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The problem of a gas of particles all of the same charge, imbedded in a neutralizing medium of uniformly-
distributed charge of the opposite sign, is considered in terms of classical statistical mechanics. If a dimen-
sionless parameter e, roughly the inverse of the number of particles contained inside a Debye sphere, is 
small compared to unity the Debye-Htickel theory is a good first approximation. For this case the corrections 
in the next order in e are derived for the potential of mean force and the interaction energy. It is shown how 
this correction has to be modified for very small particle separation; the expansion in powers of e is not 
strictly a Taylor expansion and factors such as lne appear in the higher terms. Methods are given for 
numerical calculation of some auxiliary functions even when the parameter e is not small. 

1. INTRODUCTION 

IN a recent paper1 one of us has discussed cluster 
expansion methods for calculating the equation of 

state of a gas of particles interacting with a long-range 
potential. In this paper some numerical results will be 
presented for the case of charged particles. We consider 
N particles, each with charge q, in a box of volume V 
at a temperature T. The potential of mean force, 
w(l,2), is defined by: 

exp[~w(l,2)] = (3iNr-1F2r--- Cd3-~dN 

where X consists of an infinite sum of multiple integrals. 
Each multiple integral corresponds to some "simple 
12-irreducible, wiggly line" diagram. These diagrams 
are defined and discussed in reference 1 and some 
examples are given in Fig. 6 of that paper. The integrand 
of each multiple integral involves some combination of 
the functions T and / . 

We consider only the special case of the Coulomb 
potential between particles of identical charge q 
(imbedded in a uniform neutralizing medium), so that 
u{hJ)=z(f/rij^T. It is convenient to introduce the 
Debye length AD as the unit of length and to define a 
dimensionless parameter e, 

where 

Xexp[- £ «(t,i)], 
1<*<J<N 

R^Uj/\D, \D=(4wqWkT)-l, 

6=g*/\DkT= (4TTPXD3)-1= ( 4 T T ) K ? V / W . 
(3) 

QN= f • • • [ dl • • -dN exp[- £ u(i,j)l, 
J J \<i<j<N 

u(hJ)^U(ri3)/kTy U(Xij) being the interaction poten­
tial. fdj denotes integration of the vector position 
coordinate of particle j over the volume V. In reference 
1 it was shown how w(l,2) can be written as a cluster 
expansion in terms of a function T(l,2) defined by the 
integral equation 

The ratio of the Coulomb potential energy to the 
thermal energy is thus of the order of e for separations 
of the order of the Debye length and is of order e* for 
separations of the order of the "interparticle distance" 
p*. In this notation u(ly2) = e/R. 

For a fixed value of R, the function / in Eq. (1) 
approaches —u(l,2) = — e/R as e approaches zero. In 
this limit T(l,2) approaches the Debye-Hiickel correla­
tion function 

(4) r ( l ,2 )= / ( l ,2 )+ P J j3 / ( l ,3 ) r (2 ,3 ) , (1) ro(l>2)=(- f l»/*rri.^ exp(-r12/\D) = -(e/R)e-*. 

where p=NV-1 is the particle density and 

/(l,2) = e X p[ - M ( l , 2 ) ] - l . 

T is a scalar function of a single vector variable, the 
interparticle distance 7*7. The potential of mean force 
can be written 

w(l,2) = « ( l ,2 )+ / ( l ,2 ) - r ( l ,2 ) -X( l ,2 ) (2) 
* Supported in part by joint contract of Office of Naval Research 

and U. S. Atomic Energy Commission with Cornell University. 
t Now at Los Alamos Scientific Laboratory, Los Alamos, New 

Mexico. Submitted in partial fullfillment of the requirements for 
the degree of Doctor of Philosophy at Cornell University. The 
numerical calculations presented herein were performed at 
Los Alamos on an IBM-704 computer under the auspices of the 
U. S. Atomic Energy Commission. 

