
P H Y S I C A L R E V I E W V O L U M E 1 1 9 , N U M B E R 6 S E P T E M B E R 1 5 , 1 9 6 0 

Dielectric Constant of a Dense Electron Gas 
T. PRADHAN AND P. MISRA 

Department of Physics, Ravenshaw College, Utkal University, Cuttack, India 
(Received November 17, 1959) 

The problem of absorption and dispersion of electromagnetic waves in a dense electron gas is treated 
semiclassically through the use of Boltzmann equation and Fermi-Dirac statistics. The singularity in the 
dispersion formula is treated by the method of Van Kampen. Expressions for the dielectric constant and 
conductivity as functions of frequency have been obtained for temperatures at and near absolute zero. 

1. INTRODUCTION 

DISPERSION formulas for the plane monochro­
matic oscillations of a gas of charged particles 

generally contain integrals over velocity space and in­
variably these integrals are singular. Integration across 
the pole of such integrands can be done in a variety of 
ways and is hence arbitrary. I t could be made unique by 
putting boundary conditions in space and/or in time, 
but such boundary conditions do not exist for plane 
monochromatic oscillations. Consequently, there do not 
exist unique dispersion formulas for such oscillations. 
This was first pointed out by Van Kampen.1 He showed 
that it is possible to get unique dispersion formulas for 
oscillations, which are certain linear superpositions of 
monochromatic oscillations. His method has been ap­
plied by Pradhan2 to the problem of circularly polarized 
electromagnetic oscillations of a Maxwellian plasma, 
propagating in the direction of a steady magnetic field 
impressed on it. The results are in agreement with those 
of Bernstein3 obtained by the Laplace transform method 
of Landau.4 I t is the purpose of the present investigation 
to extend the method of Van Kampen to the problem of 
dispersion and absorption of electromagnetic waves in a 
dense electron gas. Lindhard5 has obtained expressions 
for the dielectric constant of such a gas for monochro­
matic waves, and has recognized the fact that its 
imaginary part is not unique. He has not shown how 
to get a unique value for it. We shall, in the present 
work, obtain unique value for this constant by con­
structing wave packets. We shall give explicit formulas 
for it that are valid for temperatures at and in the 
neighborhood of absolute zero. 

2. DISPERSION FORMULA FOR 
MONOCHROMATIC WAVES 

The dispersion formulas are obtained by simultane­
ously solving the Boltzmann and Maxwell equations6: 
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1 N. G. Van Kampen, Physica 21, 949 (1955). 
2 T. Pradhan, Phys. Rev. 107, 1222 (1957). 
3 1 . B. Bernstein, Phys. Rev. 109, 10 (1958). 

with the restriction Vr'fduuf-\-(d/di)J*diif=0, im­
posed by the equation of continuity. We shall solve 
these equations in the linear approximation: 

/ ( r ,u ,0 = »o/o(u)+/1(r ,n,0, / i « / o , (3) 

so that terms of order fi2 can be neglected. We shall also 
make the approximation: 

/df\ f-nofo 
[ — ) = =-<»cfi=-kuefh (4) 
\dt /coll T 

where r — collision time and coc=collision frequency. For 
monochromatic waves propagating along the z axis, 

/i*'tt-(r,u,J) =gk>up(u)eik^-Ust\ (5a) 

E*.«-(r,0 = A ( * , « p y *<*-"•«>, (5b) 

where us = up—iuc, up=phase velocity of the waves and 
is real. Substituting Eqs. (3), (4), and (5) in Eqs. (1) 
and (2) and neglecting terms of order / i2 , we obtain, 
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We have used cylindrical polar coordinates for velocity 
space integrations in these equations, i.e., ui=vcosd, 

4 L. Landau, J. Phys. (U.S.S.R.) 10, 25 (1946). 
5 J. Lindhard, Kgl. Danske Videnskab. Selskab, Mat.-fys. 

Medd. 28, No. 8 (1954). 
6 Notations of the paper in reference 2, with their meanings 

unchanged, will be used throughout the present work. 
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U2=vsmd, tiz = u. Eliminating Atr(k,up) and gk>up(u) 
from Eqs. (6), we get the dispersion formula for the 
electromagnetic or transverse modes: 

