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Statistical Mechanics of Liquid He4f * 
RYOICHI KIKUCHI,J HARRY H. DENMAN, AND CHARLES L. SCHREIBER§ 

Department of Physics, Wayne State University, Detroit, Michigan 
(Received May 4, 1960) 

The partition function proposed by Feynman for liquid He4, based on his path integral method, is 
evaluated for a simple cubic lattice considering long-range permutations as well as nearest-neighbor 
permutations (to which the previous analysis by one of the authors was restricted). The result indicates a 
second-order phase transition at the X point. The marked improvements over the previous treatment are: 
(1) the specific heat behaves as Ts near absolute zero, (2) the specific heat peak is more pronounced at 
the X point, and (3) when triangles are added as possible finite polygons above T\ the specific heat just above 
T\ increases over the previous result, showing an improvement. Equating the theoretical X point with the 
experimental, a value for the effective mass of a helium atom about 1.6 times the normal mass is obtained. 

1. INTRODUCTION 

APPLYING his path-integral approach1 to quantum 
statistical mechanics, Feynman2,3 has shown that 

the partition function of a system of He4 atoms can 
be written in a form equivalent to that for a group of 
atoms of effective mass mf in fictitious motion between 
various permutations of the helium atoms. Using 
certain experimentally known characteristics of liquid 
He4, he derived a third-order phase transition between 
two liquid phases, and succeeded in obtaining some 
other qualitative features of the specific heat curve. 
Experimentally, however, the transition at the A 
point is not of third order, and also many properties 
of the observed specific heat remained to be explained. 

Adopting Feynman's expression for the partition 
function and assuming a simple cubic lattice structure 
for the liquid, one of the authors,4 applying techniques 
developed earlier for cooperative phenomena, considered 
in detail correlation effects between nearest-neighboring 
atoms, and found a second-order phase change at the 
X point. 

The specific heat, as obtained in (I), was based on 
the part q of the partition function Q given by Eq. (7) 
of reference 3: 

Q=q(Kfi/N!) {rn'kTflirt?)™ >\ (l.D 
In (I), the factors following q were omitted in calculat­
ing the specific heat because the main interest was 
whether the transition would be of the second or the 
.third order, and these factors were believed to be 
continuous functions of temperature and to have no 
effect on the order of the transition. If one ignores the 

t This work was supported in part by the U. S. Department of 
Defense. 

* A preliminary report of this work was presented at the 
Summer Meeting of the American Physical Society on June 20, 
1959 at Milwaukee, Wisconsin. See Bull. Am. Phys. Soc. 4, 327 
(1959). 

t Now at Hughes Aircraft Company, Malibu, California. 
§ Now at Department of Physics, University of California, 

Los Angeles, California. 
1 R. P. Feynman, Revs. Modern Phys. 20, 367 (1948). 
2 R. P. Feynman, Phys. Rev. 90, 1116 (1953). 
3 R. P. Feynman, Phys. Rev. 91, 1291 (1953). 
4 R. Kikuchi, Phys. Rev. 96, 563 (1954), hereafter referred to 

as (I), and regarded as Part I of this paper. 

temperature dependence of Kp (see Sec. 6), but includes 
the effect of TSN/2, the specific heat curve of (I) becomes 
as shown with the dashed curve in Fig. 6. 

Qualitatively, this curve does not behave properly 
as T approaches 0°K and also just above T\, since 
experimentally the specific heat approaches zero as 
T3 near 0°K, and decreases monotonically as T increases 
above the transition point. The present paper treats 
correlations between the atoms of the lattice model 
more accurately, and derives an expression for the 
specific heat which has the correct qualitative behavior 
as T approaches 0°K and which has improved behavior 
above 2\, while preserving the second-order phase 
transition. 

2. NECESSITY FOR LONG-SIDED POLYGONS 

When one applies Feynman's path integral approach 
to quantum statistical mechanics, the essential math­
ematical problem is to sum Boltzmann factors over all 
possible configurations of polygons in space.3-4 A 
polygon, as will be explained in detail below, is defined 
as a closed chain of permutations among atoms of the 
lattice. In (I), it was assumed that a side of a polygon 
linked only nearest-neighbor lattice points, as shown in 
Fig. 1. We call this side, whose length is that of the 
lattice constant, a short side. This assumption on the 
length of a side was based on mathematical convenience. 
Polygons with longer sides are as important as those 
with short sides, but were omitted in (I) only because 
the inclusion of them was imagined to make calculation 
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FIG. 1. Examples 

of short-sided poly­
gons in the lattice 
model of liquid He4 

treated in (I). 
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FIG. 2. First set of 
pair probability pa­
r a m e t e r s ( s imple 
cubic lattice treat­
ment) used in (I). 

intractable, and also because the emphasis in (I) was 
on the existence of a second order transition point. 

