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Relativistic nonforward scattering dispersion relations are used to obtain information about low-energy
meson-nucleon scattering. It is determined which of the s-, p-, and d-wave phase shifts are predicted by dis-
persion theory. Charge independence is assumed. The form of the dispersion relations used is justified by
relating the asymptotic energy dependence of the dispersion relation amplitudes to the assumption of a
finite range of interaction and to the choice of a particular meson current and the usual equal time commuta-
tion relations. The relevence of the analytic properties of the scattering amplitude as a function of momen-
tum transfer is discussed in connection with the partial wave expansion of the dispersion amplitudes. The
contribution to the dispersion integrals from energies above the 33 resonance is estimated.

I. INTRODUCTION

ERIVATIONS of the low-energy = meson-nucleon

phase shifts from dispersion relations have been
carried out by several authors. Oehme! has used. dis-
persion relations for the derivatives of the forward
scattering amplitude to obtain the low-energy p-wave
phase shifts. Chew et al.2 have used nonforward scatter-
ing dispersion relations to obtain the low-energy s-, p-,
and d-wave phase shifts. These papers, however, do not
justify the particular form of the dispersion relations
used, particularly with respect to the high-energy be-
havior; do not justify the assumption that the 33
resonance exhausts the dispersion integrals; and do not
justify the various partial wave expansions which are
made.

In this paper we will extract the maximum informa-
tion contained in the nonforward scattering dispersion
relations about low-energy meson-nucleon scattering.
That is, we will determine which of the s-; p-, and d-
wave phase shifts are predicted by dispersion theory.
We will attempt to justify the particular form of the
dispersion relations used and the various Legendre ex-
pansions which we shall perform. The contribution to
the dispersion integrals from amplitudes other than the
33-resonant amplitude will be estimated.

We assume charge independence to be valid. It is
important to recognize that this may be a serious limita-
tion when our results are compared with experiment.
For example, an estimate of the charge dependent
effects on the p-wave phase shifts by Greenberger?®
shows that these effects may easily be large enough to
change the sign of some of the small nonresonant p-
wave phase shifts. .
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Our program in more detail is as follows. In Sec. II
we investigate the effect of the assumption of a finite
range of interaction on the asymptotic energy depend-
ence of the dispersion relation amplitudes and hence on

‘the particular form of the dispersion relations. We also

study the further restrictions implied by assuming
equal time commutation rules for the meson field and
a particular form for the meson current.

Section III contains a discussion of the validity of
the Legendre expansions necessary to determine the
partial wave amplitudes. This discussion is based on
the analytic properties of the scattering amplitude as a
function of momentum transfer.

The actual derivation of equations for the ten low-
energy partial wave amplitudes is carried out in Sec. IV.

In Sec. V we outline the numerical evaluation of the
various contributions to the dispersion integrals. In
particular we present a method for estimating the
integrals over energies above the 33-resonance energy.

Our results are presented graphically and discussed
in Sec. VI.

II. FORM OF THE DISPERSION RELATIONS

We consider the scattering of a meson of four mo-
mentum ¢o by a nucleon of momentum #, into a meson
¢s and nucleon p;. It is easily seen that there are only
two independent scalar invariants which may be con-
structed from these four-vectors. We choose (with M
equal to the nucleon mass)

v=—(potps) (qotg)/4M, A= (q—g)¥/4. (2.1)
A? is one quarter of the invariant momentum transfer
squared and

. A?2=1¢*(1—cosb), (2.2)
where ¢ is the magnitude of the three-momentum in the
center-of-mass system and 6 is the scattering angle. Also

v=v,—A/M, (2.3)
where vy, is the energy of the incident meson in the
lab system:.

The only further independent invariant which can
be formed by introducing the Dirac matrices is

wy-Q with  Q=3(q0tqy). (2.4)
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The S matrix can be written

S=6870—1(2m)*% (ps+q,— po—qo)

Mo\
X(——————) T, (2.5)
4w0waoE;

where Ey and E; are the initial and final nucleon energies
and wo and wy are the initial and final meson energies.
The spinor normalization is

’(qufz- Wotbo=1. (26)

We may now write
=—A (v,A%)+iv-QB(v,A%). (2.7)

4 and B are invariant functions of » and A? as well as
matrices in charge space. We let 3 represent the charge
state of the final meson (3=1, 2, 3) and « that of the
initial meson. Then, charge independence allows us
to write

Apa=0paA (+)+%[7'ﬁ’7'a:]A &, (2.8)
and

Bga=0paBH +34[74,74 ] B (2.9)

Expressing these in terms of eigenstates of the total
isotopic spin or the amplitudes for 7+ mesons on pro-
tons we find

AD=[AD 424 D]
=A@ —p)+A@t—p)],
AO=AD -4 @]
=A@ —p)—A@t—p)] (2.11)
In the following we use the system of units in which
fi=c=u=1 (u is the meson mass).
Subject to the convergence of the integrals the

following dispersion relations have been shown to exist?:®
provided

(2.10)

8 2M+pu
- ur==3u,
32M —u
Red &) (»,A?)
P ©
= —f dv' ImA (i)(v',Az)[ + ]
T 1Ay M vV—v v+
+3 0, (A2)yenHTD | (2.12)

n=0

ReB® (5,A%) = —dr- 2 2

1 1
X +
L+ (1/2M)+ (A/ M) v— (1/2M)— (A2/M)]

P p* 1 1
+ —f dy' ImB&® (v',AZ)[ F ]
7 Aym vV—y V4w

+3 5, @ (A2)pentiED,

n=0

(2.13)

4¢H. J. Bremermann, R. Oehme, and J. G. Taylor, Phys. Rev.
109, 2178 (1958).
% H, Lehmann, Nuovo cimento 10, 579 (1958).
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where f?=g,2/4w(2M)? and g,? is the rationalized renor-
malized pseudoscalar coupling constant and @, (A?),
b,¥ (A?) are arbitrary undetermined functions of the
momentum transfer.

If the above dispersion integrals do not converge
then we must use the so-called subtracted dispersion
reltions. For example one subtraction gives

Red (P (»,A?)
P
=Red ® (yy,A?) + —
™

dy' ImA @ (' ,A?)

1-AYM

1 1 1 1
x[ — ]
V—y v—wy Vv v+
FE a0 (@) (v, (2.14)
n=l1

Red & (v,4?%)

v P p*
=— Red @) (yy,A2)+ f dv' ImA & (' ,A?)

12 Y 1-AYM

1 1 v 1 1
I )
V—v Vv w\v'—w Y+

14
+Z an(_) (Az) (V2n+1___.y02"+1), (2.15)
Vo

n=1

and analogous equations for B&). The remainder of
this section will be devoted to determining the number
of subtractions necessary and the restrictions on the
an(i)(AZ) and b,.(i)(A2).

It will be necessary to know the relation between the
A’s and B’s and the conventional scattering ampli-
tudes in states of definite parity and angular momen-
tum. We introduce the center-of-mass variables: W
=total energy, E=nucleon energy, z=cosf, and w
=W —M. Then it can be shown that

A® W4+M wW—-M
- = L&) — fo,&®, (2.16)
dr  E+M E—-M
B® 1
= f1O+ £, (2.17)
4r  E4+M E-M

where f1 and f; are related to the scattering cross sec-
tion in the center of mass by
do ¢ qs0-qo
—=2If* f=fit——"rtba
aQ 990

(2.18)

Here Y represents a sum over final and an average over
initial spin states. In addition

f1(0)=§ fl+Pl+1'(Z)“gfz—PL_l'(Z), (2.19)

fg(e)=§ (Fr—fu) P/ (3), (2.20)
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where f;. are the scattering amplitudes in states of
total angular momentum j=I/=4% and parity —(—1)%
P/(3) is the derivative of the usual Legendre poly-
nomial with respect to 2.

The f,. are normalized such that

(7+2) Imfip= (¢/4m)os, (2.21)

where o4 is the total cross section in the state j=I+31
and parity — (—1)% Below the two-meson threshold

ek ging,,
fl:i:=_ )
q

(2.22)

where 6,4 are the usual phase shifts.
In the later calculations we will find it more con-
venient to consider

= f1s/ ¢ (2.23)

We now discuss the asymptotic energy dependence
of the dispersion relation amplitudes as implied by the
assumption of a finite range of interaction. Quantita-
tively, we assume that for fixed momentum g there is a
maximum / value, /m.x=¢R in each of the partial wave
sums with R independent of ¢. R is effectively the range
of interaction.

