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performed over "linked clusters" or "connected dia­
grams" only. Let us illustrate this using the example of 
LiF. Pershan14 has recently shown that for fields of the 
order of 50 gauss the essential mechanism consists in 
two Li flips and one opposite F flip. Using Pershan's 
notations (S denotes a lithium spin operator, i" a fluorine 
spin operator, no prime refers to an interaction between 
two Li, one prime refers to a LiF interaction, and two 
primes to two F), we have to evaluate the modulus of 

It/B'C C'B' \ /B'C CB' \ 
Vrs = - I ) + ( ) 

/D'E -EO'Xl 

\2c0Li COF / J 

A connected diagram is associated with each term as 
shown in Fig. 1. 

Neglecting correlations and using the approximation 
of the overlap of two Gaussian line shapes, one gets for 

14 P. S. Pershan, Phys. Rev. 117, 109 (1960). 

The theory developed in the first two articles of this series, 
dealing with the interaction between the electromagnetic field in 
a cavity resonator and a number of two-level molecules, is gen­
eralized to include a Gaussian spread in the molecular frequency. 
The center of the molecular frequency distribution coincides with 
the cavity resonant frequency. There is a coherent driving field in 
the cavity at the same frequency, and cavity loss is taken into 
account. 

Using the formalism previously developed for a quantum-
mechanical field in a lossy cavity, expressions are obtained by 
means of second-order perturbation theory for the expectation 
values of the field strength and field energy in the cavity, and of 
the power loss by the molecules. It is shown that the parts of the 
field energy resulting from induced and spontaneous emission, 
respectively, initially increase as the square of the time and 
approach steady-state values after (different, in general) transient 
periods, each of which is determined by two time constants: 
cavity relaxation time and inverse molecular frequency spread. 

INTRODUCTION 

IN the first article of this series,1 an analysis was made 
of the interaction between a number of two-level 

quantum-mechanical systems (hereafter referred to as 
molecules) and a 'coherent cavity field, the latter as 
well as the former being treated quantum-mechanically. 
The situation considered was that of a lossless cavity, 

1 1 . R. Senitzky, Phys. Rev. I l l , 3 (1958), hereafter referred to 
as I. 

the transition probability 

Wrs=(27r/W)g12M\Vr9\\ (5.10) 
where 

1 
gu(0)l2)= 

{2T[2(Aco)Li2+(Ao>)F
2]}* 

). (5.11) 
2[2(Aa>)Li2+(AaV]/ 

Using the approximation a>F=2a>Li in (5.9), which is 
justified if the Gaussian is very narrow, this result co­
incides with the expression given by Pershan. 

The temperature variation is then obtained by re­
placing the expression for Wm in Schumacher's formula 
for R12. 
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It is also shown that both the induced and spontaneous emission 
power radiated by the molecules increase initially linearly with 
the time and approach steady-state values after transient periods. 
For the induced emission power, the transient period is deter­
mined by only one time constant, the inverse molecular frequency 
spread, while for the spontaneous emission power it is determined 
both by the inverse molecular frequency spread and the cavity 
relaxation time. The ratio of induced to spontaneous emission is 
initially n, and approaches a steady-state value 

n[exp (r2) (1 — erfr) J -1, 

where n is the driving field energy in units of the photon energy, 
and r is the ratio of the cavity resonance width to molecular 
frequency spread. The seeming inconsistency of this value with 
the classical value of the ratio of the Einstein coefficients is 
discussed. 

and the molecules were all in resonance with the cavity. 
Under these two idealizations, neither the induced nor 
the spontaneous emission approached a steady state. 
In the second article,2 a quantum-mechanical formalism 
was developed for the field of a lossy cavity and applied 
to the interaction with the molecules. In this case the 
spontaneous emission approached a steady state after 

2 1 . R. Senitzky, Phys. Rev. 115, 227 (1959), hereafter referred 
to as II. 
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a transient period determined by the cavity, and the 
induced emission did not. I n the present article, the 
second idealization is also removed, and a spread in the 
resonant frequencies of the molecules is considered. I t 
will be interesting to note that another qualitative 
change is produced in the results. 

A generalization of the analysis to include a spread 
in molecular frequencies brings it into closer corre­
spondence with many experimental situations occurring 
in microwave spectroscopy and in maser work. This 
would be justification enough for the present treatment, 
but actually there is further motivation. Some of the 
results obtained under the idealization that the mole­
cules are all in perfect resonance with the cavity are 
different from those conventionally assumed.3 I t be­
comes, therefore, important to ascertain if this difference 
is due to an idealization in the theory or to a more 
detailed analysis than that on which conventional 
thinking is based. 

