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It is shown that the Yafet-Kittel triangular spin-configurations in the cubic spinel do not minimize the
classical Heisenberg exchange energy. (Only nearest-neighbor 4-B and B-B interactions, J4s and J sa, are
included; one spin-magnitude S, for the 4 sites, and one, S, for the B sites is assumed.) A theory of the
classical ground state more general than that of Yafet and Kittel is investigated. This consists of first
determining the largest value, yo, of y=Jp5S5/J 48S 4 for which the Néel configuration is stable with respect
to arbitrary small spin-deviations. (yo is roughly 109, smaller than the value of y found by Yafet and Kittel
for the breakdown of the Néel configuration.) A perturbation method for finding the minimum energy
configuration when y—y, is small and positive is then employed. It is concluded, (1) that equilibrium
configurations exist which have nonzero angles between spins on the A4 sites simultaneously with angles
between those on the B sites, in contrast with the Yafet-Kittel results; and (2) that there will be long-range-
ordered, canted spin configurations in the cubic spinel, contrary to Anderson’s suggestion. These conclusions
are discussed in connection with experiments on MnCryO, and Mn3zOs.

I. INTRODUCTION

N 1948, Néel' suggested that in a large class of
ferrites there exist low-temperature spin-configura-
tions in which the spins on the tetrahedral (4) sites are
antiparallel to those on the octahedral (B) sites. His
considerations were based on the molecular field treat-
ment, assuming antiferromagnetic 4-4, B-B, and A-B
exchange interactions. Later, Yafet, and Kittel? showed
that for large enough A-4 and/or B-B interactions
(compared with the 4-B terms), certain triangular con-
figurations would have lower exchange energy than the
Néel configuration. They also used the molecular field
method, but assumed six independent sublattices in-
stead of two, the larger number corresponding to the
number of cations per primitive unit cell.

However, there are many known examples where the
magnetic unit cell differs from the nuclear cell, so that
there is no substantial reason to expect that the Yafet-
Kittel (YK) assumption should lead to the minimum
energy configuration. In Appendix I we show that,
indeed, the YK configurations do not minimize the ex-
change energy.® The method used is again the molecular
field theory (at temperature 7'=0), although we use the
notation of the classical Heisenberg theory, and we re-
move the sublattice assumption, which arbitrarily con-
strains large numbers of spins to be rigidly parallel. We
consider only nearest neighbor 4-B and B-B inter-
actions (with exchange integrals Jup and Jgp, re-
spectively) for normal spinels (with one spin-magnitude
S4 on the 4 sites and one, Sg, on the B’s).

Although the basic (YK) concept of noncollinear spins
is undoubtedly correct, the above result forces us to

* The work reported in this paper was performed by Lincoln
Laboratory, a center for research operated by Massachusetts
Institute of Technology with the joint support of the U. S. Army,
Navy, and Air Force.

LL. Néel, Ann. Phys. 3, 137 (1948).

2Y. Yafet and C. Kittel, Phys. Rev. 87, 290 (1952).

8 A brief account of this result has been given previously [T. A.
Kaplan, Phys. Rev. 116, 888 (1959)].

reconsider the problem of the ground state.* Some in-
sight into this problem can be gained by a perturbation
calculation of the minimum energy configuration.
Briefly, the idea of the method is as follows. Neglecting
A-4 interactions, the problem can be described in terms
of a parameter y=JppSp/JapS4. The Néel configura-
tion Cy is rigorously the minimum energy state when
y=0, and is expected to remain so as y increases up to
some critical value yo; when y exceeds yo, Co becomes
unstable. If y—y,=n is small and positive, the minimum
energy configuration is expected to deviate only slightly
from Co. Hence we look for a solution of the extremum
condition giving the deviation from Cj as a power series
in 7 when >0, such that the deviation approaches zero
as n— 0. Two plausible assumptions, needed for the
rigor of the method, are stated in Sec. II. The critical
value of y is determined in Sec. IIT and Sec. IV is
devoted to the theory for n small and positive.

The principle conclusions drawn from the analysis are
the following : The deviations are of order 72, so that the
angles between the spins and the axis defined by Cy in-
crease rapidly with g for small 5. Equilibrium configura-
tions exist in which there are simultaneously nonzero
angles between 4 spins and between B spins, as con-
trasted with the rigorous deduction®® from the YK as-
sumptions. Furthermore, the ground state will exhibit a
long-range-ordered array of canted spins in contrast
with Anderson’s suggestion.

The neutron diffraction cross section is calculated in
Sec. V, and the relation between the results and experi-
ments on MnCr:04 and Mn;0, is discussed in Secs. V
and VI.

4P. W. Anderson [Phys. Rev. 102, 1008 (1956)] did this for the
special case of zero A-B interaction, using an Ising model. He
showed that there will be no long-range ordering of the B spins for
this case in a cubic spinel. Anderson also suggested that long-
range-ordered angles would not exist for nonzero 4-B interactions,
basing his discussion on the Yafet-Kittel picture. This is discussed
further below.

5 I. K. Lotgering, Philips Research Rept. 11, 190 (1956).
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II. GENERAL CONSIDERATIONS

Our problem is to find the set of spin vectors, S;4, S;2,
associated with each point of the tetrahedral and
octahedral sublattices, respectively, that minimizes the
Heisenberg energy,

E 2]ABSASB{Z O'zA 0]B+y Z ﬂlz B}; (1)
[€7%)]
where
Gir—:Sir/SP, I‘=A,B, (2)
y=JppSB/J 485420, 3)

Jap and Jpp are positive (for antiferromagnetic inter-
actions), and Y, ; indicates a sum over nearest neigh-
bor (n.n.) A-B or B-B pairs. We neglect A-A interaction
for simplicity and because it is expected to be small.
When y=0, it is easy to see that the Néel configuration
is the ground state. For any nonzero value of y no such
rigor appears possible.®
However, the question of local stability can be
handled ; that is, the energy changes for small deviations
from C, are calculable for any y. To discuss this point
further, consider the deviations from Cy, o;7¢ and ¢,;T%,
where the spin-axis in Cy is the z axis, and expand the
energy
E=Eyt+Eyt+Est- -, 4)

where E, is of nth order in the deviations. This is ob-
tained by substituting the expansions,

oitr=[1— (0:4%)2— (¢ ;4¥)2
—1= (/LA + (ot
Pim [ (o) (o7

= — (1= (/DL AP+ ("=},

into Eq. (1). Then Cy is locally stable if the quadratic
form E, is positive definite.” The determination of the
possible signs of E; is tractable since the translational
symmetry allows one to write E; as a sum of 6X6
quadratic forms in the Fourier transforms of the o',
(u=x, y), one form for each point in the Brillouin zone
—at worst, a numerical solution could be obtained. It is
with this problem of local stability that we shall be
concerned—we shall assume that Co is the minimum
energy state if it is locally stable.