It can be shown that fi4 can be written in the form

fiz(@)=G/29)[1— ek (0) g2idi() ] (2.24)

with a; and §; real and a;>0. Introducing the change of

variables -
p=(+3)/q, (2.25)
we have
Refir(q) = (1/29)g+(0,9)
=(1/2g)e~*? 5in26, (p,q), (2.26)
Imfis(q) = (1/29)k+(p,9)
= (1/2)[1— e ==#0 cos26, ()] (2.27)

We will make use of the following important prop-
erties of g, and k.

—1<g.(0,9) <1, (2.28)
OSki(P;Q)Sl; (2‘29)

and
k(p,q) 2 18+ (0,9), (2.30)

which hold for all p and q.
In order to calculate the asymptotic form of 4 and
B we note that

Pi(z)=To(208)+0(1/¢, (2.31)
P (5)=—(¢%/240)71(208)+0(1).  (2.32)
Substituting these and Egs. (2.26) and (2.27) into
(2.19) and (2.20) allows us to evaluate f; and f»(6). We
simplify the asymptotic ¢ dependence by replacing the

discrete sums over ! by integrals over p. Then, using
Egs. (2.16), (2.17), (2.28), and (2.29) we obtain the
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foilowing bounds on 4 & and B&

A (v, A =0(g), (2.33)
B@® (v, A2)=0(1), (2.34)
FE(0)=0(g). (2.35)

We also note that as »; approaches infinity v~y
~2¢*/M.
In more detail we have

lim Ref®(0)/q
g—®0

1/ pRe® R-(})
=~( f pdpg 3o+ f pdpg_2Jo
6\, 0

R+()
+2 f
0
and
lim Ref™(0)/q
q—D

1 R+(h) RB-(3)
=—( f pdpgﬁf ot f Pdpg—%] 0
6\ 0

R+(3) R—(D)
— f pdpg 3T o— f pdpg—i‘fo). (2.37)
0 0

The corresponding imaginary parts are obtained by
replacing g by 2k. We also note that the forward scatter-
ing amplitude is related to the dispersion amplitudes by

R-(3)
pdpgiTo+2 f pdpg i o), (2.36)
0

M1
B (0)=——"AD (v1,,0)+r,BE (v,0)]. (2.38
F&(0) W47r[ (v2,0)+rLB® (v2,0)].  (2.38)

The bounds in (2.33) and (2.34) restrict the form of
the dispersion relations. For 4™ the condition (2.33)
means that all the ¢, (A% #>1 in Eq. (2.12) must
vanish. However, this condition is not strong enough
to insure the convergence of the unsubtracted dispersion
integral for 4 but instead one with one subtraction.

For B™ the condition (2.34) implies the existence of
the following dispersion relation with one subtraction
and all 5, (A% =0 for n>1

v
ReB™ (»,A%) =— ReB™ (v(,A?)

Vo
P p* ImB® (v/,A?%)
+2v(»2—re®) —f dy'—————  (2.39)
wJg ("2—1®) (V2 —»e®)
From this it follows that
ReB® (»,A2) ReB™) (vo,A?)
lim =
y—0 v o
P p* ImB®(,A?)
— —f dy'————— (2.40)
o p'2—ped
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But this must be zero by Eq. (2.34) so that we have
proven the existence of the unsubtracted dispersion
relation in Eq. (2.13) with all 4, (A%) =0 for >0.

The condition (2.33) for A implies the existence
of the following dispersion relation with one subtraction
and all ¢, (A% =0 for n>1

14
Red © (5,A2) =— Red (s, A2)

Vo

+2v(»2—ve) f
1-AY M

We have found that for all simple asymptotic energy
dependences of ImA ) (»',A%) allowed by Eq. (2.33) the
above equation is consistent with Red < (»,A?)/» being
bounded by » approaches infinity if and only if
ImA & (+»',A?) has an asymptotic » dependence such
that P.®dy’ ImA ) (', A%)/(»"2—»?) exists. [For ex-
ample, if lim,,,, ImA4 & (»',A?) = H 43’  then Eq. (2.41)
leads to lim,., Red @) (»,A?2)=H, )y Iny which vio-
lates condition (2.33) unless H 4 =0.)

These conditions thus imply the existence of the
unsubtracted dispersion relation for 4 in Eq. (2.12)
with all ¢,(A%)=0 except @ (A?). In addition
lim,,..[Red @) (,A2) /v ]=ao (A?) if ao (A2)50.

The condition (2.34) for B¢ implies the existence of
the following dispersion relation with one subtraction
and all 6, (A2) =0 for n>1

ReB ) (»,A%) =Re B (v,A?)

+2(*—»e?) f

Just as for 4 the condition that ReB™(»,A?) be
bounded is consistent with the above equation if and
only if P fe=dv'y' ImnB© (v',A2)/(»2—»?) exists. This
then implies the existence of the unsubtracted dis-
persion relation for B in Eq. (2.13) with all 5, (A?)
=0 except b, (A?). In addition lim,,, ReB)(»,A?)
=0 (A?) if by (A%)=0.

We note that one consequence of the above results
for A and B is that using Egs. (2.21) and (2.38)

~ Imf™(0) 1
lim —————=1lim Z[aT(w——p)—aT(ﬁ'——p)]
q—®© T

Y0 q

ImA ) (,A2)

(v —¥)(v2— V02)

(2.41)

v "ImBE) (v',A%)

(1/2_,,2) (,/2_,,02)'

(2.42)

M ImAS (v1,0)+vr ImB (v1,0)
=lim — =0,
= Wy 4

(2.43)

so that lim,,eor(7™—p)=lim,uor(mt—p). This has
been proven earlier by Pomeranchuk.®

We obtain further information in the case when
(@0 +b07)5#0. Using Eq. (2.38) and our previous

6 1. Pomeranchuk, Zhur. Eksp. i Teoret. Fiz. 34, 725 (1958)
[translation: Soviet Phys -JETP 34(7), 499 (1958)7].
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limits on ReAd & (»,A%) and ReB ) (»,A?) we have

Ref(0)
lim =lim
g0 q g—®

[a0™(0)+b0(0) ]

=[ay(0)+b0(0)]50.

The information contained in Eq. (2.30) combined with
Schwarz’s inequality implies that
R+:(T)

Ri(T)
f pdp k" (p,q) >~ f pdo[ g7 (0,q)
0

ZzR:(T_)[fo

We now make use of Eq. (2.37) and the corresponding
equation for Imf©(0). Since we have assumed that
lim e Ref(0)/g= (@0 450) 50 one of the terms
in Eq. (2.37) must approach a constant different from
zero. The above inequality then implies that the corre-
sponding term in lim,o, Imf¢(0)/q must approach a
constant different from zero. However, we have shown
earlier that lim ., Imf©(0)/¢=0. Because k.7 (0,g) >0
and because of the structure of Eq. (2.37) this can
only be possible if

(2.44)

R+(T)

pdp giT(p,fJ)]- (2.45)

limO'TT=%=
q—0
That is, both cross sections must approach the same
constant value.
On the other hand if [ao™ (0)45,"(0) ]=0 then we

can only prove the weaker condition
T=]=0,

lime 7 7=¥=constant><0.

q—0

lim[op™t—0r
q—)lx)

In summary, the assumption of a finite range of
interaction tells us that for 4 ™) we have the dispersion
relation (2.14) with all ¢, (A% =0. The dispersion
relations for A, B and B©) are given by Egs.
(2.12) and (2.13) with all @, and b,=0 except a, (A?)
and 5 (A?).

We can find further information about @, (A?) and
bo (A?) from entirely different considerations. One can
easily show using the methods of Lehmann et al.” that
Reﬂngauo

1 Ea
=- — | d*x exp[iwxo—1i(w?—

[f”(f)’f“(fg)”@

Ey
+’i]|—[fd4x5 (w0) exp[iwro—1i(w?—u—A?)e-x]

) HD).