The situation to be considered is that in which each 
individual molecule has two well-defined energy levels; 
the frequency corresponding to these levels varies 
among the molecules with a Gaussian distribution 
function. This represents inhomogeneous broadening, 
Doppler broadening, and possibly some other—but not 
all—causes of line broadening.4 I t is not the purpose of 
the present article to go into the details of the problem 
of linewidth, but rather to see how linewidth affects 
emission in a coherent field. We will, therefore, con­
sider only a single cause of linewidth, the frequency 
spread described above, which allows a simple analytical 
treatment of the problem under consideration. The 
results are of valid interest in themselves, since fre­
quency spread is the main cause of line broadening in 
some instances. I t is not unreasonable to assume, 
however, that these results will not be altered quali­
tatively if we replace "frequency spread" by 
"linewidth." 

I 

The notation to be used is identical to that in I and 
II , except that now the molecular (angular) frequency 
of the rath molecule and its two energy levels are 
labeled with the index ra: com= (Em2~Emi)/fi. The 
resonant frequency of the cavity remains co. The 
number of molecules per unit frequency range at com 

is given by 

p(<am) = N(a/y/7r) exp[-a2(com-co)2], (1) 

where N is the total number of molecules in the cavity 
and a is a constant which determines the spectral width 
of the molecules. I t is to be noted that the cavity is 
tuned to the peak of the molecular spectrum. 

3 See, for instance, II , reference 11. 
4 C. H. Townes and A. L. Schawlow, Microwave Spectroscopy 

(McGraw-Hill Book Company, Inc., New York, 1955); G. E. 
Pake and E, M. Purcell, Phys. Rev. 74, 1184 (1948). 

The Hamiltonian for the combined system of mole­
cules, field, loss-mechanism, and (classical) driving 
mechanism is the same as that in Eq. (II, 41), except 
for the summation over the molecules: 

ff=J5Tfeid+E; Hy+Em Hn+hccP&j T3U 

+Y,mymU+DuD), (2) 

where 

#fieid=2TC*P2+ (rf/Swc*)Q\ (3) 

For the sake of completeness we repeat the definition 
of the notation: Hm and ym are the Hamiltonian and 
dipole moment of the rath molecule, Hj and Tj are the 
Hamiltonian and dipole moment of the dipoles of the 
loss mechanism (see I I for a detailed discussion of the 
loss mechanism), D is the classical driving dipole given 
by Z>osin(a^+0), P and Q are the field operators (for 
the single pertinent mode of the cavity) obtained from 

E = - 4 r a i ( r ) P ( 0 , H = V X u ( r ) Q ( 0 , (4) 

with u(r) being a normalized function describing the 
spatial dependence of the field in the cavity. U, u and 
UD are the magnitudes of u(r) at the position of the 
loss dipoles, molecules, and driving mechanism, re­
spectively. For simplicity, we assume that all molecules 
have the same value of u(r). The components of the 
dipole moments along the ]field are denoted by the 
scalar dynamical variables ym{t) and Tj(t) which, when 
uncoupled from the field, are given explicitly by 

( 0 e-^i'x 
) , 

(5) 

( 0 e-
ia3mt\ 

) 
et<*mt 0 / 

The Heisenberg picture is used throughout. 
As in II , the method of solution of the equations of 

motion is a perturbation method in which the coupling 
constant between the field and molecules (contained in 
y) is a small quantity of first order. The coupling 
between driving mechanism and the field as well as 
that between the loss mechanism and the field is not 
taken to be necessarily small. The classically meaningful 
quantities in which we are interested are given by the 
expectation value of the field strength, field energy, 
and molecular energy, and we will obtain these up to 
second order. The order of coupling between molecule 
and field is indicated by a superscript in a square 
bracket. 

As shown in the derivation of Eq. (II, 47), an 
integration of the equations motion, taking into account 
the effect of losses, yields 

/>(/) = Pj>-r-PH-PT, (6) 
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where 

C 2 • / -oo 

C m JQ 

h), 

(6a) 

(6b) 

(6c) 

fi is given in terms of the parameters of the loss me­
chanism by 

0 = ^W^/fi)U2T2PL^)(l])^ (7) 

where pz,(co) is the density of loss-dipoles per unit 
frequency range at co, and (7y)w is the average expec­
tation value of the operator 

< : ) • 
(8) 

for those loss-dipoles the frequency of which is in the 
neighborhood of co. Microscopically, fi/co is the "Q" of 
the cavity. The only difference between Eq. (6) and 
Eq. (II, 47) is the summation over the molecules. 

