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(B17) using (B15) as kernel can be rewritten as 
^X+4(l+X)*-4 

P(X) = [16(2+X)]~1 I |X-X'|dX'P(X'), (B19) 

where 
a=0, for X<24 

= \ - 4 ( l + \ ) * - 4 for X>24. 

In the region \<<C1 Eq. (B19) reduces to 

1 r
3 X 

P ( \ ) = — I |X-X'|dX'P(X'), (B20) 
32 J 0 

a deceptively simple equation. To obtain the analytic 
dependence near X=0, one might try • P(X')= (X')ro. 
However, this yields P(X) <x\w+2

? so that each iteration 
raises the exponent by two. Thus P(X) vanishes faster 
than Xw for any finite n. I t is indeed not obvious, at all, 
that there is any analytic behavior near X = 0 that will 
satisfy Eq. (B20). 

We can, however, obtain the nature of the singu­
larity at X = 0 by a physical argument. Equation (B20) 
indicates that the probability of each (downward) step 
is of the order X, so that n downward steps occurs with 
a probability of the order Xw. Since the binding energy 
can at most change from X to 3X, i.e., triple in each step, 
if X<3Cl, the number of steps n to go from X to a binding 
energy b of order unity is given by 

tyX=3», w=ln8( l /X)+ln86, (B21) 

so that we expect 

P(X)ccX" with »=In 86+ln 3 ( l /X) , 

as stated in Eq. (2.23) of the introduction. 

The conjecture (B21) can be verified by converting 
Eq. (B20) to the differential difference equation 

32P/,(X) = 3P(3X)+16XP ,(X)+P(X). (B22) 

A transformation to the new variables <p(y) and y 

P = e~(p and X=er», (B23) 

permits (B22) to be rewritten after some rearrangement 
in the form 

<p(y)- <p(y-ln3) = 2y+lnA, (B24) 
where 

A= (32 /3) [^+(^) 2 -v" l+(16/3)<p 'e -*"-e-*y . (B25) 

We are concerned with the solution of (B24) in the 
region of large y. The term in 2y is dominant, and may 
be used to obtain an approximate solution <p^y2/hi3 
that already contains the dominant behavior described 
in Eq. (1.23). One iteration using the dominant term 
in A, i.e., 4 « (32/3) (^')2 leads to 

(B26) 
where 

<P 60 « / / l n 3 + (2/ln3)y \ny+cy+ • 

c=—|ln( J - 2 h 3 . 5 2 . 
ln3L \3 ( ln3)V J .3(ln3)2 

A return to the original variables gives P « X n with 

»« ln ( l /X) / l n3+3 .52+2 In ln(l/X)/ln3. (B27) 

Equation (B27) verifies to good approximation our 
original conjecture Eq. (B21), and supplies us with an 
understanding of the nature of the essential singularity 
near X=0. 
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Anisotropic Ferromagnetic Resonance Linewidth in Ferrites* 
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In disordered magnetic materials such as the ferrites, the dominant source of resonance linewidth can be 
attributed to processes involving only two elementary excitations: the destruction of a magnon with the 
creation either of another magnon or a phonon. We here consider only the primary magnon-magnon scat­
tering process. We show that the random variation of the spin-orbit coupling parameters of the disordered 
ions leads to a resonance linewidth comparable to that observed in ferrites. The particular symmetry of the 
crystalline fields around the octahedrally coordinated sites causes an anisotropy in the linewidth with a 
minimum in the [100] directions and a maximum in the [111] directions. This anisotropy of linewidth is in 
general agreement with experimental observations on typical ferrites, as for example, the measurements of 
Schnitzler, Folen, and Rado on disordered lithium ferrite. 

1. INTRODUCTION 

TH E source of resonance linewidth in disordered 
magnetic materials such as the ferrites has been 

discussed by Clogston, Suhl, Walker, and Anderson,1 

* This work was supported by the Office of Naval Research. 
1 A. M. Clogston, H. Suhl, L. R. Walker, and P. W. Anderson, 

J. Phys. Chem. Solids 1, 129 (1959). 

who pointed out the possibility of two excitation proc­
esses conserving energy but not momentum. The pri­
mary mechanism of magnon scattering was attributed 
to the random pseudodipolar interaction. However, the 
subsequent discovery by Folen and Rado2 that the 

2 V. J. Folen and G. T. Rado, J. Appl. Phys. 29, 438 (1958). 
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magnetocrystalline anisotropy is single-ion additive 
provides an upper limit to the strength of the pseudo-
dipolar interaction; this upper limit is too small to 
account for the observed linewidths. 

That the pseudodipolar interaction is small has been 
suggested also by White3 on the basis of observed 
paramagnetic linewidths above the Curie temperature, 
and by Yosida and Tachiki4 on the basis of theoretical 
calculations of both the pseudodipolar and single-ion 
contributions to the magnetocrystalline anisotropy. 

We show that a relatively strong loss mechanism 
exists in disordered ferrites because of the variation 
from ion to ion of the intra-atomic spin-spin and spin-
orbit coupling parameters. These interactions contribute 
terms to the effective Hamiltonian in first- and second-
order perturbation theory, respectively, and give strong 
magnon scattering from the homogeneous mode to the 
degenerate spin-wave modes. 

The interactions which we consider are, of course, the 
same interactions which give rise to the one-ion ani­
sotropy, as calculated by Yosida and Tachiki.4 However, 
in an ordered structure the first and second-order 
perturbation terms reduce to constants when summed 
over all equivalent sites in a cubic unit cell, and the 
scattering and loss thereby disappear. The magneto­
crystalline anisotropy arises in third order (two spin-
orbit and one spin-spin interaction) or in fourth order 
(four spin-orbit interactions). I t should perhaps be 
noted here that no simple correlation exists between our 
scattering mechanism and the magnetocrystalline ani­
sotropy because of the different relative admixtures of 
the underlying spin-spin and spin-orbit interactions in 
each order of perturbation theory. 