1 E . E. Salpeter, Ann. Phys. 5, 183 (1958). 

When e is small the successive groups of cluster terms 
represent, at least in a certain sense, an expansion 
in powers of e. The order of magnitude of a diagram 
containing I lines and k points is tl~k, since each line is 
of order e and each integration gives a factor of order 
A^V^e""1. We do not discuss the question of the 
rapidity of convergence of the higher terms in this 
expansion. However, we investigate another point which 
illustrates the fact that our expansion in powers of e 
is not strictly a genuine Taylor expansion: for values of 
R in the range e<3C#<3Cl we shall encounter no difficulty 
and are able to expand V in powers of e, the first term 
being To; but for R<e, this expression fails and we 
have to modify the calculation. 

In Sec. 2 we describe the evaluation of r up to 
second order in e; including expressions valid for jR<<Ce. 
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In this section we also describe numerical evaluations 
of T(R) for any value of e. In Sec. 3 we discuss the 
evaluation of the potential of mean force, w(R), and 
of the correlation energy up to second order in e. In 
Sec. 4 we discuss other auxiliary functions of R which 
contain partial summations of higher order cluster 
terms and can be evaluated numerically. Results are 
summarized in Sec. 5. 

I t should be remembered that the problem inves­
tigated in this paper is somewhat of an academic 
question, since in any real problem with particles of 
positive charge, the negative neutralizing charge is 
of course also in the form of particles and not a uniform 
charge distribution. We could not investigate such a 
problem with the methods of the present paper which 
are based on classical statistical mechanics and "take 
seriously" the infinite potential at zero interparticle 
separation. For infinite attractive potentials any 
rigorous classical theory gives divergences which can 
only be eliminated by quantum mechanics. Apart 
from the academic interest of investigating a simple 
classical problem in detail, there are some practical 
problems in which particles of one sign contribute most 
to the correlation energy. For instance, in the ionized 
hydrogen gas in the interior of a very faint red dwarf 
star the electrons are fairly degenerate, with Fermi 
energy very much larger than the ionization potential 
of hydrogen. The electrons are then uniformly dis­
tributed to a fairly good approximation. The protons, 
on the other hand, are quite nondegenerate, so that 
classical statistical mechanics should be a fairly good 
approximation and our dimensionless parameter e for 
the protons is slightly smaller than unity. 

2. EVALUATION OF THE FUNCTION T 

First we wish to show that the solution T(R) of the 
integral equation (1) can be expressed in closed form 
in terms of a one-dimensional integral for any value of 
e. We denote by X(k) the three-dimensional Fourier 
transform of any spherically symmetric function X(R). 

X(k) = (4ir/A) f dr r sin(kr)X(r), 

X(R)=(2TT2R)-1 f dk k sin(kr)X(k). 

The Fourier transform of Eq. (1) is then simply 

r ( * ) = / ( * ) [ i - p / ( * ) ] - 1 . (5) 

For large R the function f(R) = e~u(iR) — l approaches 
— u(R) and its Fourier transform is not well denned. 
We therefore use the usual procedure of replacing the 
Coulomb potential by a Yukawa potential, u(R) 
= — (e/R)e~aR, and let a tend to zero after evaluating 
the Fourier transform. This yields 

f(k) = - (^e/k
2)2ker2rj, rj= (4eft)*. (6) 

Substituting Eq. (6) into Eq. (5) we obtain from the 
inverse Fourier transform the desired result 

2 e r00 2her2T\ 
T(R) = I dkk sin(JkR). (7) 

w R J0 k2+2ker2rj 

Expression (7) for T(R) can be evaluated numerically 
for any given values of e and R, using tabulated2 

values of ker2rj. Such numerical evaluations were 
carried out for several values of e and R. The results are 
plotted in Fig. 7 and discussed in Sec. 5. 

For small k we can use the expansion of ker2rj to get 
an expansion for T (k) in positive powers of k and e, 

2ker2V= 1 - (TT/16)*?2- (1/48)*4 lmj+Ofr4), ( g ) 

r(jfc) = - (iTe/k%l-k2- (7r/4)€&3-!€2&4 In*. • • ] . 

