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An experimental study of the elastic, inelastic, and charge exchange scattering of K+ mesons in nuclear 
emulsion has been made based on 100 meters of track at an average beam energy of 125 Mev. The elastic 
scattering and total cross sections have been used in a diffuse surface optical model calculation and the 
inelastic distribution has been analyzed by Monte Carlo techniques. With the assumption of 5-wave scat­
tering for the T= 1 i£+-nucleon state and S- and P-wave scattering for T=0, two best fit T=0 phase-shift 
solutions have been found for two different radius parameters. The dependence upon radius is small and the 
P-wave phase shifts seem to be important at this energy. 

INTRODUCTION 

ALTHOUGH a number of experiments have been 
reported1 on the interaction of the K+ mesons in 

nuclear emulsion in the energy region below 150 Mev, 
few have been accompanied by analyses incorporating 
exact optical model calculations2 or detailed studies of 
the inelastic distributions and the associated problem of 
pseudoelastic events.3 There has been no study of the 
dependence of the analysis on the nuclear radius 
parameter. 

We report here on an experiment based on the exami­
nation of 100 meters of i^-meson track in a nuclear 
emulsion stack exposed to a separated 150-Mev beam at 
the Berkeley Bevatron. The experimental results have 
been analyzed by means of an exact diffuse surface 
optical model calculation and by means of a Monte 
Carlo study of the inelastic scattering distribution. 
These have been used in turn in a iT+-nucleon phase-
shift analysis. Two nuclear radius parameters have been 
used throughout, and, within the framework of the 
models used, particular care has been taken to include 
second order effects such as double scattering and the 
influence of the exclusion principle. 

Details of the optical model calculations for this ex-

* Supported by the U. S. Atomic Energy Commission. 
f Present address: Hughes Aircraft Company, Culver City, 

California. 
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periment have been given previously4 and preliminary 
phase-shift results have been reported earlier5 for one 
nuclear radius parameter. 

I. EXPERIMENTAL PROCEDURE 

A separated beam of 150-Mev K+ mesons was de­
signed and set up at the Berkeley Bevatron. A schematic 
diagram showing the details of the experimental ar­
rangement is shown in Fig. 1. Detailed information 
concerning this beam is given by Stork.6 An exposure to 
this beam was made with a stack of 118 Ilford G5 600 
micron nuclear-emulsion pellicles of 4 inches X8 inches 
area. During the exposure 4X1013 protons entered the 
1.5-inch long Cu production target. Positive secondary 
particles of momentum 525d= 9 Mev/c which left the 
target at 58° in a solid angle of 1.9 millisteradians were 
selected by the system. Separation of the momentum-
selected pions, protons, and K+ mesons was achieved 
with a beryllium degrader from which the K+ mesons 
emerged with momentum 420 Mev/c. The exposure 
yielded approximately one K+ track per millimeter per 
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4 M. A. MelkanofT, O. R. Price, D. H. Stork, and H. K. Ticho, 
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plate over an area of approximately 3 inches by 2 inches. 
The minimum-track background was approximately 
three per K+ track. 

The scanning was carried out by examining a swath in 
each plate perpendicular to the beam flux and one 
centimeter from the entering edge. Each track satisfying 
specified directional criteria and with grain density be­
tween 1.5 and 2.2 times minimum ionization was 
followed until it interacted, scattered, decayed in flight, 
or had traveled four centimeters. At the end of each such 
follow a grain count of 625 grains was taken on the 
primary track. For each interaction or scattering with 
projected angle greater than 3° the space angle of each 
secondary was measured. With the exception of a 
sample of scatters of less than 20 degrees, each second­
ary was followed to the end of its range or until it 
interacted or left the stack. In the latter cases the 
secondary range was determined by ionization measure­
ments. Under the initial assumption that one of the 
tracks from an interaction was due t o a Z meson, the 
end of each stopping track was carefully examined for 
evidence of decay and if no such evidence was found for 
a given event, each secondary was identified by ioniza­
tion vs range measurements. For those events thus de­
termined to have no iT-meson secondaries, multiple 
scattering and ionization measurements were made on 
the primary tracks and if an incoming particle was 
indeed a K meson the event was classified as a charge 
exchange event. 