In order to obtain expectation values, we must know 
the initial state of the system. In the formalism de­
veloped in I I for the field with losses, the driving field 
is prescribed, the (quantum-mechanical) field which 
may have existed in the cavity some time in the past 
is damped out, and the quantum-mechanical as well as 
thermal fluctuations of the field are due to the loss-
mechanism, the condition of the latter being deter­
mined by its temperature. We thus need only infor­
mation about the initial state of the molecules. In 
complete generality, we have for the state of the mth 
molecule 

4'm—<lml<Pml-\-<lm2<Pm2, ( 9 ) 

where <pmi and <pm2 are the two energy states of the 
mth molecule. The a's are complex constants, of course, 
and the significance of their phases may be noted from 
the expectation value of the dipole moment of a mole­
cule [seeEq. (I, 10)]: 

(Tm[0] (#>=ami*am27 e-iamt+amiam2^yei[ 

= 21 am\ami | f cos (co/+#m), 

>io)mt 

(10) 

CO 

PW = — u 
c m t / n 

where 6m is the difference in phase between am\ and am2. 
Thus, the phase of oscillation of the expectation value 
of the dipole moment, which gives the coherent part of 
the molecular oscillations (see I for a detailed discussion 
of coherence) is determined by the phases of the a's. 
Two special distributions of the a's will be of particular 
interest to us. The first is a thermal equilibrium dis­
tribution, in which the average absolute values of the 
a's are obtained from the Boltzmann distribution, and 
the phases are completely random. The second is the 
case in which all the molecules are in the upper state; 
that is, \am2\ = 1, \dmi\ = 0 , for all my and the phase is 
of no significance, since only phase differences have 
physical meaning. 

We proceed first to calculate, in Part II , the expec­
tation values of P[0\ P[1], and P [ 2 ] , which will give us 
immediately the electric field strength. Then we calcu­
late, in Part I I I , the expectation value of P2 up to 
second order, from which we obtain the energy of the 
field. Lastly, in Part IV, we study the expectation value 
of the average molecular energy (averaged over the 
molecules). 

II 

The zeroth order field is 

PW = PD+PT, 

and, since, as shown in I, 

we have 

{PW)=PD. 

The first-order field is, from (6c), 

dh W 0 3 (^ ik~*w~ f l ) sinco(/-/i). 

For both distributions of initial states mentioned previously, we can see from Eq. (10) that 

Z™(Y™ [ 0 ] (* I )HO, 

<Ptu)=0. 
so that for these distributions, 

For the second-order field, we have 
co 

p [ 2 ] = = u 

C rn « / 0 

£ f dhymM(h)e-iM-^ sma>(t-h). 

(11) 

(12) 

(13) 

(14) 

(15) 

(16) 

(17) 
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To obtain (P t2 ]) we must have (Y [ 1 ] ) . From (I, 12) and the immediately following discussion, 

7M(*) = _ f dt£ymm(td,Hnn(h)l, (18) 
ifi JQ 

4:7TC [•t 

HmM(t)=-^ I Al|Iff* IOl ,7m101 W ] ^ C O l ( ^ l ) , (19) 

ifi Jo 

[7 , [ 0 ] (0 , [7m [ 0 ] (^ i ) J ^ c o ] ] ] = 2fe m / m 7 2 cos«m(*-*i), (20) 

where 7m is given by Eq. (8), so that 

7™[1]= uy2Im\ dhPW{h)smo>m{t-h). (21) 
fl JQ 

We note the similarity of Eq. (21) to Eq. (II, 52) and also the fact that the (explicit) frequency in the integrand 
depends now on the molecule. Eqs. (17), (21), and (13) thus yield 

8TT /•* /•** 

<PW(0>= M2y2 E (Im) I * i I dt2e-^-^PD{h) smo)(t-h) sma^h-h). (22) 

W e conver t t he s u m m a t i o n over m in to a n in tegra t ion over cow. T h u s 

X) (7m) s incomr= I do)mp(ccm)(Im) sincowr, (23) 
m J Q 

where p(com) is given b y E q . (1) . N o w , 
(Im)=\am2\

2-\aml\\ (24) 
We assume it is a slowly varying function of com and take its average (which is heavily weighted for com^co) outside 
of the integral sign. The result is 

a r™ 
£ (Im) sincor = 7V((/m))av I do)m exp[—a2(com—w)2] sincomr. (25) 
«* V/'7r •'o 