By carrying out the Fourier transform3 of successive 
terms in this expansion, we obtain an asymptotic 
expansion for T(R), the first few terms of which are 

T(R)~12e2R-«-20e*R-7+O(e2R-s InR). (9) 

This asymptotic expansion in inverse powers of R is 
a good approximation for any value of e as long as 
R2>e as well as R»l. Unlike the Debye-Huckel 
approximation TQ(R) = — (e/R)e~R, the exact function 
T(R) for finite values of e does not fall off exponentially 
with R but only as R~6. This falloff is still sufficiently 
fast for all integrals in the higher cluster terms to 
converge. 

We now restrict ourselves to cases where e<<Cl and 
attempt to express T(R) in terms of an expansion in 
powers of e. Let fo(R) = —u(R) = — e/R and 

T1(R) = V(R)^To(R); 
MR) = f(R)-fo(R) = e-«R-l+e/R, (10) 

where To is the solution of the integral equation, Eq. (1), 
when / is replaced by /o and is given explicitly in 
Eq. (4). Ti(k) and r0(*) are the three dimensional 
Fourier transform of Ti(.R) and To(R), respectively, 
and 

ro(*)=/o(*)D-p/o(*)]-1-
From Eq. (5) we have r i (&)=T(£) - r 0 (&)= / i (&) 
Xll-pf(k)']-1[_l-pfo(k)']-\ Using the identity 

[ l - p / o W ] D + p r o ( £ ) ] = l , 

we find 

r i ( * ) = / i ( * ) [ i + p r 0 ( * ) ? [ i - F ( * ) ] - 1 , 

Using Eq. (6) and the fact that fo(k) = —4:7rekr2, one 

2 For definition and tables of the ker2 function, see H. B. Dwight, 
Tables of Integrals (The Macmillan Company, New York, 1949). 

3 For details of the evaluation, particularly the treatment of 
the term in ln&, see M. J. Lighthill, An Introduction to Fourier 
Analysis and Generalized Functions (Cambridge University Press, 
New York, 1958), Chap. 4. 
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can show that 

Y(k)=(l-2ker2v)(l+k2)-1-

Y(k) reduces to ewk/4:(l+k2) when eK<l and Y(k) is 
less than (1+k2)"1 for all e and k. If e « l , then the 
maximum value of Y is approximately \ire and the 
Taylor expansion of Eq. (11), 

T1(k) = fl(k)ll+pTQ(k)JZ F»(ft), (12) 

converges rapidly. Substituting the form of Y(k) given 
in Eq. (11) into Eq. (12) and taking the Fourier 
transform, we obtain the desired expression, an expan­
sion for ri(J?) = r i ( l ,2) in terms of an infiite series of 
multiple integrals, 

ri(i,2)= E iY-Hi.2), 

r1^)(i,2)-/1(i,2) 

= 2pJ"d3r0(l,3)/1(3,2) 

+p2jfdm ro(M)/i(3,4)r0(4,2), 

r1«(l,2)=pjrf3/i(l,3)/1(2,3)+-.-. 

The remaining terms of Ti(1) and all terms of IY2), etc., 
involve integrals over two or more spatial variables. 
Any term in lYw) involves in its integral the product of 
n+1 factors / i . 

Keeping € « 1 we first consider the range i ?»€ (but 
not necessarily R>1). For this range we make the 
approximation of replacing / i wherever it occurs in 
Eq. (13) by the first term of its Taylor expansion in 
powers of e, i.e., by 

/ i(r)«€V2r*. (14) 

Carrying out the integrations in Eq. (13) after making 
this substitution gives 

ri<0>(J?)-/i(12) 
= (e2/SR)Z(R-3)e-REi(R)- (R+3)e*E-(R)l, (15) 

where 

Ei(R)= f dxx~xe~\ E-(R)= f i x r 1 ^ 
J-oo ^ R 

For i ? » l , Eq. (15) becomes asymptotically Yi^(R) 
= 12e2R~6 which is simply the first term in our more 
general asymptotic expansion, Eq. (9). For JR<J1, the 
right-hand side of Eq. (15) is of order €2( l+| lnjR|) 
and the error caused by the substitution of Eq. (14) 
is of relative order e/R. In this range of R< 1, Ti(1) is of 
order e^l+R'1) and Ti (n) is of order en+2 for n>2. As 
long as R2>e, we can replace Ti by ri ( 0 ) and use the 
expression (15) for r i ( 0 ) , the error being only of relative 
prder e for R> 1, and order e/R ior R<1. 