The energy of the primary K meson of each event was 
determined within a standard deviation of 6% by taking 
a weighted average of the energy determined from the 
ionization measurement and that determined from the 
mean residual range of the beam particles at the event 
position. 

The energy of the K meson after interaction or scat­
tering was determined where possible from the range 
measurement. The Barkas range energy tables were 
used.7 In those cases where the secondary K meson left 
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FIG. 2. K+ meson-track path length followed as a function 
of energy. 
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7 Walter H. Barkas, University of California Radiation Labora­
tory Report UCRL-3384, 1956 (unpublished). 

0.8 

0.6 

0.4 

0.2 

0.0 

0 30 60 90 120 150 180 
eL A B , DEGREES 

FIG. 3. Scatter diagram of inelastic scattering events. The circles 
designate events in which no other secondary accompanied the 
scattered K+ mesons; the crosses designate events in which there 
were other secondaries. 

the stack or interacted or decayed in flight, the residual 
range was determined by ionization measurements. 

The total path length of iT-meson track followed was 
93.7 meters after correction for an estimated 0.5% 
contamination due to noninteracting proton and pion 
tracks followed without detection. A histogram of the 
tracklength followed as a function of primary K energy 
is shown in Fig. 2. 

Thirty-one decays in flight were found corresponding 
to a mean life of (1.32±0.23)X10~8 second. 

II. EXPERIMENTAL DATA 

Eighteen charge exchange events were found, in­
cluding four disappearances in flight. These disappear­
ances could be decays in flight in which the decay track 
was not seen. However, they occurred well away from 
the top or bottom surfaces of the emulsion in regions 
relatively free from background, and an exhaustive 
search for decay secondaries was made by several ob­
servers. Our efficiency for finding secondaries from 
stopped K mesons without exhaustive search is 90%, 
and we conclude that these four disappearances are 
most probably charge-exchange events. 

A total of 457 examples were found of iT-meson 
scatterings with projected angle greater than 3 degrees 
and of interactions in which the K+ meson reappeared. 
We cannot immediately classify each of those in which 
only the K+ meson emerges as either elastic or inelastic 
because of the uncertainty in the measurement of energy 
lost by the scattered K meson. A scatter diagram of the 
ratio of iT-meson energy lost, AT, to the primary energy 
TK versus the laboratory angle of scatter #iab is shown 
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FIG. 4. Distribution of fractional energy loss for a sample of K+ 

mesons scattered through less than 20° and having no other 
secondaries. The dashed curve is a gaussian with standard 
deviation 0.06. 

in Fig. 3. The possible elastic scattering events with 
AT/TK<0.2 and 0iab<7O° are not plotted. Events 
which were certainly inelastic because of the appearance 
of other secondaries are indicated by crosses.8 

In Fig. 4 is shown a histogram of a sample of the 
possible elastic scattering events with 3 o<0i a b<2O° as 
a function of AT/TK. The majority of these events are 
elastic and the distribution of the fluctuations of energy 
loss is well fitted by a Gaussian curve whose width is 
determined by the standard deviation of the measured 
energy loss as indicated above. The spread comes pri­
marily from the uncertainty in the primary K energy. 
On the basis of the Gaussian distributions shown in 
Fig. 4, less than half an elastic event is expected with 
measured fractional energy loss greater than 20%. We 
assume each event with AT/TK>0.2 to be inelastic. 
Because of the uncertainty in energy loss measurement, 
however, some inelastic events with small energy loss 
and no additional secondaries will be masked by the 
elastic distribution. Although a more accurate estimate 
of the numbers of inelastic and elastic events is obtained 
by means of the detailed analysis described below, we 
have made a preliminary estimate of a total number of 
132 inelastic events corresponding to a reaction cross 
section of 299=1=26 millibarns per emulsion nucleus (ex­
cluding hydrogen). The corresponding preliminary esti­
mate for dcr/dQ is given in reference 4 and will not be 
repeated here. These initial results were used to perform 
a preliminary optical model analysis as described in 
Part I I I . 