For aC^cf1, or for the center frequency much larger than the molecular frequency width, 

I dcomexp[—a2(com—a?)2] sincomr= I do>' exp(—o:2co/2)[sincor COSG/T+COSWT sina/r] 
\/ir Jo J-* 

= exp(— T2/4a2) sincor. (26) 
We therefore have 

(Pm (t))= aM2y2N((Im))&y I dh I dt2Pm cos(cot2+d)e-^-^ 
fl Jo Jo 

X e x p [ - (ti-h)2/±a2~] sinco(/-/i) sincofa-fc). (27) 

We introduce a change of variables, setting For both u>2>cr\ which we have already assumed, and 
o£>>/3, which is the usual requirement that the cavity 

* l ' 2' r/ ~ 1_~ 2> ^ ' relaxation time be much larger than a period (and which 
and noting that ^ a s D e e n a s s u m e d in II) , only those parts of the inte­

grand which are nonoscillatory in £ and t\ will con-
X t pti i „t p2t-n tribute significantly to the integral. Thus, the product 

dh I dt2—+- I drj I d%. cos(co£2+0) sina)(£—h) sinco(/i—12) yields only the t e r m 
«J0 2 «/o Jn —J cos(co2+0) for purposes of the in tegra t ion over £ 

a n d rj. T h e in tegra t ion over £ can be carried ou t ex-
T h e in tegrand consists now of a sum of p roduc t s of pl ici t ly; the in tegra t ion over rj cannot . W e therefore 
t r igonometr ic functions of £, rj, a n d t, mult ipl ied b y the have 
exponentials 47r 

(pro (t)) = —aM2y2N((Ifn)UPD(t)F1(t), (31) 
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where 

Fi(t)~ f dhexpl—-) 
J0 \ 4a2/ 

e-wf dhexpl—-+-/%). 
Jo V 4a2 2 / 

(The variable of integration rj has been relabeled h.) 
This is obviously the expression for the induced electric 
field strength [when Eq. (31) is multiplied by 
—47rcu(r)], and it is interesting to compare it to the 
last term in Eq. (II, 55), which is the corresponding 
expression for the case of a molecule exactly at resonance 
with the cavity. We note, first, that as or1 —»0, Eq. 
(31) gives the same result as the last term in Eq. 
(II, 55), which is what we should expect. However, the 
significant difference between the present case and that 
of exact resonance is that the induced field now ap­
proaches a steady-state value, while in the case of 
exact resonance it did not. We now have two transient 
effects. One is due to the cavity relaxation time, and 
the other is due to the molecular frequency spread. A 
steady state is achieved only for times larger than both 

the cavity relaxation time and the inverse molecular 
linewidth. (The same restriction applies here as in I I : 
The time under discussion is short compared to the 
lifetime of the excited state.) A further discussion of 
Fi(i) will be given in connection with the field energy. 

Ill 

We proceed now to calculate the expectation value 
of the energy of the field, which is given by Eq. (3). 
We have, up to second order, 

(P2) = (PM2)+{PW)+({PV>\PM}) 
+<{PM,PP]», (32) 

where, as in II, we use the notation {A,B}^AB+BA. 
(P[0]2) is the same as that obtained in the absence of 
molecules. It leads to the zeroth order energy given by 
Eq. (II, 59), and is not of present interest to use. We 
have, further, 

({PB>],PW}>={<PB>]>,<PW>} = 0, (33) 

from Eq. (16). The only terms with which we are 
presently concerned, therefore, are the second-order 
terms (PW)+({PM,PW}). From Eq. (6c) we have 

o)2u2 r l /•*• 

(pn*) = £ I d t i j / 2 ( { 7 m r o ] ( ^ > 7 m j o ] ^ (34) 
2c2 m,m' JQ «/Q 

From Eq. (10) we see that for molecules with random initial phases, 

Thus 
u*2u2 rl rl 

(pm*)= £ I dh\ ^ ( { T ^ ^ K ^ ^ m ^ K ^ J ^ ^ ^ ^ ^ ^ - ^ s i n w ^ - ^ s i n c o ^ - ^ ) . 
2c2 m J J0 

From Eq. (II, 63), 

so that 

({7mm (h),ym
[0] (h)))=2y2 cosav('*-'i), 

(pHI2) = - ^ 2 f fE f dhf dh cosa>m(2i-/2)e-^((-(1,e-^(,-(2) sim>((~h) smu(l-h). 