For all terms in the infinite series in Eq. (13) which 
involve integrations over two or more variables, the 
important range of each variable r# is of order unity, 
however small R is. The substitution of Eq. (14) in 
these integrals is then a good approximation for all 
values of R (always with e<<Cl). 

However, there are just two terms in the series, each 
of which involves an integral over a single variable. 
For these two integrals one important range of integra­
tion is rw^ r32^r 12, so that the approximation of 
Eq. (14) is inadmissable for R<e and the exact expres­
sion fi(R) = e~elR— 1 + e/R must be used. In this 
range we have R<&1, since e<<Cl. Using this exact expres­
sion for / i , but neglecting terms of order Rz or higher, 
we find for the relevant integral in r3 

(0) 

J(R)^2pfd3To(h3)fl(3,2) 

-62[(l+ie2/6)(ln6+2C-f)+^1(i?/6) 

+| lP0 2 (22/e)] , (16) 

where C - - ^ ( l ) = 0,57722 and 

ct>1(x) = x-W+L^+^-1lE^(x-1) 

+ | ( x 2 - 2 x - l ) e x p ( - x - 1 ) , 
4>2 (*) = ix-foX2+ll+x-1+%x-2+ (60*3)-1] (17) 

X £ - ( ^ - 1 ) + ( V 6 0 ) 

X (60x2-24x-4:7--14:x~1-x-2) exp(-^~ 1 ) . 

Although the other terms in Ti(1) are of order e3, the 
term shown in Eq. (13) is actually of order e3/(i£+e) 
and must be included for very small values of R. We find 

pfd3f1(ly3)f1(2,3)^e2F(R/e), 

X°0 pX+U 

duufiiu) I dyyfx{y) 
J\x-u\ 

(18) 

We finally obtain for R<Kl, neglecting terms of relative 
order Rs and e, 

TiW-MR) 
= e2{lne-0.0956+i?2[iV lniM-i lnc-0.1206] 

+<t>i(R/^+F(R/e)+^RM>2(R/e)}. (19) 

The functions </>i, $2 and F are plotted in Fig. 1. For 
x<Kl one finds <j>\(x)c^x—\x2, <J>2{X)C^X~YQX2, F(X) 
~ $ l n 2 ~ i - ^ + i x 2 so that for i ? « e Eq. (19) reduces 
to (neglecting R2/e2 and higher terms) 

r 1 ( ^ ) - / 1 ( ^ ) ~ e 2 ( l n e + 0 . 4 9 5 3 + ^ / 2 e ) . (20) 

For e « i ? « l , 

tfi(*)~ lnx-0.0772+x~ 1 ( i ln^+0.7520), 

<t>2(x)^dnx-0.9106+x^ilrix+0.9894), 

F(x)~ir2/I6x, 
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so that in this range (neglecting e2/R2, Rz and higher 
terms) 4 3 2 I 3 1 3 4 2 

V1(R)-f1(R)^e2{lnR-0.mS+(e/R)(lln(R/e) 
+ 1.3689)+£2[ilni?-0.2724]}. (21) 

If the term in e/R is neglected, then Eq. (21) reduces to 
the first few terms in the expansion in powers of R for 
the expression in Eq. (15). 