The remaining experimental result is the distribution 
in energy and angle of charged secondaries other than 
K mesons from the iT-meson interactions. I t is instruc­
tive to plot in a scatter diagram the ratio of the kinetic 
energy of the fastest prong (assumed to be a proton) to 
the incident K energy TP/TK versus its space angle 
relative to the incident K direction. Such a diagram is 
shown in Fig. 5(a) for charge-exchange events and in 
Fig. 5(b) for noncharge-exchange events. We have made 
no quantitative analysis of these data, but remark that 

8 Those events having a recoil track which satisfies the kine­
matics of elastic scattering of the K meson with a light emulsion 
nucleus are not included in this category. 

the distributions suggest that the charge exchange cross 
section is peaked forward relative to the i£+-proton 
cross section. This is derived from the assumption that 
the majority of the faster protons in the noncharge-
exchange distribution come from a primary iT+-proton 
scattering. The qualitative indication of a forward-
peaking-charge-exchange cross section supports the 
phase-shift results of Part IV below. 

III. ANALYSIS OF THE RESULTS 

We wish to apply an optical model analysis to the 
elastic scattering and reaction cross section and, further­
more, to analyze the distribution in energy and angle of 
inelastically scattered K mesons in terms of the average 
iT-nucleon-scattering angular distribution. However, 
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FIG. 5. Scatter diagram of relative energy and laboratory angle 
of fastest secondary other than a K+ meson for (a) charge exchange 
events and (b) noncharge exchange inelastic events. Tp/TKi is the 
ratio of secondary energy (assuming the secondary to be a proton) 
to the incident K+ energy. 

these two procedures are interdependent, since the 
optical model calculation requires a clear distinction be­
tween inelastic events and the elastic distribution, and 
this distinction must be based on a study of the inelastic 
distribution. Conversely, the analysis of the inelastically 
scattered K mesons requires a knowledge of the real part 
of the nuclear potential obtained from the optical model. 
The effects of these interrelations are however suffi­
ciently small such that a method of successive approxi­
mations may be easily applied. 

1. Preliminary Optical Model Analysis 

We start with a preliminary optical model analysis 
based on the initial estimates of the reaction cross 
section and of the elastic-scattering cross section given 
in the previous section. The diffuse-surface optical 
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model with the Saxon potential was used. The details 
are fully described elsewhere4 and we give in Table I the 
results for the central real potential, V, and the central 
imaginary potential, W, for values of the radius parame­
ter i?o=1.07f and 1.20f and for a surface-thickness 
parameter #=0.57f. These values for the real potential 
were used to determine the kinetic energy of the K 
meson inside the nucleus for the analysis of the inelastic 
scattering distribution. In addition, a preliminary phase-
shift analysis was carried out analogous to that of 
Part IV. For this preliminary analysis only the parame­
ters V, W, the i<f-proton cross section, and the charge-
exchange fraction were used. The results are 600= —20°, 
610= —10°, and 5ii = 5i3= 15° (where the notation is that 
of Part IV). These preliminary phase-shift values were 
used only to estimate the variation of mean free path 
with kinetic energy for the K meson inside the nucleus. 
This was needed for the double scattering calculation 
given below. The usual linear and cubic momentum 
dependences of the phase shifts were assumed. 

2. Inelastic Scattering Distributions 

We proceed next to the analysis of the distribution in 
energy and angle of the inelastically scattered K mesons. 

TABLE I. 

Ro 

1.07f 
1.20f 

Results of the preliminary optical model analysis. 

a 

0.57f 
0.57f 

V 

21 Mev 
15 Mev 

W 

- 1 1 Mev 
- 7 Mev 

With the assumption that these inelastically scattered 
mesons came from the scattering by a single nucleon, 
attempts have been made to determine the angular 
distribution for the Z"-nucleon scattering in the K-
nucleon center-of-mass system by (a) neglecting the 
nucleon motion in the nucleus,9 (b) calculation of the 
most-probable center-of-mass angle for each event,10 

and (c) transformation of various center-of-mass angu­
lar distributions to the laboratory system by Monte 
Carlo techniques.3 While the effects of the target-
nucleon momentum distribution and of the exclusion 
principle on the nucleon final state have been included 
in (b) and (c) above, according to our study double 
scattering within the nucleus has been neglected or 
underestimated. 