2irUo2us 

+00 F(u) 
du (7) 

oo U Up 

where F(u) = Jo*vdvfo(u,v), and uo2 = 4:7rnoe2/mk2. In 
obtaining this formula we have made an integration by 
parts and have used the fact that limv-+OQv2fo(u,v) = 0. 
Since the complex dielectric constant is defined as 
e=c2/us

2, Eq. (7) gives us e as a function of frequency 
provided the prescription for integration across the 
singular point u=up is known from boundary condi­
tions. Since there do not exist boundary conditions for 
plane monochromatic waves, the integration across this 
point is quite arbitrary. According to Van Kampen1 

2TUQ2U 

r + « F{u) 
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«/_oo M — Up 
(8) 

netic wave is determined by this function as well as the 
impedances 1/Z* and 1/Z as can be seen from Eq. (13). 

I t then follows from Eq. (10) and (6a) that 

r f+0° Dtr(up) "I 
<3tr(u) = u0

2F(u) P i dup +\(u)DtT(u)l (11) 
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where DtT(up) = AtT(up)C(up). We have suppressed the 
suffix k in Eq. (11). If we now decompose 9, D, and F 
into their positive and negative frequency parts and 
eliminate X from Eqs. (8) and (11), we obtain, 
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where X is an arbitrary function of up. In the work of 
Lindhard,5 this arbitrariness has been pointed out; he 
mentions that the imaginary part of the dielectric con­
stant lies between — TT and + x times a certain expres­
sion. We shall, in the following section, show that for 
wave packets, the dispersion formula does not have this 
kind of arbitrariness and hence the imaginary part of the 
dielectric constant, obtained from it, is unique. 

3. DISPERSION FORMULA FOR WAVE PACKETS 

We construct wave packets by linear superposition of 
monochromatic waves as follows: 

Etr
k(z,t) = eikz-kUct 

r+co 

X I dupAtT{kyup)e-iku^C{k,up), (9) 

f1
k(z,uyt) = eikz-kUct 

X I dupg
k^{u)e~iku^C{k,up), (10) 

where C{kJup) is an arbitrary function. Let us now define 
a function 

lie r+co r 
S t r * = — I I du1du2uli2fi(z}u,0)e~ikz

y 
k J_oo J 

to describe the initial condition. This function, inte­
grated over u, is proportional to the amplitude of the 
initial transverse current density that generates the 
electromagnetic waves. In other words, this function 
tells us how much is contributed by electrons with a 
given velocity component u to the initial transverse 
current density. The electric vector of the electromag-

Z(upy-
2w(up—iUc) 

(up—iuc)
2—c2 

Z*(up)= ; 2wiuo2F^(up). (12c) 
2ir(up—iuc) 

Using Eq. (12a) in Eq. (9) we get for the electric field of 
the packet, 

J+00 

duperikup* 
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X K ^ + U w p ^ - K w p J + S t r ^ ^ p J Z ^ H w p ) ] . (13) 

For k>0 and / > 0 , the integral appearing on the right-
hand side is most easily evaluated by considering it as a 
part of a contour integral in the complex wp-plane, the 
contour running from — <*> to + °o on the real axis and 
then returning to the starting point via the semicircle of 
infinite radius in the lower half ^ -p lane . Since the zero 
of Z*{up) occur in the upper half of the complex up-
plane, the second term in the integrand gives no contri­
bution to the integral. We have, of course, to demand 
that gtr(_) (up) are well-behaved functions of up without 
any singularity in the lower half 2^-plane. This we can 
do, since these functions describe our initial condition. 
The entire contribution to the integral then comes from 
the 1st term, because Z(up) has its zero in the lower half 
plane. Since the integrand vanishes on the infinite 
semicircle as a consequence of the factor e~iku^(k>Of 

t>0), we have, 

Etr(£,0^8tr(+)(^2>) exp[ik(z—Upt—iuct)'], (14) 

where up is a point in the lower half-plane such that 

(up—iuc)
2—c2 

Z{Up) = ; \-2iriuQ
2F^ (Up) = 0. (15) 

2ir{up—iuc) 

Equation (15) is thus the dispersion formula for the 
wave packet represented by Eq. (14). Using the defini­
tion €=c2(up—iuc)~

2 for the complex dielectric constant, 
and i£=Re(e) = c2&2ar2, we get, from Eq. (15), the 
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following equat ion for e: 