(35) 

(36) 

(37) 

(38) 

Using the same technique as that in carrying out the summation over sina?m(/i—12) [leading from Eq. (23) to Eq. 
(26)], we have 

£ m coso)mrj = N exp (—rf/ka2) COSCOTJ. (39) 

Making the change of variables given by Eq. (28), and noting that 

rt rt n ro r2t+v rt r2t-i ] i n r 
J dhf **-»-] J dvl dH+\ dvj dt\=-jdnjd£, (40) 

we obtain 

(p[ i ]2) = _ \ iy*N fdv fd£ exp - - — P ( t - & ) cos^[cos^~cosco(2/-^)] 
4 c2 J J L 4a2 J 

9=%(G>2/c2)u2y2N fdv Cd£ e x p [ — ^ ~ p ( t - i £ ) l = |c-2^-1co%2f2iVP2(/), (41) 
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where 
rl / h2 1 \ r* / h2 i \ 

F2(t) = I dh expl fih ) - < r * I dh expl +-/% ), 
J0 V 4a2 2 / Jo V 4a2 2 / 

8TT /•' rtl 

pm(t) = ^ 2 £ /m I ^ I dh e~^-^iPD{t2)+PT{t2)~] sinu(*-*i) anw„(/i-/2). (43) 

and where we have again dropped the oscillatory terms in £ and rj in the integrand. 
There remains, now, the calculation of 

<{PP],P^» = <{PI>,pP]}>+<{Pr,PW}). (42) 

From Eqs. (11), (17), and (21), we have 

—< 
* 

Since 
({PB(t'),Pv(t")})=0, (44) 

we have, immediately, 
({PD,PW(t)}) = 2PD(PW} 

= (8Tm)^272N((Im)UPD
2(t)F1(t), (45) 

and 

<{PiyPw(0» = c o « V E ( / m ) | dh) dt^{PT(h)J'T(t)})e^i'^^sim(t-tOwoam(ti-tt), (46) 

which we must yet evaluate. 
From Eq. (6b) we have 

<{Prfe),Pr«}> = - - t f 2 L f dhf <tt8<{r/°>(OjV°H'8)}^ (47) 

and since 
({r/°)(0Jr/°)fe)})=2r cos^fe-O, (48) 

we obtain, with previously used approximations, 

co2 cosco, - fe-~0 
({Pr(/2),Pr(0})--£/2r2 E N9 1 , (49) 

which, when the summation is converted into an integration, becomes 

2TT 
—cu2t/2r2

PL(o;) cosu>(/-/2)<r^~^. (50) 
c2$ 

Because of Eq. (7), we can write this as 

<{Pr(/2),Pr«}>= (%o>/4TC2)f(T)e~^-^ cosco(*-/2), (51) 
where 

/ ( r ) = - « / y > t t ) - 1 = l + 2 ( ^ * 2 , - l ) - 1 (52) 

is a function of the cavity temperature, P, is derived in Eq. (II, 36), and obviously equal unity when the tempera­
ture is zero. We thus have 

2 t t 

({Pv(t),P^(t)})=-2-u2y2f(T) E J« f dh f <ft2«rW<*-«i>r-W<*-'»> sin«(*-*i) cosco(/-*2) sino>m(/i-/2). (53) 
C2 m J0 JQ 

Summing over m as we have done previously [Eq. We note that 
(25)], changing the variables to £ and r? [Eq. (28)], 
and again retaining only nonoscillatory terms in £ and ^ /~r\l*ivr // 
iy, we obtain =(c^Vf/2ca/3)iVCl+«7«»av/(r)]P2(0. (55) 

({PTjP
m})=(co2u2y2/2c2l3)N((Im))^f(T)F2(t) (54) «?> may be obtained in the same manner as (P2), or 
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more easily, from one of the equations of motion for the 
field (see I) , 

(3=-(47rc2/co2)P. (56) 

From Eq. (3) we thus have for the expectation value of 
the field energy 

<fffidd> = <ffI0]>+<Hfie!dK,>, 

(Afield W > = ( 2 7 T / / 5 V ^ 7 W [ 1 + « / « » a v / ( r ) ] F 2 ( 0 
+ (ccu^/^fi)NEDo2((Im)UF1(t). (57) 