In order to calculate the expected distribution of 
inelastically scattered K+ mesons for chosen K+ meson-
nucleon scattering cross sections we have used a square-
well nuclear model with central potentials found in the 
preliminary optical model analysis. The nucleon mo­
mentum distribution was taken to be that of a Fermi 
degenerate gas with maximum energy ZV= 25 Mev. 

^ J. E. Lannutti, S. Goldhaber, G. Goldhaber, W. W. Chupp, S. 
Giambuzzi, C. Marchi, G. Quareni, and A. Wataghin, Phys. Rev. 
109, 2121 (1958). 

10 B. Bhowmik, D. Evans, S. Nilsson, D. J. Prowse, F. Anderson, 
D. Keefe, A. Kernan, and J. Losty, Nuovo cimento 6, 440 (1957). 
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FIG. 6. Mean free paths for two optical model radii as a func­
tion of energy—used in the double-scattering Monte Carlo 
calculations. 

A Monte Carlo calculation was carried out in which 
individual K+ mesons of initial energy 125 Mev were 
followed through the nucleus. Refraction at the bound­
ary was neglected as justified by Grilli et al.,d but the 
i^+-meson energy was reduced by the repulsive optical 
model potential plus 11 Mev to take account of the 
Coulomb barrier. The first scattering was described by 
an averaged bound-nucleon cross section 

d<r/dtt=A+B cos0+C cos20, 

where B/A and C/A are parameters to be fit. Second 
scatterings, which occurred in 25 to 30% of the cases, 
were taken to be isotropic. In any case scatterings for 
which the final nucleon energy was less than 25 Mev 
were excluded. 

To determine the probability of a iT-meson interaction 
in the nucleus an energy-dependent mean free path was 
used. I t was evaluated from the expression A= (/>o^)-1 

where po is the central nuclear density and rja is the 
mean attenuation cross section per nucleon. The cross 
section a was taken to be the free-nucleon cross section 
determined from the preliminary phase shifts; fj ac­
counts for flux and exclusion principle effects and was 
taken to be the Sternheimer factor11; rj = 1 — 0.78(TF/TK) 
for K+ energies above 40 Mev. At lower energies the 
expression fails and we have extrapolated rj smoothly to 
zero (at the lower energies there is negligible scattering 
so that the extrapolation is not critical). The resulting 
mean free path used in the calculation is shown as a 

TABLE II. Example of x2 fit to the inelastic distribution. 

Region 

I 
I I 

I I I 
IV 

Total 

Number of 
observed events 

10.6=1=3.8 
21.2=1=4.6 
18.8=1=4.3 
31.0=1=5.6 

81.6 

Single 
scatter 

10.0 
13.6 
15.8 
17.1 

56.5 

Predicted number 
Double 
scatter Total 

1.8 
5.3 
4.0 

14.0 

25.1 

11.8 
18.9 
19.8 
31.1 

81.6 

X2 

0.10 
0.12 
0.06 
0.00 

0.28 

11 R. M. Sternheimer, Phys. Rev. 106, 1027 (1957). 
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B/A 

FIG. 7. Contours of constant x2 on a C/A versus B/A diagram. 
In Fig. 7 (a) the effect of double scattering has been neglected. In 
Figs. 7(b) and 7(c) double scattering effects have been taken into 
account for radius parameters 1.07f and 1.20f. The x2 value for 
each contour is labeled. 

function of TK in Fig. 6 for the two radii tried in these 
calculations. 

In order to facilitate comparison of the calculated 
inelastic distribution for a given B/A and C/A with the 
experimental observations, the inelastic scatter diagram 
of Fig. 3 was divided into the four regions labelled 
I, I I , I I I , and IV, and a x2 test was performed on the 
relative numbers of events in these intervals.12 Several 
events of small final energy (AT/T near 1) give evidence 
of scattering in the diffuse nuclear surface. These have 
been redistributed to give the total numbers of events 
shown in Table I I for comparison with the square well 
calculations. An example of x2 comparison is also shown 
in Table I I and illustrates the effect of double scattering 
at these energies. These results are for B/A = C/A = 0 
and for radius parameter Ro= 1.07f. 