7H. Lehmann, K. Symanzik, and W. Zimmermann, Nuovo
cimento 1, 205 (1955).

w—AYie-x]

Xe(xo)<PA
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where we use the usual dispersion theory coordinate
system.* We now make the assumption that the fields
satisfy the usual equal time commutation relations
and that

Ja= 18V sT NP — 02 P (2.47)
We then obtain
Reﬂ/Tgauo
iEAfd“ [i (P p— A%)le - x]
—ZM x expl loxo—1(w?—pu e.x
e [5(5) ()]
X ] e k) 'a - —>
el ) (D]
E,
+E)\<PA , [aﬂa(¢72(0) —ou?/\)
+2¢5(0)0o(0) | P_a). (2.48)

Now the last term in Eq. (2.48) is independent of w
(as it will be for any j, not containing derivatives).
Therefore, because of the structure of Eq. (2.7) it

ALBERT C.
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cannot contribute to the spin-flip amplitudes B& (v,A?).
Furthermore since 4 (»,A%) must be an odd function
of w it cannot contribute to this amplitude. Thus the
last term in Eq. (2.48) contributes only to the 4™ (»,A?)
amplitude.

These results lead to the conclusion that a,(A?)
and b, (A?) are related to the limit as w approaches
infinity of the first term in Eq. (2.48). To calculate this
limit requires detailed knowledge of the singularities of
the matrix element. Such knowledge does not exist at
present. As an illustration we note that if the matrix
element had the same singularities as A(x) then the
first term would asymptotically approach a function of
A? only, which would contribute only to Red™ (»,A?).
Thus we are led to no conclusive results about e, (A2)
and 5 (A?). In the following, we will set them equal
to zero.

On the basis of the previous discussion we will use
the following dispersion relations. We change variables
from » to vz so that the limits of integration are inde-
pendent of A2 .

P 00
ReA ™ (y7,A?)=Red ® (y10,A%)+ — f dv! TmA® (v A2)
TV 1

1 1 1 ]
+ b

1
X[ T -
vi!—vr vi'—wre vi'Htvr—28)M v 4vro—20%2/M

1

(2.49)

P (=]
Red @) (vy,A?)=— f dvy/ ImA H(uL’,A?)[
1

T VL —VL

1 1

1
VLI+VL—2A2/M],

ReB@® (y,A?) = —4dr- 2Mf2[

vit1/2M vi—1/2M— 2A2/M]

P [ 1
+- f dvy! ImB<i>(VL',A2)[ ¥
T

The equations for A and B® follow from the assump-
tion of a finite range of interaction. The equations for
A and B follow from the same assumption and the
additional unproven requirement that a¢(A?) and
by (A?) vanish.

III. PARTIAL WAVE ANALYSIS AND ANALYTICITY

IN MOMENTUM TRANSFER

Our goal is to determine the individual partial wave
amplitudes in terms of the dispersion amplitudes 4
and B. We first note that if we consider fi(z) and f2(2)
at the particular values z=1,0, —1 we obtain from
Egs. (2.19) and (2.20)

f1(z=0)=hy— g*(hag+3has) + (g waves)+- - -,
fe(2=0)= @(hoy— hoy)+ (f waves)+- -,

LAi(0) = f1(—1) 1=6¢%hw+(f waves)+- - -,
Cfa(1) = fo(—1) 1=6g* (has— has)+ (g waves)+- - -

LA+ f1(—=1)]=2h— g (2hay— 12hay)
+ (g waves)+- - -,

’ (3.1)

sl
v —vr, I v +vL—20 M '

[fe(D)+fo(—1)]=2¢*(hwy— hwg)+ (f waves)+- -,
Lf1(D)=2/1(0)+ f1(— 1) ]=15¢*has+ (g waves)+- - -.

For low energies we expect these to be reasonably
rapidly convergent series. In addition z has been chosen
so that alternate / values drop out making the series
more convergent. We now assume that the convergence
is rapid enough so that all partial amplitudes with >3
may be neglected. Then Egs. (3.1) determine the de-
sired s-, -, and d-wave amplitudes in terms of f; and f,.

To relate the partial amplitudes to 4® and B&®), we
invert Egs. (2.16) and (2.17) in the following forms

E—M B
[f2<i)+E+Mfl<i)]= (E_.M)__4 X (3.2)
T
E+M A® 4B
fl(:i:)= . (3‘3)
2W 4ar

These have been chosen so that 4™ with its unknown
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function of A%in it appears in only one of the four equa-
tions. This enables us to extract the maximum informa-
tion contained in the unsubtracted dispersion relations
before using the 4™ relation.

We now make our only kinematical approximation
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compared to one. The largest ¢*> we will consider is
=4 so that ¢¢/(2M)*<29%. (We will not expand in
powers of v/M or w/M.) The f; term in Eq. (3.2) is
thus a small correction to jf» except in those cases in
which it contains a resonant 33 amplitude.

Introducing the notation

—_ 2
E_Mg_q___ FipE O = (hipy B — Jipy D),
E+M (2M) B = (hay® — has ), (3.4)
where we have neglected corrections of order ¢%/(2M)? we obtain the desired result
1 1 ReB® 2/2
Re[},p(d:) (—)_f__‘__]zs(:l:)] S _L_M’
(2M): oM drr
1 rReB® (»;.0 () 2
Re[hd(i) o hpg,(i)]: [ReB®(v,0) ReB™® (v1,g )]’
(M) 6@ 2Ml  4n 4
1 M[Red® (y1,0)4+0 ReB® (5,0) Red™® (v,¢2)-+w ReB® (v1,¢%)
o= L] ] 2]
64> W 4 4
1 M{Red® (y,0)+w ReBE (v7,0) (3.5)
Rehay &) = — _[
15¢4 W 4

2R6A & (v1,¢*/2)+w ReB® (vg,¢*/ 2)+R6A &) (v1,")+w ReB® (vr,¢)

4

4 J’

Re[/1, ) — gt (fay &+ $hag ) ] =—
w 47

In (3.5) 4 and B are considered as functions of »y,
and A% We have also used [from Eq. (2.2)]

g=cosf=1, A?=0Q,
2=0, Ar=g%/2, 3.6)
=—1, A2=¢2

To complete the solution of our problem we must
substitute the dispersion relations (2.49) into Egs.
(3.5) and perform the integrations. To carry out the
integrations we will expand Im4 ® (vz/,A%) and ImB®
X (v1/,A? in a Legendre series in cosf’ at low energies
and in a powers series in A? at high energies. We will
also find it necessary to expand the subtraction term
RedA ™ (1,A?) in a Legendre series.

Before proceeding, however, we must pause and con-
sider more carefully the validity of the various expan-
sions outlined above. The validity of these expansions
in cos# and A? will be determined by the analytic prop-
erties of the various amplitudes as a function of A? or
cosf for fixed energy »y. That there might be a difficulty
is seen by noting that we would like to expand
ImA® (v/,A?) in a Legendre series in cosf’=1—2A?/¢"2
for fixed A? different from zero. Now the dispersion
integrals extend over all ¢’ down to ¢’=0 and hence
introduce angles for which cost’ < —1. It is by no means
obvious that a Legendre expansion will exist and con-
verge outside the physical region —1<cos6<1.

We first note that all our results are subject to the

MlReA & (v1,¢°/2)+w ReB® (VL,QZ/Z)]

restriction on the validity of the dispersion relations.
They have been shown to exist as a consequence of the
general principles of field theory only for A2<Apa?
~3.142.% In carrying out our projection of partial waves,
we have set A2=0, ¢2/2, and ¢% Therefore our results are
strictly valid only for @< 3u? or KE,S220 Mev. We
would like to have ¢? as large as ¢?=4u? There is at
present no evidence to suggest that the limit on A? may
not be extended to include A’>~4y?. In fact, Mandelstam?®
has postulated a representation in which the dispersion
relations are valid for all momentum transfer. At
present there are no counter examples to contradict
the Mandelstam conjecture.