As y increases from zero, Co will remain locally stable
until y reaches a critical value y,, E; becoming indefinite
when y exceeds yo. To determine the minimum energy
configuration when n=y—1y,>0, a perturbation theory
is investigated (Sec. IV) which is based on owur other
assumption, namely that the ;"% can be represented by
power series in 1(20), such that the ¢;"*— 0 continu-

©®)

6 The only fairly general method for treating this type of
problem rigorously, the method of J. M. Luttinger and L. Tisza
[Phys. Rev. 70, 954 (1946)7]; J. M. Luttinger [Phys. Rev. 81, 1015
(1952)], unfortunate]y seems to fail for the spinel, since there are
spins on nonequivalent lattice sites.

7 Uniform rotation of the spins, with respect to which E is
invariant, are excluded in this definition.
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ously as n— 0. The latter assumption clearly requires
that Cy be stable when n=0; since E; can be zero for
certain values of the o;'* when n=0, E4 must certainly
be non-negative for these deviations in order that this
requirement be satisfied. To conclude this section, we
will obtain explicit expressions for E; and E4, and show
that E4 is non-negative when 9=0.
Using (5), (1) can be written in the form

=8 &gy g YY)
6NJ 4pSaSs

+84(- -ty e T ) (6)

where 8y=—8+4y (the value of & for Cy), N=the No.
of primitive unit cells (each containing two A’s and
four B’s),

3NEo(++ g Tz er; oo Tu.s )

(AB)
LY [(os4%+0;8%)24 (g Av+0;8Y)2]
(49

Y (BB)
—= 2 [(0:B2—0;B=P+ (o Bv—0Bv)*], (7)
2 (i.dy
3N&a( - o i@ e ng,lY)

(AB)
%(Z) [(ei*2) (o) = (0,27)*— (o,5) ]

Y (BB)
- Z [(a.iBa:)Z_{_ (O’,‘By)2_

8 (4.4)

(a,]_B x)2_

(2P, (8)

and the letters over the summation signs in (7) and (8)
indicate the pertinent n.n. pairs. Comparing (7) and (8),
we obtain the functional relation

84(. cegTTeee s g TY )

= (1/4) (- T3 ++-0-++), (9)
where
WA= (0:47)24 (0 4Y)?, wB=— (0,5%)— (¢;BY)2. (10)

Equation (9) yields the theorem : the possible signs of 84
are identical to those of &..% Since 8:20 for y< yy, it
follows that 8,20 when y< yo.

III. THE BREAKDOWN OF THE NEEL
CONFIGURATION

To study the possible signs of E, we make the
transformation of variables

oy ¥=2_x Ty k" exp(ik- R,y D) (11)

Here the k are rationalized reduced reciprocal vectors in
the first Brillouin zone (the direct lattice is face-
centered cubic) ; =1, y; explicit account is taken of the

8 It is easy to show that this theorem is valid for the deviations
from general collinear configurations on any lattice.
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TasLE 1. Eigenvalues and eigenvectors for k=0.

v 1,,(0) U,(0)

1 0 61,1, —1, —1, —1, —1)
2 2(1—43’/3) 2_9((): 0: ly — ’0) 0)

3 2(1—4y/3) 24(0,0,0,0, 1, —1)

4 2(1—4y/3) 21(0,0,1,1, —1, —1)

5 4 2-4(1, 21,0,0, 0, 0)

6 6 (12)74(2,2,1,1,1,1)

fact that there is more than one site per unit cell: y=1, 2
when I'=A4, y=1, 2, 3, 4 when I'= B ( labels the unit
cell); R,," is the position vector for site T, n, v. (For a
drawing of the six sites per unit cell and a discussion of
some of the pertinent lattice properties, see Kaplan.®)
Since the ¢’s are real,

Ty*=Ty _x"% (12)
Leta=1,2;8=1,2, 3,4, and define the functions
3
nap(k)=(1/3) 2 exp(ik-zas™),
m=1 (13)

e (k) =cosk- eggr,

where z.4™ connects an 4, with a nearest neighbor B4,
and @gg connects a Bg with a nearest neighbor Bg.
Although the functions (13) were given by Kouvel,® we
include them in Appendix II for completeness. Substi-
tuting (11) into (7), we obtain®

6
82':%22 Z Mv#(k>kau*xpku,
k

u v,u=1

(14)

where X,=A4, for v=1, 2, X,=B,_» for v=3, 4, 5, 6,

4 0 mn 2 13 N4

0 4 n* ¥ n3* n4*
_(m* m 2x ye ¥ Yl 1
M) ¥ M Ve 2% Yt YTl (15)
¥ ms Vs Y 22 i
m* me Y Vi Yiu 2z
and
ne=n15(K) =nzs*(k), a7)

since ©15™= —725™.% Since M (k) is hermitean, its eigen-
values, m,(k), are real, and the U,,(k) in

2 M W)U, K)=m,&K)U,,k), (18)
may be chosen unitary [U,, (k)= U,,(k)*]. Defining

9T. A. Kaplan, Phys. Rev. 109, 782 (1958). To accord with the
present labeling, interchange the numbers on B sites 2 and 3.

07y S. Kouvel, Technical Report 210, Cruft Laboratory,
Harvard, February 1, 1955 (unpublished).

1 In Appendix III, a relation is obtained between the eigen-
values of M and the spin wave frequencies which enables a direct
check of M (k) with Kouvel’s results.
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m,

k(l4101)

F16. 1. Qualitative behavior of m, (k) for k in [110].

normal coordinates, ¢,x%, by

X»k“=2n Uvu(k)‘btk"y (19)

(14) becomes
8y=(1/2)2 0 22 u 220 my(K) | @i [

Thus we have the well-known result that the necessary
and sufficient condition for 8:20 for all values of the
variables is that all the eigenvalues, m,(k), be >0.