Contours of constant x2 in the B/A, C/A space are 
shown in Fig. 7. In Fig. 7(a) double scattering was 
neglected. Good fits are found near isotropy although a 
fairly broad range of parameters is acceptable for the 
one degree of freedom. Although the internal momentum 

12 It should be noted that the region AT/T<0.2 and 0<7O° is 
excluded in order to preclude uncertainty due to pseudoelastic 
events. The boundaries of the four regions were chosen in order to 
achieve a maximum sensitivity of the test to the angular distribu­
tion: the boundaries approximately follow loci of constant most-
probable center-of-mass scattering angle. 

distribution contributes to this broadening, the double 
scattering also has an important smearing effect. The 
appreciable backward peaking found by Grilli et al.z 

gives a very poor fit when double scattering is taken into 
account. 

3. Adjusted Value of the Optical Model Potential 

The above analysis also permits one to calculate the 
number inelastic scatterings with AT/T<0.2 and with 
#iab < 70° for the best fit parameters B/A and C/A. This 
calculation showed that the number of inelastic events 
in this region had been overestimated in the preliminary 
analysis. Thus a final number of 118 inelastic events in­
cluding the 18 charge exchanges was obtained corre­
sponding to a reaction cross section of 275±25 milli-
barns. Minor corrections to the preliminary elastic 
scattering distribution were also made on the basis of 
these results yielding the final values shown in Table I I I . 

TABLE III. Corrected elastic scattering events and cross sections.a 

#lab 
interval 

3°~ 4° 
4 - 6 
6 - 8 
8 -10 

10 -12 
12 -14 
14-16 
16-18 
18 -20 
20-30 
30-40 
40 -50 
50-60 
60-70 

(1) 

18 
75 
70 
50 
27 
22 
14 
8 

10 
20 
17 
8 
6 
1 

(2) 

62 
134 
98 
65 
33 
26 
16 
9 

11 
22 
18 
8 
6 
1 

(3) 

0 
0 
1 
1 
0 
0 
0 
0 
0 
1 
0 
2 
2 
1.5 

(4) 

0 
1 
1 
1 
0 
1 
0 
1 
0 
2 
2 
1.5 
1.5 
1.5 

(5) 

62 
133 
98 
65 
33 
25 
16 
8 

11 
21 
16 
8 
6 
1 

da/aXl, mb/sr 

24 400± 5800 
15 800± 1810 

8300± 1000 
4200± 590 
1770± 340 
1120=b 220 
640db 170 
280± 100 
350± 110 
100± 23 
56± 14 
25± 9 
16=fc 7 
2 ± 2 

a (1) Number of possibly elastic events with AT/T <0.2; (2) Number of 
possibly elastic events corrected for projected angle cut off of 3°; (3) Num­
ber of certainly inelastic with AT/T<0.2; (4) Number of inelastic events 
predicted for AT/T <0.2 ; (5) Number of elastic events: (2) +(3) - ( 4 ) . 

The optical model analysis was repeated as described 
in reference 4. New values of V and W were obtained as 
shown in Table IV. The uncertainties listed give devia­
tions such that the x2 probability, P(x2) is reduced by a 
factor of three from that of the minimum %2 value. These 
new values of V and W differ little from the old ones 
(Table I ) ; as a result it did not appear necessary to re­
peat the Monte Carlo calculations of the inelastic 
distribution. These results are in fair agreement with 
those of Igo et al.2 For a radius parameter RQ= 1.07f they 
obtained F = 2 7 ± 3 Mev and W=10.3±l.6 Mev. Al­
though the discrepency in V could be statistical, it 
should be noted that Igo fitted the total elastic scat­
tering cross section for angles greater than 10°, while we 
fitted the elastic scattering distribution for angles 
greater than 6° by means of a x2 test.4 

4. Final Charge Exchange Fraction 

From the revised number of 118 inelastic scatters, the 
ratio /=0.152zfc0.033 was obtained for the observed 
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fraction of charge exchange scatters among all inelastic 
events. Because of the poor statistics of this result, 
Lannutti's result9 of 23 charge exchange events (in­
cluding four disappearances in flight) in 96.6 meters of 
iT+-meson track followed at energies from 100 to 140 
Mev was combined with our data. The resulting fraction 
/=0.168zb0.026 was used in the following phase-shift 
analysis. 