We find a contribution to the linewidth of the form 

yAH^\ok = \ok®
)+\okaK<xiW+a1W+a2W), (1) 

where ah a2, a3
 a r e t n e direction cosines of the mag­

netization with respect to the crystal axes. The quanti­
ties Xcjfc(0) and Aofc(1) are coefficients which we calculate; 
they depend on the applied field, sample shape, spin-
spin, and spin-orbit coupling parameters, and the 
strength and symmetry of the crystalline fields. The sign 
of \ojb(1) is independent of the sign of the spin-orbit 
interaction (which usually dominates the spin-spin con­
tribution) but depends on the symmetry of the crystal­
line fields. For the octahedral sites in the spinel structure, 
the crystalline fields have trigonal symmetry along the 
[111] axes, and \oka) is found to be positive. Thus the 
contribution to the linewidth is maximum in the [111] 
directions and minimum in the [100] directions. In a 
typical resonance experiment on a spherical ferrite 
sample AO&(0)/Y and AO&(1)/Y are calculated to be of the 
order of 1 and 45 oersteds, respectively, corresponding 
to a linewidth of 1 oersted in the [100] directions and 16 
oersteds in the [111] directions. 

3 R. L. White, Phys. Rev. 115, 1519 (1959). 
4 K. Yosida and M. Tachiki, Progr. Theoret. Phys. (Kyoto) 17, 

3 (1957). 

The primary process of magnon scattering from the 
k = 0 mode to degenerate modes is found to be tempera­
ture independent. The secondary process of equilibra­
tion among the k ^ O magnons cannot proceed by 
two-excitation processes and is strongly temperature 
dependent. We assume the temperature to be sufficiently 
high that the secondary equilibration process proceeds 
much more rapidly than the primary process. At low 
temperatures, however, failure of the k ^ O magnons to 
relax among themselves can lead to a saturation of the 
primary transition and a decrease of the contribution to 
the linewidth. 

Preparatory to the detailed calculations we briefly 
discuss the relationship of magnon scattering to ferro­
magnetic resonance linewidth in Sec. 2. In Sec. 3 we 
summarize the theory in such a way as to exhibit its 
main qualitative features. In Sec. 4 we compute the 
contribution to the linewidth, its dependence on the 
orientation of the external field, its dependence on the 
magnitude of the external field (or resonant frequency) 
and its dependence on sample shape. Finally, the results 
are discussed in Sec. 5. 

2. MAGNON SCATTERING, DYNAMICAL RESPONSE, 
AND LINEWIDTH 

The dynamical response of a ferromagnetic material 
to an applied field has been analyzed in terms of magnon 
scattering probabilities by Callen.6 For an ellipsoidal 
sample symmetric around the applied magnetic field the 
dynamical equation follows from two basic results of 
spin-wave theory. Every magnon excited reduces the % 
component of magnetization by one unit (yh) of mag­
netic moment. That is 

Mz=MQ-yhn, (2) 

where n is the total number of magnons present, and M0 

is the saturation magnetization. However, the magni­
tude of the magnetization M is reduced only by the 
magnons with nonzero wave vector; 

M=llQ-yhn', (3) 

where n' is the number of magnons with k?^0. Sub­
tracting these two equations yields the relation 

Mz=M—yhno, (4) 

where no^n—nf is the number of magnons with k = 0 . 
Alternatively, n, nf, and no can be interpreted as the 

numbers of magnons in excess of the thermal equilib­
rium numbers; Mo then represents the equilibrium 
magnetization at the given temperature. We adopt this 
interpretation henceforth. 

Two-excitation scattering processes are represented in 
the Hamiltonian by products of a creation operator for 
one excitation and a destruction operator for the other 
excitation. Such terms give rise to simple first-order 
equations for the rates of change of the magnon numbers 

5 H. Callen, J. Phys. Chem. Solids 4, 256 (1958). 
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of the form 
n0=n0

(h)— (X0fc+Xo<T>o, (5) 

n'=\oicno—\k(rn', (6) 

where n^h) is the rate of creation of k = 0 magnons by 
the applied magnetic fields, and where Xofc is the 
probability of magnon-magnon scattering from k = 0 to 
k ^ O . That is, Xo& is the probability of destruction of a 
k = 0 magnon with the creation of a k ^ O magnon. Ao<r 
is the probability of destruction of a k = 0 magnon with 
the creation of a phonon, and X^ is the probability of 
destruction of a k ^ O magnon with the creation of a 
phonon. 

Expressing no and n' in terms of Mz and M through 
Eqs. (3) and (4) and substituting into Eqs. (5) and (6) 
gives immediately 

Mz=-y(MXtti)z+\oAM-Mz)+\UMo-M), (7) 

M= -\ok(M-M2)+Xkff(M0-M). (8) 

In the first term of Eq. (7) H4 is the sum of external 
and demagnetizing fields, and this term describes the 
precession of the magnetization around the field H4. The 
part of this term involving the dc field gives a pure loss-
free precession which is not represented in Eqs. (5) or 
(6), and which has been added in accordance with the 
familiar loss-free quantum mechanical equations of 
motion. The part which involves precession around the 
rf field is responsible for the absorption of power from 
the rf generator and is represented by the term n0

(/l) in 
Eq. (5). 