The problem of determining the m,(k), which are the
roots of a sixth order secular equation whose coefficients
are given as functions of k, is formidable. However,
since it is only the signs and zeros of the m, (k) that
concern us, considerable simplification is possible. To
begin to get a feeling for the problem consider k=0. The
m,(0) and their associated eigenvectors are given in
Table I. These k=0 modes permit straightforward
physical interpretation. For example, Ui(0) clearly
represents a uniform rotation of the spins. The triply
degenerate set (v=2, 3,4) or linear combinations thereof,
directly represent the Yafet-Kittel configurations with
angles on the B sites; in particular, U,(0) represents the
special Yafet-Kittel configuration invoked by Prince.1213
As seen from the corresponding eigenvalue, Cy is stable
with respect to these deformations when y< 2, becoming
unstable when y>% in agreement with the Yafet-
Kittel result.?

For the general stability problem we must determine
yo such that m,(k) >0 (equality holding only for k=0,
v=1) for y<y,, and some m,(k) <0 for y>y, We first
consider symmetry directions for k, [1007], [1117], and
[110], for which the eigenvalue problem can be simpli-
fied. It can be shown (see Appendix IV) that the
eigenvalues are positive (when ks20) for the first two
directions (for y<2). For the [1107, we will find nega-
tive eigenvalues for y>%, with all eigenvalues positive
(except at k=0) for y<2. When y=% the minimum
eigenvalue branch m;(k) has two zeros, at k=0 and
k=k,, and looks roughly like the curve in Fig. 1; [the
kink probably occurs at the crossing of two branches
which connect with #:(0) and m.(0) at 2=07]. When
y>% mi(ko)<0. All the eigenvalues and eigenvectors
can be easily determined at k=k, when y=%, and so, by
perturbation theory, the minimum eigenvalue function,

(20)

2 E. Prince, Acta Cryst. 10, 554 (1957).

13 A tetragonal distortion will split the triply degenerate set; e.g.,
if ¢/a<1 and the J’s increase with decreasing lonic separation,
m4(0) will lie lowest (as is physically clear).
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m1(k), can be determined in the neighborhood of ko It
is found that the linear terms in (k) vanish for y=3%,
leaving a positive definite quadratic form in the
cartesian components of k—ko. A similar calculation for
k near zero yields a similar result. Thus there is strong
evidence that when y=%, m,(k)>0, with equality only
at k=0, k=ko, and of course at the degenerate points,
k¢, in [1107, etc. This was corroborated by a numerical
check.11% Hence we conclude that the #,(k)>0 when
y=2%, and some m,(k) <0 when y>2.
Finally, in order to conclude that
(21)

—2
Yo=13,

it is necessary and sufficient to show that m;(k) should
never decrease as y decreases. Although this is intuitively

4 2c 2z
2¢ 2x+vc  2y'c
rn_ |25 29'c 2x+y

M (k)= 0 0 0

0 0 0

0 0 0

where
c=cosp, S=sinp, p=ka/4V2, (25)
¢=202—1, z=(1/3)(4c2—1).

Since the smallest reciprocal lattice vector in [110] is
2a71(1,1,0), the largest k in this direction is 2wa—1(1,1,0)
and therefore 0 p< /2, so that 0<¢< 1 and

—3<a<L (26)

The eigenvalue corresponding to ¢s is just m2(0)
(independent of k). Those arising from the y¥,;—ys
submatrix can easily be shown to be positive.

To discuss the 33X 3 submatrix, M3, it is convenient to
define

o= (3—4y)/y, (27)

so that ¢ monotonically decreases as y increases and
o=0 when y=$%. Then the determinant, D, of M3 can be

written
where
g(0,2)=2n=02 an(z)0n=2n=02 4 n(”)zny (29)
ao(z)=—(1432)(1—2), ai(z)= (352+63+7)/4,
ax(z)= (7+42)/8, (30)

14 The details of this calculation will not be given. We only
remark that the perturbing matrix, V, is an infinite series in
powers of k—ko, so that the standard expressions of perturbation
theory must be modified slightly.

151t is sufficient to compute only the determinant, D(k), of
M (k), when y=£%. This is so because at k=0 and (as shown below)
at k=ko, the zero eigenvalue is nondegenerate. Since the m, (k) are
evidently continuous functions of k, D(k)> 0, equality only at 0
and ko, implies ,(k)> 0, with the same conditions for equality.

16 The numerical work was carried out on a cubic mesh with a
spacing of a tenth the maximum value of %,.
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obvious, a proof is given in Appendix V, where a useful,
stronger theorem is proved.

We now investigate in detail the behavior of M(k)
when

k= (k/v2)(1,1,0)=K". (22)
Transforming M(k’) to the symmetry basis
¢1= (1/\/2> (1,1:0:070)0))
Ya= (1/\/7) (010)1:1,070):
= (1/¥2)(0,0,0,0,1,1),
¥s=(1/v2)(0,0, ) 23)

Ya=(1/V2)(1, —1,0,0,0,0),
¥s=(1/v2)(0,0,1, —1,0, 0),
¥s=(1/v2)(0,0,0,0,1, —1),
and using the definitions of Appendix II, we obtain

0 0 0

0 0 0

0 0 0

4 —2s/3 L (24)
0

2is/3 2x—9y'¢
0 0" 2(1—4y/3)

and the 4 ,(c) follow from these equations. Clearly
8(0,2)=a0(2) 0, (1)

equality holding only at the end points z=1 and —1, in
agreement with Eq. (A.11). Since a@:(2) and as(z) are
positive, there is a value oo, such that for o¢>ay,
g(a,2)>0. It follows that g(e,z) will have two real zeros,
21 and z,, for o <o, 21 and 22 coalescing (to z,) when

o=a,. Thus o¢ is determined by
A1(00)2—4A0(00)A2(0’0)=0. (32)

The only solution of (32) consistent with (26) is co=1%,
which gives the value 2 for y. The zero, 2o, when o=0 is

g0=—A41(1/2)/240(1/2)=4%. (33)
Thus when o=0, there is a zero eigenvalue at
ko= (1.161) (Ko/4), (34)

where Ko=27 times the smallest reciprocal lattice
vector in [1107]. This is nondegenerate since, when
o<ao, g(0,3)<0 for 21<z<zs, and trace (M;)>0, so
that there is one negative and two positive eigenvalues
in this range of z; since dm,(k)/do >0 (Appendix V), the
two positive eigenvalues must remain positive as o
increases to ao.