IV. i£+-NUCLEON PHASE SHIFTS 

Since the energy of the K+ meson is below pion pro­
duction threshold there are but three iT^-nucleon scat­
tering modes : 

(1) K++p->K++p, 

(2) K++n->K++n, 

(3) K++n->K°+p. 

There is now considerable data on the first reaction 
from nuclear emulsion,13 bubble chamber,13 and counter 
experiments14 with free protons. On the other hand, the 
scattering from neutrons must be obtained with bound 
neutrons since the more conveniently studied reactions 
that are equivalent through change independence (as 
found, for example, with pion scattering) are not avail-

TABLE IV. Optical model potential based on the corrected 
cross sections. 

* 0 

1.07f 
1.20f 

a 

0.57f 
0.57f 

V 

23±4 Mev 
14=1=3 Mev 

W 

-9.7=1=1.3 Mev 
-6.4=1=0.9 Mev 

P(x2) 
0.10 
0.09 

able. It is, therefore, instructive to inquire what in­
formation may be obtained from the nuclear emulsion 
results derived in the previous section. 

The complex central potential V+iW may be related 
to the scattering phase shifts by means of multiple 
scattering theory. While more powerful and detailed 
techniques are available15 for such an analysis, the 
simplest form of multiple scattering theory16 will be used 
here. Correlation effects are estimated to have an effect 
on V+iW of less than 10% and will be neglected. Ex­
clusion principle suppression of W will, however, be 
included following the method of Sternheimer.11 The 
kinematical effects resulting from the energy depend­
ence of the potential17 are negligible because of the very 
slow variation of the K+ potential with energy.2-4»18 

13 Proceedings of the International Conference on Elementary 
Particles, Padova, Italy, 1957 (unpublished). 

14 L. T. Kerth, T. F. Kycia, and L. van Rossum, Phys. Rev. 109, 
1784 (1958). 

15 K. M. Watson, Revs. Modern Phys. 30, 565 (1958); and 
references cited there. 

16 R. M. Frank, J. L. Gammel, and K. M. Watson, Phys. Rev. 
101, 891 (1956). 

17 K. M. Watson and C. Zemach, Nuovo cimento 10, 452 (1958). 
18 D. H. Stork, Proceedings of the International Conference on the 

Nuclear Optical Model, Florida State University Studies, edited by 
A. E. S. Green, C. E. Porter, and D. S. Saxon (The Florida State 
University, Tallahassee, Florida, 1959), p. 216. 

Analogous studies of pions have had some qualitative 
success17 in spite of the additional problems due to the 
presence of a pure absorption mechanism, a relatively 
short mean free path in nuclear matter, a strongly 
energy dependent potential and a lack of detailed 
diffuse-surface optical model studies. Similarly, analo­
gous analyses for nucleons show striking semiquanti­
tative success in spite of a much enhanced exclusion 
principle effect and more serious correlation problems. 

The inelastic distribution and charge exchange results 
of this experiment can be related to the free nucleon 
scattering through the direct interaction model which 
has already been implied in the analysis of the previous 
section. While strict conditions for the impulse ap­
proximation19 are not rigorously satisfied, it is worth 
noting that considerable success has been obtained with 
such a model in the case of nucleons15 under conditions 
where the impulse approximation seems less likely to be 
of value. 

1. The T=l Phase Shifts 

The scattering on protons occurs in a pure T= 1 state. 
The evidence13,14 for an isotropic scattering that is 
energy independent supports the assumption that the 
T= 1 scattering is pure 5 wave. A survey of the experi­
mental data available indicates a total cross section of 
14.4±1.7 mb which gives for the phase shift 

$io=±20.2±1.2° 

at the average energy studied here (93 Mev in the 
laboratory system inside the nucleus). This value will be 
used throughout the following analysis of the T=0 
phase shifts. 

2. Phase-Shift Functions 

With the assumed T=l phase shift above, there 
remains the determination of the T=0 phase shifts. 
Since p/nc is 0.4 in the center-of-mass i£+-nucleon 
system, only S and P waves will be considered. The 
scattering is then described by the four phase shifts Sio, 
5oo, and 501, and 8oz where the first subscript denotes the 
isotopic spin and the second is 0 for S states and 2J for P 
states. 