I t is useful to regroup the terms in Eqs. (7) and (8) as 
follows: 

Mz= -7(MxH<),+X 0 , (Af 0 - - i l f . ) (g) 

+ (X* f f-X0„)(ifo-M), 

M=-\Qk(Mo-Mz)+(\oic+\jc«)(Mo--M). (10) 

An alternative pair of equations can be written in 
terms of Mz and Mt, the transverse component of M, 
defined by 

Mt2+M?=M\ (11) 
whence 

M-Mz~Mt2/2M~Mt
2/2Mo. (12) 

To first-order equations (7), (8), and (12) give 

M 2 = - 7 ( M x H , ) 2 + ( X o , ~ X ^ M i
2 / 2 i l f o f l 3 . 
+\k„(Mo-Mz),

 K } 

&t= - 7 ( M X H , ) « - (X0*+Xo,)/2Jlf t. (14) 

Finally, these two equations can be represented by a 
single vector equation 

dM 
— = - 7 ( M X H < ) - (Xo*+X0ff) 
dt 

X [ H 0 X ( M x H o ) ] / 2 # o 2 + [ X * , ( M 0 - M ) 

+ (MH0- M • Ho)Xo./£ro]H0/#o, (15) 

where H0 is the externally applied magnetic field in the z 
direction. I t is to be recalled that M0 is the equilibrium 
magnitude of the magnetization at the given tempera­
ture, whereas M is the instantaneous magnitude. 

Each of the terms in the dynamical equation (15) can 
be interpreted in a direct physical way. The first term 
is, of course, the loss-free precessional term. The second 
term has the direction H o X ( M x H 0 ) , which is perpen­
dicular to the z axis in the plane containing M. This 
term therefore describes the relaxation of the transverse 
component of M. I t is proportional to (Xo&+Xo<r), or to 
the rate of destruction of k = 0 magnons. This is reason­
able since the k = 0 magnons decrease Mz without de­
creasing M; that is, they "ti l t" the magnetization and 
account for its transverse component. The final term in 
Eq. (15) describes the relaxation of the z component of 
the magnetization. This relaxation arises from two 
mechanisms; the change in the magnitude of M and the 
change in the tilt. The two terms in the square brackets 
of Eq. (15) represent the sum of these two mechanisms, 
the contribution of XOA; to each cancelling out as it did 
in the derivation of Eq. (7). 

The dynamical equation (15), or the equivalent pairs 
of scalar equations (9) and (10), or (13) and (14), pro­
vide a basis for the analysis of magnetic response. Three 
independent constants appear in the equations, in con­
trast to a single constant in the Landau-Lifshitz6 equa­
tion and to two constants in the Bloch-Bloembergen7 

equation. 
We consider specifically a ferromagnetic resonance 

experiment in a spherical sample, with an rf field applied 
in the x-y plane. If the components of the field are hx and 
hy we define h+, h-, and m by 

h±=hx±ihy, (16) 

M = J f 0 H o / # o + m , (17) 

also 

m±=mxzkimy. (18) 

Then, the dynamical equation becomes 

m + = [iyH0— J (X0<r+X0 * ) ]m+- iyM0h+, (19) 

mz=— iy (m+h-~ m-h+)/2 

+m+m-(Xo<x—Xk<T)/2—\k<rmz. (20) 
If we let 

h+=faei0)\ m+=mte
iut. (21) 

The solution of Eq. (19) is 

mt= -yMoho/Zco-yHo- (f/2) (X0*+X0,)], (22) 

whence the half-width of the resonant response is 

7A#=X0fc+Xo,. (23) 
6L. Landau and E. Lifshitz, Physik. Z. Sowjetunion 8, 153 

(1935). 
7 F. Block, Phys. Rev. 70, 460 (1946); N. Bloembergen, Phys. 

Rev. 78, 572 (1950). 
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Solutions of Eq. (20) have been given by Seiden8 in 
connection with an analysis of the "roll-off'' region of 
decreasing rf susceptibility with increasing rf power. 

From Eq. (23) it is seen that measurements of reso­
nance linewidth evaluate only the sum of Ao*; and A0<r, the 
total scattering probability of the k = 0 magnons. How­
ever, Fletcher, Le Craw, and Spencer9 have used both 
Eqs. (13) and (14), which they rederive by an exactly 
equivalent energy argument, as the basis of an experi­
mental method for measuring Xô 7 Ao<r, and A^ sepa­
rately. They modulate the rf power in a resonance 
experiment, observe Mt in the usual way, and observe 
Mz by an additional pickup coil with its axis parallel to 
the applied dc field. 

In this paper we are concerned only with a theory of 
the magnon-magnon scattering parameter A0& in ferrites. 
However, the method of Fletcher, Le Craw, and Spencer 
has not yet been applied to the measurement of A0& in 
ferrites, and we will therefore be able to compare our 
results only with the general magnitude and angular 
dependence of the observed resonance linewidth. 

3. GENERAL CONSIDERATIONS 

In this section we discuss the general features of 
magnon scattering processes and of magnetic loss pre­
paratory to the detailed calculation of Sec. 4. 

In a finite ferromagnetic sample the k = 0 mode is 
degenerate with modes of very small k, or very long 
wavelength. In a spherical sample the k = 0 mode has a 
frequency of co (0) = yH^ whereas modes of wave vector 
k have frequencies u(k) = yJ[Ho— (4:ir/3)Mo+Hea

2k2~], 
where He is the exchange field and a is the inter-atomic 
distance. This latter dispersion equation actually applies 
only to modes with k parallel to z, but for the purpose of 
our present qualitative discussion we can ignore the 
directional dependence of the dispersion law. The mode 
degenerate with the k = 0 mode then has 

/4*rM 0 \* / 3000 \ * 
ko= I J ~ ( } ~10~ 2 , (24) 

V 3He / \ 3 X 1 0 V 

or A~600a for a typical ferrite. 
The transition probability from the k = 0 mode to the 

degenerate modes is given by the standard expression 

\ok=(2T/h)\Moic\2p(E), (25) 

where Mok is the matrix element of the scattering per­
turbation and p(E) is the density-in-energy of final 
states. Since the number of states in the Brillouin zone 
is Nj and its volume is (2ir/a)z, the density is 

NAwk2 dk Nka 
p{E) = = , (26) 

(lir/afdE 4w2yfiHe 

8 P. E. Seiden and H. J. Shaw, Fifth Conference on Magnetism 
and Magnetic Materials, Detroit, Michigan, 1959 [J. Appl. Phys. 
31, 225S (I960)]. 