The zero-order energy is not due to the molecules. I t is 
identical to that obtained in I I , and will not be dis­
cussed further. The second-order energy is due to the 
molecules. I t is obvious that the part of the field energy 
due to molecular emission induced by the driving field is 

<#field[2l)induced= ( ^ 2 f 2 / ^ ) ^ £ i ) o 2 ( ( / w ) ) a v F l W, (58) 

the part of the energy due to molecular emission 
induced by the thermal field is 

thermal — 

and the part due to spontaneous emission (zero-point 
vacuum—and molecular dipole-moment—fluctuations) 
is 

<#field[2l>spontaneous= (2^/5 V ^ W 
X [ l + « / m » . r ] F 2 ( 0 . (60) 

I t is interesting to examine certain characteristics of 
the emission energies just obtained. Some of these 
characteristics, such as the coherence properties 
(which are obtained by comparing expectation value 
of energy to expectation value of field strength) and 
the relationship of the thermal emission energy to the 
spontaneous emission energy, are the same as in I I , 
and will not be discussed further here. The significant 
differences between these energies and the ones obtained 
for perfect molecular resonance are the magnitudes, in 
general, and the time dependence, in particular. 

We note, first, that the emission energy for perfect 
molecular resonance, given by Eq. (II, 69), is a special 
case of the present situation, obtained by letting the 
molecular frequency spread approach zero. We note, 
furthermore—and this is probably the most significant 
aspect of the molecular frequency spread—that whereas 
the energy induced by the driving field did not approach 
a steady state in the case of perfect resonance, it does 
in the present case; and, as was mentioned in the 
discussion of field strength, the transient period is 
determined by two effects, linewidth and cavity loss. 
The steady-state values approached by Fx and F2 are, 
respectively, 

Fut— I dhexpl I, 
Jo V 4a2 / 

(61) 
f00 / h* 1 \ 

Jo V 4a2 2 / 

We can cast these expressions into more convenient 
form. We note that 

p=8e, a=2/8m, (62) 

where 5C and 8m are the cavity width and molecular 
width according to conventional definitions.6 We set 

r^dc/5m=ia(3. (63) 

Using the notation for the error function6 

2 n* 
erf#^i—- I ^y e X p( —;y2)7 (64) 

we have 
^ , iBt=2\AA», , . 

ftst=(2V
/VUexp(r2)(l-erfr). 

For the case in which the molecules are all initially in 
the upper state, we have, from Eq. (24) 

« / » » . v = l , (66) 

and the ratio of induced to spontaneous emission energy 
in the steady state, which is of interest in applications 
(see II) , is 

FiBt In 
In = - , (67) 

F2st exp(r2)(l — erfr) 
where 

£DO2/8TT 

the ratio of energy in the driving field to the energy of 
a photon, or "the number of photons in the cavity.' ' 
As r approaches zero (molecular width large compared 
to cavity width), the ratio approaches 2n, For r large 
(molecular width small compared to cavity width), we 
use the asymptotic form7 

e r f r « l - [ e x p ( - f * ) / r y V ] , (68) 

to obtain for the steady-state ratio of induced to 
spontaneous emission energy in the cavity field 

2nr\/w. (69) 

This quantity may be compared with expression (II, 
74), nfit, which is the same ratio for zero molecular 
frequency spread. 

IV 

So far, the energy under consideration has been that 
of the field. We consider now the energy of the molecules 
themselves. This energy is of fundamental interest 
since it is directly related to the molecular transition 
probabilities. 

5 8C is the width between the half-power points on the cavity 
resonance curve and Sm is the width between the e"1 points on the 
(angular) frequency distribution curve for the molecules. 

6 See, for instance, E. Jahnke and F. Emde, Tables of Functions 
(Dover Publications, New York, 1943). 

7 H. B. Dwight, Tables of Integrals (The Macmillan Company, 
New York, 1934), Eq. (592). 
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We set out to calculate the expectation value of the 
power emitted by the molecules. This is given by 

<dHm\ J dym\ 
X^-tocuZiP—), (70) 

dt / m \ at ' 

as obtained from the Hamiltonian of Eq. (2). We have, 
for the first and second orders of this quantity 

Em <#m
[11)= -4xcu I ™ (P^ym

m), (71) 

Em (HJ2i)= -2TTCU E » L({Pm,yJ1]}) 

+({PllW]m (72) 

