
P H Y S I C A L R E V I E W V O L U M E 1 1 9 , N U M B E R 5 S E P T E M B E R 1 , 1 9 6 0 

Ferrimagnetic Resonance in Three-Sublattice Systems 
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Two classes of three-sublattice systems are considered: antiparallel and triangular. The general solution 
of the undamped equations of motion is obtained and approximated to the highest order of the molecular 
field coefficients of interest for each case. For the antiparallel case, the components of the susceptibility 
tensor are obtained up to the first correction term to the usual expressions. For the triangular case, the 
leading terms needed for the susceptibility tensor are obtained and the effective gyromagnetic ratio evalu­
ated; the latter is quite different from the form usually assumed. A new effect is also predicted for the 
triangular case when all sublattice gyromagnetic ratios are different; this effect consists of the production 
of an oscillating magnetization component perpendicular to the oscillating field and of the same frequency 
and is not a consequence of nonlinear terms in the equations of motion. 

INTRODUCTION 

THREE-SUBLATTICE ferrimagnetic systems 
which are of interest can be divided into two 

broad classes. The first is the usual antiparallel type 
in which the different magnetic sublattices are oriented 
either parallel, or antiparallel with respect to each 
other. This is illustrated in Fig. 1(a). The second is 
the triangular configuration in which two of the sub-
lattices make an angle with each other and with the 
direction of the net magnetization.1 This is illustrated 
in Fig. 1(b). The first type is probably of most interest 
with respect to the properties of the ferrimagnetic 
garnets which have recently been quite intensively 
studied. Although the evidence for the existence of 
materials with triangular arrangements is not com­
pletely conclusive, it is enough to indicate that some 
materials are very likely of this type,2 so that the 
resonance properties of these systems deserve some 
study. As we shall see, it is possible to some extent to 
discuss both cases of Fig. 1 simultaneously. 

For the antiparallel three-sublattice case, only the 
first approximation to its behavior has been found as a 
special case of an arbitrary number of sublattices.3 In 

(a) (b) 
FIG. 1. The two classes of three sublattice systems considered: 

(a) antiparallel; (b) triangular. 
1 Y. Yafet and C. Kittel, Phys. Rev. 87, 290 (1952). 
2 F. K. Lotgering, Philips Research Repts. 11, 190, 337 (1956); 

P. L. Edwards, Phys. Rev. 116, 294 (1959); I. S. Jacobs, J. Phys. 
Chem. Solids 11, 1 (1959); General Electric Research Laboratory 
Report MB-39, October, 1959 (unpublished). 

3 R. K. Wangsness, Phys. Rev. 98, 1200 (1955). 

the limit of large molecular fields and no damping, it 
was found that the macroscopic equations of motion 
are exactly like those in the ferromagnetic case pro­
vided that one uses an effective gyromagnetic ratio 
equal to the ratio of the total magnetization to the 
total angular momentum of the system. Thus, to this 
approximation, its properties would be just the well-
known ones of ferromagnetic resonance. 

The resonance properties of the triangular system 
have been studied in detail only for the case in which 
the only external magnetic field was a steady one and 
for which sublattices two and three had equal gyro­
magnetic ratios.4 Then it was found that the whole 
system is equivalent to a two-sublattice system in 
spite of the constant components of magnetization 
transverse to the direction of net magnetization and 
applied field. 

In what follows, we shall find the general solution for 
the net time dependent magnetization of the three-
sublattice system. The equations of motion of this 
coupled system which we use will not include damping 
effects for simplicity, but will include an external 
magnetic field composed of a constant component 
parallel to the net magnetization and a small transverse 
oscillating component. The general solution can be 
obtained for both cases at one time; we then look at 
the antiparallel and triangular cases separately in order 
to find the highest order approximation of interest. In 
particular, for the general triangular case, we shall 
show that the effective gyromagnetic ratio has quite a 
complicated form, and that our results predict an 
entirely new effect, namely, the production of an 
oscillating magnetization which is transverse to the 
applied oscillating field and of the same frequency. 

GENERAL SOLUTION 

We neglect damping and anisotropy fields; the total 
field on the ith sublattice is then due only to external 

4 A. Eskowitz and R. K. Wangsness, Phys. Rev. 107, 379 
(1957). 
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and molecular fields and is given by 

H ^ H + L i M I y , (1) 

where H is the external field, My is the magnetization 
of the jth. sublattice, and X*j = Xy» are the molecular 
field coefficients. 