9 R. C. Fletcher, R. C. Le Craw, E. G. Spencer, Bell Telephone 
Laboratories Technical Report (unpublished). 

where dk/dE=dk/hdoo is evaluated from the given 
dispersion law. If Eqs. (24) and (26) are inserted into 
(25) the result is 

N\M0k\*/4*M0x* 

Let us suppose that the underlying perturbation 
which acts on the spins and causes the magnon scatter­
ing can be represented by an effective magnetic field 
H(ti) which is a random function of position. Let H(k) 
be the kth Fourier component of this random magnetic 
field 

^(k)=iV-*E.-ff(r<)c< k- r ' . (28) 

The perturbing energy acting on the ith spin is 
y%SH(ri) and the kth Fourier component of the per­
turbing energy is yhSH(k). The matrix element between 
the k = 0 spin wave and a spin wave of wave vector k is 
therefore N~*yhSH(k), whence 

yS2\H(k)\2/4<7rMo\-> 
A0* = ( ) . (29) 

T \12H*/ 

If we are to find a linewidth AH=\ok/y of the order of 
10 oersteds, Eq. (29) requires a perturbation H(k) of the 
order of 105 oersteds. 

The central problem of the theory now becomes evi­
dent when we translate this requirement on H(k) back 
to the spatial representation. Let us suppose, first, that 
the fluctuating field has no correlation from ion to ion. 
Then from Eq. (28) 

H{k)H^{k) = N-1Y.uH{x%)m{r])e^'^-^\ (30) 

and if we take an ensemble average 

<ff(r<)ff*(ry)>av=<fir^>a^.-y, (31) 

whence, for any k, 

[ # ( k ) | 2 = <#;2)av. (32) 

Here (Hi2)av is the mean square of the random field 
acting on a representative ion. If we insert Eq. (32) into 
Eq. (29), we obtain directly the result of Clogston, Suhl, 
Walker, and Anderson; their more detailed analysis 
simply replaces our numerical factor S2/ir(12)% by a 
lattice sum with a value of the order of 3/20. The con­
clusion to be drawn from this analysis is that whatever 
the perturbation, be it pseudodipolar or otherwise, it 
must have an rms value of 105 oersteds if it fluctuates 
without correlation from ion to ion. 

If the Fourier spectrum of the perturbation were not 
"white," or constant through k space, but were peaked 
in the vicinity of those k's corresponding to A~600a, the 
required rms field would be much smaller. Suppose, for 
instance, some impurities were to strain the lattice and 
through magnetostriction were to produce a random 
anisotropy field. If these ions had a mean separation of 
600#, the Fourier spectrum would be peaked at 

file:///3X10V
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&pC^27r/600a. Let us suppose the half-width of the 
Fourier spectrum to be Ak. Then by writing the equa­
tion analogous to Eq. (30) for H(ti)H*(ri) we find 

|F(r,)|2=(l/iV)Zk|^(k)|2 

~ | H(kp) | 2a*kp
2Ak/2ir2, (33) 

or putting Akc^kp 

| H(t%) | 2 ~ | H(kp) 12(^pa)3/27r2~500. (34) 

Thus, if the Fourier spectrum were peaked in the 
vicinity of \c^600a, with a half-width of the same order, 
an rms fluctuating field of only 20 or 30 oersteds would 
be sufficient to give the observed loss. Local anisotropy 
fields of this magnitude can be produced magneto-
strictively by the strains in the vicinity of impurity 
atom clusters, dislocation lines, or other such defects, 
and it is plausible that these contribute a structure-
sensitive background to the observed linewidths. 

The model of scattering which we propose in this 
paper is a single-ion theory in which the perturbing field 
is not correlated from ion to ion. As mentioned in Sec. 1, 
the perturbing field is obtained in first- and second-
order perturbation theory from the intra-atomic spin-
spin and spin-orbit interactions, respectively. The 
second-order spin-orbit contribution is of the order of 
\2L2S2/5 where XL-S is the spin-orbit interaction and 5 
is the energy difference of the orbital states split by the 
crystalline field. Equating this energy to yhSHi we find 
the order of magnitude of the effective perturbing field 
to be 

HiC^\2L2S2/yhdo^2 X105 oersteds, (35) 

where we take the values X~i0 2 cm - 1 and 5~103 cm"1 

from Yosida and Tachiki's calculation for Fe2+ ions on 
the octahedrally coordinated sites of ferrites. Thus, on 
the basis of these qualitative arguments, it is plausible 
that the random variation of intra-atomic spin-spin and 
spin-orbit interactions will lead to the observed magni­
tude of resonance linewidth, as we shall corroborate in 
detail. 

The angular dependence of the loss can be understood 
by a semiclassical symmetry argument as well. Consider 
a single ion in an octahedrally-coordinated site with 
spin-spin and spin-orbit parameters which deviate from 
the average values. By perturbation theory we obtain 
terms in the effective spin Hamiltonian which are 
second order in the spin operators—the first-order terms 
vanishing by inversion symmetry. These terms must 
reflect the symmetry of the crystalline field. The 
crystalline field at an octahedrally-coordinated site in a 
ferrite has trigonal symmetry about a body diagonal. If 
we choose a site with trigonal field along the [111] 
direction, the perturbing term therefore must be of the 
form CS2[in], where S[m] is the component of S along 
[111]. Let us first suppose that the average magnetiza­
tion is along the [111] direction, so that the k = 0 spin-
wave mode consists of all spins precessing in phase 
around the [111] axis. The perturbation CS2mi] is then 

equivalent to an additional field acting on the particular 
ion, which consequently precesses with a different fre­
quency and destroys the coherence of the k = 0 mode. 
Quantum-mechanically this corresponds to scattering 
from the k = 0 mode to other spin-wave modes. Now let 
us suppose that the average magnetization is along the 
[001] direction, and that the k = 0 spin wave consists of 
all spins precessing in phase around the [001] axis. If 
the perturbation is expressed in terms of Sx, Sj,, and Sg, 
it has the form 