It can be directly verified that the eigenstate corre-
sponding to m1(ko)=0, written in the basis appropriate
to Eq. (15), is

Ul(ko)z (2/67)%(17 1’ _660) —6607 %7 %):
for y=2%. (35)

To obtain a physical picture of this mode, we use (11)
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F16. 2. Configuration C(ko): projection on a (110) plane. 4 sites
are denoted by o, B sites by e, the adjacent numbers indicating
the type of sites. The dotted lines indicate the connections of an 4;
with its 12 n.n. B’s (the encircled number on the line is the number
of bonds). The origin of the sine wave is at R=0, and its wave-
length is \,.

and (19), with all ¢yx“=0 except for u=x, y=1, and
k= =k, Choosing the arbitrary phase such that ¢(lko)=
= —(i/2)q, we obtain

0 ny"=qUy1(ko) sinko- Ry,  00,7=0, (36)

q being an arbitrary amplitude. Using (36) and the
wavelength corresponding to (34),

No/a= (0.861)V2, 37)

we obtain, qualitatively, Fig. 2 (in which only the ratios
of the angles are significant). Clearly, if Ao/a were VZ, the
magnetic unit cell could be obtained from the tetragonal
nuclear unit cell by simply doubling the (110) edge.
However the roughly 149, deviation from this value
extends the unit cell—in fact, there is no repetition
within the crystal along this direction. Nevertheless, the
configuration defined by (36) must be described as
having long range order, as is most directly seen by the
neutron diffraction pattern (Sec. V) which will exhibit
characteristically sharp diffraction peaks corresponding
to the wave vector ko. This configuration seems in-
tuitively reasonable in that there is a tendency for
angles to occur between B spins (in deference to the B-B
interaction), while the 4’s tend to remain nearly anti-
parallel to their nearest B neighbors. Thus we have
determined the critical value, yo=%, for our stability
problem, and have found a spin configuration which
gives a lower energy than the Néel configuration when y
first exceeds v,.

IV. PERTURBATION THEORY FOR MINIMUM
ENERGY SPIN CONFIGURATIONS

In the previous section we saw that when y<%, the
Néel configuration is stable with respect to an arbitrary
set of small spin-deviations. As y increases, a particular
set of deviations C'(ko), essentially sinusoidal in space
with a definite wave vector ko, becomes important;
when y reaches §, the second order terms in the energy

T. A. KAPLAN

no longer increase with the amplitude of this special sine
wave, and when y exceeds %, the second order terms are
negative for C(ko). This may be pictured alternatively
in terms of the configuration space with coordinates
;"% The energy has a minimum at the origin, 0, in this
space when y<%; when y is (slightly) larger than 2, the
energy, &, increases as one moves away from 0 in many
“directions,” but for certain directions & decreases near
0. When y—%=1 is small and positive, the direction for
the maximum decrease is such that the ratios of the
a.T* are those given by C (k). We will find the fourth
order terms to be positive, so that a minimum in & will
occur at some point along this direction, thus de-
termining the amplitude. As n — 0, this point will move
back to 0, the amplitude — 0. Thus it is almost intui-
tively obvious that the minimum energy configuration
in the neighborhood of Cy will be C (ko) with a definite
amplitude.

It is the purpose of this section to derive essentially
this result, taking into account the complication intro-
duced by the fact that the set of configurations C (h),
where h is any one of the [110] family with magnitude
ko, are degenerate.

It is convenient to express the energy.in terms of the
normal coordinates, ¢(vk), [Eq. (19)], ¥ now standing
for (v,u). Then the extrema are determined by

98/9q(vk)=0. (38)
We look for solutions of these equations in the form
gV =1* L ao” g(vk)™y",  (n20,0<a<1). (39)

The condition >0 ensures that the ¢’s — 0 as n— 0,
while the restriction, o< 1, is made for convenience with
no loss of generality. Consider the Taylor series ex-
pansion of & in terms of the variables X, used in (14).
Employing (19), we have

8= 8+1 kZ my (k)| g(vk)|?

1
+— Z m(’Ylkl' . "Y4k4>

41 kiyge ..

Xq(viky)- - q(vik)+---, (40)

where
Em:(')’lkl' : "Ynkn): Z M(’Yllkl' : "Yn,kn)
'-.’yil..o

XUk Ulyyn; k), (41)
with U,,(k)=U (vu; k) and
M('Ylkl' N 'Ynkn)z a"g/ax(‘)’lkl) : 'X('Ynkn), (42)

evaluated at x(v.k:)=0. Differentiating (40), the equi-
librium conditions (38) become

1
mv(k)q(vk)*-!-; 2 M(yk,yoke,ysks,ydks)

D ookiygee-

X q(veka)q(vsks)g(vaka)+ -+ - =0. (43)



SPIN CONFIGURATIONS IN CUBIC SPINEL

These always possess the trivial solution g(yk)=0 for all
v, k (the Néel configuration); it is, of course, a nonzero
solution for which we look.

We now expand (43) in powers of 5. Since & is linear
my,

Moy (K) =My @ (k) +1M 5 @ (K), (44)

so that, with the help of perturbation theory, we may
obtain the expansion

oy (K) =2 o™ 1™ (k) ™, (45)
and from the eigenvectors of (44),
M(vike - Ymkm) =D neo® M{yikye < - vimkn) Py (46)

Using these and (39), the equilibrium eqvuations (43)
become

00
§= 8 *
2: W ('yk)n +38
l Zs=oeo Zr=1°° X”('yk)n[(2r+l)a'+s]—0’ (47)

where

W= o, (R)g () =%, (18)

1
X, =— 3

p! CNfeee e yikgeo-
Xq('Ylkl)(M) N q('ypkp)(np)’

in which p=2r+1and }_®---5;- - -
with the restriction 0< Y #:<s.

Since a>0, the lowest order term in (47) is Wo(v¥ye;
(every other term is of higher order). Thus for equi-
librium Wo® must be zero, giving

1, (K)g (yR)*=0.

(49)

means Z. LRy 7P

(50)

We found in the previous section that the eigenvalues
for n=0, m,®(k), are positive for all v and k, except
when y=1 and k is either O or one of the set of twelve
[1107s with magnitude ko, in which case the eigenvalues
are zero.!” Calling this set of 13 modes, 8, it follows from
(50) that :
g(vk)® =0, +, knotin 8,

1
g(vk)©® arbitrary, v, kin 8. S

Thus the lowest order terms consist only of the mini-
mum energy normal modes defined at n=0 (see Sec. III).

To determine the amplitudes, which are arbitrary in
Eq. (51), we must consider higher order terms in (47).
Using (51), we have

W1 = g2, O (k) g (vk) D *4-12,® (k) g (vk) @ *
my@(k)g(vk)®, v, knotin$ )
O (®)g(K)©®, , kin s.

Also, from the properties of the determinant, Eq. (28),

17 y=1 means y= (v,u)= (1,u); (the possibilities u=x or y are
implicit).