We now turn to the analytic properties of the dis-
persion amplitudes considered as a function of cosf or
A? for fixed ¢% All present derivations of analyticity
regions do not make use of the spin and charge prop-
erties of the scattering amplitude and thus give the
same regions of analyticity for 4@ (vz,A?) and B®
X (v1,A?). In the following discussion we will denote all
of these amplitudes by the single symbol T'(vz,A%). We
now discuss successively the four types of expansions
to be made. :

(1) Legendre expansion of ImT7 (v./,A?) in cosf'=1
—2A%/q" for fixed A2=0, ¢?/2, and ¢*. Lehmann® has
shown from general principles that ImT(vy',A%) is
analytic within an ellipse in the complex cosf’ plane.

8 S, Mandelstam, Phys. Rev. 112, 1344 (1958).
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This region is such that the Legendre expansion is
valid for all ¢’ provided A2<Aa2=3.1u2. This is the
same limitation as that on the validity of the dispersion
relations. Mandelstam’s representation leads to a
larger region of analyticity which easily contains our
maximum A?’~4. The speed with which the series con-
verges will be determined by the closeness of the
singularities. However, in practice this is not important
since Im7" is dominated by the 33-resonance term in
the Legendre expansion.

(2) Power series expansion of Im7 (v’ ,A2) in A? for
large values of »z/. This expansion will be used to
simplify the energy dependence of our estimate of the
dispersion integrals over high energies. Neither Leh-
mann’s nor Mandelstam’s region of analyticity justifies
this expansion. However, we shall see later that it is
necessary to introduce a model in order to estimate the
high-energy integrals. This model will consist of reson-
ances in given angular momentum states superimposed
upon a background scattering described by a spin-
independent purely absorbing optical model. The model
is consistent with all present data and has the property
that a power series expansion of the scattering ampli-
tude in A? has an infinite radius of convergence for all ¢'.

(3) Legendre expansion of ReT(vz,A?) in cosf for
A?=0, ¢%/2, and ¢ These values of A? are all in the
physical region —1<2z<1. Lehmann® has shown that
ReT'(v1,A?% is an analytic function of cosf in a region
which contains the physical region. Thus, the partial
wave expansions we have used in projecting out the
partial wave amplitudes are valid. There still remains
the question of the speed of convergence of the expan-
sion. The result of the general theory is not too en-
couraging since the proven region of analyticity does
not extend much beyond the physical region. Mandel-
stam’s nearest singularities are due to the bound state
pole at A’~My;/2 or cos#=1—Mv;/¢* and a branch
line at A?=—u? or cosf=1+42u?/¢%. These lead to a
reasonable convergence of the Legendre expansion up
to ¢’~A4.

The larger analyticity region of Mandelstam can be
justified to some extent by looking at the dispersion
relations (2.49). These imply the following singu-
larities for ReT'(v,A?). (a) Bound-state pole at A2
=M (vp—u*/2M)/2. (b) Branch line from A?

C. FINN

singularities. (d) Singularities due to the arbitrary
functions of A?, a,(A?) and b,(A2).

If we neglect the singularities due to (d) and use
Lehmann’s  results for the singularities due to
ImT (v ,A?%), then for ¢*<4 the closest singularities are
due to the bound-state pole. If these were the only
singularities, the Legendre expansion would converge
quite rapidly. However, there still remain the singu-
larities due to the @, and b,. These are in general un-
known. If as we have suggested only a™ (A?) is dif-
ferent from zero, then only Red ™ (v;,A?) will have
these singularities. We have removed a¢™(A?) by con-
sidering only a subtracted dispersion relation for 4™
and thus none of these arbitrary singularities appear
except in the subtraction term ReA ™) (v10,A2).

(4) Legendre expansion of Red ™ (vp,A?) in the
limit »z, approaches 1. This reduces to a power series
in A? in this limit. Lehmann’s general result gives a
zero radius of convergence. Mandelstam gives the
nearest singularity at A?= —pu% Thus even in this case
the expansion fails for A?=¢?>>1. The existence of the
singularity at A?=—1 thus makes any result based on
the A™ dispersion relation of doubtful reliability.

IV. EQUATIONS FOR PARTIAL WAVE
AMPLITUDES

We now derive expressions for the low-energy s-, p-,
and d-wave amplitudes by inserting the dispersion rela-
tions (2.49) into Egs. (3.5). The essential feature of
meson-nucleon scattering which allows an evaluation
of the dispersion integrals is the dominance of the 33
resonance in the low-energy region. This suggests that
we split the integrals into two parts at vz=w,=3.88.
This energy is chosen so that the contribution of the
integrals below », is dominated by the 33 resonance.
The contribution of the integrals above », cannot be
reliably calculated with existing data but we will be
able to estimate the order of magnitude of these con-
tributions. Our philosophy is that only those ampli-
tudes which depend primarily on the 33-resonance
integrals and not on the integrals over high energies
are determined by dispersion theory.

To evaluate the low-energy dispersion integrals, we
must expand ImA® (y/,A?) and ImB® (y;/,A?) in a
Legendre series in cosf’=1—2A?%/¢"2. We then retain
only the 33 term and for the s-wave equation we keep
Im#, &) also since the s waves are known to be anomal-

=M (vz+1)/2 to infinity due to the dispersion de- ously small. Thus, combining Eqs. (2.16), (2.17),
nominator. (c) Singularities whenever Im7'(vz/,A%) has  (2.19), and (2.20) we obtain
ImA® (vy/,A2) [4Mo' o o
= JI‘Z(l_i_'__—ﬁ) (q’2_2A2)] Imh33(VL/)+(1+“‘_) Imhs(_H (VL’):
4 L 2M 2M
ImA (v/,A2) [ 2Mo' o’ o
=|- (1+~) (¢~ 2A2)] Imhsg(uL')—i-(l—i——) Imh,© (v),
47 L 3 2M 2M
ImBW (v, AY) [ 4M ¢2—2A 1 4.1
=l + J Imh33(VL’)+"— Imhs ) (VL,):
4r L 3 M 2M
ImB© (v ,AY) [2M  ¢2—2421 1
= J Imhss(vy)+—— Imh, S (vr).
47 L 3 2M 2M
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Here we have dropped terms of order ¢'2/(2M)? and A?/(2M)? compared to unity since these are both al-
ways less than 49. We have also introduced the notation /%sr s where T is the total isotopic spin and J is the

total angular momentum.

We also give the Legendre expansion of the subtraction constant and similar expansions for the other

amplitudes.

Red ® (1,A%)
__41r—
ReB@® (1,A%)

=2M[Reh,® (1) —6A2 Rehy™® O (1)+- - -]

1
= (1+§j}) [Re/, & (1)— 6A2 Relpy & (1)+30A% Refrag@ (1) + - - - ]

—2M[Reh,® O (1)— 642 Rehy @ O (1)+- -7, 4.2)

1
+54[Reks<:b> (1)— 642 Re/ipy @ (1)4-30A! Refay & (1)+- - - .

We postpone to the next section the estimation of
the high-energy integrals. However, in order to simplify
the energy dependence of these contributions we ex-
pand the dispersion integrands in powers of »1/»." and
A?, These expansions may be rather poor for »,~3 but
still give a reasonable estimate of the high-energy
contributions.

Instead of evaluating the partial wave amplitudes
given in Egs. (3.5) it is more convenient to consider
linear combinations of these amplitudes. For the p
waves we consider
[ha—his]= [hp O+ 20,7,

[ (hss— hs1) +% (= hoas) 1= §[ 20,0 O = 1, DO,
[h1s— har ] = [3hws O+ hp OO — O],

hys= [y +2hpy 7],

for the d waves

[has— s =[O+ 2k,

[4 (hss— hss) + (h1s— has) 1= 3[ 284 O — by )],
[h1s— has )= 3hay,

[has— 3his]= [ has™ — 2haz ],

Re{[ 711 (ve) = hus(ve) JH-[1/ (2M)* J[hs =20, 1}

“.3)

(4.4)

and for the s waves we still calculate /.

Before stating our results for the low-energy partial
wave amplitudes, we outline once again the steps taken
in their derivation.

(1) The dispersion relations (2.49) are substituted
into Egs. (3.5) for the partial wave amplitudes.

(2) The dispersion integrals are split into two parts:
a low-energy region below »r=v, and a high-energy
region above .