3. SECOND ORDER APPROXIMATION TO w 
AND THE INTERACTION ENERGY 

The two-body correlation function of greatest 
physical interest is usually w(l,2), the "potential of 
mean force." It is mentioned in Sec. 1 and discussed in 
more detail in reference 1. w(l,2) is related to the 
auxiliary function T(l,2) by Eq. (2), where X(l,2) 
— 2^=2°° X„(l,2) consists of an infinite sum of multiple 
integrals, each one related to some "simple 12, irreduc­
ible, wiggly line" cluster diagram. In the corresponding 
integral each single wiggly line stands for T and n 
wiggly lines in parallel stand for the expression 

(n !)"151
w+[(^-1) l ] - 1 / ^ - 1 , 

Ml ,2) - r ( l ,2) - - / ( l ,2) . (22) 

The order of magnitude of a diagram containing / 
wiggly lines and k points (other than the end points, 
which are not integrated over) is el~k. We write w(l,2) 
= «o(l,2)+Wi(l,2), where o>o(R)^-To(R)= (e/R)e-

R. 
We are interested in the correction wx only to its 
lowest order in e, i.e., second order. To this order 
we have 

to( l ,2)«/ 1( l ,2)-r( l ,2)-X 2( l ,2) , 
- W l ( l ,2 )«[ r 1 ( l ,2 ) - / 1 ( l ,2 ) ]+X 2 ( l ,2 ) , 

(23) 

where X% stands for all diagrams with l—k = 2. The dia­
grams are shown in Fig. 2, and we have 

X2(l,2)=Pjd3 r(l,3)[P(3,2)-/2(3,2)] 

+hffd3fdi r(l ,3)r(4,2)[P(3,4)-/* (3,4)]. 

1 1 I 1 - 1 ' 

1 ^ l̂OF 

r N. 

r N. 

u , i * 7~" i i 

•"" J ' '••" 1 ' ' i 

* i 

t i t 

i i 

^*2 \ 

"I 

FIG. 2. All diagrams with / -& = 2. These give the quantity X2. 

We need to evaluate X2 only to lowest order in e and 
therefore replace T by T0 and / by /0. in the integrals 
in Eq. (24). For these integrals (and any integrals for 
the higher terms Xv) the range of integration ny^e<3Cl 
is not of great importance even when R==r12<e. The 
integrals with or without these substitutions converge 
even when R —> 0 and the substitution of T by T0 and 
/ by /o causes no trouble for any value of R. With 
these substitutions the integrals in Eq. (24) can be 
carried out analytically and give 

X 2 ( l , 2 )=(eV8i? ){^ [ f (e -^ l ) 
+ (3-R)(E-(R)+Ei(R)-ln3)l 

+eR(3+R)ZE-(R)-E-(3R)-]}. (24) 

We now have to substitute this expression into Eq. 
(23), using for T(l,2) the expression from Sec. 2 appro­
priate to the particular range of Ry i.e., Eq. (15) if 
R»e, Eq. (19) if j£« l . 

If Eq. (15) is appropriate it is interesting to note that 
our expression for ze>i(l,2) reduces to 

Wl(R)= - (62/4TT) fd3 To(l,3)r0
2(3,2) 

+ (62/27r2)J^3^4ro(l,3)ro2(3,4)r0(4,2), 

which was first derived by StrePtsova using an integral 
equation attack.4 

We finally give the simplified forms our expressions 
for Wi(R) take on when the various inequalities apply. 

R«e: w1(R) = -e2[\ne+lA27+R/2e]y 

e « # « l : Wi(R) = - e2[ln#+0.7592-.£ 
+R2(llnR+0.307S) + (e/R) 

X(fln(i?/€) + 1.3689)], 

(25a) 

(25b) 

.5 I 2 5 10 20 30 100 
X 

JE»1: w^R) = (e2/8R){e-RZUl-e-R) 
+ (£-3) (£_(£) - ln3) ] 
+eR(3+R)E-(3R)}^e2e-R 

XE-0.1373+0.5786^-1 

+0(e-R)l (25c) 

The last expression shows that Wi(R) falls off exponent­
ially for large R, the R~6 term in V—f having been 
cancelled by an equal and opposite term in X2. 