This limitation on the length of a side is tolerable 
near and above T\ for the following reason. A side 
(of a polygon) of length I contributes a virtual energy 
of3 

€i*=ni'(lkT¥/2W7 (2.1) 

or a Boltzmann factor exp(—mfl2kT/2fi2). Here the 
effective mass m' is of the order of twice the actual 
mass of a He4 atom. It can be seen that ei*/kT is about 
unity when T is the observed T\ and / is the average 
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nearest-neighbor distance between atoms in liquid He4. 
This means the Boltzmann factor becomes much smaller 
than unity as the length of a side increases beyond the 
nearest-neighbor distance of the atoms, which is 
approximately the lattice constant in the lattice model 
of Feynman. 

However, for a temperature much lower than the 
observed X point, €j* of (2.1) decreases and the Boltz­
mann factor exp(— ef/kT) approaches unity even for 
large values of /. For this reason the approximation of 
(I) becomes poor as T approaches absolute zero. Then 
it is clear that the result may be expected to improve 
as one includes long-sided polygons in the calculation. 
(In this paper a side longer than the nearest-neighbor 
lattice distance will be called a long side.) 

3. DEFINITION OF PARAMETERS 

For the pair approximation treatment used in (I) 
the probability parameters shown in Fig. 2 were used. 
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FIG. 4. Point probability parameters (simple cubic lattice). 

In order to take into account polygons with longer 
sides, the additional parameters defined in Fig. 3 are 
introduced, where a broken line indicates a long side. 
In these figures, an arrow indicates the direction of 
permutation. At a triangle lattice point A a long side 
meets a short side. An open circle O is a lattice point 
where two long sides meet. In counting fa in Fig. 3, 
the two different directions for a long side (when 
there is no arrow attached to it) are not counted. 
For long sides, or >, neither lengths nor 
spatial directions are specified. The configurations for 
one lattice point are shown in Fig. 4. Only x\ x2, and 
xz were used in (I). 

Let Ni be the total number of long sides of length I 
in the system. It satisfies the following relation 

Z Ni=N(6x,+xb)=N7 
1>C 

(3.1) 

^ FIG. 3. Second set of pair probability parameters. —» is a short 
side. or • is a long side. A connects a long side 
with a short side. O is a lattice point between two long sides. 

where c is the lattice constant of the simple cubic 
lattice and N the total number of lattice points (atoms) 
in the system. Since the need arises later, the quantity 
iV", which is the total number of long sides, is defined in 
(3.1). The factor 6x4+^5 comes from the consideration 
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that a configuration in which a long side comes into 
a triangle point and a short side goes out has the 
probability %\ and weight 6, and a circle lattice point 
has the probability x& and weight unity. 

Using these parameters, the virtual energy E* of 
the system becomes 

E* = 3Ne*(2yA+50y8+20y17+2y1By+ £ (3.2) 
1>C 

Here the first term comes from the short sides and the 
second from the long sides. 

Brush6 has emphasized that the virtual energy for a 
double-sided polygon is different from twice the value 
for a single side. This difference is not taken into account 
in the present paper, however, in order not to complicate 
unduly the mathematics, since the main object of the 
present work is to discover the effect of adding the 
long-sided polygons. 

4. COMBINATORIAL FACTOR 

Using Figs. 2 through 4, one may extend the com­
binational g factor of Eq. (5) of (I) and write for a 
system of N lattice points: 

5 19 

g=[ I I (xiN) !«]*[ I I (ytff) PQ-W !~2. (4.1) 

FIG. 5. Methods 
of constructing poly­
gons of long and 
short sides, (a) Short 
sides only, (b) Long 
sides added, (c) Al­
ternative pattern for 
the added long sides. 
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But in the present case this is not the correct weight 
factor, because configurations of long sides have not 
been included. This point will be clarified by the follow-
following illustration. Equation (4.1) counts only the 
skeletons like Fig. 5(a). When one draws the long 
sides on it, there are many possible configurations; 
two of these are shown in Figs. 5(b) and (c). In other 
words, when the factor q of (1.1) is written in the form 

q-Gdxi), {*), {Ni}) 
Xexp[-£*({*;}, {yi}, {Ni))/kTl 

the weight factor G is now given by 

(4.2) 

(4.3) 

where T comes from distributions of long sides over a 
pattern like Fig. 5(a). 