CS2
[in] = %ClS(S+l)+2SxSy+2SxSz+2SySzl 

of which the classical average over a precessional cycle is 
zero. This perturbation therefore produces no shift in 
the energy levels nor in the precessional frequency and 
does not scatter the k = 0 mode when the magnetization 
is in the [001] direction. We conclude that the total loss 
vanishes in a (100) direction; it must be fourth order in 
the components of the magnetization and hence must 
have the form \oka) (ai2<X22+ct22az2+a$2ai2) with a posi­
tive value of Xo*;(1). The constant term Xofc(0) in Eq. (1) 
would presumably be zero but in our more detailed 
calculation we actually find a small but nonzero value 
of Xo/b(0) which results from the effect of magnetic dipole 
interactions in a finite sample. This long-range inter­
action makes the k = 0 mode less simple than the pure 
homogeneous rotation assumed above. From the formal 
point of view the Holstein-Primakoff transformation 
diagonalizes the magnetic dipole interaction by ad­
mixing shorter wavelength spin waves in the homogene­
ous mode. Nevertheless, the essential features of the 
above symmetry argument hold true. 

4. CALCULATION OF 3io* 

To simplify the calculations, we adopt the simplest 
model of a crystal structure which has the relevant 
features of the true ferrite structure. We assume a 
simple cubic array of magnetic ions situated on four 
different kinds of sites which are distinguished only by 
the direction of the crystalline field acting on each type 
of site. The crystalline fields have trigonal symmetry 
about the four separate body diagonal directions. In 
obvious analogy to the ionic distribution on the 
octahedral sites of a partially inversed ferrite we assume 
the four interpenetrating lattices to be populated at 
random by two types of ions; A ions with fractional 
concentration c, and B ions with fractional concentra­
tion 1 — c. 

The Hamiltonian of the system consists of the inter­
action of each spin with the external field, the exchange 
interactions between nearest neighboring spins, the 
dipolar interaction, the spin-orbit coupling XL • S of each 
ion, the intra-atomic spin-spin interaction — p[(L-S)2 

+JL-S—%L2S2~] of each ion,4,10 and the crystalline field 
potential. The complicating feature of this Hamiltonian 

10 A. Abragam and M. H. L. Pryce, Proc. Roy. Soc. (London) 
A205, 135 (1951). 
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is the difference between the A and B ions, and the 
disorder of the spatial distribution. We consequently 
proceed by introducing an "unperturbed" or average 
Hamiltonian, in which we ignore the difference between 
A and B ions and replace exchange integrals, spin, and 
magnetic dipole moments by their average values. The 
perturbing terms in the Hamiltonian arise from the 
deviations of the ionic parameters from these average 
values. 

Note Added in Proof.—The contribution to the line-
width from variations in spin magnitude is clearly 
isotropic and these variations consequently do not 
contribute to the anisotropic linewidth here calculated. 
Actually it can be shown that variations in spin magni­
tude make a completely negligible contribution even to 
the isotropic component of the linewidth. 

The average, or unperturbed, Hamiltonian can be 
reduced to an effective spin Hamiltonian by the method 
of Yosida and Tachiki.4 We assume that the orbital 
states of the ions are qualitatively similar to the orbital 
states of the Fe2+ ion, so that a perturbation treatment 
of the spin-orbit and intra-atomic spin-spin interactions 
yields a one ion anisotropy, and hence an unperturbed 
Hamiltonian of the form 

a C o = - M - H - / E n e i S r S y 

+h T,ijDi£Si'Sj-~ (3/f»/) (Srr t-y)(Sy r»,-)] 

+ (a/12)Ei(5y€
4+5y f

4+5yP
4). (36) 

The quantity Da is the dipole interaction strength, 
equal to the product of the magnetic moments divided 
by the cube of the distance between the ith. and jth. ions. 
The vector ta is the vector from the ith to the jth ion. 
The quantity a is the (average) single-ion anisotropy 
coefficient and is a function of X, p, and the crystalline 
field splitting parameter 5.3 The crystallographic axes 
are designated by £, rj, p. We assume the sample to be an 
ellipsoid of revolution. We designate this symmetry 
axis by zr, and the two orthogonal axes by %' and yf. 
Finally, we introduce a third coordinate system x, y, zy 

with the z axis parallel to the equilibrium direction of 
the magnetization M, as determined by the externally 
applied field. 

To summarize: £, rj, p are along crystallographic 
[100], [010], and [001] directions, z' is along the sym­
metry axis of an ellipsoidal sample, z is parallel to 
equilibrium direction of M. 

The rotation matrices which relate these coordinate 
systems are defined by 

Also 

'af 
y 

„z_ 
= 

ffc" 
0/ 

Ui 

ft" 
ft' 
ft 

ft" 
ft' 
ft J 

r*n 
/ 
y. 

= 
fax" 

t 

JXl 

a2" 

<**' 
a2 

as"! 
a% 

<23 -

T 
V 

i.p-

(37) 

The direction cosines of the equilibrium magnetiza­
tion with respect to the crystal axes then are «i, 0:2, «3-

(Sf 
s, 

Is J 
= 

r«i" 
a," 

M," 

1 ai-
1 

a2 

a-z 

Oil 

a2 

a 3 -

s; 
Oy 

Is.) 
(38) 

We introduce the spin-wave variables by the substi­
tution 

Si
+=Si,+iSiy= (2S/N)* Zk a+(k)e-*-<i, (39) 

Sf=Sjx-iS3-u= (2S/N)* Ek a(k)e*-% (40) 

Si.=S-Sj-Sj+/2S. (41) 