One of the quantities of interest one can compute 
from the potential of mean force is the correction energy 
due to the electrostatic interaction. It is defined as 
the sum of the mean of all the pairwise interaction 

FIG. 1. The functions <£i, <j>2, and F. 4 E. A. StrePtsova, Zhur. Eksp. i. teoret. Fiz. 26, 173 (1954), 
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(o) <=> O © O (S) 

(b) 

(O 

Id) 

***** **~\Tty »www^^*vwsw- ^ ~ Y ^ V 

0 * 0 ~<~><> - 0 0 - ™ 
(T) 

^ 7 /rv.. 

FIG. 3. (a) Diagrams forming the function S. (b) Diagrams 
forming the function T. (c) Lowest order diagrams not included 
in T, or T'. (Order €3.) (d) Lowest order diagrams in V but not 
in T. (Order e3.) 

energies per particle. 

£corr= (N/2V)jd2 £/(l,2)[exp(-w(l,2))-1] 

= (*r/&r€) p R «(2Q[exp(-w(12))— 1], (26) 

1 r » 
EC0IT/kT=- I djRjR[exp(-ze>(i2))-l]. 

2 *̂o 

The — 1 in the integrand is from the interaction with the 
uniform background charge of opposite sign. To obtain 
the correlation energy through order e2 it is sufficient to 
compute 

1 r™ 
EC0Tr/kT=— I dRR{wo{R)+wx{R) 

2 J0 

+tl-exp(-wo(R))-w0(R)l}, 

and use expression (25c) for wlm The integrations can 
be carried out analytically. One obtains 

ECOrr/kT= - h-h2li lne+ ( C - J + * In3)]. (27) 
The numerical value of the coefficient in round brackets 

is 0.460. The first term of Eq. (27) is given by the 
Debye-Hiickel theory.5 

4. FURTHER SUMMATIONS 

It is possible to sum explicitly certain sets of simple 
chain diagrams. Define S(R) to be the contribution from 
the series of diagrams shown in Fig. 3(a). 

S(R) = Ll+f(Rmexp£r(R)-f(R)^-l^V(R) 
= expCT(12)-/1(12)]-l-r(U). (28) 

Now we let A (R)=S(R)+f1(R) and define T(R) to be 
the contribution from the series of chains shown in 
Fig. 3(b). The Fourier transform of T(R) is 

T(k) = T(k)+ £ p-^^Cl+pr^)]^ 1 

71=1 

-r(*)+5(*)Ci+Pr(*)]»{i-pS(*)Ci+Pr(*)]}-i. 

2h 

rj r-
€=.OOl 

A 
\ 

k\ 
\ \ 

L x ^ r >* 

1 — 

-JL 

1 1 

^ r r : : : : : r ^ €=.01 

— 

• 

1 

.05 .20 .25 .30 

FIG. 5. The function e~2wi(i?) for small R using "small R 
approximation" for three values of e (dashed curve). The ''large 
R approximation/' independent of e (solid curve). 

After some manipulation, 

T(k)=-
S(k)+f(k) fo(k)+A(k) 

l -p [5 (* )+ / (* ) ] l-PMk)-pA(k) 
(29) 

FIG. 4. The function e~2eRwi(R). 

Comparison with Eq. (5) shows that T(k) is similar to 
T(k). If in the formulas for T(k) we replace fx(k) by 
A(k) we obtain T(k). Now A(R)^f1

2(R)^^Sr4' for 
large R. Using this fact it can be shown that the 
leading nonexponential term in T(R) varies asymp­
totically as e4R-10. 

One can write the diagrams now in terms of "2Mines" 
instead of 'T-lines." A diagram with n "r-lines" in 
parallel will stand for 

+[(»+i) Q-Ts+rir- (s+r)]-* 
in exact analogy with the rule for "r-liries," Eq. (22). 