The factor T is calculated in terms of Ni in the 
following way. Let Ni be the total number of lattice 
points of the type A or O which can be reached by an 
arrow of length / starting from a lattice point A or O 
in Fig. 4. (As is seen in Fig. 4, either A or O can be a 
starting point for a long side.) In actuality, Ni varies 
from point to point, but it is assumed that Ni is the 
same for every point A or O. Then, on the average, 

(4.4) NI=(6XA+X*)NI<®, 

where A^(0) is the number of lattice points which lie at 
a distance / from a certain lattice point. A /̂0) is a 

g S . G. Brush, Proc. Roy. Soc. (London) A242, 544 (1957); 
A247, 225 (1958). 

purely geometrical quantity and a few examples for a 
simple cubic lattice are Ni(0)—12 for Z=v2c, and 
iW°> = 8for/=V3c. 

Suppose a distribution such as is shown in Fig. 5(a) 
has been completed and now the long-sided polygons 
are to be filled in. The total number of long sides to 
be drawn is N. We may draw the long sides in the 
following way. First we draw Nh long sides of the 
length lh then Nh sides of the length Z2, etc. The 
number of ways, Tih of drawing Nh long sides of the 
length h is counted as follows. The number of ways of 
drawing the first long side is NNih because there are 
N lattice points from which the_ side can begin and for 
each of these points there are Nh points where it may 
end. For the next long side, the number of available 
lattice points where it may begin js now N—l and for 
each of these points there are Nh(l — l/$) possible 
end points on the average, so that the number of ̂ ways 
of drawing the second long side of length h is (N— 1) 
XiVzi(l-l/iVr). Similarly, for the (H-l)th long side 
of length Zi, the number of ways of drawing it is 

(N-v)Nh(l-v/N). (4.5) 

Thus Th becomes 

tti= (Nh I)"1 IT (N- vYNh/N. (4.6) 

The 'division by Nh! arises because the final configura­
tion is independent of the choice of the order of Nh 
sides. 
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For the number of ways Th of the drawing Ni2 

sides of the length /2, the available number of lattice 
points to start with is N—Nh so that 

Th= (Ni2 O"1 I I ( # - v)2Nh/fi. (4.7) 

The total number of ways of drawing all the long sides 
can be obtained by multiplying together the factors Yu: 

r=nrii=cn^!]-1(^02 

i l>c 
Im&x 

Xexp(-iVln7V) I I (Ni)Nl. (4.8) 
1>C 

This expression multiplied by g of (4.1) gives the desired 
G factor as shown in (4.3). Using Stirling's formula 
and taking the logarithm, it follows from (4.8) that 

\nY=N\nN-N+ £ NiilriNi-lnNi). (4.9) 
1>C 

5. FREE ENERGY 

For the lattice model treated here, the free energy is 
expressed as follows: 

F= -kT InlKpN l-1(tnfkT/2<7rfi?)3N/22 
+£*-£TlnG, (5.1) 

where the first term is due to the coefficient of q in 
Eq. (1.1), £* is given in Eq. (3.2) and G in (4.3). 
Kp is a function of temperature for which Feynman3 

derived the relation 

K0=V»/VN, (5.2) 

where V is the volume of the system and VN is the 
afree volume" for the N atoms in the system. As long 
as the system remains liquid, it is expected that K$ 
will not change much. 

The F in (5.1) may be written as 

F/kT 

= -InlK^N^im'kT/lTrfi2)^'2^ 

+3Nr(2yi+50ys+20y17+2y1s) 

B 18 

-5N Z a&i lnxi+3Nj: 00* lnyi+F'/kT, (5.3) 
i=l i=l 

where 
Zmax 

F'/kT= Z rNtP/ct-ftlnJV+fi 
1>C 

Zmax Imax 

- E NiQaRi-\aND-\lR- £ N{], (5.4) 
1>C 1>C 

and 
T=tn'c2kT/2W (5.5) 

, AND S C H R E I B E R 

is a dimensionless quantity proportional to the tempera­
ture. X in the last term of (5.4) is the Lagrange multiplier 
for the condition (3.1). This F in (5.3) is a function of 
the probability parameters {#»}, {y*}, and {Ni}, and 
will be minimized with respect to these parameters. 