1465

it can be shown that

m® (h) <0, (53)

where h is any one of the vectors in the [1107] family,
with magnitude k.

There are two possibilities: (a) Some of the ¢(1h)©
are not zero and (b) all the ¢(1h)©® are zero. We will
now show that there exist solutions of lower energy than
Cy consistent with (a). Then case (b) is not of interest
since the energy reduction from &y, if any, will be of
higher order in % than for case (a). Considering, there-
fore, case (a), the coefficient W,'» of n**! is not zero, and
so this term must cancel the lowest order term in the
double sum. The latter is X;,¢'™%¢, so that a+1=3a or

a=3. (54)
Setting the coefficient of 4% equal to zero gives
Wl('yk)_i_Xl'o(‘Yk) =O, (55)
or
m® (k)g(1k)@*+X1,¢*=0, (k=0,h), (56)
and
my @ (k)g(vk)D*4 X1 ¢7=0, (yknotin8), (57)
where, using (51),
X0 =— 3 M(vk,1ky,1ko1ks)@
3! k1,k2,k3
X q(1ky)@g(1k,)@g(1k;)@, (58)

The prime on the summation means the k; go over the
set k=0 and the h’s. Equation (56) determines the
g(1k)©@, and (57) the ¢(vk)® for vk not in 8.

To discuss solutions of (56) we need certain properties
of the M (yik;- - - /ysks). Substituting (11) into (8) and
using the definitions (41) and (42), one finds that

ETTZ('ylkl, . ',741(4):0 unless Z kf-‘—' K, (59)

where K= 2 times a reciprocal lattice vector and 7 goes
from 1 to 4. When the k; are in the set 0, h, the only
possible K in (59) is K=0, since k, differs slightly from
1K, [Eq. (34)]. Thus in this case the condition (59) is

> ki=0. (60)

The ways in which a set of k’s, drawn from the set, 0, h,
can be chosen to satisfy (60) are represented by the
diagrams in Fig. 3 (omitting the case k;=0).

v

F16. 3. Sets of four
vectors k;, drawn
from the set 0, h,
satisfying 2 k;=0. /

AN

4

A\ :

3
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The other property needed is that M (yiki,- - -viks)
=0 unless there are an even number of differentiations
with respect to the & components and likewise for the y
components.

From the latter property it follows that we can obtain
a solution of (56) in which all the y components,
g(1k)¥®  are zero (i.e., all the spins are parallel to the
x-3 plane). We confine ourselves to this case.

From the first property it follows that it is consistent
with (56) to have

Q(’yk)(o)zoi all ('Y:k) CXCept (1)k0)7 (1, —ko) (61)

To show this, we first put k=Kko in (56), giving
ml(l) (ko)q(lko)(0)+ (1/3 ') Z m(1k0,1k1,1k2,1k3)(0>

ki, ko, k3

X g(1ky)@q(1ks)@g(1ks) @ =0.  (62)

If ¢(1k)© =0 except for k==kq, the only contributions
to the second term are from diagrams of type 3;i.e., the
set ki, ke, k3 must contain one ko and two (—ko)’s.
Defining

=—m®(h)>0 (63)

and dropping the subscripts 1 on 9, (62) becomes

Ag(1ko)@*= (1/2)9M(ky, ko, —ko, —ko)®
X q(1ko)@*[g(1ko)@[?,  (64)
or

(lko)(o) 2= ZA/STZ (ko, ko, —ko, —ko)<0). (65)
q

Equation (65) can be satisfied only if 91 (ke, ko, —ko,
—ko)@>0, which shows explicitly the importance of
having C, stable when 7n=0. 9 is simply the value (to
within a positive numerical factor) of the fourth order
terms &; when the spins are given by mode (vk)
= (1ko) and n=0. The theorem of Sec. II shows this 91
cannot be negative; we had to use direct computation to
show that it is not zero.

To complete the proof that (65), with all other ¢’s
zero, gives a solution, we must show that (56) is satisfied
for the other K’s in our set. Suppose k=hs +k,. Then
the first term in (56) is zero. In the second term, ki, ko,
and k; must be =£ko; but a glance at Fig. 3 shows that
o (h,ky, ko, k3) @, with the k; chosen in this way, must be
zero. The same argument applies when k=0.

To satisfy the extremum equations to order 5%, (57)
gives

q(yk)V*=— S M (vk, 1k, 1k,, k) ©

31m,© (k)

X q1k; g1k, @g1k; @, (vk not in 8), (66)
where each k;= 3k¢ in the sum. The ¢(vk)® for vk in 8
will be determined by terms in (47) of order nf, and
$0 on.

It should be pointed out that the solution (61), (66),

- is not the only one. If various numbers of the
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g(1h)©® are assumed to be nonzero, one obtains different
solutions of the extremum conditions, with different
energies. Using (56), the energy, to second order in 7,
can be written

8= &Eo— (A?/4)2Zn|g(1) @ 2.

Although it appears as though the more modes excited,
the lower the energy will be, this is not generally the
case, since the amplitudes for the nonzero modes are
functions of the number of such modes.'®* We shall not
investigate all these possibilities to determine which
minimizes (67).

In any case, we have the result that the minimum
energy configuration of the form (39) is, in lowest order,
a linear combination of the modes (vk) in 8, defined at
n=0; the energy, §— &, is negative and of order »%. As
shown explicitly in Sec. V, such a configuration exhibits
long-range ordering of the x and y spin-components.
Also Egs. (61) and (65) give an explicit example of an
equilibrium configuration (for sufficiently small #) which
has angles simultaneously between 4 spins and between
B spins.

(67)

V. NEUTRON DIFFRACTION CROSS SECTION

Corliss and Hastings'® studied the normal, cubic
spinel MnCr;04 at low temperatures using neutron
diffraction techniques. They found a long-range ordered
magnetic structure, not of the Néel type, with angles
both between the 4 spins and between the B spins. This
was perplexing on the basis of existing theoretical
work.245 However, as we have seen in the preceding
sections, these general aspects of the experimental re-
sults are consistent with the classical Heisenberg model.