In the triangular case, the requirement that the 
local field must be parallel to the corresponding sub-
lattice magnetization leads to extra conditions to be 
satisfied. If we take H = 0 , choose the z axis as the 
common direction of the net magnetization and of 
sublattice 1, and put MiZ=M{, we find that we must 
have4 

Xi2=Xi3=X, (2) 

Mi+/3(M 2 +M 3 ) = 0, (3) 

/5=X23/X, (4) 

(M2x+M3x) static = (Mty+Mzy) static = 0. (5) 

Because of (3), we can write the total magnetization as 

M=Mi+M2+Mz= (l-jfr-OM i. (6) 

These requirements apply only to the triangular case; 
in the antiparallel case, the local fields are all auto­
matically parallel to the sublattice magnetizations. 

The sublattice equations of motion are 

dMi/dt=yMiXB.i, (7) 

where yi is the gyromagnetic ratio of the ith sublattice. 
The components of the external field H are taken to be 
hx, hy, HZ=H= const., where hx and hy are small 
oscillating components each proportional to eia}t. For 
simplicity, we shall also set 

Xl2 = X2, Xl3 = X3, X23=X(). (8) 

We now write the sublattice magnetization compo­
nents as the sum of static components plus a small 
induced component as follows: 

Mix=mix, Miv=fitly, Mu=Mi+mu, 

M2x=Mx+m2X, M2y=My+tn2y, M2z=M2+m2z
/, 

Msx=-Mz+m^ Mzy=-My+tnZy, MZz=Mz+inZz'. 

(9) 

These can be used for both cases: for triangles, they 
satisfy (5), and (3) can be used as a condition on the 
z components; for the nontriangular case we can simply 
set Afa.=Af tf=0. 

We can now substitute (9) into the set of equations 
of motion (7), and drop all terms which are second 
order in the m's. Some of the terms will also vanish 
for both the antiparallel and triangular cases because 
Mx,y=0 or because of (2) and (3). 

Since the Mi are the values of the z components of 
the magnetization when # = 0 , we also set mj=m^ 
+MiZ where the m^ are small static components which 
arise when HT^O, and wiiZ are the oscillating compo­
nents. I t is necessary to introduce the m^ in order 
that the oscillating terms fnij(j==x,y, z) will vanish 
when hx—hy—0. This situation arises only in the 
triangular case, and we find that the m^ satisfy the 
condition 

Xm^+Xo(w2 3
0 +m 3 s °)+#=0. (10) 

We can then assume that the m%j are also propor­
tional to eiat so that, for all components, 

dMij/dt=dm>ij/dt=iamij. (11) 

If we now substitute (9) into (7), take into account 
(8) and (10)-(11), we find that miz=0, and, if we set 

mz=m2Z+mZz, (12) 

we find that the rest of the equations become . 

Aimix~ Himiy+Bm2y+Cm3y= ~Mihy, 

A2m2X+Dmiy~-H2fn2y+Emzy—J2inz==—M2hy, 

A zMzx+Fmiy+Gm2y—Hm*y+J<mz= — Mzhy, 

A imiy+Himix— Bm2X— CmZx=MihXi (13a-g) 

A 2M2y—Dtnix-\-H2tn2x— EmZx\-J\mz=¥2^, 

A %mzy—Fm\x— Gm2x+Hmzx— J smz=M%hx, 

mz= — K.2m>ix— L2(fn2x+?nzx)+Kiniiy 

+Li (m2y+mzy) — N2hx+N1hy7 

where 

^l,2,3=W7l,2,3 (14) 

B=\2Mh C=X3Mi, D=\2M2, (15a) 

£=X 0 M 2 , F=\zM3, G=\oMz, (15b) 

Hi=H+D+F, H2-H+B+G, HZ=H+C+E, (16) 

Ji=\oMx, J2=\oMy, (17) 

# 1 = ^ ( 7 2 X 2 — 7 3 X 3 ) / ^ , K2=My(y2\2—73X3)/^, (18) 

Li=Ji(y2—yz)/io), ^ 2 = ^ 2 ( 7 2 — 7 3 ) / ^ , (19) 

A ^ Z V X o , i V 2 = V X 0 . (20) 

If we eliminate miy with the use of (13d-f), we 
finally find that our equations reduce to 

awix+(Bw2a;+<5m3x+£>#&*= 6ihx—Mihy=ViJ (21a) 

Smix+^m2X+Qmzx+Xmz=- $hx-M2hy=V2, (21b) 

$mix+$m2x+&inzx+£vnz= cfhx—Mzhy=Vz, (21c) 