F is separated in (5.3) so that Ni appears only in Fr. 
First F or Ff is minimized with respect to Ni, with the 
result 

Nt=Ni exp[ - r / 2 A 2 - (X+l)]. (5.6) 

The multiplier A is determined from Eq. (3.1) and (4.4) 
as 

l max 

g x + i ^ - i £ j\^(o)exp(-r/2A2). (5.7) 
1>C 

Ni(0) was defined below Eq. (4.4). Its meaning allows 
one to transform (5.7) into 

ex+i = i\r-i{ £ £ £ exp [ - (%2+^22+^32)r] 
n\,n2,nz=—<» 

-l-6err}, (5.8) 

where nh n^ and m are integers. (Notice that a simple 
cubic lattice is assumed for this expression.) Using the 
definition of the 03 function6: 

00 

&z(x;e~T)= 5Z exp(—n2T+2Tinx), (5.9) 
rv=— oo 

one can write (5.8) as 

When (5.6) is satisfied, one can write (5.4) as 

F'/kT=-N\nN-\lV. (5.11) 

Equations (3.1) and (5.10) transform this into 

FykT=N(6xi+x6)Z-hi(6xi+x6)+l-hiB]. (5.12) 

Then (5.3) becomes 

F/NkT= -\nZ(Kp/NiyfN(mkT/2Tfi2)^ 

+3r(2y4+50y8+20y17+2y18) 
5 19 

— 5 2Z diXilnXi+3 X) Piyilnyi 
1=1 V=l 

+ (6x4+x,)£-ln(6x4+XB)+l-\nBJ (5.13) 

This is a function of x* and y»- only, since Ni has been 
eliminated. The next step is to minimize F in (5.13) 
with respect to the independent xi and yt-. Before doing 
this, it is worthwhile to write another form of the 
function B. Using an alternative expression for the 
#3 function6: 

fM*;«rO=(*A)*£; exp[~7r2(a;+^)2/r], (5.14) 

6 See, for instance, E. T. Whittaker and G. N. Watson, Modem 
Analysis (Cambridge University Press, Cambridge and the 
McMillan Company, New York, 1946), Chap. 21. 
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(6.1) 

one transforms (5.10) into 

B= ( T / T ) » { [ f; e x p ( - x V / r ) ] s 

n==—oo 

- ( r A ) f ( l + 6 r - 0 ) . (5.15) 

This expression is particularly important when one 
discusses the behavior of the system near 0°K. 

6. MINIMIZATION OF FREE ENERGY 

The next procedure is the minimization of F, Eq. 
(5.13), with respect to the independent probability 
parameters. Among the parameters Xi and yi defined in 
Figs. 2, 3, and 4, there are the following relations: 

1 = # i + 6# 2 +3(k 3 + 12x4+#5, 

xi=yi+5y2+20y5+ 10y9+3;io, 

%2=y 2+53/3+20^6+ 10yn+y 12=3>4, 

#3=3>5+5y 6+20^7+ 10y 13+y 14=5ys+yn, 

y\=3>9+5^n+ 20y 13+ 10^i5+^i6=Syn+y w, 

#5=3>io+ 5y 12+ 20^14+ lOy i6+yi». 

Out of the 24 quantities Xi and 3;*-, 15 are independent. 
Choosing a set of 15 parameters as independent, one 
can minimize the free energy, obtaining 15 higher order 
algebraic equations which are then solved simulta­
neously. The details of this mathematical procedure 
will be omitted here, but the final equation is the 
following for a variable a: 

a5-ai(Be^+S)-az(Ber+U+2e7) 

+5a2(Be^+2+2e7)+5a(Be'+9)+25 = 0. (6.2) 

Here a is defined by 

a = 5 + ( W * 5 ) * , (6.3) 
where 

Zi=yi/yi for *=2,3,--- ,19. (6.4) 

After a is obtained from (6.2) the probability param­
eters Xi and yi are found from the following relations: 

* i = ( a - 5 ) / [ 5 ( a + l ) ] , 

#2 = = 22# i , 

#3 = Z5#1> 

#5 = 2l0#l? 