We can break up this expression into spontaneous and 
induced emission, the latter consisting of emission 
induced by the driving field and thermally-induced 
emission. For comparison with results obtained in I I 
and with conventional expressions, we give the power 
emitted per molecule (averaged over the molecules). 
Setting 

r* / * i 2 \ V * 
I dh exp I I = erf (\bj) 

Jo V 4 a 2 / 8m 

- / i ( 0 , (74) 
and 

I tUiexpl-- / % ) 

J0 I tf 2 / 
IP ? / 
= exp(r 2)[erf( i5m /+r)-erfr] 

W»(0, (75) 
we note the following: The induced emission power per 
molecule due to driving field is 

(co^72/2^)Ez>o2((/m))av/i(0; (76) 

the spontaneous emission power per molecule is 

27TCOWC1+ «/»»av]/2(0 ; (77) 

and the thermally-induced emission power per molecule 

4 « W ( W ) w ( ^ r - 1 ) " 7 2 ( 0 - (78) 

For molecules in the upper state, thermally-induced 
emission is (eh<alkT—l)~1 times as large as the spon­
taneous emission, and need not be discussed further for 
present purposes. In the following discussion, we mean 
signal-induced emission when we refer to induced 
emission. 

where, in the last equation, we have written the product 
of P(t) and y(t) as a symmetrized product, for con­
venience. [P(t) and y(t) commute; Pm(t) and y[1](t) 
do not.] From Eq. (10) we can see that the first-order 
power vanishes for the case in which the molecules have 
random initial phases. 

Equations (6c) [with ym(t) replaced by ym
m(t)l a n d 

(21) give us the operator expression for P [ 1 ] and 7 [ 1 ] . 
The techniques used in the evaluation of the right side 
of Eq. (72) are the same as those used in evaluating the 
expectation value of the field energy, and it is therefore 
unnecessary to go through the details of the calculation. 
The result is 

We note that, as in the case of the field energy, the 
induced emission power approaches a steady state as a 
result of a spread in molecular frequencies. The tran­
sient period is determined only by the molecular fre­
quency spread, and the induced emission power reaches 
0.84 of its steady-state value for /=45 m

- 1 . In the case 
of the spontaneous emission, the transient period is 
determined by both the molecular frequency spread 
and cavity loss. For molecules in the upper state, the 
steady-state value for induced emission power is 

\/TT co \ZTT 
u2y2ED0

2 = Sirnco ¥ f 2 , (79) 
om 71 om 

and the steady-state value for the spontaneous emission 
power is 

(VW&™)S™2u2y2 exp( r 2 ) [ l -e r f r ] . (80) 

We can compare the result of Eq. (79) with that 
obtained from conventional application of time-
dependent perturbation theory. For a sinusoidally 
varying perturbation term in the Hamiltonian with 
amplitude #0 and frequency corresponding to the 
energy difference between initial and final state of 
unperturbed system, the transition probability per 
unit time is given by8 

w=i(V*)p(*) |So*« | 2 , (81) 

where m refers to the initial state, k refers to the final 
state, and p(k) is the density of final states in energy 
space. A system with a number of final states may be 
considered as a number of systems, each one with a 
single final state, where the distribution of final states is 
the same as in the single system, and where the initial 
states coincide. (Actually, it is only the distribution of 
energy differences between initial and final state that 

8 L . I. Schiff, Quantum Mechanics (McGraw-Hill Book Com­
pany, Inc., New York, 1949), Eqs. (29.17), (29.9), and (29.12). 

c^U2y2 r / Z i 2 \ r
f / h2 1 \ 

- E (Hmm) = NEm
2((Im)\Y I ^ . e x p l )+27rcoV7W[l+( ( / m ) ) f t V / ( r ) ] I dh exp( /% ) . 

2% J0 \ 4 a 2 / J0 V 4a2 2 / 
(73) 
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enters in the calculation of transition probability.) If 
we consider our N molecules and set N—^\ZirMmp(k), 
one can see easily from Eq. (1) (recalling that a = 25m~1) 
that the density of lower (or upper) states in fium space, 
at com=co, is p(k), if we let the upper (or lower) states 
coincide. The steady-state transition probability may 
be obtained from Eq. (79) by multiplying by N and 
dividing by flu. The result is 

h{ir/ft)u^p{k)Em\ (82) 

Since Hokm=—uyEDQ, this is also the result obtained 
from Eq. (81). 

For a given number of molecules, it is obvious that 
the narrower the frequency spread, the larger the 
induced steady-state power emitted; but as the fre­
quency becomes narrower, the transient period becomes 
longer, and if the time of interest is not sufficiently long, 
the steady state will not give the correct result. In that 
event, Eq. (81) cannot be used, and one must resort to 
the more general expression (76). 