9frcwi*+9dW2*+<PW8*+ %niz=
cVihx+N1hy=V4, (21d) 
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where 

a=A1+(H1*/Ai)+(BD/A2)+(CF/As), 

(B= - (BH1/A1)- (BH2/A2)+(CG/AZ), 

6 = - (CH1/A1)+(BE/A2)-(CHs/AB)y 

^=-(J1B/A2) + (J1C/Ad)7 

8= - (DHi/At)- (DH2/A2)+(EF/Ad)7 

$=A2+(BD/A1)+(H2*/A2)+(EG/AZ), 

9 = {CD/A,)- (EH2/A2)-(EH3/As), 

0C= -J2+{JlH2/A2)+{JiE/A,)1 

$= - (FH1/A1)+(DG/A2)- (FHs/As), 

3= (BF/A1)-(GH2/A2)-(GHs/As), 

X=Az+ (CF/A i) + (EG/A 2) + (Hi/A 8), (22a-t) 

£ = / 2 - (GJi/A2)- (EJJAz), 

M=K2+(KlH1/A1)- (DLL/A2)~ (FLJA*), 

9 l = Z 2 - (KiP/AO+iLiBt/Ad-iLtG/A*), 

(P=L2- (K1C/A1)- (L1E/A2)+(LiHs/As)9 

^l+iWZAi-i-Ar1!, 
(R= (MiHi/AO- (M2B/A2)-(M,C/Ad)J 

5T= - (MiF/Ai)- (M2G/A2)+(MzHs/Ad), 

K=-N2+ {MiKr/A i) + (ilf 2X1/^ 2) + (Jf 8V-4 3). 

If we solve these equations for the oscillatory 
magnetization components, and let 

mx—mix-\-m2x-\-mzx=Xxxhx-\-Xxyhyj (23) 

m2=Xzxhx+Xzyhy, (24) 

we find that 

DXXX= ( JC£- £ ( P ) [ S ( a - ( B ) - (R(S- ff)] 

+ (S«-3C(P)[(R(^-5)-^(a-cB)] 
+ (9£ -^^ ) [^ (a - (B) - (R(^ -9 l ) ] 
+ (6«-SD(P)|:r(5-SF)-S(^-5)] 
+ ( e £ - X ) X ) [ S ( m i - 9 f l ) - c U ( ^ - ^ ) ] 

+ (65C- £>9)[ca(£T- $ ) - r (9Tl- 3d)] 

+ ( ^ - £ 9 l ) ( < S ( R - a S ) 

+ ( ^ ^ - 5 C 9 l ) ( a r - ^ ( R ) 

+ (3:£-3e^)(9(n;(R-acu) 

+ ((B^-£)9l)(£TS-(gr) 

+ («£-£>$) (^U-SIIS) 

+ (CBJC-SHF) (9fnr- #u) , (25) 

5x iBy=(3C^-£(P)[Afi(5-g :)-M2(a-(B)] 
+ (9«-0C(P)CJIf8(Ct-(B)-Jfi(^-^)] 
+ (S«fi-5C5C)CMi(9fTC-9l)+iVri(a-C5)] 
+ (e«-2) (P) [3f2(^-5) -^8(«-3 r ) ] 
+ (3^5C-e£)[l/r2(9Tl-9fl)+^i(^-3 :)] 

+ (eac-aDS)[Af8(9frc-9i)+^i(^-^)] 
+ ( ^ -£3 l ) (M 2 a - l f i<S) 
+ (gr^-5C9i)(Mi£r-M3e) 
+ (3C<0- SF£) (if i9Tl+iYia) 
+ ((B £ - ©31) (M3<§- If 2 4) 
+ ((B£- £>g) (M2m+AhS) 

+ (®$-@>3C)(MM+Ni#), (26) 

5x^=(^j(p-ac3i)(as-^(H)+(3 :(P-99i)(^(R-ar) 

+ (3r^-94)(acU-31Z(R) 

+ ( (B(p-e9i) (sr -^s) 

+ (e^-(BJC)(Scii-9fn:s) 

+ (fflg-es:) (#01-311r), (27) 

5 x ^ = (#(P-3C3i)(Mi£-M2a) 

+ (^(P- goi) (iif3a-Afi^) 

+ (^^-9^))(Mi9Tl+iVia) 

+ ((B(P-e9l)(Af2^-Af8S) 

+ (es- (B5C) ( M ^ + ^ i S ) 

+ ((Bg-e^)(M3m+iVi^), (28) 

where 5 , the determinant of the coefficients of (21) is 
given by 

25= (ag^-(Bg)(3C $-.«£(?) 
+ ((B£r-a^j)(g^-5C(P) 

+ (CtSfl— (B9fTC) (g£-3C3C) 

+ ( e j e - £>ae) (sFanrr— ssi) 
+ (e3e-3)g)(tf3i- (pz) 

+ (e<£-3)(P)(<§(0--5:tf). (29) 

These general results are much too unwieldy for our 
present purposes. In what follows, we shall successively 
consider the antiparallel and triangular cases and 
evaluate (25)-(29) only to terms of highest order in 
the X's which will give us useful approximations. 