y i = ( a - 5 ) « V [ & * ( a + l ) ] , 

Z2—e~T/a, 

Zz = Z2
2, 

25= ( a ^ - r - a - 5 e - T ) / [ a ( a 2 - 5 ) ] , 

06 = 22^5, 

*7 = 252, 

Z 8 = 3 6 e - r , 

29=(2B»lo) t , 

2 IO=2B(O:—5) 2 , 

211 = 22^9, 

Zi2 = Z2Zio, 

213 = 25^9, 

Z l 4 = 25^10, 

2 l5=29 2 , 

2l6 = 292io, 

2 l 7 = ( s 5 2 i o ) ^ ~ T , 

2i8 = 2i 0e~T , 

2l9 = 2io2. 

When these results are substituted in (5.13), F 
becomes 

F=NkT{-]nZ(Kp/N l)llN(mfkT/2wfi2)^ 
— 5 lnx i+3 lnyi+6^4+^5}. (6.6) 

The entropy S is derived from (5.13) by differentiation7: 

dF F 
S= = +kTd InKp/dT+^Nk 

dT T 

-SNkr(2yi+50y2+20y17+2y1s) 

+NkT(6xi+x5)d ]nB/dT. (6.7) 
The energy E is 

E=F+TS 

= kT2dlnKp/dT+%NkT 

-6NkTr(y,+25y8+10y17+yi8) 

+NkT2(6x4+xs)d ]nB/dT. (6.8) 

I t should be noted that this is the true energy of a 
system, whereas £* of (3.2) is a virtual energy. 

In the expression for the energy, the first term 
depends on the temperature gradient of K$. This 
quantity K$ has not been fully analyzed, but Feynman 
has written it in terms of VN [see (5.2)], which in 
turn is defined in Eq. (10) of reference 3 as 

VN=fP(zN)d^ (6.9) 

(6.5) 

Here zN represents the coordinates of the N atoms and 
p(zN) is the weight function corresponding to a spatial 
configuration zN. In so far as the system stays liquid, 
the weight function p(zN) will not depend strongly on 
the temperature, resulting in small temperature 
dependence for Kp. Because of this presumption and 
also because of the lack of detailed knowledge of Kp, 
the first term of (6.8) will be neglected hereafter. 

7 The expression (6.6) is not convenient to use here, because if 
one uses it, one has to differentiate xif yi, #4, and x5 with respect 
to T also. Equation (5.13) is convenient because it is known that 
derivatives of (5.13) with respect to the independent variables 
vanish. 
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FIG. 6. Specific heat vs temperature. The solid curve: Sec. 9 of 
this paper. The dashed curve: previous paper (I). The dot-dash 
curve: Sec. 10 of this paper. 

7. THE X POINT 

As r is varied (and thus T), one obtains, from Eq. 
(5.10) and (6.2) to (6.5), values of the probability 
parameters {•#*} and {yi} for each assumed value of r. 
As the value of r is increased from zero, one finds a 
point where the probability parameters %z to %$ and y$ 
to yi9 become zero. Any further increase in r, using 
these equations, would result in negative values, for 
these parameters, which is impossible. I t is this point 
which is associated with the X transition. I t is interesting 
to note that the probabilities for both the short-sided 
polygons (except the two-sided ones) and all the 
long-sided polygons become zero at the same tempera­
ture. The only polygons which can exist (using these 
equations) above this temperature are the double-sided 
ones, in agreement with the results of (I). 

Analytical conditions for the X point may be obtained 
by setting z$ and Sio equal to zero in Eqs. (6.1) and (6.5); 
two simultaneous conditions on r \ result: 

rx = ln [ (ax 2 -5 ) /ax] , (7.1) 

5 x = ( « x - 5 ) ( « x 2 + l ) / [ ( a x 2 - 5 ) ( a x + l ) ] , (7.2) 

where B\ is B of (5.15) with T\ replacing r. When 
these equations are solved numerically, one obtains 

rx-1.886, (7.3) 

ax= 7.278. (7.4) 

This value of rx may be compared with the result of 
(I) which is, in the present notation, 

n = 1.386. (7.5) 

If the observed X point temperature, 2.19°K, is 
used with the result (7.3) and Eq. (5.5), and if 3.58 A 
(the average distance between atoms in liquid helium 
at the X point) is used as the value of c, the effective mass 
mf is found to be about 1.57 times that of the He atom. 
This result agrees with that expected by Feynman.3 