As far as the spontaneous transition probability 
inside the cavity is concerned, this has been given by 
Purcell9 for a molecule in resonance with the cavity. 
In II , it is shown that PurcelPs formula, Eq. (II, 87), 
is really the steady-state value of the spontaneous 
transition probability averaged over the volume of the 
cavity. Comparing Eq. (80) with Eq. (II, 87), we see 
that in the case of a molecular frequency spread, we 
must multiply PurcelPs formula by the factor 

A (r)=\^7cr exp( r 2 ) [ l -e r f r ] , (83) 

thus obtaining 
87r"Q"y2A(r)/tiV, (84) 

as the steady-state spontaneous transition probability 
averaged over the volume V of the cavity. By means 
of Eq. (68) it is easy to see that A (r) approaches unity 
as r becomes large. Also, for r= 1, A (r)=0.66, and for 
small r, A (r) obviously becomes r\/w. As in the case of 
induced emission, the transition probability during the 
transient period must be obtained from the more general 
expression (77). 

We consider, finally, the ratio of induced to spon­
taneous emission of molecules in the upper state. This 
ratio is of fundamental interest and is directly con­
nected with the ratio of the Einstein A and B co­
efficients. The "classical" value of (n-\-l)/n for the 
latter implies that the ratio of induced to spontaneous 
emission is n. From Eqs. (76) and (77) we obtain for 
this ratio (which we call R) 

eri(idj) 
R(t) = n. (85) 

[erf (18 J+ r) - erf r] exp (r2) 
9 E. M. Purcell, Phys. Rev. 69, 681 (1946). 

I t is not difficult to see that for 8mt —•> 0, or for r —•> 0, 
R(t) indeed becomes equal to n. Otherwise, however, 
R(t) is not equal to n. Thus, the steady-state value of 
R(t) is 

n 
Rst= . 

exp(r2)(l — erfr) 

For the case r = l , (8c=8m), we have erfl = 0.843 and 
R=2An. As r becomes large, i£asymptotic==w,'\A'« The 
reason the "classical" value of the ratio of the Einstein 
coefficients (which is the ratio of the downward to 
upward transition probabilities) does not hold in our 
case is that we are dealing with induced emission 
produced by a coherent field.10 The original Einstein 
analysis applied to an incoherent (in fact, a thermal) 
field. Thus, if we take the ratio of thermally-induced 
emission power, given by Eq. (78), to spontaneous 
emission power, given by Eq. (77), we obtain 
(e*w / f c r - l ) - 1 . Planck's radiation law [or Eq. (II, 40)] 
tells us that this is just the number of photons in the 
thermal field energy of the cavity. 
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Note added in proof.—Since the completion of the 
present article, a more general method than that em­
ployed here has been developed for the introduction of 
dissipation into the quantum-mechanical formalism for 
the radiation field [ I . R. Senitzky, Phys. Rev. 119, 670 
(I960)]. No utilization is made of a specific model for 
the loss mechanism in the new method. The results 
obtained with this method are the same as those of the 
present article. 

10 In order to avoid possible misunderstandings, due to defini­
tions of the term "coherent field" other than that given in I, the 
word "coherent" should be applied, in the present article as well 
as in II , only to that part of the zero-order field which is specified 
by PD [See Eq. ( I I ) ] , namely, the driving field, or the Crnumber 
part of the zero-order field. This c-number part may be thought 
of as being due to a macroscopic sinusoidal oscillator which is 
located at an appropriate distance from the cavity, for instance, 
to give PD the correct amplitude. If the term "coherent" is applied 
to the total zero-order field without regard to the definition in I, 
then one might, according to the conventional uncertainty re­
lationship between phase and number of quanta £see, for instance, 
W. Heitler, The Quantum Theory of Radiation (Oxford University 
Press, New York, 1954), 3rd ed.j, mistakenly assume that the 
present considerations apply only to a strong driving field. For 
a sufficiently strong driving field, quantum-mechanical aspects of 
the field are unimportant, spontaneous emission is of no conse­
quence, and a nonperturbation treatment such as that of I. Rabi, 
Phys. Rev. 51, 655 (1937), or of R. H. Dicke and R. H. Romer, 
Rev. Sci. Instr. 26, 915 (1955), where the total field is a prescribed 
c number, is preferable. 