If these equations are inserted into the Hamiltonian 
(36) and only those terms not greater than second order 
in the spin-wave operators are kept, the result, expressed 
in the notation of Van Kranendonk and Van Vleck,11 

becomes 

Xo=i Zk{^ (k)[a+(k)a(k)+a(k)a+(k)] 
+S(k)«(k)a(-k)+B*(k)tft-(k)tft-(-k)}, 

where 

A (k) = 2yfi(Hz+HA)+<USa?k2 

+4rfhM£A„(k)+A„(k)l 
+ ( 8 T 7 / ^ 5 ) M O - ( J I - N ) . - M O , 

B(k)=4ryftilfoD4„(k)-4,y(k)+2«4,,(k)l 

A (0) = 2yft(Hz+HA)+ (4rV/NS)M<?(iI-N) 

•(2^-rr-rn, 
5(0)= (4jr7Jf d'/iV^CN-lI) 

(42) 

(43) 

(44) 

(45) 

(46) 

where Hz is the z component of the external field, HA is 
the effective anisotropy field, N and I are the sample 
demagnetizing tensor and the unit tensor, respectively, 
(3 is the vector with components /3X, /?2, #3 as defined in 
Eq. (37) and (3' and (3" are defined similarly to (3. The 
quantity (3(3 is the dyadic tensor product. The tensor 
components Axx(k), Ayy(k) and Axy(k) are lattice 
sums which have been computed by Cohen and Keffer,12 

who show that for wavelengths small compared to 
crystal dimensions 

AXX\J^J — Kx/k 37 

Ayy\K) = fcy /K 3̂ , 

Jx x y \*y) —— ti x»v yf K . 

(47) 

,(48) 

(49) 

The Holstein-Primakoff transformation which diago-
nalizes the Hamiltonian is 

a+(k) = cosh(Xfc/2)o-x+(k)-sinh(Xfc/2)e2^Vi(-k), (50) 

a(k) = cosh(X,/2)(71(k)-sinh(Xfc/2)e-2^%1
+(-k), (51) 

11 J. Van Kranendonk and J. H. Van Vleck, Revs. Modern Phys. 
30, (1958). 

12 M. H. Cohen and F. Keffer, Phys. Rev. 99, 1128 and 1135 
(1955). 
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where 

ft«(k)coshAfc = iM(k), (52) 

*co(k)sinhXifc=i|5(k)|, (53) 

B(k)=\B(k)\e2i**, (54) 

^ ( k ) = i [ ^ 2 ( k ) - 5 ( k ) 5 * ( k ) ] ^ . (55) 

The average Hamiltonian thereby reduces to 

OCo=EkCcri(kV1+(k)+i]«co(k), (56) 

where o-i(k)cri+(k) is the number operator for magnons 
of wave vector k. 

We now consider the scattering effect of the random 
deviations of the Hamiltonian from its average value. 
The variations in dipolar interactions give rise to 
linewidths of the order of a tenth of an oersted, as can be 
seen easily from the discussion of Sec. 3, and hence, will 
be ignored. Variations in exchange interactions con­
tribute isotropic terms which commute with the total 
spin and which therefore cannot scatter the k = 0 mode; 
we therefore do not consider these variations. The re­
maining perturbations arise from variations in spin-
spin, spin-orbit, or crystalline field parameters. For an 
ion with crystalline field axis along [111] the first- and 
second-order perturbation of spin-spin and spin-orbit 
interaction terms, respectively, contribute terms to the 
Hamiltonian of the form CS2[m], as discussed in Sec. 3. 
Yosida and Tachiki,4 by a direct perturbation treatment 
of the orbital states of an Fe2+ ion split by the cubic and 
trigonal fields appropriate to an octahedrally coordi­
nated site, show that C has the value 

C=-(3 P +7.5A 2 /105) , (57) 

where p is defined in the second paragraph of Sec. 4. For 
Fe2+ the parameter p has a value of approximately 0.95 
cm - 1 whereas X~102 cm - 1 and 5~103 cm -1, so that the 
spin-orbit contribution to C is larger than the spin-spin 
contribution for this ion. In the case of disordered 
ferrites we must consider two values of C appropriate to 
the two different types of ions; i.e., CA and CB> In order 
to write these terms in the Hamiltonian explicitly, we 
define several useful quantities: Ei is a__unit vector 
along [111], E2 is a_unit vector along [111], E^is_a 
unit vector along [111], E4 is a unit vector along [111], 
Ptj= + 1 if the site j has crystalline field parallel to E f ; 
zero otherwise, and qj= + l if the site j contains an A 
atom, and Qj=0 if the site j contains a B atom. 

The total Hamiltonian can then be written as 

a e = J e o + E y i « [ g i C A + ( l - ^ ) C 2 , ] P * i ( E r S i )
a 

- Ey.* [ ^ ^ + ( l - c ) C 5 ] P , y ( E e - S y ) 2 , (58) 
or 

X = O C o + ( C A - C 5 ) Z ; ^ ( ^ - ^ ^ i ( E r S y ) 2 . (59) 

The third term in Eq. (58) is simply the average value 
of the second term and is obtained by replacing q3- by its 
average value c; this term must be subtracted in order 

that the average value of 3C shall be 3Co, as defined. In 
Eq. (59) we see that the perturbation terms vanish if the 
two ions become identical (CA = CB) and that it is the 
deviation from the average distribution (qj—c) which 
is significant. 