27TCOo2£| Z7TCO0 CV / C C \ 
( € - i y - * = f i rF*(—+i I 

C02Z" L \ € * COTJKV 

V€* COTJKVJ 
+ M r F | (16) 

where ooo2=k2Uo2. For C07OM, we get from (16), b y Tay lo r 
expansion, 

( e _ l ) e - i = (2m<?c/<£lOLi*F*(ce*)+nrF(ct-*)l 

+ (27ria>o2c2/a)hK%) 

XiiirF*'(ce-i)+iirF'(ce-*)']J (17) 

where pr ime denotes differentiation. Th i s equa t ion gives 
us the following approx imate expressions for K a n d 
(7=(o)/4x) I m ( e ) : 

2ircx)o2c 27r2Q)Q2c2 

K(u) = l+--T=riirF*(cK-*) 7-=rF'(cK-*)9 (18a) 
a>2K? U*TK 

0.(0,) = F(cK-*)+ iwF*'(cK-*). 
2o>& 2CO2TK 

(18b) 

These formulas are val id for a n y of the three s ta t is t ics . 
However we are in teres ted in explicit forms of these 
equat ions for Fermi -Di rac stat is t ics which we shall do in 
the following section. 

4. CALCULATION OF K(<u>) AND <r(*>) 
FOR FERMI DISTRIBUTION 

I n this section we shall calculate F(u) a n d F*(u) for 
t empera tu res a t a n d near absolute zero, so t h a t we can 
obta in explicit formulas for K(co) a n d a(oo) given in 
Eqs . (18). According to our definition, 

,4-» 
F(u) = I vdvf0(u,v), 

Jo 

W +00 F(u') "+co 

du' = 2 ^ P 
ur—u JQ W*—U* 

(19) 

> I duf , 
Jn U/2 — U2 

since F(u) = F(—u). Fo r Fermi stat is t ics , which our 
electron gas obeys a t the t empera tu res we are interested 
in, 

{expZ-v+itnl3(u2+v2)l+l}~\ (20) (ray 
— ) 

where h=Planck's cons tant , v is a cons tan t , /3—1/KT 
with K = B o l t z m a n n ' s cons tant , and T~ absolute tem­
pe ra tu re of the electron gas. Simple calculation gives 

r+co 

F(u)= I vdv fo(u,v) 

2 /m\z 

= ( - ) l n { l + e x p [ / ? ( g - J m ^ ) ] } . (21) 

He re we have p u t v=Pg, g being a pa r ame te r wi th the 
dimensions of energy a n d is a function of t empera tu re . 
For T=0, j3= °o a n d g=go=imvo2 (say), so t h a t 

F0(u) =* (mz/n0h
z) (vo2-u2)d(v0

2-u2). (22) 

I n this formula 6 is the usual s tep function, i.e., d(x) 
= 0, # < 0 , d(x) = l, x>0. Subs t i tu t ing F0(u) from Eq . 
(22) in Eq . (19), we get 

iTrF^{u)~-
2umz 

nohz f vtf—w 

m% r 
= 2UVQ+( -u2) In 

U-\~VQ\ 

U — Vo } (23) 

T h e pa rame te r vo is the velocity a t the top of the Fermi 
dis t r ibut ion a n d is found from the normal izat ion condi­
t ion of F$(u)> i.e., 

J rvo 1 

I duF0(u) = — 
0 47T 

which gives vQ= (h/m)(3no/STr)K Using the results of 
Eqs . (22) and (23) in E q s . (18) we get, for T = 0 , 
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Scoo2c 

Ao)2Khoz 

x\2vQcKL>+(Kvo2-c2)\n 
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ti(Kv0
2-c2), (24a) 

2CVQK* C2 

In 
C+VQK$\ 

-voK* 
(24b) 

These formulas differ from those of L i n d h a r d in t h a t the 
imaginary p a r t of the logari thmic t e rm has been 
uniquely de termined in the present ones. For frequencies 
for which 2£(co)==l, formulas (24) t ake the simple fo rm: 

K(a>) = l+co0
2/2o>2, cr(co) -o;o2/87rrco2, (25) 

since ^oC^lO8 cm/sec<3G£~1010 cm/sec . On the o ther 
hand , for frequencies for which K(a>) is large, i.e., 
i£(co)~10 2 so t h a t vQ

2~c2/Ky (v0
2^c2/K) the logar i thmic 

te rm in Eq . (24b) gives a very large contr ibut ion a n d 
o-o(co) becomes ve ry large. 