5 The expression of our Eq. (27) has also been obtained by 
R. Abe, Progr. Theoret. Phys. (Kyoto) 22, 213 (1959) by a 
somewhat different method which does not involve the explicit 
evaluation of the correlation function w(R). See also E. Meeron, 
J. Chem. Phys. 26, 804 (1957). 
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Furthermore, corresponding to Eq. (2), we have 

w(l,2) = / 1 ( l , 2 ) " [ r ( l , 2 ) -5 ( l , 2 ) ] -X r ( l , 2 ) 
= 4 ( l , 2 ) - r ( l , 2 ) - X r ( l , 2 ) , (30) 

where XT is the sum of "simple 12, irreducible r-line" 
diagrams. Note that A — T contains all the terms of 
X2 (Fig. 2) and that the leading terms of XT are of 
order e3 (for €<<Cl). These arise from the diagrams 
shown in Fig. 3(c). It is possible to sum the "2Mines" 
exactly in the same way. Define S'(R), T'(R) to be 
the contribution from diagrams like those in Figs. 
3(a), 3(b), respectively, with "T-lines" replacing the 

FIG. 6. The function - e - V * r ( J 9 for e=0, J, 1. 

FIG. 7. The functions T(R) and T(R), each multiplied 
by e~leR for e=J . 

"r-lines." We find 

S'(R) = £l+S(R)+T(R)l 
XexpZT(R)-S(R)-T(R)l-l-T(R) 

= exptT(R)-A(R)-]-l-T(R), 

fo(k)+A'(k) 
Tf(k)= 

where 
l-pf0(k)-PA'(k) 

4/(1,2) =5 ' ( l ,2 )+4 (1,2), 
w(l,2)=A'(l,2)-T'(l,2)-XT,, 

(31) 

(32) 

(33) 

with XT> being the sum of "simple 12, irreducible 
T'-line" diagrams. T' contains T and the leading terms 

FIG. 8. The functions T(R), T(R), and T'(R), each 
multiplied by e~leR for e = l . 

in V that are not in T (for <e<<Cl) arise from the diagrams 
shown in Fig. 3(c). These are of order e3. The leading 
terms in XT>> like those in XT, are those from the 
diagrams in Fig. 3(c). 

This process can be carried on ad infinitum. Hopefully 
the sequence T, T'y • • • will converge, and the limit 
function, P°, can be used in the evaluation of diagrams 
of higher connectivity, like those in Fig. 3(c). These 
equations are equivalent to those derived by Meeron 
and Rodemich.6 

We have calculated T(R), A(R) and T'(R), Af{R) 
numerically for the coulomb case for €=xfr, | , 1. 
T (R) was found by performing numerically the integral 
indicated in Eq. (7), using tabulated values of the ker^ 
function. A (R) is then given by Eq. (28) and from it 
A (k) computed. Equation (29) is used to obtain T(k) 
and one more numerical transform gives T(R). Similarly, 
T(R) and A (R) into Eq. (31) give A'(R); its transform 
into Eq. (32) gives T'(k) and a final integration provides 
T'(R), The results are shown in Figs. 7, 8, and 9 and 
will be discussed in the next section. 

5. DISCUSSION OF RESULTS 

We discuss first our results for the potential of mean 
force w(R), where R is the distance between two charges 
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FIG. 9. The functions (A~T)/w0 and (A'-T)/wot 

plotted against R for e=J and for e = l . 
6 E. Meeron and R. R. Rodemich, Phys. Fluids 1, 246 (1958). 

E. Meeron, J. Math. Phys. (in press) has demonstrated the con­
vergence except at isolated singularity points. 
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FIG. 10. The functions (A-T)/w0, (A'-V)/woy and 
l+wi/wo, plotted against R for e = 0.1. 

expressed in Debye radii, up to and including second 
order in the small parameter e. To first order we have 
simply the Debye-Hiickel expression w0= (e/R)e~R. 
The second order correction W\ is given by Eq. (24). 
For e<KR, Ti is given by Eq. (15) and the resulting 
expression for e~2Wi(R) is then independent of e. This 
expression is plotted against R in Fig. 4. I t should be 
noted that the "nearest neighbor distance" p~* corre­
sponds in our units to R^ e*, so that for small e values 
of R^e correspond to particle separations much less 
than p~K 