(3) Inthelow-energy region only the 33 contribution
to ImA® and ImB® given by Eq. (4.1) is kept. The
subtraction constant Red(1,A?) is expanded in a
Legendre series as in Eq. (4.2).

(4) In the high-energy region we expand the inte-
grands in powers of v1/»1’ and A2

(5) We form the more convenient linear combina-
tions of partial wave amplitudes given by Egs. (4.3)
and (4.4).

The result of these operations is as follows. From the
unsubtracted dispersion relations for 4 and B&) we
obtain the p waves

=—3 s + r | 4 ljfvmd,,L M.{_Re[hp(—k)(—)_}_zhp(—)(—)]HEI, (4.5)
vi—1/2M vi—1/2M—@/M 3 xJy vi'+vi—¢/M
Re{[hss(vr) = hs1(ve) J+2[hia(ve) — s (vr) 14-[3/4(2M)* ][ 24, — Iy 1}
=_§ s +9 s +Pif"deLEmk33(vL’) 3 Re[ 2k, ) — )1, O Iy, (4.6)
4y,+1/2M 4v—12M—¢¥/M wJ; vy'—vL
(1+o/M) Re{[his(ve) = ha(ve) J+H[1/ QM) [h O — b T}
13 14w/M P pvm

= —2f? +212

(v1+1/2M) (v~ 1/2M — 22/ M)
14+w/M

—_ —f deI Imh,‘;a(l}[,,)
1

vi—1/2M—¢*/M =«

| 2 (@' +0)+3(¢"%/2M)[1+ (o' —w) /2M ]

(0 —w)/2M 14 (o' —w)/2M 1
X‘ | 4

VL’_ VL

I VL’+VL-2q2/M ] 3 VL’—f—VL'—qQ/leI 3

(VL'+VL)<VL'+VL_292/M)

w
+(1+ﬂ) Re[3py O 41y O — by O Ty, (4.7)
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the d waves
Re{[hs(vr)—his(v) [/ (2M)* ][ h1s ]}
= —"ji ' __4_ ijymdyL’ Imb3(vz)
3M (vi—1/2M)(vp—1/2M—2¢*)/M) M =, (vi/+ve) (v +vi—2¢%/ M)
4 P e Tmhg(vy)
~3(2M)2 ;j; d ’——V—L o +Re[hy P O 428, O Jygr,  (4.8)
Re{4[hss(ve) = has(ve) J4-Lhas(ve) = hus(ve) JH-[1/ M) I LA — 4}

f2 1
=3 +3 Re[2h T — g™ O g
M (vu—1/2M) (v;— 1/2M — 2%/ M)
+[3/(2M)2] Re[th( ) (— )-hp(‘l') (_)]HEIy (49)

(1+w/M) Re[his(v) —hss(ve)]
3 f? w
——f— —_—— —f dVL Imh;;;;(VLl)
5M (vi—1/2M)(v,—1/2M — /M) (v,—1/2M —2¢*/M) 5M =
{ 1+ (o' —w)/2M 2 (@) +3(gY 21+ —w)/2M]
(VL'+VL—q2/M) (VL'—,"VL—Zq?/M) 3 (VL'+VL) (VL,-!-VL“-QZ/M) (VL,+VL—2q2/M)

+3[Rekay ) (vr) Juwr, (4.10)

and the s wave
(1+w/M) Re[h, (v1) = ¢! (hay T +3has ) ]
1 2M P
L dvy Tmligs(v
vi+1/2M vp—1/2M- gZ/M] f o Imhys(vz')
x[(w,_w)ﬂt(qlg_q?)/ 2M 1+ (' +w)/2M]  (o'+w)+3[(¢*—¢)/2M][1+ (' ~w)/2M] ]
VL'_VL VL/+VL—Q2/M

=—2Mf2[

14+ (o' +w)/2M 14 (o' —w)/2M

vy —vr —vL'—!—vL~—g2/M

Now making use of the 4™ dispersion relation we obtain the p-wave equation
[(14w/M) Rehis(vr)— (141/M) Rekiz(1)]

P Ym
+—f dVL' Imks(_) (IIL,)[ ]+ (1+w/M)[Reh3(“)(uL)]HEI. (411)

13 1
=~ 2[(uL—1/2M)(VL— 1/2M—2¢/M)  (1—1/2M)(1— 1/2M)]
14+ (o'~w)/2M 14 (o'—1)/2M
o2/ vl
2 @) 3 2D+ @ —e)/2M] 2 (@) +3(/ 201+ —1)/20] |

4 P ym
+— —f dVL, Imhgg(VL’){
3 wJ;

3 (vi/+vr) (vi'+vi—2¢%/ M) I 3 /41 (v +1)
1 2 1
—5q2{ (1+—) Reag <+>(1)—I——f—
15 M (1—1/2M)(1—1/2M) (1~ 1/2M — 2¢/ M)

f [ 14 (o'=1)/2M 2 (o' +1)+3(¢"%/2M)[1+ (o' —1)/2M ]
dVL’ Imhgg(ll[, ) ]]
15M T v+ +1— ZQZ/M) 3 i/ H D)) (v +1-2¢0/ M)

+l ( 1+ﬁ) Re[hp;(‘L)(VL)-I-thg(_)(VL)]HEI“‘2(1‘}‘%) Re[hp;<—>(1)]m}, (4.12)
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the d-wave equation
{(1+o/M) Re[ h3s(vr) — ths(ve) J— (141/M) Re[ hys(1) — h1s(1) 1}
3/ o
"5 E[ (v 1/20) (5= 1/2M — %/ M) (v~ 1/ 2M — 22/ M)
1
(1=1/2M) (1= 1/2M — ¢/ M) (1— 1/2M — 22/ M)
+2{(14+w/M) Re[has™ (vr) —2has O (v) Jamr+2(1+1/M) Re[has™ (1) Jarr}, (4.13)
and the s-wave equation
{(14w/M) Re[ 2P (vr) —¢* (hay D +Fhas®) ]— (141/M) Reh, P (1)}
w 1 1 AM P pom
——2M 2[ bt ]+-»- - f dvy! Tmlss(v1)
v 1/2M  v—1/2M—g/M 1+1/2M 1—1/2M)1 3 =J,
X[(w'-w)+3[(Q'2_42)/2M][1+(w'+w)/2M]+(w'+w)+3[(‘1'2—612)/2M][1+(w'—w)/ZM]
v/ —vr, vi/+tvi—¢/M
(' —1)+3(q*/2M)[1+ ('+1)/2M]  (o'+1)+3(¢*/2M)[ 1+ ('—1)/2M]
B vy —1 vr'+1 ]
P fvmdn’ Imhsﬁ_)(m/)[l—f—(w'+w)/2M+1—l—(w'—w)/2M 1+ (/+1)/2M 1+ (' —1)/2M J
rdy vy =, v +vi—g¢/M vi'—1 vi'+1—g/M
—342[ (H—]li/[) Reh”;"’m(l)_%ﬁu—1/2M)(1—1/2M) ; I;rfl v Tmba(r1:)
o [1+(w’+1)/2M+1+(w'—1)/2M 2 (w’+1)+3(q'2/2M)[1+(w’—1)/2M]]}
vr/—1 vr/+1 3 (vi'+1) (' +1)
15 1 4 p2 1
—}-—q‘*! (H——) Rehas™ (1)4+—— - — = —
2 M 15 M (1—1/2M)(1—1/2M) (1—1/2M — ¢/ M)
LA f,mdn, Imh33(yL,)[ +@-1/28 2 (w'+1)+3(q'2/2M)[1:l-(w’—l)/ZM]]}
1SM =Jy v+ D) +1=¢/M) 3 (/D)D) (v +1—¢/ M)
+{(1+w/M) Re[ ;P (vr) Jami— (14+1/M)[Reh; P (1) Jurr}. (4.14)

In the last three equations we have used Eqs. (4.2)
to express ReA™® (1,A?) and ReB™ (1,A?) in terms of
partial wave amplitudes at threshold. The subtraction
constants have been so arranged [for example, see the
fifth and sixth lines of Eq. (4.12)] so that the bracket
multiplying the ¢*> dependence would vanish if the un-
subtracted dispersion relation were valid. If Re4 ) (1,A?)
is not expanded in a Legendre series, then when A? is
set equal to 0, ¢%/2, and ¢, we will have terms with
arbitrary ¢ dependence and hence will obtain almost no
knowledge at all about the desired partial wave ampli-

tudes which depend on the A dispersion relation.