For t empera tu res in the neighborhood of absolute 
zero, we shall employ Sommerfeld 's me thod 7 of in tegra­
t ion for evaluat ing iwF *(u). I n order to do this we first 
bring the desired integral in to a form best suited to 

7 A. Sommerfeld, Z. Physik 47, 1 (1928). 
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'o2 /-00 1 
du-

apply Sommerfeld's results. By integration by parts, equation with respect to VQ, we get, 
and subsequent change of variable of integration, we get 2 

F{u') - = f 
' v «/0 

u'2—u 

r°° dF(u') \u+uf 

••— I du' 
Jn du' 

iirF*{u) = 2u¥ f du' v ** l + e x p [ - i w / 3 ( ^ 2 - ^ 2 ) ] 
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 i 

-— f 
(2mS)i Jn 
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x~^ 
dx . (33) 

(2m8)*JQ e~v+x+l 

Integration of the right-hand side of Eq. (33) by 
2^ 3 Sommerfeld's method, and subsequent rearrangement 

gives -/(«), (26) 

where v2-vo2=<ir2/6?n2(3W or ^ - ^ 0 = 7 r 2 / 1 2 w ^ 0
2 . (34) 

1 dip/dx ^ _ _ , \u+(2x/tnft) ^ - o w w e c a n explicitly wri te down the expressions for 

e-+*+l' dx~~ \u- (2x/mm ^ ^ a n d F W w i t h t h e h e l P o f E ( l s - (27)> (30)> (31)> 
a n d (34) as follows: 

According to Sommerfeld, , v , , s ^ 
6 iTrF*(u) = iwF0*(uy 

I(u)=f 
J0 

7 ( . ) - ^ - , ) + 2 £ e J — ) , (28) 4*W(tf-*) 
n=l \dx2n/ x==v , ,_, , , 1 

•In + 0 ( - ) , (35) 
^—Vol where c n =Es=i M (~ l ) s + 1 W~ 7 1 - Explicit calculation 16m2tf2W 

gives c2=7r2/12 and 64=77r4/720. Retaining terms up to 
n= 1 in Eq. (28) and substituting it in Eq. (26) we get F(u)=FQ(u)+(>ir/16m2pW)e(vQ2-u2). (36) 

2m3 r Tr2/d2<p\ 1 Substituting Eqs. (35) and (36) in Eqs. (18) and 
iirF*(u) = = — — M * = V)+T\~T2) J* ^29^ reta ining t e rms u p to order 1//32, we get , for c?*voK*, 

M a k i n g a T a y l o r expansion of <p(v) a n d <p"(v) a b o u t j£(co) = i£0(co)H 
v=vo, a n d neglecting t e rms of second a n d higher order Sm^o^Kho4 

in (v— VQ), Eq. (29) reduces to 

X 

u u ^ a L U r 4cK* 1 k+t>oX*|i 
2m3 X In , 

lc2-Vo2K vo \c-voKt\\ 
n0h

zin(3 2 2 

rir2/d2<p\ /d<p\ a(o)) = a0(o))-\ — 
- ( — ) +(V-VQ)(-L) 32M2P2O>KW 

(37a) 

r l 2C(G2-3V0
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+ ( . - , o ) - - ( — ) • (30) b ° T T w ^ - r o ^ ^ J 

For frequencies for which 2£=~1, these formulas reduce 

Similarly we can get F(u), to this order of approxima- t o 

ti°n' ^ p ^ v • Z(co) = l + — ( 1 - , 
F(u) = F0(u)+(v-vo)[ I . M / 3 8 N 

V dv / V=PQ o , o. • v ' 

'(«)=-

' • ( 1 + - = - ) . 

T h e difference (p— *>o) t h a t appears in E q s . (30) a n d uyyJJ $TTOp\ 2rn2fi2Voi/' 
(31) can be determined from the requirement that the 
total number of electrons is same at all temperatures, I t is to be noted further that both K(co) and o-(co) be-
which is equivalent to the condition ./o00 du FQ(u) come very large when c2~v0

2K. 
= «/o°° du F(u), or in other words 
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