From Eqs. (37) it is evident that a", with components 
a i" , 0:2", OLZ1 in the £, % p coordinate system, is a unit 
vector along the oc axis; a similar relation exists for a' 
and a so that we may write 

Sy= a"SjX+afSjy+oiSjz, (60) 

and then from Eq. (41) 

S y = l a , / ( 5 ' y + + 5 , r ) + ( l / 2 i ) ( 5 ' y + - 5 r ) a / 

+ a(S-SjS+/2S). (61) 

If this equation is introduced into Eq. (59), the result 
is 

5C = 5Co+(C^-CB)Ey, iP,y(gy-c) 

X { 5 2 ( E r « ) 2 + i [ E r ( a ' ' - i a O ^ + ] 2 - ^ y - ^ + ( E r « ) 2 

+i[Er(«"+;« ,)S /-]2 

+ J [ l - (Er «)a](5y+5y-+5y"5y+) 

+ S ( E r « ) ( E l . O ( S y + + S y - ) 
+iS(Et-&)(Ercc')(Sr-Sj

+)}. (62) 

If the spin-wave variables are introduced through 
Eqs. (39)-(41) and the subsequent Holstein-Primakoff 
transformation (50)-(51), the resulting Hamiltonian 
contains terms of zero, first, and second order in the 
spin-wave variables. The first-order terms are easily 
eliminated by the canonical transformation 

«T1+(k)+<f*(k) = (r+(k), (63) 

* i (k)+d(k) = «r(k), (64) 

where d(k) is a constant. 
Finally, after considerable algebra, the introduction 

of the final spin-wave variables defined in (63) and (64) 
transforms the Hamiltonian to the form 

3C=3C0+Ek,k'{/1(k)k')C<7+(k)<r(k')+<7(k')<7+(k)] 

+c+(kV+(k')/2*(k,k') 
+<r(k>(k') /2(k,k ' )}, (65) 

where 

fi(W = XUS/2N)Ptj(gj-c) 
X(CA-CB)eW-v-*i 

X{G<[sinh(X*/2) cosh(A^/2)e- 2^ 
+cosh(\ f c/2) coshXfc>/2 
+ cosh(Afc/2) smh(\^/2)e2i^f 

+sinh (X*/2) sinh (X*,/2)e2 ̂ '~2***] 
+L£-cosh(X A / /2 ) s inh(X*/2>- 2^ 
+cosh(X*/2) c.oshX^/2 
-cosh(X /c/2) sinh(X^/2)e2^' 
+s inh (XA/2) sinh (X^/2)e2 ̂ ' ~ 2 ***] 
+ 2 i & [ s i n h ( V 2 ) coshQik>/2)(T2<** 

-e2i**' cosh(Xi/2) sinhX^/2]}, (66) 
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/ 2 ( k , k 0 = — E Ptj(qj-c)(CA-CB)e^^^ 
2N ut 

X { [ G , + L j [ c o s h ( X A : / 2 ) coshX^/2 

+ 2 cosh(X*/2) s inh(W2)<r - 2 i ** ' 

+sinh(XA ; /2) sinh(X*//2)ef-2*>^-2***'] 

+ 2 i Q £ c o s h ( X ^ / 2 ) coshXyb'/2 

- s i n h ( X , / 2 ) s i n h ( X ^ / 2 ) ^ - 2 ^ - 2 i ^ ' ] } , (67) 
a n d 

G « = ( E r « " ) 2 - ( E « - « ) 2 , (68) 

Z , = ( E r a 0 2 - ( E r a ) 2 , (69) 

2 i & = ( E r « ' ) ( E r « " ) - (70) 

T h e ma t r i x element for scat ter ing from the mode 
k = 0 to k ' is simply 2 / i (0 ,k ' ) , whence 

M,k={S/N){CA-CB)Y,iftPtMi-c)e^i 

X[cosh(X«/2) (G*+Z*) 

+smh{\k/2)e2iHGt~Lt-2iQt)J (71) 

Squaring MOA, summing over rj—r^ — I a n d tak ing the 
ensemble average wi th the assumpt ion t h a t there is no 
correlation of the g/s from ion to ion, gives 

( | Mo* 12)av= (S2/4N) (CA-CB)2c(l-c) 

X L * [ c o s h 2 ( X , / 2 ) ( L n h G * ) 2 

+ | G * - Z < - 2 ^ | 2 s i n h 2 X * / 2 

+ cos20* cosh(X*/2) smh(\k/2)(Gt
2-Lt

2) 

+ 4 sin2</>/C sinh(Xfc/2) cosh(X*/2) 

XQt(Gt+Lt)J (72) 

I t is evident immedia te ly from (72) t h a t the loss 
depends on the concentra t ion solely th rough the factor 
c(l — c); the loss therefore goes to zero for c—Q or 1, as 
i t should, a n d is a m a x i m u m a t c=%9 which is to be 
expected. 

If we now insert the specific values of Et in to (72) v ia 
Eqs . (68)- (70) , we find Xo& reduces to the expected 
form, Eq . (1). T h a t is, from (25) 

Ao* = Aojb^+XojfeN (alW+a1W+a2W)1 (73) 
where 

Ao*(0) = 
S2V(c-c2)(CA-CB)2 

9w2h2N 

- 2 T T 

X 

Xo*(1) = -

'HI 
S2V(c-c2)(CA-CB)2 

\k dk 1 
sinh2—k2 

2 dco(k)JM(k)=W(o) 

Xsmd kWutfyk, (74) 

, 2 T T 

X f f ( c o s h 2 — + i s i n h 2 — j 

Those pa r t s of E q . (72) containing te rms linear in 
sin20A; and cos2</>& vanish when in tegra ted over the 
var iable <j>k a n d so have been omi t ted in E q s . (74) 
a n d (75). 

