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The problem of absorption and dispersion of electromagnetic waves in a dense electron gas is treated
semiclassically through the use of Boltzmann equation and Fermi-Dirac statistics. The singularity in the
dispersion formula is treated by the method of Van Kampen. Expressions for the dielectric constant and
conductivity as functions of frequency have been obtained for temperatures at and near absolute zero.

1. INTRODUCTION

ISPERSION formulas for the plane monochro-
matic oscillations of a gas of charged particles
generally contain integrals over velocity space and in-
variably these integrals are singular. Integration across
the pole of such integrands can be done in a variety of
ways and is hence arbitrary. It could be made unique by
putting boundary conditions in space and/or in time,
but such boundary conditions do not exist for plane
monochromatic oscillations. Consequently, there do not
exist unique dispersion formulas for such oscillations.
This was first pointed out by Van Kampen.! He showed
that it is possible to get unique dispersion formulas for
oscillations, which are certain linear superpositions of
monochromatic oscillations. His method has been ap-
plied by Pradhan? to the problem of circularly polarized
electromagnetic oscillations of a Maxwellian plasma,
propagating in the direction of a steady magnetic field
impressed on it. The results are in agreement with those
of Bernstein® obtained by the Laplace transform method
of Landau.* It is the purpose of the present investigation
to extend the method of Van Kampen to the problem of
dispersion and absorption of electromagnetic waves in a
dense electron gas. Lindhard® has obtained expressions
for the dielectric constant of such a gas for monochro-
matic waves, and has recognized the fact that its
imaginary part is not unique. He has not shown how
to get a unique value for it. We shall, in the present
work, obtain unique value for this constant by con-
structing wave packets. We shall give explicit formulas
for it that are valid for temperatures at and in the
neighborhood of absolute zero.

2. DISPERSION FORMULA FOR
MONOCHROMATIC WAVES

The dispersion formulas are obtained by simultane-
ously solving the Boltzmann and Maxwell equations®:
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with the restriction V.- f'duuf+(3/9¢) f/'du f=0, im-
posed by the equation of continuity. We shall solve
these equations in the linear approximation:

f(l',ll,t) =1’Lof0(ll)+f1(l’,u,t), f1<<f07 (3)

so that terms of order fi% can be neglected. We shall also
make the approximation:
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where 7= collision time and w.= collision frequency. For
monochromatic waves propagating along the z axis,

futeo(ml) = g (weitem,
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where #,=u,—iu., #,= phase velocity of the waves and

is real. Substituting Eqs. (3), (4), and (5) in Egs. (1)
and (2) and neglecting terms of order f;2, we obtain,
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We have used cylindrical polar coordinates for velocity
space integrations in these equations, i.e., #;=1 cosf,
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s Notations of the paper in reference 2, with their meanings
unchanged, will be used throughout the present work.
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us=v sind, uz=u. Eliminating A4 (ku,) and g “r(u)
from Eqs. (6), we get the dispersion formula for the
electromagnetic or transverse modes:
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where F(u)= /i vdvfo(u,p), and wui=4wn.e?/mk?: In
obtaining this formula we have made an integration by
parts and have used the fact that lim,-., v2fo(2,0)=0.
Since the complex dielectric constant is defined as
e=c2/us, Eq. (7) gives us € as a function of frequency
provided the prescription for integration across the
singular point #=u, is known from boundary condi-
tions. Since there do not exist boundary conditions for
plane monochromatic waves, the integration across this
point is quite arbitrary. According to Van Kampen!
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where \ is an arbitrary function of #,. In the work of
Lindhard,’ this arbitrariness has been pointed out; he
mentions that the imaginary part of the dielectric con-
stant lies between —# and = times a certain expres-
sion. We shall, in the following section, show that for
wave packets, the dispersion formula does not have this
kind of arbitrariness and hence the imaginary part of the
dielectric constant, obtained from it, is unique.

3. DISPERSION FORMULA FOR WAVE PACKETS

We construct wave packets by linear superposition of
monochromatic waves as follows:

Ey*(2,1) = eike—kuct
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where C (k,u,) is an arbitrary function. Let us now define
a function
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to describe the initial condition. This function, inte-
grated over #, is proportional to the amplitude of the
initial transverse current density that generates the
electromagnetic waves. In other words, this function
tells us how much is contributed by electrons with a
given velocity component # to the initial transverse
current density. The electric vector of the electromag-
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netic wave is determined by this function as well as the
impedances 1/Z* and 1/Z as can be seen from Eq. (13).
It then follows from Eq. (10) and (6a) that
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where D (#,)=A t-(1,)C (u,). We have suppressed the
suffix & in Eq. (11). If we now decompose G, D, and F
into their positive and negative frequency parts and
eliminate A from Egs. (8) and (11), we obtain,
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Using Eq. (12a) in Eq. (9) we get for the electric field of
the packet,
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For £>0 and £>0, the integral appearing on the right-
hand side is most easily evaluated by considering it as a
part of a contour integral in the complex #,-plane, the
contour running from — o to 4 on the real axis and
then returning to the starting point via the semicircle of
infinite radius in the lower half #,-plane. Since the zero
of Z*(u,) occur in the upper half of the complex u,-
plane, the second term in the integrand gives no contri-
bution to the integral. We have, of course, to demand
that G (u,) are well-behaved functions of #, without
any singularity in the lower half #,-plane. This we can
do, since these functions describe our initial condition.
The entire contribution to the integral then comes from
the 1st term, because Z(#,) has its zero in the lower half
plane. Since the integrand vanishes on the infinite
semicircle as a consequence of the factor e~¢#4»!(k>0,
£>0), we have,
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where 1, is a point in the lower half-plane such that

