
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Integrating Eq. (18) and putting v=0, we find the
constant of integration to be zero. Further putting
n= (m/2kT)%, we obtain

dfo M
a—ﬁ(lﬁ-gﬁS(n))-l-fo—O. (19)

The solution of Eq. (19) is

dn?

Jo=Crexp (_fo | 1+<M/3kT>S(n))' 0

Equation (20) may be expressed analytically in the
following cases:

1. When the collision frequency is independent of
electron velocity, .S(n) is constant and Eq. (20) yields

_,,72 .
fO =C} €Xp (m) . (20A)

This corresponds to a Maxwellian distribution with
effective temperature T, given by

Ty= T+ (M/38)S(n).

2. In the absence of magnetic field, w,=w,=w,=0,
Eq. (18B) simplifies to

a’ A?
Sh)=—F——,
) ¥ 2(r¥Hwed)

which makes Eq. (20), integrable when v=y/1.
3. In the absence of alternating electric field,
A=A4,=A4,=A=0, and when the magnetic field is

perpendicular to the electric field, Eq. (18B) reduces to -

S(n)=a*/ (+).

Substituting »=1/! and the above equation in Eq.
(20), we find the distribution function to be given by

fo(n)=Ci[n*+P(*+Ma*/3kT) 7 exp(—7*). (20B)
where p=Ma??/3kT.
4. In the absence of dc electric field and the magnetic
field, Eq. (18B) reduces to
S =422 +we?).

Substituting »=17/! and the above equation in Eq.
(20) we obtain
fo(m) =Ciln*+P(w’+MA?/6kT) ]* exp(—7*), (20C)

which has been obtained by Margenau.?
5. In the absence of dc magnetic field and when the

¢ H. Margenau, Phys. Rev. 69, 508 (1946).
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magnetic field is perpendicular to ac electric field
A2

(P+wl+w?)
S(ﬂ) = ) ]
2 (Pt wed)?— dweew?

which makes Eq. (20) integrable for v=1/I.

NONISOTHERMAL PLASMA—ZERO
ELECTRIC FIELD

We consider the case when there is no electric field
present, i.e., a=A4=0. Equation (17) simplifies to

22 9 afo
—_—— V'D3S1('v)—-
3 9v v
S e () e
M dv M v
where
b2V2+ (b:&’x"{‘b . +bzwz>2
S1(v)=v il .

(1 +w?)

Putting =B/ as a special case in Eq. (21), we get

0 (g o) L T2 100
3 dv v M dv M dv\v dv
or
kT  2S1\ 9%fo m 2 9S1 kT \0dfo
Mo T)Eﬁ_(_ﬂ—TaT ZJE)E’
or

fo= (constant) f dv BXP’ f [(_J‘L:*%?%?
IV o

DISCUSSION

Propagation of an Electromagnetic Wave

The wave equation for a neutral gas in esu may be
written as
1 8E 47 9]

VB=— —+——, (22)

where E is the electric vector. Combining Eq. (22) with
Egs. (15A), (15B), and (15C) giving J in terms of
E, we arrive at partial differential equation in E which
may be solved.

It may be seen that the dc electric field and tempera-
ture gradient do not directly enter this problem but
they affect the propagation through fo. The instanta-
neous power of electromagnetic wave dissipated per
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unit volume is approximately given by
P=J.E+J,EA4J.E,

Transport Properties

Equations (15) expresses the thermal and electrical
currents in terms of temperature gradient, electric

MAHENDRA SINGH SODHA

field and magnetic field. Expressions for transport
properties may be found by using suitable sets of
auxilliary conditions.
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The properties of a Bose system of particles with repulsive interactions have previously been treated
using perturbation theory in the formalism of second quantization. Others have also considered this problem
by dealing with the wave function in configuration space, using the theory of cluster expansions. In these
latter papers, variation with respect to a parameter in a trial function for the ground state has been shown
to yield a ground-state energy close to the exact asymptotic expressions obtained from perturbation theory.
The connection between the two methods is not immediately obvious from these cluster expansion treat-
ments. It is shown here that, as one might expect, the cluster integral method can be handled so that it is
completely equivalent to the pair approximation in perturbation theory.

1. INTRODUCTION

HE properties of a Bose system of particles with
repulsive interactions has been treated using the
formalism of second quantization by several investi-
gators.'8 More recently*® the same problem has been
considered dealing directly with the wave function in
configuration space, using the theory of cluster expan-
sions first introduced in statistical mechanics.® In these
latter treatments the ground-state wave function is
expressed as a product of pair functions. The problem
of evaluating the expectation value for the energy
then becomes analogous to evaluating the classical
partition function for an imperfect gas, expressed in
terms of Mayer’s cluster integrals. By considering only
contributions to the energy from ring integrals, a
tractable expression for the ground-state energy at low
densities is obtained. Then a choice for the pair function
is made and subsequent variation with respect to a
parameter in this trial function has been shown to
yield a ground-state energy quite close to the exact
asymptotic expression obtained in references 2 and 3
above, where the contribution to the energy from pair
excitations was calculated exactly.
Now one might naturally ask how this cluster integral
method in configuration space is related to the pertur-
IN. N. Bogoliubov, J. Phys. (U.S.S.R.) 2, 23 (1947).
2 K. A. Brueckner and K. Sawada, Phys. Rev. 106, 1117 (1957).
1;;1‘7)D Lee, K. Huang, and C. N. Yang, Phys. Rev. 100, 1135
( 4 F. Iwamoto, Progr. Theoret. Phys (Kyoto) 19, 597 (1958).
5] B. Aviles, Ann. Phys. 5, 251 (1958).

6J. E. Mayer and M. G. Mayer, Statistical Mechanics (John
Wiley & Sons, Inc., New York, 1950), Chap. 13.

bation theory calculation using momentum-space
eigenfunctions. An analogous situation exists for the
calculation of the partition function of an ideal Bose
gas, where there is a cluster integral development
which is completely equivalent to the more usual sum-
over-states.” One might expect that here as well, the
pair approximation perturbation theory should have
its exact counterpart in a configuration space cluster
integral development. Our purpose is to show that this
expectation is indeed fulfilled. The cluster integral

calculations previously made are not directly com-

parable to the perturbation theory calculations simply
because the class of ring integrals which were taken as
contributing to the ground-state energy do not corre-
spond to the pair approximation of perturbation
theory. The pair approximation yields a ground state
which in configuration space has the form [see Eq.
(A.21) of Appendix II of reference 3]

¥=1T' [1+/(r)], (1)

<7=1

where the prime denotes that in the expanded product
for ¥ all terms with repeated particle indices are
omitted. The prohibition of repeated indices is essential
for the pair approximation, since the Fourier transform
of a term with one repeated index, such as f(r1s) f(r23)
shows that this term refers to excitation of three
particles having momenta ky, ks, k; with k;+ko+k;=0.2
The previous cluster integral developments do not

7 B. Kahn and G. E. Uhlenbeck, Physica 5, 399 (1938).