We will calculate the diffraction cross section in this
section although the limitation of the present calcula-
tions to small # prohibits a direct comparison with their
experiment. Our purpose is to show explicitly that our
result (in lowest order) gives rise to extra diffraction
peaks characteristic of long-range ordering of the
“angles,” and that the detailed properties of the spin
configuration for large n must be qualitatively different
from those of the lowest order result in order to agree
with the experiment on MnCryO,. The cross section for
elastic magnetic scattering of unpolarized neutrons is
proportional to*

Q=|PP—]e-P[ (68)
where

P=3% ., exp(ie-R.,)S.=P(e), (69)

e is the neutron scattering vector (incident minus
scattered neutron wave vectors), é=e/|e|, y=1, 2

18 We have investigated the following solutions (all with the y-
components zero): any two ¢’s and their conjugates not zero, and
an arbitrary number of ¢’s not zero, all real and equal. Of these,
(61) is of lowest energy.

Y. Corliss and J. Hastings (private communication).

% 0. Halpern and M. H. Johnson, Phys. Rev. 55, 898 (1939).
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refers to A4 sites, y=3, 4, 5, 6 to B sites. For simplicity
we can assume the spins are all parallel to the x-z plane
since this will not affect the location of the diffraction
peaks. Using (11) and (19),

Car"=2 ko exp(ik- Ru)Uyu(K)qus,
so that with (39), (51), and (54),

ay"=n* 2o exp(th-R,)U,1@ () g1 ®+0(n}).  (70)

Using (70) to expand the z component of (69) as P, (e)
+9P,V(e)+-- -, we find

Q= (1—e{| P (e)|*+2 Re[ P (e) P.® (e)* In}
+(1—e) | Zn D(e+h)gum@F O (eh) [*.  (71)

Here ¢, and ¢, are components of &, (1—e.2)| P, (e)|? is
the function Q for the Néel configuration,

D(v)=Zn eXP(’iV'Rn);
R, are the lattice vectors for one fcc lattice, and
FO(eh) =3 S,Un®(h) exp[i(e+h)-o,1 (73)

is the structure factor for the x components in mode
(1h).

D(v) is the familiar interference function consisting
of essentially delta-function peaks at v=K. Hence extra
peaks (in addition to those for Cy) occur when

e+h=K, (74)

(with the restriction that the neutron energy change is
zero). Equation (74) is the same condition obtained for
spirals.3:2:22

The series of peaks (74) was not present in the
MnCryO4 experiment. In addition, the experimentally
observed (200) peak does not appear in (71).% Thus we
must conclude that the experimental configuration can-
not be represented by the first few terms in our pertur-
bation series.

(72)

VI. SUMMARY AND DISCUSSION

Having shown that the Yafet-Kittel triangular con-
figurations do not minimize the exchange energy in the
cubic spinel, we have investigated a method for de-
termining the classical ground state. This consists of
first determining the maximum value, ¥,, of ¥ for which
the Néel configuration, Cy, is locally stable; and then
looking for solutions, C, of the extremum equations as
series in powers of n=y—1y,(>0), with each spin devi-
ating slightly from its direction in Cy when 7 is small. It
is assumed that the ground state is given by Co for
0<y<y0, and by the minimum energy solution C for
> v, (providing the energy of this solution is lower than

2L A. Yoshimori, J. Phys. Soc. Japan 14, 807 (1959); J. Villain,
J. Phys. Chem. Solids (to be published).

2 1t is also the same as for spin-wave scattering; an important
difference is that in the latter case the neutron energy does change.

2 Although the (200) is one of the series e=K, which applies to
C,, it vanishes in P, (e) because of a zero structure factor; it will
appear, however, in the next order term, through P,® (e).
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Cy, of course). These assumptions seem to be plausible
a priori and they lead to physically reasonable results
for the spinel.

We have applied the method in some detail to the
cubic spinel. y, was determined and certain properties of
the solutions C were obtained. Namely, in lowest order
the C are linear combinations of the configurations C (h),
these being of lower energy than Co when y>y,. h is any
of the twelve (110)-vectors with magnitude ko corre-
sponding to a wavelength 0.861aV2. The C(h) exhibit
nonzero angles simultaneously between spins on the 4
sites and between those on the B sites; the x (or y)
components of the spins on any one face-centered-cubic
sublattice being given by ¥y sinh-R;; one amplitude ¥y
for each of the six sublattices.?* Pictorially, this corre-
sponds to spin-deviations from the Néel configuration
which vary sinusoidally in a [1107] direction, with a
wavelength of approximately twice the primitive trans-
lation in this direction, as indicated in Fig. 2.

Now a rigorous deduction®® from the Yafet-Kittel
assumptions is that in an equilibrium state there can be
angles between A4 spins or between B spins, never both.
Our results show on theoretical grounds that this is
overly restrictive.

The present theory suggests that the ground state, as
defined by the classical Heisenberg energy, is a long-
range-ordered arrangement of canted spins. On the
other hand, Anderson? showed that there is an enormous
number of ways of placing a given number of +’s and
—’s on the octahedral lattice, all with the maximum
short-range order and, therefore, with the minimum
B-B exchange energy (assuming nearest neighbor B-B
interactions only). By identifying the +’s and —’s with
the projections on the x-y plane of the canted spins in
the Yafet-Kittel picture, he was led to suggest that there
would be no long-range ordering of these components.
This conclusion is correct in the absence of 4-B inter-
actions, but our calculations show that inclusion of the
latter will remove this degeneracy.

Our general conclusions are in agreement with the
neutron diffraction results of Corliss and Hastings!® on
MnCr;04, which indicate that there are long-range-
ordered ‘““angles,” with angles simultaneously on the 4
and on the B sites. However, the results of our calcula-
tions, which were made only in the lowest order of
approximation, do not agree in important detail. This
points up the need for carrying the present calculations
to higher orders, and, more important, to investigate the
correctness of our assumptions.

We should mention the results of Pickart and
Nathans?® on mixed ferrite-chromites (which are cubic),
showing no long-range ordering of spin angles. This does

# Tt should be emphasized that in these configurations the
amplitudes ¥y are small, the z components never changing sign
within one face-centered-cubic sublattice. This constitutes a basic
difference between these configurations and “spirals” or ‘helices”
(see references 3 and 21).

25 S, J. Pickart and R. Nathans, Phys. Rev. 116, 317 (1959).
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not contradict our results, since in these materials there
are two different spin magnitudes placed randomly on
the octahedral lattice, so that the translational sym-
metry, which enters in a basic way into our calculations,
is destroyed.