Of par t icu lar interest are the dependence of XOA on 
s ta t ic field direction for a spherical sample, and the 
dependence of XOA; on sample shape a n d resonant fre­
quency for a field along the s y m m e t r y axis of the sample. 
W h e n the field is along a s y m m e t r y axis E q s . (43) and 
(44) become 

coshX,fc=-
A &) 

i 
2feo'(k) 

2yfi(Hz+HA)+4JSa2k2+^yfiM0 sin20* 

2hca(k) 

sinnX* 
\B(k)\ 2iry1iMosm2dk 

^wyfiMoN, 

««(k) 

2hw(k) ««(k) 

] , (78) 

(79) 

T o evaluate the integrals in Eqs . (74) and (75) we 
rewrite these equat ions in the following form : 

2/4TTMO\* 

yh 

He* \ * 2 F T | 

X0fc
(0) /CA-CB\2/47rM0\ 

=S2(c-c2)( ) ( ) 
y V yh / \ He* / 

[ / • ' / H# \ * 2 K 7 r / X* \ k \ 
X ( ) ( c o s h 2 - + f s i n h 2 - ) 

I Jo W i f o ' \SirNV\ 2 2/ 

/ k2dk \ 1 r*/ He* Y 
X ( ) s i n M 0 f c - I ( ) 

\&o(k)/J 
2 F 7 r dk 1 

X k2 I 

A 
siridkddk 

15TNL dco(k) 

fCA-CB\ 2/±TTM,\? 

yh 

X0fc
(1) . . . .. /CA-CB\2/4irM> 

yh 

He" \ * 4 7 7 r / A 

(80) 

7 
=S2(c-c2)( ) ( ) 

X I ) ( c o s h 2 - + f s i n h 2 - ) 

V d«(k)/J, 
smOkddk 

Jw(k)=«(0) 

J0 \4c7rMo' 

He*Y2yy dk 

k2 sin6kd0k 
0/ 3wN da>(k) 

Xk2-
dk 

aco(k)j 

6h=wcr>l{ka
t+k*)/&y, 

</>h!=ta.n~1kx/ku. 

s m M 0 * # * , (75) = S 2 ( c - c 2 ) ( ) ( ) (Wh+5h). 
'4irM0> 

(81) 

(76) T h e integrals I\ and I2 are dimensionless functions 
(77) depending only on sample shape a n d on co (0)/4iryMo, 

file:///4c7rMo'
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Fig. 1 

FIG. 1. Dependence of the resonance linewidth, AH, on the 
transverse demagnetizing coefficient of a sample which is an 
ellipsoid of revolution. 

where co(0) is the resonant frequency. The first integral, 
Ih has been evaluated numerically by Clogston, Suhl, 
Walker, and Anderson1; our integral Ih is equal to 
/ /45TT in their notation. The integral J2 has been 
evaluated by us5 in terms of Legendre elliptic functions 
of the first, second, and third kind. The relevant quanti­
ties (I1—I2) and (10/ i+5/ 2 ) are plotted in Fig. 1 as a 
function of reduced resonant frequency, u(0)/4c7ryMo, 
and of the transverse demagnetizing coefficient of an 
ellipsoidal sample with applied static field along the 
symmetry axis. These two graphs, together with Eqs. 
(1), (80), and (81), then determine \0k directly. 

With the representative values 5 = 2 , c = § , (4tTrMo)% 
= 70, # e =1 .8X10 6 , and C A ~ C V = 2 X10"15 ergs, the 
ordinate 0.1 in Fig. 1 corresponds approximately to a 
value of XOAVT of 34 oersteds, where it is to be recalled 
that 5 is the average spin on a lattice site, c is the frac­
tional concentration of A ions, He is the exchange field, 
and CA, CB are coupling parameters for A ions and B 
ions respectively, and are defined in Eq. (57). With these 
values of the sample parameters and for a spherical 
sample with C O ( 0 ) / 4 X T M 0 = 2 . 0 , the quantities \ok

(0)/y 
and \oka)/y have the values 0.3 oersted and 36 oersteds, 
respectively, so that the line width is approximately 
12.3 oersteds in the [111] direction and 0.3 oersted 
in the [001] direction. 

5. DISCUSSION 

In Fig. 2 we show the experimental observations of 
Schnitzler, Folen, and Rado13 on disordered lithium 
ferrite, and a theoretical curve of the form a i W 
+ a 2 W + a 3 W which has been fitted to the data ob­
tained at 77°K to compare the predicted angular 
dependence. By fitting X0«

(1) to the anisotropy of the 
experimental data at each temperature, we find 

15 oersteds at 77°K 

14 oersteds at 196°K 

114 oersteds at 300°K. 

Angular dependence of 
AH in the (110) plane for 
disordered Lithium Ferrit* 

o— 3 0 0 ° K 
a - 1 9 6 ° K 
• — 7 7 ° K 
0 4 ° K 

— Theoretical curve ~ 
of form2 . 

<»?«!+«ia3*a2aL 

C1003 
40 60 80 100 120 140 160 180 200 

cnoj niu tloo] 
Angle( Degrees) 

FIG. 2. Dependence of the resonance linewidth, AH, on direction 
of the applied static field in the (110) plane for spherical samples 
of disordered lithium ferrite. 

At 4°K the data does not fit the predicted curve, and 
it is probable that other processes dominate in this 
region, as discussed in Sec. 1. At the higher tempera­
tures the results are reasonably constant with tem­
perature, as theoretically predicted. The experimental 
values of \ok

a) are in good agreement with the value of 
X0rt

(1) estimated by taking the parameter CA for the 
Fe3+ ion as equal to that of Fe2+ ions (because each has 
the same order of magnetocrystalline anisotropy), 
taking CB = 0 for lithium ions, and c = 0.8; in this way 
we estimate for a spherical sample with an external field 
H0=&7TMQ (approximately 8X103 oersteds) 

Ao*(1) 

(theor.)~16 oersteds. 
7 

Paradoxically the linewidth of ordered lithium ferrite 
is comparatively large, rather than being small (com­
parable to that in yttrium iron garnet) as we would 
expect. However, the cubically symmetric component 
of the linewidth does vanish with the onset of long-
range ionic order. 

Further comparison of the results with experiment is 
difficult until some method such as that of Fletcher, 
Le Craw, and Spencer is used in ferrites to measure \ok, 
rather than merely AH; a direct test of the results shown 
in Fig. 1 should be feasible, as should a test of the pre­
dicted concentration dependence of \0k

(1). Nevertheless, 
the good agreement with experiment of the general 
order of magnitude of the loss, and particularly its 
predicted directional dependence, seem to indicate that 
this effect is the dominant source of loss in many 
disordered ferrites. 
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