8. ASYMPTOTIC RESULTS NEAR 0°K 

Using Eq. (5.15), the asymptotic expressions for 
B and d hiB/dr near 0°K become 

B = (7 r / r )^ l -6e~- 7 -+0(exp(-7r 2 / r ) ) , 

r~ LnuB= [ f+9e-T-6re- T 2 

(8.1) 

6V 2 B 
+ 0 ( e x p ( - 7 r 2 / r ) ) . (8.2) 

Also, from (6.2), since B becomes infinite as r ^ as r 
approaches zero, the asymptotic form for a in this 
region becomes 

a = BeT+4:+0(l/B). (8.3) 

Substituting these results into the expressions for #4, 
xh y*> y%i yih a n d yi$ given in Eq. (6.5), one obtains 
for the energy E of (6.8) under these conditions 

E/NkT=3(l+6e-2r-4Te-2T)/2B*+0(l/B*). (8.4) 

Using (8.1), one obtains 

E/NkT=2lT*/(2Tz)+0(T4). (8.5) 

Since r is directly proportional to T, E varies as T4 near 
0°K. From (8.5), one obtains the specific heat near 
0 ° K a s 

Cv/Nk= (42/7r3)r3+0(r4). (8.6) 

This expression qualitatively agrees with the experi­
mental results for low temperatures8 in the sense that 
Cv becomes zero at 0°K with a horizontal tangent. 
Although one is tempted to emphasize the Tz depend­
ence in (8.6), this particular functional form is probably 
fortuitous, because (i) the present theory does not take 
into account the phonons, which cause the experimental 
Tz specific heat, (ii) the temperature variation of K$ 
was neglected, and (iii) the coefficient of T3 in (8.6) 
is two orders of magnitude larger than the experimental 
value.8 Nevertheless, it should be emphasized here 
that as the combinatorial aspect of the treatment is 
concerned, the approximation becomes more and more 
accurate with the decreasing temperature and ap­
proaches the exact analysis at 0°K, since the infinitely 
long sides predominate at the lowest temperatures. 

9. THE SPECIFIC HEAT BELOW THE X POINT 

In order to obtain the energy and specific heat 
between 0°K and the X point, first B of Eq. (5.15) is 

8 A. H. Markham, D. C. Pearce, R. G. Netzel, and J. D. 
Dillinger, Proceedings of the Fifth International Conference on 
Low-Temperature Physics, edited by J. D. Dillinger (University of 
Wisconsin Press, Madison, 1958), p. 45. 
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FIG. 7. Small finite 
polygons assumed to 
exist above T\. a: 
double -bond, b : 
square, and c: tri­
angle. 

' jTJ • • ' 
A' 

calculated for a given value of r, and then (6.2) is solved 
for a. The probability parameters are calculated from 
(6.5). The factor d InB/dr is also evaluated by means 
of the expansion (5.15) in the form (l/B)dB/dr. 
When these results are substituted into (6.8) and the 
first term involving Kp is neglected as mentioned before, 
the energy E is obtained as a function of the tempera­
ture T. Numerical differentiation of this energy yielded 
the curve for the specific heat at constant volume CVJ 

which is shown by the solid line between 0 and T\ in 
Fig. 6. This numerical work was done on the IBM-650 
digital computer at the Wayne State University 
Computation Center. 

10. ABOVE THE X POINT 

As was pointed out in Sec. 7, above the X point the 
preceding treatment leads to exactly the same results 
as those of the previous calculation (I), since in both 
cases the only polygons assumed to exist above T\ are 
the double-sided ones. The larger value of r \ found in 
this work [compared with that of ( I )] removes most of 
the rapidly ascending portion of the specific heat curve 
of (I) just above T\, as is seen in Fig. 6. Nevertheless a 
slight rise in Cv above the new T\ still remains. This 
result does not agree with the experimental observation 
(and the conclusion derived by Feynman3) that the 
specific heat decreases monotonically above the X point. 