Our results appear to have interesting possibilities in
connection with recent experiments on hausmannite
(Mn304). The results of Kasper®® and Jacobs? indicate
that there are canted spins in this material. The former
has shown that there is a doubling of the magnetic unit
cell in the [110] direction, and has proposed a particular
model to explain his diffraction intensities. However,
Dwight and Menyuk?® have pointed out that there is no
energy difference between Kasper’s model (which has
angles only on the B lattice) and others which do not
double the magnetic cell. Our result that the important
mode, C(h), approximately doubles the cell in [1107] is,
therefore, quite suggestive in this connection. We plan
to investigate the effect on our calculations of the
tetragonal distortion which characterizes Mn3O, and
other manganites.
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APPENDIX I. PROOF OF INSTABILITY OF
YAFET-KITTEL CONFIGURATIONS IN
THE CUBIC SPINEL

We consider a cubic spinel with nearest neighbor 4-B
and B-B interactions only, so that the energy is given by
Eq. (1). Yafet and Kittel showed that, consistent with
their sublattice assumption, there were a number of
degenerate triangular ground states. To show the in-
stability of these states we clearly need only show the
instability of one of them. For our purposes, then, we
consider the particular configuration (P) invoked by
Prince,'? in which the 4 spins all point in the z direction,
By and B, are parallel to 21, Bs, and By are parallel to zs,
where z; and 23 make angles § and —6 with the negative
z direction, as shown in the figure of reference 3. (Also
refer to Fig. 1 of reference 7, interchanging B; and Bs.)

Since we shall prove instability, we may consider a
limited set of configurations, namely

“ A
GnaA = -T/UnaA I—I" zo’naAz;

o‘nﬁB=$ﬁo’nng+§p0'nﬁBzﬁ (Al)
=20 5%%— (§ sinfs+2 cosfg)a 5%,
where
01="0s= —03=—04=0,
(A.2)

21= 22,

26 J. S. Kasper, Bull. Am. Phys. Soc. 4, 178 (1959).

27]. Jacobs, Bull. Am. Phys. Soc. 4, 178 (1959).

28 K. Dwight and N. Menyuk, following paper [ Phys. Rev. 119,
1470 (1960)7.

23= 24,
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and £ is a unit vector in the x direction, etc. When the x
components are zero, (A.1) corresponds to configuration
P. For small deviations from P,

o_naAzg_l_ (U’nan)z/Z

A3
0 18P — (0,55%)2/2. A3)

We will show that for certain deviations in this class,
E< the energy of P.

Substituting (A.1) and (A.3) into Eq. (1), keeping
only up to quadratic terms in the & components, yields

E'=E/2] 4pSaSp=E'(0)+6u 2 na(0na)*

+(3“*Cy>zmﬁ(0m63x>2+ Z o'nan‘fmﬂBx
(na,mf)
+y 2 ouPfowg®s, (A4)
(nB,n'B"y
where
E'(6)=4N (yC—6p),
u=cosf, (A.5)
C=1+2 cos2f.

(The notation for the summation indices and other
symbols is defined in the text.) The angle 6 is chosen to
minimize E’(9), leading to the Yafet-Kittel condition,

n=3/(4y), (A.6)

when y>2; otherwise, u=1. We shall consider only the
case y>32. Then

3u—Cy=w. (A7)
Now consider the deviations
onet®=N"4 cosk-R,.4, (A.8)

7 168%=N—%pg cosk- R.45,

where k is a rationalized reduced reciprocal vector in
[110] (#K), and ¢p1=¢s=y», ¢ps=¢s=ys; (the ¢, are
arbitrary amplitudes). Substituting (A.8) into (A.4), we
obtain

E'—FE0)=AFE'=3% M.y; (A.9)
where
<6,u. 3¢ 3z )
M={3c 2y 2yc |, (A.10)
3z 2yc 2y

with ¢ and z as defined in Sec. ITI. For AE’ to be positive
for any values of the y,, it is necessary that the determi-
nant, D, of M be positive. But direct calculation gives

D=—18yc*(1—2)?, (A.11)

which is <0 for 2520 (y is positive). Hence, there are
values of the y; such that AE’<0. This completes the
proof of the instability.

Itisinteresting tonote that,since AE=2J 2S4S sAF/,
the determinant, D', of the matrix, M’, of AE is pro-
portional to (Jap)*y«x (Jap)* pp. Hence there is an
important difference between the limits 1. y— oo,
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Jap—0, and 2. y— o, J4p#0. In the first case,
considering the limit J45=0, we see that D'=0, so that
there is at least one zero eigenvalue of M’. It can be
shown that,® for general small deviations from the
Y-K-Prince configuration in the limit J45=0, there are
zero eigenvalues for all k, and no negative eigenvalues.
This is consistent with Anderson’s result,® the zero
eigenvalues corresponding to a large degeneracy in the
ground state. In the second limit, we see that D' — —
as Jgp— 0, showing that there is at least one negative
eigenvalue, and therefore a state of lower energy than
the Y-K configuration.

APPENDIX II: FUNCTIONS n.s(k), {gs (k)
Writing
(@,8,7)=(a/8) (ak+Bly+E2),
we have, using the definitions given by Eq. (13),
m=(1/3)[expi(1, 1, —3)
+expz(1, =3, 1)+CXP1(_3; 1 1)]:

na= (1/3)[expi(—1, —1, —3)
+expi(—1, 3, 1)+expi(3, —1, 1),

A.12
= (1/3)[expi(—1, 1, 3) ( )
+expi(—1, —3, —1)+expi(3, 1, —1)],
nN4= (1/3)[6XP1(1> - 1; 3)
+expi(l, 3, —1)+expi(—3, —1, —1)],
and
f12=c0s(2,2,0), {13=co0s(2,0,2),
= 0,2,2
.(-14 COS( 4y )y (A13)

{34=COS(2, “2, 0), f23=COS(0, 2, —2),

Coa= COS(Z, 0, —'2)

APPENDIX III: RELATION BETWEEN SPIN-WAVE
FREQUENCIES, w,(k), AND THE
EIGENVALUES m, (k)

If E;=6NJapSaSp&e=cN&;, the linearized spin
wave equations of motion are

6;'*=€rdEy/do;'Y; ¢;7¥= —erdEy/ o %,

where e4=1/S4, eg=—1/55. Using the transformation
(11) and Eq. (14) these become
Xyi®= (er/N)OEs/ X,
=cer 2y Myy (k)X.,/k?/,
Xyx¥=— (er/N)OEs/ X, "*
=—cer 2o Moy (K)X5ric

(A.14)

Writing
Xy ® XY =C i exp(—iwt),

29 For arbitrary deviations in this limit one need consider only
the (4X4) matrix {gg (with {gg=1). This has the interesting
property that the cofactor of every element vanishes identically
for all k. It follows that there are two zero eigenvalues for each k;
the remaining two eigenvalues are easily shown to be positive,
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we have
(‘*’/C)Cvk= ery. M'w(k)cpk
"
EZ EVS‘YVMW.(k)Cyk, (A.].S)
v

where e,=e€4,v=1, 2, or eg wheny=3, - - -, 6. Therefore

11, [wy(k)/c]=S47255* Det[M (k)]
=SS5 [T, m,(k). (A.16)

Equation (A.15) allows us a direct check on our
explicit expression for M (k), Eq. (15). It can be seen
that (A.15), keeping in mind the definition given by
Eq. (2), agrees with Kouvel’s® equations (2.5).%

The reason we have discussed the stability problem in
terms of the m,(k) instead of the physically more
interesting w, (k) is that the latter may be positive or
negative whether or not the Néel configuration is stable.
(The meaning of the sign of the w, (k) has been discussed
previously.)” We might add that the symmetry vectors
used to factor the secular equation for k in symmetry
directions (Sec. IIT and Appendix 4) will also factor
(A.15).