(@p—iuc)2—c?
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(15)

Equation (15) is thus the dispersion formula for the
wave packet represented by Eq. (14). Using the defini-
tion e=c?(%,—1iu.)~2 for the complex dielectric constant,
and K=Re(e)=c*k%w2, we get, from Eq. (15), the
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following equation for e:
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where we?= k1%, For wr>>1, we get from (16), by Taylor
expansion,
(e—1)et= 2rwilc/WK)[inF*(ce ) +inF (ce?) ]
+ (2mwiwec®/wPrK?E)
X[inF* (ce ) +irF (ce?)], (17)
where prime denotes differentiation. This equation gives

us the following approximate expressions for K and
o= (w/47) Im(e):

wo’C 2m2wo2c?
K(w)= 1+ MrF*(cK“) — F'(cK™%), (18a)
W
Twolc wo2c?
a(w)= F(cKH)+———inF* (cK—?). (18b)
20K? 207K

These formulas are valid for any of the three statistics.
However we are interested in explicit forms of these
equations for Fermi-Dirac statistics which we shall do in
the following section.

4. CALCULATION OF K(w) AND o(0)
FOR FERMI DISTRIBUTION

In this section we shall calculate (%) and F*(«) for
temperatures at and near absolute zero, so that we can
obtain explicit formulas for K(w) and o(w) given in
Eqgs. (18). According to our definition,

+o0
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since F(u)=F(—u). For Fermi statistics, which our
electron gas obeys at the temperatures we are interested
in,

7o fo(u,0) = 2( ){exp[—v—f— 7)1,8(142—I—'v2):|—!—1}“1 (20)

where h=Planck’s constant, v is a constant, 3=1/«kT
with x=Boltzmann’s constant, and 7T'=absolute tem-
perature of the electron gas. Simple calculation gives

+0
F(u)= f vdv fo(u,p)

— ) In{1+exp[B(g—3mu?)]}. (21)
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Here we have put »=8g, g being a parameter with the
dimensions of energy and is a function of temperature.
For T=0, = and g=go=4mvs* (say), so that

Fo(uw)= (m3/noh®) (v — )0 (v — u2).
In this formula 6 is the usual step function, i.e., 8(x)

=0, <0, 0(x)=1, 2>0. Substituting Fo(%) from Eq.
(22) in Eq. (19), we get
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The parameter v is the velocity at the top of the Fermi
distribution and is found from the normalization condi-
tion of Fo(u), i.e.,

20 1
f du Fo(u)=—
0 4

which gives vo= (h/m)(3n¢/8w)%. Using the results of
Egs. (22) and (23) in Egs. (18) we get, for T=0,
C#voK%,
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16wK ¥
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These formulas differ from those of Lindhard in that the
imaginary part of the logarithmic term has been
uniquely determined in the present ones. For frequencies
for which K (w)=21, formulas (24) take the simple form:

K(w)=14wd/2u?, (25)

o (w) =w/8r7u?,

since v9~108 cm/sec<Kc=210" cm/sec. On the other
hand, for frequencies for which K(w) is large, i.e.,
K (w)~107? so that v’~c?/K, (vs’5%¢*/K) the logarithmic
term in Eq. (24b) gives a very large contribution and
oo(w) becomes very large.

For temperatures in the neighborhood of absolute
zero, we shall employ Sommerfeld’s method” of integra-
tion for evaluating ¢wF*(u). In order to do this we first
bring the desired integral into a form best suited to

7 A. Sommerfeld, Z. Physik 47, 1 (1928).
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apply Sommerfeld’s results. By integration by parts,
and subsequent change of variable of integration, we get
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According to Sommerfeld,

© d2n
I(u)=o(x=»)+2 2. c2n( dx:) , (28)

n=1

where c¢,=3 s=1°(—1)*t(s)~". Explicit calculation
gives co=n?/12 and ¢4=7#*/720. Retaining terms up to
n=11in Eq. (28) and substituting it in Eq. (26) we get

2m? w2 sd
iwF*(u) = [¢(x=v)+—(——) ] (29)
noh*mf 6 \dx?/ .,
Making a Taylor expansion of ¢(») and ¢”’(») about
v=ry, and neglecting terms of second and higher order
in (v—w), Eq. (29) reduces to
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Similarly we can get F(u), to this order of approxima-

tion, oF ()
u
F(M)=F0(u)+(V"‘Vo)( 3

The difference (v—wo) that appears in Egs. (30) and
(31) can be determined from the requirement that the
total number of electrons is same at all temperatures,
which is equivalent to the condition J¢® du Fo(u)
= Jo*° du F(u), or in other words

f " (o (at—az)
- f " g In{1+exp[msGi—a)]). (32)
0

Putting v=170+7" and differentiating both sides of this
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equation with respect to o, we get,
Vo © 1
—= f du
v Jo 1d-exp[—imB(v*—u?)]
1 ® x4
= f da . (33)
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Integration of the right-hand side of Eq. (33) by
Sommerfeld’s method, and subsequent rearrangement
gives

R—o=n2/6m*v® or v—vo=7%/12mBoe. (34)

Now we can explicitly write down the expressions for
1wF*(u) and F(u) with the help of Egs. (27), (30), (31),
and (34) as follows:

inF*(u) = inFo* (u)+
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Substituting Egs. (35) and (36) in Egs. (18) and

retaining terms up to order 1/82 we get, for c=v,K3,

()= Kol b
K(w)= w)F—m
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For frequencies for which K21, these formulas reduce

to
m%%o ) ’
0)02 71'2 -
()
8mrrw? 2m?B20e

It is to be noted further that both K(w) and o(w) be-
come very large when =K.

K(w)= 1+-—(
(38)

o(w)=
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