In Egs. (4.5) through (4.14) Re[ - - Jarr means the
contribution to the specified amplitude from the dis-
persion integrals over energies greater than vy =u,.
The expressions for these terms can be obtained di-
rectly by substituting the dispersion integrals (2.49)
into Egs. (3.5), keeping only that part from energies
greater than », in the integrals, and expanding the
integrands in powers of vy/v;’ and A% We will not
write out all the amplitudes but rather we will give two
illustrative examples

w 1 p*®
H) (=) ~—_—— ’
[Rek, Tawr I 41r2j:m dvy, [

ImB™®) (v1,0) Lq2 ImB’(*“)(uL’,O)J ]
z Foee
”

(4.15)

1
VL’ 2 VL
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and

(1+:—[) [Reh, (v2) Jaume

2w p*
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N

4, r2

VL

The primes on the A’s and B’s mean derivatives with
respect to A2, The other high-energy integral contribu-
tions are of similar form.

V. NUMERICAL CALCULATIONS
A. Low-Energy Contributions

We will outline in this section the numerical evalua-
tion of the bound state terms and the values of the
dispersion integrals in the region up to »r=7,=3.88.
All partial wave amplitudes will be calculated for energy
values in the range »,=1 to v, =3 which corresponds to
a maximum lab kinetic energy of 280 Mev for the
meson.

The bound-state terms are evaluated directly for each
of the partial wave amplitudes listed in Eqs. (4.5)
through (4.14).

The energy region below vz=1», is dominated by the
resonance in the 7=%, J=3 state of even parity. The

1 DR with f2:0.08
CL with 2 =008

020 DR with £2:0.07

-
CL with f2:0.07
Q.16

Re[ (hsa-ha) + 5 (hu-ho)]
012

0.08

0.04

0 3
\
. \
0.04 \Q\\ —_
J—==
-O.OBL

Fic. 1. Contributions to Re[ (sz3—ka1)+ (hii—ns)/4]. The
following notation is used. Solid line, DR: Contribution to the
dispersion relations from the bound-state term plus the 33 inte-
gral. Dashed line, CL: Approximations given by Egs. (6.1), (6.2),
and (6.3). Computations of DR and CL are done with f2=0.08 in
all figures except Fig. 1 in which the results for f2=0.08 and
f2=0.07 are both shown. Dotted line, SA: Contribution from the
integral over the small s- and p-wave amplitudes. Alternate
dashes and dots, HEI: Contribution of the various high-energy
integrals. The symbols p-d-p, p-f-p, d-d-p, and d-f-d are defined
in Eq. (5.6).

,lImA (v, 0)+vr) ImB(”(VL',O)iq2 ImA' S (vy,0)+v ImB & (v1/,0)
VL L

+] (4.16)

2 VL,2

basis of our calculation is the assumption that the partial
cross section in the 33 state essentially exhausts the
scattering and is thus equal to the total cross section
for the scattering of «t mesons by protons and equal to
three times the total cross section for the scattering of
=~ mesons by protons. Using this assumption and the
data of Lindenbaum and Yuan® and Cool et all® we
can calculate 833 from Egs. (2.21) and (2.22). Instead
of using these values of 833 directly we fit the data by

0.02+

-0.02

-004

T

-006-

-008 - / . .
/ Re[(h.'-h.a)‘(ﬁz(h;'.gh;))]

010/

-0l

Fic. 2. Contributions to Re[ (11— /13) 4 (ks +28,))/(2M)2].
The notation in this figure and Figs. 3 through 10 is the same as
in Fig. 1.

the standard effective range formula given by Chew
et al?

o(1—w/w,)
CO‘[533= < r23 y
3/%q

and use these values to compute Im#s;. This smooths
the data and allows a more reliable evaluation of the
principal value integrals. In addition, through Eq. (4.6)
it gives us a rough check on the form of the effective
range formula and our choice of the parameters f2 and
wr in Eq. (5.1).

(5.1)

( 9 S.)]. Lindenbaum and L. C. L. Yuan, Phys. Rev. 100, 30
1955).
( 1 R. Cool, O. Piccioni, and D. Clark, Phys. Rev. 103, 1082
1956).
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As to the parameters we fix the resonance energy at

KE,(res)=194.6 Mev,
vy (res) = 2.40,
w,=2.12.

(5.2)

Now Haber-Schaim! has determined the coupling con-
stant to be f2=0.082. To investigate the sensitivity to
changes in the coupling constant we choose f?=0.08
and f2=0.07. Both choices of the coupling constant fit
the cross-section data equally well within the limits of
experimental error. We will use both choices to evaluate
the contribution of the low-energy integrals to Eq. (4.6)
for Rekss. However, for all the other amplitudes we will
only use the Im/;; computed with f2=0.08.

0005 =

-00I- ///
//
-
-
/s
Ve
e [Rehy]=[Reny ]
R - /
002 Y
/
/
/
/ L
// Re [(hu‘h:u) - (Z—W hs ]
. -
0.03 /
/
/

F16. 3. Contributions to Re[ (hiz—hs1)—/hsd/ (2M 1.

With these values of Imksg; the integrals are evalu-
ated numerically. The result of the integral contribu-
tions to Eqs. (4.5) through (4.14) is added to the bound-
state terms, and the sums are plotted for each amplitude
in Figs. 1 through 10.

Thus far we have neglected the contribution to the
low-energy integrals of all partial waves other than the
33 amplitude. To estimate the contribution of the other
amplitudes we assume that the Legendre expansion for
the imaginary part of the scattering amplitude con-
verges rapidly enough so that only s and p waves con-
tribute significant amounts. For the s waves we use the

11 U7, Haber-Schaim, Phys. Rev. 104, 1113 (1956).
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[Re (1+ ¥ ) hia(1) -Re (1+ ) hia(1)]

0.03+ -~
///
~
-
Pre
_-GL
7
DR //
0.02- /
/
/
/
/
/
/
/
0,01} //
/ p-f-p
/ LT
/ P d-a-0
! _ pd-p
" =T o e
/ /‘// _V,,.—«--/"/"0%[‘502"03';1&
B e N |
I 2 30"

Fi16. 4. Contributions to Re[ (14w/M)k1s(vr)— (14+1/M )5 (1)].

data of the CERN Conference® and for the p waves the
approximations given by Chew et al.? These p-wave
phase shifts are at least as large as any given in the
CERN Conference Report. The various contributions
of Imh, and Im#h, are then evaluated numerically and
plotted in Figs. 1 through 10 when they are significantly
large.

0.00I Re[hls-hw]
9t _pfep g-ap _ pd-p
o Sty Wy i
""" SA 2 3
-0.001

-0002

-0003

-0.004

F16. 5. Contributions to Re[/is—k15].

12 1958 Annual International Conference on High-Energy Physics
(CERN Scientific Information Service, Geneva, 1958).
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Re [4(hss-has) - (he-hus)]

ool

-0.01-

-002

-0.03

-005L-
F16. 6. Contributions to Re[4 (f5— hss) — (s —huz)].

B. High-Energy Integrals

We now estimate the contribution of the high-
energy integrals to the partial wave amplitudes given
in Egs. (4.5) through (4.14). We must evaluate ex-
pressions like Egs. (4.15) and (4.16). To do this we
must estimate ImA & (vz,A?) and ImB® (v7,A?) in the
energy region vy>w,. Expanding these amplitudes in
partial waves reduces the problem to that of deter-
mining Imfy (vz).

We must turn to the experimental data'? in order to
determine Imf;,. The experimental data for energies
greater than 400-Mev lab pion energy has the following

Re [hw-hu]

0.006
0.004

0.002

-0.002

T

Fic. 7. Contributions to Re[/s— /5.