ANTIPARALLEL CASE 

As pointed out before, this can be obtained from our 
general results by setting Mx=My=0. We see from 
(17)—(20) and (22) that the following quantities are 
then zero as well: Ji, J2, Kh K2, Lh L2, Nh N2j £), 5C, 
<£, 9fH, 91, (P, and Tl. 

First of all, we see at once from (24), (27), and (28) 
that m2=0 as we should have for the antiparallel case. 
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I t is now a straightforward but tedious task to 
evaluate the general solutions explicitly for this case. 
We shall only quote the results. 

The highest order of the molecular field coefficients 

V? =X2\zM1+\2\oM2+Xzk0MB, 

y = (X2+A3) M x+ (X2+X0)M2+ (X3+X0)M3, 

S= (M1/y1)+(M2/y2)+ (Mz/yz). 

M is, of course, the total magnetization of the 
system and ,5 is the total angular momentum. 

As a check on our results, we can neglect the terms 
proportional to "W-1, and we find that (30)-(35) yield 
the well-known first approximation for the case of no 
damping: 

Xxz=y(?MH/(y*H2-co2), Xxy= -ioiyeM/{y?H*-a?), 

where the effective gyromagnetic ratio is ye~M/S. 
We see at once from (30) and (31) that, to this 

order, Xxy vanishes at both the magnetization and 
angular momentum compensation points, while Xxx is 
proportional to the inverse first power of the molecular 
field coefficients at the magnetization compensation 
point and is different from zero to zeroth order at the 
angular momentum compensation point. In principle, 
these formulas should be of assistance in accurately 
analyzing those experimental results which are obtained 
very close to the compensation points, especially for 
materials with very small damping. 

TRIANGULAR CASE 

In this case, of course, we cannot set Mx and My 

equal to zero. Consequently, none of the symbols 
(15)-(20) and (22) vanish in general; this makes the 
task of simplifying the general solutions very much 
more difficult. The existence of the conditions (2)-(4) 
does, however, alleviate the situation somewhat. For 
example, now E=f3D and G—^F\ in addition, certain 
frequently occurring combinations have simple values— 
examples of this are B+E+G=0, BD+E(D+F) = 0, 
BF+G(D+F) = 0, B+D+F=\M, etc. 

which occurs in (25), (26), and (29) is the fourth. If 
we evaluate all of these quantities to the fourth and 
third order so that we get the leading term plus the 
first correction term, we find that 

(33) 

(34) 

(35) 

In principle, there are two separate cases to be 
considered here depending upon whether 72 and 73 are 
equal or different. If 72=73, so that A2=AZ, then Ni, 
N2, £>, 91Z, 91, (P, and <U are all zero and, among other 
things, mz—0. As a check on the work, one can evaluate 
the results for this case, and one finds that the results 
are exactly the same as for the two sublattice system 
as was already known.4 Consequently, we will not 
quote the results again here, especially since the two 
sublattice system including damping has already been 
completely worked out.5 

When 727^73, one finds that the leading terms are 
proportional to X3. If only these are kept, the following 
results are obtained: 

Ml 1 r MyW 
2x**= — (p-i)H+— — \Mxm 

(3 I (MJ+M*)l 7273# 

-ia>MxMy(-+-)]\, 
V72 7 3 / J J 

(36) 
— iMul Mxyi |~_ / 1 1 \ 

AX^= 1 =—\ MA — I — ) 
7l 1 0(Mx*+M*)L V72 7 3 / 

( +n>)\\, (37) 
wH V7273 / J ' 

X,x=aMx-TMy, (38a) 

Xtu=rJMx+(rMv, (38b) 

»R. K. Wangsness, Phys. Rev. I l l , 813 (1958); 113, 771 (1959). 