The unsatisfactory behavior of Cv just above T\ 
obtained here is interpreted as due to the fact that all 
of the finite-sized polygons which are suspected to 
exist above T\ are excluded in the treatment except 
the smallest ones, i.e., the double-sided polyogons 
(which we shall call "double-bonds")- Following this 
interpretation, a study of the possible existence of 
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FIG. 8. Point probability parameters including point, double-
bonds and triangles only. A dotted line is the hypotenuse (of 
length V2c) of an isosceles right triangle, 

FIG. 9. Pair probability parameters including points, 
double-bonds and triangles only. 

finite polygons other than the double-bonds was made 
for temperatures above Tx. In order to secure math­
ematical simplicity, only square and triangular polygons 
like those shown in Fig. 7 were introduced. Since the 
virtual energies £* of these figures are lower than all 
other finite polygons, except a double-sided polygon 
between second nearest-neighbors, their effects would 
be next in importance to those of the double-bonds a t 
temperatures above 7 \ . The mathematical treatment 
was formulated using a modification of the pair approxi­
mation of the previous sections. 

A calculation showed that the square polygons could 
not exist with the double-bonds above the transition 
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temperature. A possible explanation of this result is 
that the virtual entropy S* associated with the com­
binatorial factor for this symmetrical figure is too low 
compared to the virtual energy, and therefore minimiza­
tion of the free energy led to its disappearance. 

A study of the system of double-bonds and triangles 
was then made with the result that such a system was 
found stable at temperatures above 7 \ . The lack of 
symmetry in the triangle perhaps made the virtual 
entropy contribution of the figure dominate over its 
virtual energy (which equals the virtual energy of a 
square). The effects of the existence of such triangles on 
the specific heat curve in the high temperature region 
will be discussed in this section. 

A new set of configuration variables is defined in 
Figs. 8 and 9. I t should be noted that in this new 
system the only existing polygons are double-bonds 
and triangles, all larger polygons being excluded. 
Although these figures have some configurations in 
common with Figs. 2 to 4, the weight factors for the 
same configurations are not necessarily equal. For 
instance, the weight 24 for v% in Fig. 8 counts only the 
perpendicular arrows which form two sides of a triangle, 
whereas the weight 30 for #3 in Fig. 4 includes the two 
arrows pointing in the same direction. Because of the 
existence of the dotted sides, which represent the 
hypotenuses of the right triangles, subtle differences 
appear among wg, ww, and wu, among wn, Wn, and 
Wi4, and among wu, wie, wn, and wi%. For instance, in 
wioj the dotted side lies away from the bond, whereas 
in wn it lies towards the bond. In counting the weight 
for wn the configuration in which the double-bond 
and the dotted side have a common lattice point must 
be omitted. 

Among the new variables the following relations exist. 

l = w1+6i>2+24t>8+48tu, 

vi=wi-{-5w2+16^5+40^8, 

i>2=^2+5^3+16z#6+40ze>9 

= ^ 2 + 5 ^ 3 + 16WQ-\-32WIO+6WII 

= w4, 

7>3= ̂ 5 + 5 ^ 6 + 16W7 + 32Wu+6Wu 

= 705+5^6+16^7 + 32^12+4^14 

V4=W8+w^+4:Wio+16wi2+S2wn+SwiQ 

= w y +w 9 +4wio+ 16ze>i2+32wi5+6wi7 
= W8+^9+3Wll+6Wi3+4Wi4+8Wi6+ 18^17 + 6^18 

The total equivalent number of short sides of length 
c (the lattice constant) is now given by 37V (2w4+32wi9) 
since each Wi§ bound is related to one-half of the four 
"equivalent sides" of a triangle.9 Therefore, correspond-

9 The virtual energy associated with one triangle is {m'k^T^/lh2) 
X(2c2-Kv2<02)=4<=c*. 

(10.1) 

ing to (5.3), the free energy in this case is written as 

F/kT=- InZKpN I-1 (mrkT/2Tfi2y^22 

4 

+3^7(2^4+32^19) — 5N J ] y&ilnvi 
1 = 1 

19 

+3NT,8mlDWi. (10.2) 

Because of the relations in (10.1), only 11 variables of 
the four v's and 19 w's are independent. A set of eleven 
of these variables is chosen appropriately, and the 
free energy (10.2) is minimized. A set of nonlinear 
simultaneous equations is obtained, which may be 
written in the following form. 