More convenient algebraic quantities are 

kaT=ei8T«sm8To; 3T=0, 1, 

kbo=2ei8QS smdoz+eido1 sindoi, 

kcQ=ei8od sm80z—eiSo1 sinSoi, 

where k is the center-of-mass wave number of the K+-
nucleon system (l.OOf-1 at the mean energy in this 
experiment). 

From multiple scattering theory16 

h2c2 piah 
V+iW==-2irp0 </o.m.(0°)>, 

ER lab Pc.m. 
19 G. F. Chew and M. L. Goldberger, Phys. Rev. 87, 778 (1952). 
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where puh and EK lab are the momentum and total 
energy of the K meson in the nucleus, and (/c.m.(0°)) is 
the forward scattering amplitude in the K meson-
nucleon system averaged over reaction (1) and (2). 

Re</o.m.(00)> = 0 .45[Re(ai ) ]+O.SS[iRe(ai+ao+io)] , 

where the numerical factors 0.45 and 0.55 are the pro­
portion of protons and neutrons averaged over nuclear 
emulsion species. In the expression for W it is convenient 
to use the cross-section theorem 

Im</ 0 .m . (0°)>=(*/4ir)*6, 

where &b is the average K meson-bound-nucleon cross 
section 

a 6=0.45r?i(7i+0.55 ( i ^ + ^ s ) • 

Here ci, a2, and 0-3 are the total cross sections for 
reactions 1, 2, and 3, respectively; 

o-i = 47r|ai|2 , 

<r 2 =i r{ | a i+ao | 2 +i | Jo | 2 +f | co | 2 } , 

0-3=7r{| t f i -ao[2+i |6o|2+f k o | 2 } ; 

and the 77/s are the Sternheimer factors11 appropriate to 
the di angular distributions. 

The parameters B/A and C/A of the inelastic dis­
tribution are also directly related to the phase shifts: 

-4=0.4S |a 1 | 2 +O.SSi{ | f l i+ao | 2 +|c 0 | 2 }, 

B=O.SS{iRe[60*(fli+flo)]}, 

C = 0 . 5 5 i { | 6 0 | 2 - k o | 2 } . 

The fraction F of charge exchange for single scattering 
is 

F=0.557730-3/ fib-

The measured fraction, / , depends however on double 
scattering effects as well. We write 

f=&, 
where £ is a correction factor for double scattering. 

This correction factor was obtained from the relation 

where a+ is the fraction of K+ mesons which scatter a 
second time by charge exchange and a0 is the fraction of 
double charge exchanges. The dependence of the frac­
tions a0 and a+ on the phase shifts was obtained by 
Monte Carlo techniques analogous to those described in 
Sec. III-2. In the phase-shift region of the x2 tests dis­
cussed below, the correction factor, f, varied from 1.00 
to 1.27. 

3. x2 Fitting of the Phase Shifts 

For chosen values of the three T=0 phase shifts 5oo, 
601, 5o3, the five quantities / , V, W, B/A, and C/A were 
computed as described above. These were compared by 
means of a x2 test to the values derived in Sec. I l l from 

the experimental data. This procedure led to the x2 

contours shown in Fig. 8. The contours are orthogonal 
projections of the surface of constant x2 on the ap­
propriate planes; the x2 value is labeled for each 
contour. 

The ratio (V+iW)/po which is used in the determi­
nation of the phase shifts in this approach is much less 
sensitive to the assumed radius parameter R0 than the 
potentials themselves (see Table IV). Also as shown in 
Fig. 7, the ratios B/A and C/A show little R0 depend­
ence. As a result the phase shift fit does not depend 
sensitively on Ro. 

There are two equally good best-fit solutions. These 
are shown in Table V; solution A is characterized by a 
predominant 50i and solution B by a predominant 603. 
P-wave phase shifts with Soi=5o3=0° lead to an ex­
ceeding poor fit. I t is of interest to note that the presence 
of P waves is required by the fitting of / and W alone. 

FIG. 8. Contours of constant x2 on phase-shift diagrams. 