A X M = M 3 H + 2 i l f 2 J E P ( ^ / W ) - ( G > 7 W ) { [ ^ 

+X 3M 2(M 1+M3) 2]Y2- 2+[M 3
2(XoM 1+X 3M 2)+X 2Jlf3(M 1+^ 

- (X3M!+XoM2)]+ (2M1M3/7173)CM2(X3-X2-Xo)- (X2ilf i+X 0 M 3 ) ]+ (2M2M8/7273)M1(Xo-X3)}, (30) 

AX i a =-wo5[M 2 +2Mff ( < y /W)] , (31) 

2H( r / M A 2 /Mi\2 /M 3 2Hf f /M!\* /M2\* / J f 3 y 
A= (AP£P-co2 .S2)+— MH^-cA (X2+X3)( — ) +(X2+X0)( — ) +(X3+X0)( — ) 

W l L V 7i / V 72 / V 73 / 

( X0 X3 2X2 \ /Xo X2 2X 3 \ / X 3 X2 2X0 \ 11 
—+—+ )+M1MA +—+ )+M2M3( —+—+ J , 
7i 2 722 7 i 7 2 ' ^ 7 i 2 7s2 7173/ V722 732 7273/ J> 

(32) 
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07 i ( 7 2 - 7 3 ) (Mx*+My*)A<r 

= — ( 7 1 - 7 2 ) h (71—73)— 
XL 73 72 J 

^ 27l7273rM'; 

A/? L 7 i V 72 73 / J 
(39) 

^1(72-73) (Mf+Mf) AT 

^73 7 2 / J 

M f r7273#2 

= 1 71M -
X I 

+/373 ( l - - V 2 + / ? 7 2 ( l - - V 3 

[ (7 i - /372)Af 2 + ( 7 i - / ? 7 s ) M 3 ] 
(727 3^2) 

A = H 2 - ( o W ) , 

(40) 

(41) 

7«* 

1 
f- ( - + - ) • (42) 

W1 2 7273 7 A 72 73 ' J 

We see that yt in (42) is the effective gyromagnetic 
ratio for the strict triangular case of 727^73. We also 
see that yt is independent of temperature, or, at most, 
may have a slight dependence on temperature if the 
molecular field coefficients and hence the ratio ft vary 
with temperature. This is in contrast to the anti-
parallel case where the first approximation is M/S 
and can vary greatly with temperature near compen­
sation points. This sort of behavior does not occur in 
(42) because it was possible to eliminate the static 
magnetizations by using the equation of constraint (3). 

DISCUSSION 

Probably the most interesting result of these cal­
culations is the fact that in the strict triangular case, 
mZ7^0y according to (24) and (38)-(40). In other words, 
the oscillating field can induce an oscillating magnet­

ization which has the same frequency and which is 
perpendicular to this field and hence along the common 
direction of the static field and the net static magnet­
ization. This is a new effect in ferrimagnetics, arising 
as it does from the linearized equations of motion rather 
than from the more exact nonlinear ones. We can also 
see at once from the above results that this component 
also has a resonant behavior with an effective gyro-
magnetic ratio which is the same as for the transverse 
components. The existence of this magnetization is due 
to the triangular structure since it is proportional to 
Mx and My and vanishes when they do. One may need 
to use single crystals in order to investigate the existence 
of this effect since Xzx and Xzy are linear in Mx and My 

and thus may average out to zero in a polycrystalline 
sample. 

We can understand the origin of this component by 
referring to Fig. 2. The general effect of the oscillating 
field is to set the sublattice magnetizations into pre­
cession about their static orientations. As shown, the 
precession of sublattices 2 and 3 will give rise to an 
oscillating component along the direction of net 
magnetization in addition to the transverse x and y 
components. If these z components are produced with 
appropriate phases, they will combine to form a nonzero 
resultant. (Sublattice 1 will not contribute to this 
z component since its own z component is constant 
according to the linearized equations of motion.) From 
the figure, we see that we would expect this resultant 
oscillating magnetization to increase as the angles made 
by sublattices 2 and 3 with the z direction increase; 
this is reflected J n (38)-(40) by Xzx and Xzy being 
proportional to Mx and My. We also see that a and r 
are both proportional to X"1. This can again be roughly 
understood from Fig. 2 since X-1 is approximately the 
perpendicular susceptibility Xx of these materials and 
we would expect the effect produced by hx and hy to 
be proportional to this quantity. 

One might wonder about the real existence of these 
nonzero values of Xzx and Xzy since discussions of the 
properties of the susceptibility tensor usually conclude 
that they are zero, so that the susceptibility tensor has 
only three independent components.6 These proofs, 
however, assume that the system possesses a rotational 
symmetry about the z axis which is not the case for 
the triangular systems of Figs. 1 and 2. 

In general, all of the results obtained here may be 
useful in interpreting experimental data for three-
sublattice systems, particularly in the strict triangular 
case, for which, for example, the expression for the 
effective gyromagnetic ratio is quite different from 
what has heretofore been used. 

FIG. 2. Origin of the oscillating magnetization component 
which is transverse to the exciting field. 1 For example, B. S. Gourary, J. Appl. Phys. 28, 283 (1957). 