[ 5 6 + (9/24) (f+g- 2b+ 10d+4p/9- 7d2/M 

-9bd/A)']u8i+lS+(9/2A)(d+2be-^)'}us 

+us$-2e-2T=0, (10.3) 

01O+ (u2K-^/S+ub/2)dQ/us- ( 3 /4 ) 7 ^ 5 

- 3 |> 2 #- 1 / 4 /32+ (2/3) *«5 j 0V*8-3 /16=0 , (10.4) 

where Ui=Wi/wi for i=2, • • •, 19, and 

A = 1+5^2+16^6+40^8, 

K= (40/5+3r4/2O)4/5 , 

6 = 4 0 ( 1 - X ) , 

£ = 4 0 - 3 2 0 - (2/3)*6/04, 

d=S-K-BK-l'\ 

/ = 16(1-0) , 

g=4O-3202-(3/4)3 /48/03 , 

u%=(l-9bu*/A)e-*T/A, 

u&=U8[l—U2dA-1—U8(f+g—c)A-1'2. 

In deriving (10.3), the quantities of order (us/A)2 

are neglected with respect to unity. This is justified 
since it can be shown that U8 is smaller than 10~3 

above T\, and A is always larger than unity. 
The numerical computation is done as follows. 

When a set of test values of K, U2, u$ and Ws is chosen,10 

(10.4) is solved for 0. Next (10.3) is solved for u8. 
New values of the parameters in (10.5) are calculated, 
and this procedure is repeated iteratively until Us is 
determined to four significant figures. 

After these equations are solved the specific heat is 
derived as follows. By analogy to (6.8), the energy of 
the system is expressible as 

JE=iV r i r [f-3r(2w4+32wi»)] , 

(10.5) 

10 The first trial set is chosen by solving (10.3) with all the 
terms of order 1/A dropped. 
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where 

wi*=wiu$ (1 — UzA~l), (10.7) 

wr1=l+6u2+24uQ+4Su8+6(Sd—b)u2usA-1. 

The specific heat Cv is derived from E of (10.7) by 
numerical differentiation. The result is shown by the 
dot-dash curve in Fig. 6. Although Cv is still slightly 
ascending for r < 2 , the general shape of the new Cv 

curve is better than the solid curve of the previous 
calculation. This indicates the correctness of the 
interpretation that the specific heat curve above T\ 
will approach the experimental behavior when more 
finite polygons are added in this treatment. 

I t must be noted here that the calculation in this 
section is only for the region above 7 \ , and the value 
of the X point has not been calculated in the approxima­
tion corresponding to this section. In order to do this 
the triangles of this section must be combined with the 
long sides of the previous sections, which would require 
considerable additional calculation. 

Nevertheless, without expending more mathematical 
effort, based on what was found in this section and 
also in previous sections, the shape of the specific heat 
curve for a more accurate treatment of the model can 
be inferred as follows. The solid curve in Fig. 6 for the 
very low temperatures, probably below r = l , will 
remain practically the same in better approximations, 
because near absolute zero the very long sides are 
predominant and the approximation in this paper is 
good. As the approximation is improved, the curve 
right above T\ will increase as was shown in this section. 
This will induce the lowering of the X point because the 
total area below the Cv curve must remain the same in 
order to keep the same values of energy at 0°K and at 
temperatures well above 7 \ . I t is a general tendency of 
cooperative phenomena that the peak of the specific 

heat becomes higher as the approximation is improved, 
and so this will probably be the case in the present 
model. 

11. SUMMARY AND CONCLUSION 

The partition function for liquid He4 proposed by 
Feynman, Eq. (7) of reference 3, based on his path 
integral method, was evaluated for a simple cubic 
structure previously by Kikuchi,4 considering only 
nearest-neighbor permutations of the atoms. In this 
paper the same partition function is evaluated consider­
ing long-range permutations as well. The result is 
plotted in Fig. 6. I t indicates a second order phase 
transition, and the value for the effective mass of a 
helium atom becomes about 1.6 times the normal mass, 
if the theoretical T\ is equated with the experimental 
point. The marked improvements of the present work 
compared with the previous work4 are (1) the specific 
heat varies as T"3 near absolute zero, (2) the peak of Cv 

at T\ is more pronounced than in (I), and (3) when 
triangles are added as possible finite polygons above 
7 \ , the specific heat just above T\ increases over the 
previous result, indicating an improvement. 

I t is now concluded that Feynman's partition 
function calculated on a lattice gives a satisfactory 
qualitative picture of the X transition of liquid He4, 
and also that the technique for handling the long-range 
permutations of atoms developed in this paper is correct. 
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