C. FINN

_ qualitative features: (a) The total cross sections vary

rather smoothly with energy except for two resonances
in the T'=1 state and one resonance in the T'=% state.
(b) There is a large amount of inelastic scattering.
(c) The angular distributions are characterized by a
strong forward peaking. (d) For energies greater than
2-Bev lab kinetic energy the total cross sections appear
to approach a constant value and the =~ and 7+ on
proton cross sections are roughly equal.

If we look in more detail at the experimental results
given by Cool et al.® and by the MIT group® we find
that it is impossible to interpret the peaks in the total
cross sections as due solely to a resonance in a single
angular momentum state. With the observed ratio of
elastic to inelastic scattering,”® the maximum total

[t %) Re[ hastv) - Fhaln)] =
([«#‘)R‘e[hss(l)-‘:{hxe(l)]]

0.007

0.006

0.005

0004

0003

0002

0.00!

T 3w

Fic. 8. Contributions to Re{ (14w/M)[ss(v)— s (vi)/4]
— (14+1/M)[hss (1) — s (1)/47}.

cross section allowed by the unitarity condition

4 . Oelastic
Utota1_<._“2_(~]+7) )

q Tinelastic

(5.3)

and a reasonable choice of J is only one half the ob-
served total cross section at each of the peaks. We are
therefore forced to assume that there is a nonresonant
background with resonances in given states super-
imposed upon it.

The angular distribution data at present is not ac-
curate enough to determine the partial waves involved
in the scattering. In addition the high angular momenta
involved and the large amount of inelastic scattering
make a phase-shift analysis almost meaningless. There-

BH, C, Burrowes e al., Phys, Rev. Letters 2, 119 (1959).
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fore, we construct an elementary model which de-
scribes the general features of the observed scattering.

The model we choose to correlate the experimental
data consists of : (a) a spin-independent purely absorb-
ing optical model to explain the nonresonant scattering,
and (b) three resonances in states of fixed total angular
momentum superimposed upon the nonresonant back-
ground. All possible parities of these states will be
considered.

We recall that those amplitudes which have a large
high-energy contribution will be assumed not to be
determined by dispersion theory. We thus require only
an approximate estimate of these high-energy contribu-
tions. Hence, in a somewhat arbitrary fashion we as-
sume that the nonresonant scattering is characterized by

Grora =230 mb,

5.4
Frota =125 mb, 5.4

{(1. )Re [hs ) - Q"(howz*hwz)]

W (1+ 3 ) Rehs' T} P
0.2 ;///
p-d-p_ 2
>R
iz d-t-d
008 ;7
T /Z//\{p-f-p
7 d-d-p
#
0.04- /
/ ------ S— I—.\ ----- e ]
or PSS S 3w
004 DR
0.08}

Fi6. 9. Contributions to Re{(14-w/M)[ ks (vr)— gt (hdyH
Fhay )]~ (14+1/M)hM(1)}.

for energies between 400 Mev and 2 Bev. Above 2
Bev we assume ¢7=}=¢T=1=30 mb. In addition we
assume that

(5.5)

for both isotopic spin states and all energies. These
numbers are sufficient to determine the two parameters
of our optical model the radius and mean free path. In
addition this model is consistent with the observed
angular distributions peaked strongly in the forward
direction and the small ratio of real to imaginary part
of the forward scattering amplitude. There is no justifi-
cation for the assumption that the nonresonant scatter-
ing is spin independent but on the other hand this does
not contradict any experimental result.

The remainder of the cross section after subtracting
out the assumed nonresonant part is interpreted as
resonant scattering in single states of angular mo-
mentum and parity. These resonances are characterized

Uelastic/o'inelastic = 0-4,

1799

) () Re[ 05tn) - Tins"™ 4 305]
0.0}
008" OR
0.06|-
004}
0.02; ,_._—-—'L:‘—Ej_"‘_‘.’.ﬁ——--g \;:‘----
<8R T~
] 1
of 2 3"

F16. 10. Contributions to (1+4-w/M) Re[/s) (v,)
= (O D31, 0) /5],

by the data in Table I. The angular momentum of each
of these states is estimated by using Egs. (5.3) and
(5.5). There is very little experimental information on
the parity of these resonant states. There are eight
possible combinations of parity assignments. By choos-
ing four of these arbitrarily and calculating the con-
tribution of the high-energy integrals in each case we
have an estimate of the sensitivity of our calculation to
the details of the high-energy scattering. We choose the
following combinations of parity assignhments

(@) py—dy—

b) pi=fi=p,

(©  dy—ds—ps, (5.6)
(d) d%_fg_d%’

for the resonances at 650 Mev, 920 Mev, and 1.35 Bev.

The quantitative calculations of Im4 ™ and ImB®®
are now quite straightforward. The only possible diffi-
cult point is the A? dependence of these amplitudes. The
resonant contributions are trivial since they give a
unique Legendre polynomial contribution. In our model
the nonresonant scattering leads only to a contribution
from Imf;(v1’, cosf’) of the form

Im fy*(v1, cost’)

R? 2 2
=q1(1_ -KR)_[I_(A R )
2 2
(A2R?)? (A*RH)"
- . (_ )n + . .], (5.7)
12 nl(n+1)!

where R is the radius and K the inverse mean free path
of our optical model. Earlier we raised the question of
the convergence of a power series expansion of Imf in
A%, Equation (5.7) shows that with our model the ex-
pansion has an infinite radius of convergence. Of more
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TaABLE I. Summary of isotopic spins, estimated maximum total
cross sections, resonance widths, and proposed total angular
momenta for the resonant parts of the total scattering cross
section.

Kinetic o total at Half-
energy Isotopic maximum width Proposed total
(lab) Mev  spin T (mb) (Mev) ang. mom. J
650 % 24 200 3
920 3 32 200 2
1350 E 12.5 300 2

practical interest is the fact that this series actually
converges quite rapidly since the maximum A? con-
sidered is A’~4 and R? is of the order of magnitude of
R~(.3.

The necessary high-energy integrals can now be
evaluated numerically. The contributions of the high-
energy integrals to the s-, p-, and d-wave amplitudes in
Eqgs. (4.5) through (4.14) are plotted in Figs. 1 through
10. For each amplitude we plot four possible high-
energy contributions obtained by considering the vari-
ous combinations of parities listed in Eq. (5.6).

VI. RESULTS

In Sec. IT we have investigated the consequences of
assuming a finite range of interaction. This assumption
has led to upper bounds on the asymptotic energy de-
pendence of the dispersion amplitudes 4@ (»,A?) and
B®) (,A%) as v approaches infinity. These bounds imply
that unsubtracted dispersion relations exist for 4 < (»,A?)
and B® (»,A?) with 4 and B having one arbitrary
function of momentum transfer each and B none.
A (v,A?) satisfies a dispersion relation with one sub-
traction and no additional arbitrary functions of mo-
mentum transfer. We have further shown that the
difference of the #t—p and = —p cross sections must
vanish for infinite energies and thatif [ ¢, (0) 4, (0) ]
does not vanish then the #*—p and #~—p cross sec-
tions must approach the same constant value.

We have also indicated in Sec. II that the assump-
tion of equal time commutation relations and a par-
ticular form for the meson current suggests that
a0 (A?) and by®) (A?) may vanish. We have made this
additional assumption.

In Sec. IIT we have discussed the relation between a
partial wave analysis of the dispersion relations and the
analytic properties of the scattering amplitude as a
function of momentum transfer. In particular we have
found that the region of analyticity found by the gen-
eral theory to date is not large enough to justify all the
Legendre expansions necessary to extract equations
determining the low-energy partial wave amplitudes.
The expansion of the subtraction function of momentum
transfer Red ™ (1,A?) appears to present the most
serious difficulty and is in all likelyhood not valid.