Inclusion of the real potential V in the fitting localizes 
the good fit regions to those called solutions A and B 
above. The contribution to x2 from the fitting of 
parameters B/A and C/A is not sensitive to the phase 
shifts in the good fit regions. A fair way to put this is 
that the solutions above are determined by / , V, and W 
and that the inelastic scattering distribution described 
by parameters B/A and C/A is consistent with these 
solutions. The total K+Jrn cross section is about 12.5 
mb with about § charge exchange for both solutions. 
Forward-peaking charge exchange is predicted with a 
front-to-back ratio of about three. The noncharge-
exchange K++n scattering is backward peaking for 
these phase-shift solutions with a front to back ratio of 
about f. These results are also insensitive to Ro. 

V. DISCUSSION 

We have attempted in this analysis to consider with 
some care various details that have not previously been 
considered or have been neglected. Igo et al? have 
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already pointed out the importance of an exact diffuse-
surface optical-model calculation. Much of the weight of 
our results rests upon such a calculation. Grilli et al.z 

have demonstrated the need for a careful treatment of 
pseudoelastic events. Although they also used a Monte 
Carlo calculation for their analysis of the inelastic 
distribution, they did not extend it to include double 
scatterings which we find here to be important. To be 
explicit, Fig. 7(a), which neglects double scattering, is 
in essential agreement with the conclusions of Grilli 
et al.y but Figs. 7(a) and 7(b) which include double 
scattering are not. Finally, the arbitrary, or in some 
cases unstated, choice of the radius parameter Ro has 
seemed to us to raise some question since some methods 
of analysis give results that are strongly radius de­
pendent. Melkanoff et al.,A find good optical model fits 
for a broad range of Ro and we therefore have no a priori 
radius value. Our phase-shift results, however, are seen 
from Fig. 8 to be insensitive to radius. 

In the separation of elastic and inelastic events we 
have made no attempt to take into account the excita­
tion of specific low-lying nuclear levels. If the typical 
effect in the nuclear species of nuclear emulsion is as 

TABLE V. Phase-shift solutions. 

* 0 

1.07f 

1.20f 

1.07f 

1.20f 

5oo 

- 6 ° 

- 4 ° 

- 8 ° 

- 6 ° 

^01 

16° 

15° 

- 5 ° 

- 1 ° 

5()3 

0° 

1° 

11° 

11° 

strong as that found for the 4-Mev level of C12 and if the 
relative probability of excitation is determined essen­
tially by the momentum transfer as found in the case of 
electrons,20 pions,21 and protons,22 then the total reaction 
cross sections would be increased by less than 10%. 
This would require some change of W> but little change 
in V since the major modification in the elastic scat-

20 J. H. Fregeau, Phys. Rev. 104, 225 (1956). 
21W. F. Baker, H. Byfield, and J. Rainwater, Phys. Rev. 112, 

1773 (1958). 
22 K. Strauch and F. Titus, Phys. Rev. 103, 200 (1956); H. 

Tyren and Th. A. J. Maris, Nuclear Phys. 3, 52 and 344 (1957). 

tering would be at large angles which receive small 
weight in the optical model analysis. In fact, a reduction 
of the large angle elastic cross section would lead to an 
improved optical model fit. 

Since the inelastic scattering distribution did not 
contribute important restrictions on the phase shift 
solutions, a discussion of the details of the model used 
becomes unnecessary. The Sternheimer correction factor 
appears explicitly, however, in the expressions for / and 
for W. In each case the effect of this factor is to reduce 
the calculated values by a factor of about 0.8 in the 
good-fit phase shift regions. This effect is small enough 
then so that a change of as much as 30% in the Fermi 
energy value would have little effect on the final results. 
It should also be noted that the approximations used by 
Sternheimer13 in his application of the Goldberger 
model23 have been shown to lead to negligible error at 
the energies considered here.24 

On the other hand the question of the basic validity 
of the multiple scattering theory and, for example, the 
Goldberger model is more difficult. Although correlation 
effects are estimated to be small, some of the severe and 
formal conditions required in the impulse approxima­
tions are not well met. We remark, however, that 
qualitative and, where pursued, even quantitative agree­
ment with experiments is obtained17,25 under much more 
trying conditions for pions and nucleons where the 
elementary interactions are known directly from ex­
periment. 
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