For values of R which are not necessarily large 
compared with e, but for jR<<Cl, wx is given by Eq. (23) 
with Ti taken from Eq. (19). The functions 0i(#), 
02 (a?) and F(x) in this expression are plotted in Fig. 1. 
e~2Wi taken from this expression is plotted against R 
for a few different values of e in Fig. 5. For comparison 
the "large R approximation" to wh using Eq. (14) is 
also given which would be appropriate for all R only if 
e —» 0. For a finite but small value of e, both approxima­
tions Eq. (14) and Eq. (19) are quite good in the range 
€<<Cî <3Cl and the leading terms in both expressions are 
identical. The relative errors in Eq. (19) are of order R3, 
those in Eq. (14) of order e/R; so that Eq. (19) is more 
reliable if R<e*, Eq. (14) if R>€*. 

For the auxiliary function T(R) we have found, 
besides the approximations Eq. (14) and (19), which 
are valid only if €<<C1, a method of numerical evaluation 
for any value of e. The results of such evaluations for 
— e~1eRT(R) are plotted in Fig. 6 for e= J and 1. Also 
shown is this expression for e=0 which is simply the 
function R~x. As the graph shows e~1T(R) does not 
deviate very strongly from e~R/R for moderate values of 
R, and e smaller than one. Note however that e~1T(R) is 
finite at the origin (unlike i£-1) and of order e_1 and 
that for very large R the function V (R) does not decrease 
exponentially but only with the sixth power of R. 

We have computed numerically the additional 
auxiliary functions T(R) and T'(R) which include in 

them further infinite subsets of diagrams. As shown in 
Figs. 7 and 8, T(R) is of the same order of magnitude 
as T(R) for moderate R, and the smaller e, the nearer 
T(R) is to T(R). Similarly T'(R) approaches T(R) 
even more closely. For e=f, T'(R) is everywhere within 
2% of T(R). For € = 1 , they differ at most by 10%. 
Evidently even for e= 1 the sequence T, T', • • • seems 
to converge rapidly. 

We see from Eqs. (30) and (32) that the functions 
A(R)-T(R) and A\R)-T'{R) are approximations to 
w(R), although we must remember in both cases we 
are omitting terms of the order e3. These functions are 
shown in Fig. 9, taken as ratios to the first order 
approximation w0(R). The ratio does not vary far from 
unity. Notice that for e = | , the maximum deviation of 
A — T from w0 is about 10% which is approximately 
€2 and A'—T' differs from A — T by at most 3 % which 
is about e3 (see Fig. 10). This is just what one would 
expect. We are led to suspect that w{R) stays rather 

TABLE I. Results of successive approximations to 
u(0)—w(0) for different values of e. 

From 
€ Wo 

0.1 0.100 
0.33 0.33 
1 1.00 

From small R From 
2nd order approx. T—A 

0.091 0.085 
0.37 0.24 
2.43 0.56 

From 
T'-A' 

0.086 
0.25 
0.60 

TALBE II. Various approximations for the quantity 
— 2ECOTT/kT for three values of e. 

1st order 
e approx. 

0.1 0.1000 
0.33 0.333 
1 1.000 

2nd order Numerical 
approx. wo A — T 

0.0931 0.0889 0.0905 
0.323 0.258 0.279 
1.460 0.625 0.792 

A'-V 

0.0904 
0.274 
0.778 

near WQ(R) even for moderately large values of e but 
we can say nothing rigorous, for although we have 
included several infinite series of diagrams in Z", 
many more remain. 

A quantity of some interest is w(0)—u(0), the 
potential at a particle due to the average polarized 
charge cloud about it. This quantity has been computed 
using our four approximations to w(R) and the results 
are shown in Table I. Again T—A and T'—A' give 
very similar results, even for e= 1. 

Another quantity of interest is the energy Ecorr, 
denned in Eq. (26). In Table I I values are given for 
this quantity as obtained from the first and second 
order approximations in Eq. (27) which involved also 
expansions of the exponential in the integrand of Eq. 
(26). Values are also given (the last three columns) as 
obtained by numerical integration of Eq. (26) using 
Wo, A — T and A'—T', respectively, as approximations 
for w. 