The information we have obtained about the low-
energy s-, p-, and d-wave phase shifts is presented

C. FINN

graphically in Figs. 1 through 12. Figures 1 through 10
show the various contributions to the low-energy par-
tial wave amplitudes. In these graphs we have plotted :
(a) the bound-state term plus the integral over the 33
resonance, (b) the contributions of the high-energy
integrals for various choices of parities for the reso-
nances, (c) the contributions of the integrals over the
low-energy s- and p-wave amplitudes when they are
large enough to be plotted, and (d) for comparison the
approximate estimates of these amplitudes given by
Chew et al.?
Chew et al. give the following approximations for
the p waves
27 1
]Z]gﬁihgl’.}‘_%hul—"—*——

3w 1+w/w,
ow(l—w/w,)
C0t533 = —-4*,
5%

with w,=2.12, and for the d waves

28 12) 2
2]
3 \wtw,
7 w 2
)
3\wtw,
8 w 2
)]
3\wtw,
2 w 2
035= _)\d[8+—( ) ],
3\ wtw,

L1

=

CISMo

, (6.1)

(6.2)

where

If we impose the criterion that those amplitudes
whose principle contribution comes from the bound-
state term plus the 33 integral are the only ones said

|0°_8(deg)
(8:-83)/3
*r (S13-331)
o° 1 !
2 3
-5 (S0 -3n)
-10°L

Fic. 11. Predictions for the low-energy s- and p-wave phase
shifts determined by dispersion theory. The estimate for (813—831)
is given by 0.01¢? and is an upper bound obtained by adding all
the contributions in Fig. 3.
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to be determined by dispersion theory, then it seems
reasonable to say that we have determined seven of the
ten low-energy amplitudes. The amplitudes 4, /i3,
and /g5 either have large contributions from the high-
energy integrals or have subtraction terms which are at
present indeterminate. It is interesting to note that
these are just the amplitudes which depend on the 4™
dispersion relation and hence contain the subtraction
function Red ®9(1,A?%). The doubt cast by our previous
discussion on the validity of a Legendre expansion of
ReA™® (1,A?) makes any calculation of 4, A3, and
hss appear even more unreliable.

The degree of accuracy to which the other seven
amplitudes have been calculated can be judged by an
inspection of the relative magnitude of the various con-
tributions to Figs. 1 through 10. In general as the en-
ergy increases the results appear more unreliable. It is
important to note that the contributions of the high-
energy integrals are quite sensitive to the parities
chosen for the resonances and hence sensitive to the
details of the high-energy scattering. Thus any serious
calculation of these high-energy integrals will require a
considerable improvement in theory and/or experiment.
The predicted values of the low-energy phase shifts are
plotted in Figs. 11 and 12.

We now turn to a more detailed discussion of the
individual s-; p-, and d-wave amplitudes. It must be
remembered that all our results are subject to the
assumption of charge independence.

(1) p Waves

(a) The 33 amplitude is determined by Eq. (4.6) and
is plotted in Fig. 1. We recall that Im/s; has been calcu-
lated using the effective range relation (5.1). We have
also plotted the values of Re/s; obtained from the same
effective range formula. Comparing this curve with the
prediction of dispersion theory shows that closer agree-
ment is obtained by choosing f2=0.08. We conclude
that dispersion theory predictions are consistent with

(S5 - S3s)

|
3 U

(81-81s)

F1c. 12. Predictions for the low-energy d-wave phase shifts
determined by dispersion theory. The curve for (835—815/4) is the
estimate of Chew ef al. given in Eq. (6.3).
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the effective range equation

8 w
%fz-‘ COt533 = 1 -
w Wy

with w,=2.12 and f?=0.08. However, we are unable to
determine the resonance energy from first principles
since an attempt to calculate it depends on either the
cutoff energy v, or on the detailed shape of the reso-
nance. See also similar arguments by Chew et al.2

(b) Re(hii—hi3) is determined quite well by dis-
persion theory (see Fig. 2). The s-wave contribution is
completely negligible. The corresponding phase shift is
plotted in Fig. 11.

(c) Figure 3 leads to the prediction that Re (13— &s1)
~0. To obtain an idea of the deviation of Re (k13— /431)
from zero, we have plotted the approximate result pre-
dicted by Eq. (6.1) for Rek3~Rehs; in Fig. 3. The
high-energy integral contributions are of the same order
of magnitude as the 33 integral plus bound-state con-
tribution so that our estimate of (§13—d31) shown in
Fig. 11 is only an order of magnitude upper bound
obtained by adding all the contributions in Fig. 3.

(d) In Fig. 4 we have plotted our results for
Re[ (14+w/M)his(vr)— (141/M)hi3(1)]. This result is
of little practical value since it contains unknown sub-
traction constants. First, we must know Re/;3(1) which
is quite difficult to determine experimentally. Second,
we have the more serious problem of requiring the
knowledge of Rekas™ (1) to a high degree of accuracy.
This contributes to the coefficient of 5¢% in Eq. (4.12).
We have plotted an estimate of this contribution by
assuming that there is a ninety percent cancellation
within the bracket multiplying 5¢% so that the bracket
is ten percent of kds™ (1). We estimate ha;P (1) by
using the prediction of Eq. (6.3).

Some of the above p-wave predictions are in conflict
with recent analyses of experimental data.?:!* The ex-
perimental results for (8:3—&;;) appear to exceed our
rough upper bound by a factor of two above 150 Mev
while below this energy the data is in agreement with
our calculation. For (8:;—613) there is rough agreement
above 150 Mev and disagreement below this energy. In
all cases the data is not sufficiently accurate to take any
disagreement too seriously. In addition, all reductions
of the data have used charge independent analyses and
hence are subject to possibly large charge dependent
corrections.

(2) d Waves

The d-wave phase shifts predicted by dispersion
theory are plotted in Fig. 12. The accuracy to which
they have been evaluated can be seen in Figs. 5 through
8. (835—%015) involves the unknown subtraction con-
stant Re[/35(1) —3h15(1)] which must be determined

1 H. Y. Chiu and E. L. Lomon, Ann. Phys. 6, 50 (1959).
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experimentally before (835—3015) is determined by dis-
persion theory.

The only d-wave data which can be compared with
our predictions is from polarization data at 307 Mev
giving (835—033)~—4°45°1% This agrees with our
calculations.

(3) s Waves

(a) The s-wave amplitude Rek,?(vr) is not deter-
mined by dispersion theory. First, the high-energy
integral contribution is of the same magnitude as the
contribution from the resonant integral plus bound-
state term. Second, the equation for %, (v.) depends
on Red™® (1,42/2) which in principle is an unknown
function of ¢%. The Legendre expansion of this leads to
the practical difficulty that the expansion coefficients
of the series in ¢*> must be known to an unreasonable
degree of accuracy. For example, the p-wave ampli-
tudes appearing in Eq. (4.14) must be known to one
percent to determine %, to ten percent. This is prob-
ably an indication of the lack of convergence of this
expansion,

(b) The prediction for 8, = (8;—83)/3 is plotted in
Fig. 11 by adding all the contributions in Fig. 10. The
high-energy integral contributions are independent of
the parity of the scattering states and hence our esti-
mate of them may be slightly more reliable.

The threshold s-wave scattering length /4,2 (1) gives
us a check on the accuracy of our calculations since it is
given by an integral over total cross sections only. If
we add up all the contributions in Fig. 10, we predict
that (1-+1/M) Rek,(1)=0.110 compared with the

16 Ninth Annual International Conference on High-Energy
Physics, Kiev, 1959 (to be published).
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experimental value of Orear' which is (14+1/M)
X Reh(1)=0.103. This seven percent difference in-
dicates the limits of accuracy of our numerical integra-
tions and our high-energy integral approximations.

Our result for the energy dependence of /%, (vz)
differs from that of earlier calculations!:? which pre-
dicted that (14w/M) Reh, (v) be proportional to cw.
This is due to our more careful treatment of the kine-
matical factors. For example, Chew et al. give for the
bound-state term 2f%» while we find

\ (1+¢»
/ I:VL(VL—Q2/M)].

The bracket deviates from unity by ten percent at 40
Mev and by twenty percent at 150 Mev. The other con-
tributions tend to increase this deviation from a linear
w dependence. Note that the integrals over the small
amplitudes and over high energies contribute signifi-
cantly to the energy dependence of %, (v.). This in-
dicates that the actual energy dependence shown in
Fig. 10 is unreliable. This result is important in any
attempt to extrapolate the charge exchange scattering
amplitude to threshold.

The general shape and magnitude of our prediction
for (6:—03) especially the flattening off above 150 Mev,
is in agreement with the analysis of experimental data
by Chiu and Lomon."
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