APPENDIX IV: FACTORIZATION OF THE SECULAR
EQUATION FOR % IN [100] AND [111]

Our purpose is to outline the calculations which show
that M(k), for k in [100] and [1117], are positive
definite matrices when y<% and k0.

For k in [1007] we transform M to the basis

(1/\/2) (07 07 1; 07 0; - 1)7 (1/\/2) (0) O) 0’ 1; - 1) 0):
(1/¥2)(1,1,0,0,0,0)
(1/\/7>(1: - 17 0) O) 0; 0);
(1/2)(0,0,1,1,1,1).
M then consists only of submatrices on the diagonal
with dimensionalities 1, 1, 2, 2. The two 1X1’s are de-
generate with the eigenvalue 2(1—4y/3) and the re-
maining eigenvalues are easily shown to be positive.
For k in [1117, the basis
(1/\/2) (0: 0: 07 17 _1) 0)7
(1,0,0,0,0,0), (0,1,0,0,0,0),
(1/¥3)(0,0,0,1,1,1),
yields two degenerate eigenvectors (the first two) with
eigenvalue 2(1—4y/3); the determinant of the remain-

ing 4X4 submatrix can be shown by straightforward
calculation to be positive.

(1/72)(0,0,1,1,1,1),

(1/\/6)(0) 0: 0; 17 1: _2)7
(070:1;0;();0);

APPENDIX V: MONOTONE BEHAVIOR
WITH y OF THE m, (k)

We shall show that the m, (k) for all », k, never in-
crease with increasing y. For any k we can write our

%It should be noted that in Egs. (2.6) [see reference 107,
there are misprints involving factors of 2,
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we have

m'(y)= (U),M:U(y))/ (U»),U®)).

But Eq. (7) shows that the B-B interaction is negative
semidefinite; since the right-hand side of (A.18) repre-
sents the B-B interaction energy for some set of devia-
tions, it follows that

matrix as

M(y)=M.+yM,, (A.17)

where M, arises from the 4-B interactions, yM, from
the B-B interactions (M, and M are independent of ).
The eigenvalue equation, in vector notation, is

M(@y)U(y)=m(y)U(y).

(A.18)

Clearly
m(y)=(U(y),MU(»))/(U(»),0(y)). 9
Letting prime indicate differentiation with respect to y, dy
PHYSICAL REVIEW VOLUME 119, NUMBER 5 SEPTEMBER 1, 1960

Magnetic Properties of Mn;O, and the Canted Spin Problem*
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The magnetic properties of single crystals of hausmannite (MnsO,) have been investigated between
4.2°K and the ferrimagnetic Curie point at 41.9°K. The ¢ axis was found to be the hard direction of mag-
netization and the ¢ plane was found to possess considerable anisotropy, with respective anisotropy fields
of about 105 oe and 10* oe. These anisotropy energies decreased slowly with increasing temperature, whereas
the coercive force at 15°K was about an order of magnitude less than at 4.2°K. The spontaneous magnetiza-
tion is 1.85 up/molecule, which agrees with previous polycrystalline values when the observed anisotropies
are taken into account. However, several of the observed properties of hausmannite disagree, some
quantitatively and others qualitatively, with calculations based on the Yafet-Kittel theory. It is concluded
that the concept of canted spins is essentially correct, but that the specific Yafet-Kittel model involves

oversimplifications which limit its applicability.

I. INTRODUCTION

ONSIDERABLY more information can be ob-

tained from studies of the magnetic properties of
single crystals than from those made with polycrystal-
line samples. The magnetic anisotropy, which is a
sensitive indicator of magnetic symmetry and of
changes in that symmetry, can be determined in
detail only by measurements on single crystals. Further-
more, an accurate determination of the magnetization
of a single crystal can be made independently of the
crystalline anisotropy by applying the external field
along an easy direction. In polycrystalline samples,
however, anisotropy has the effect of reducing the
apparent magnetic moment. This effect can be impor-
tant for materials with large anistropy.

We have investigated the magnetic properties of
single-crystal samples of hausmannite (Mns04),* which
is known to become ferrimagnetic at about 42°K.2
Our measurements show that the ¢ axis is a hard

* The work reported in this paper was performed by Lincoln
Laboratory, a center for research operated by Massachusetts
Institute of Technology with the joint support of the U. S.
Army, Navy, and Air Force.

1 Obtained through the courtesy of the New York Museum of
Natural History.

2 A. S. Borovik-Romanov and M. P. Orlova, J. Exptl. Theoret.
Phys. (U.S.S.R.) 32, 1255 (1957) [translation: Soviet Phys.—
JETP 5, 1023 (1957)].

magnetization direction and that the ¢ plane also
possesses considerable anisotropy, the respective anisot-
ropy fields being approximately 10° oe and 10% oe.
The temperature variations of both these anisotropy
energies are small. On the other hand, the coercive
force at about 15°K is an order of magnitude less than
the 2650 oe observed at 4.2°K. We find the spon-
taneous magnetization to be 1.85 up/molecule, which
is greater than the values 1.4 up/molecule® and 1.56
up/molecule* previously measured for polycrystalline
samples. Both of the latter values are low because of
the anisotropy effect, and can be brought into good
agreement with our present value by a correction cal-
culated from our anisotropy data. However, our present
value is also less than the 3.0 ug/molecule predicted by
the Néel model of ferrimagnetism.

Many other materials with spinel structure exhibit
smaller spontaneous magnetizations than predicted.®
The Yafet-Kittel theory® of spin angles was introduced
to account for such reduced moments. Although
hausmannite has a cubic spinel structure above 1170°C,
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