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The modified Chew-Low integral equation for the pion-nucleon P-wave scattering amplitudes was
derived by the present authors using the Chew-Low-Wick formalism and assuming a general static inter-
action Hamiltonian plus the meson-meson scattering term. Essentially the same result is shown to follow
from dispersion relations in the no-nucleon-recoil approximation if we assume that the almost-forward
elastic scattering amplitude becomes a finite real number at large incident pion energy. If we further presume
that the meson-meson scattering term alone is responsible for this asymptotic behavior, we can show that
the extra term to be introduced into the Chew-Low integral equation is just the zero-energy limit of the
corresponding term, which was energy dependent in our previous derivation. The modified effective-range
expansion of the P-wave phase shift is compared with the data. The S-wave integral equations are also
given; they are formally much simpler than those obtained previously in the static model calculation.

DISPERSION RELATIONS

FOLLOWING Oehme,! we introduce the no-nucleon-
recoil approximation to the pion-nucleon scattering
T matrix:
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This is exact if ¥, the static physical nucleon state, is
replaced appropriately by the initial and final physical
nucleon states. (q,¢) and (q’,8) are the momenta and
charges of the initial and final pions, respectively. The
Heisenberg operators ¢.(x,f) and j.(x,f) are, respec-
tively, the pion field variable and the pion source
function. The second term of (1) is due to the meson-
meson scattering term, (A\/4) /[ ¢*Jdx. The scattering
angle @ is the angle between q and q’.

As wusual, we define non-spin-flip and spin-flip
amplitudes by :

T (w,cosf) = 4 (w,cos0)+io- qX q'Blw,cost)  (2)
and, further, non-isosﬁin-ﬂip and isospin-flip amplitudes
by .

A (w,c0860) = A (c0,0080)8 a5+ A~ (w0,c080) [ 74,70 ], (3)

etc. The exact dispersion relations for A*(w)
= A*(w,0=0) and B*(w)=B*(»,0=0) are known.?
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We define additional amplitudes M *(w) by

M*E(w)= [—-B—A i(w,cos@)] . 4)
p=0

429 cosf

The dispersion relations for M*(w) in the no-nucleon-
recoil approximation (1) have been derived by Oehme.!
Summarizing -all these, 4% (w), B~ (w), M*(w) are even
functions of real w in the sense that A+ (w)=[4+(—w) ¥,
etc., while 4= (w), B*(w), M—(w) are odd, so that
A= (w)=—[A4"(—w)]* etc. All amplitudes are analytic
on the upper half complex w plane except for two
branch cuts, (+u, +») and (—u, — ), and a pole
at w=0. The residues are 2f2 for A~ (w), 2/2/u? for both
Bt(w) and M~(w), and zero for the rest, f being the
renormalized equivalent ps-pv coupling constant.

Regarding the behavior at infinity in the w plane,
we know practically nothing except that no essential
singularities occur. As for 4*(w), we assume one sub-
traction motivated by the experimental possibility that
the total cross section stays finite at large w. As for the
other amplitudes, we have no such clue from the
empirical viewpoint since these amplitudes don’t
satisfy optical theorems. We here presume the simplest
situation to be expected from (1): We assume that
M+ (w) alone becomes a real (finite) constant at infinity,
while B#(w) and M—(w) become zero asymptotically.
We make this assumption simply because M+ (w) cannot
go to zero at large w if the N term is included, while the
other amplitudes, unaffected by the second term of
(1), could go to zero.

With these assumptions we can write down the
dispersion relations as follows:
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where A%(u) are subtraction constants and M+ () is
some real number.

P-WAVE INTEGRAL EQUATIONS

To derive the integral equations for partial wave
amplitudes from (5), (6), and (7), we make this further
approximation: We retain only S- and P-wave ampli-
tudes in T (w,cosf). We remark that this is no worse
than the one-meson approximation in the Chew-Low-
Wick formalism,? as seen, for example, by the fact that
the one-meson approximation modifies the 7' matrix
even below the inelastic threshold, while we do not,
except for dropping higher partial elastic amplitudes.
We therefore use the partial wave expansion of
T(w,cosf) in the static model calculation.® It is then
shown that B*(w) and M*(w) are four linearly inde-
pendent combinations of the four P-wave amplitudes.
Dispersion relations (6) and (7) are finally rewritten as
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where ¢, (w) =sind, exp(4d4)/¢%, 8 being the phase shifts
of the three P-wave channels with total isospin and
angular momentum quantum numbers (3,3), (3,3)
=(3,3), and (3,3). The A4 are the same as those given
by Chew and Low,? and C.=(—4, —1, 2).

Equation (8) is just the Chew-Low equation® if a
term with M+ () is dropped, and is identical to that
derived previously by the present authors from a
general static model supplemented by the A term.*

One remarkable improvement in the present deriva-
tion is that the new term in (8) is exactly energy
independent, while in our previous derivation it was an
energy-dependent term. This difference is considered to
be solely due to the difference between our retention of
only elastic S- and P-wave amplitudes in 7'(w,cosf)
and the conventional one-meson approximation in the
Chew-Low-Wick formalism.
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T1c. 1. The modified effective-range formula (9) is plotted
against «, where the experimental values of 8 are those of reference
S. Three values of a are assumed as shown on the figure. These
then determine three values of f2/4w, which are also shown on
the figure. Here w has been replaced by the sum of the incident
pion energy and the nucleon kinetic energy in the c.m. frame of
reference, and p is the rest mass of the pion.

MODIFIED EFFECTIVE-RANGE EXPANSION OF
(3,3) PHASE SHIFT

The modified effective-range expansion of the ($,3
phase shift was derived in our previous paper.* However,
only the low-energy limit was compared with data,
since (8) was considered as a zero-energy approxima-
tion. Since we have now shown that (8) is the exact
modification under the assumptions made, we here
present a comparison with data of our (complete)
modified effective-range expansion.

The modified effective-range formula is

¢ cotd (14ag? cotd) +agt
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where & is the (%,3) phase shift and a=M*(w)/12m.
Data® are plotted, assuming a=0, —0.02u7% and
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—0.03x73, in Fig. 1, which also includes the correspond-
ing values of f?/4r determined by the curves. It is
seen that f2/4r=0.08 is attainable for a=—0.02u~2 or
M*(0)=—0.75y"% This value of a is somewhat
smaller than our previous determination® based upon
the low-energy limit of (9).

IDENTIFICATION OF M*(w)

So far M*(w) is an unknown real constant. Suppose,
however, that the (finite) meson-meson scattering
term contained in the second term of (1) alone survives
at large w. This is consistent with our assumption that
M+ (w) becomes a real, finite number at large w, while
M~(w) and B=(w) become zero asymptotically. Since
the pion variable ¢,(x,0) in the second term of (1) can
be identified as a Schrédinger operator, we can apply
the same technique as we used previously regarding
the A term.* We can show that

A

(a-q
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where 5 and ¢ were defined before.t From definition
(4) it then follows that

M+ ()=7(0,0)/4, (11)
where we have used the fact that the contribution from
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[translation: Soviet Phys.—JETP 4, 273 (1957)].
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the second term of (1) to M*(w) is an energy-inde-
pendent constant.

Equation (8) with (11) is just our previous result
[Eq. (17) of reference 4]. The present determination
of @ or M*(«) implies, according to our previous
analysis,® that the meson-meson scattering term con-
stant A=12 (note the difference in definitions of X here
and in the previous paper?).

S-WAVE INTEGRAL EQUATIONS

The S-wave integral equations are derived by
combining (5) and (7). They are as follows:

11 () 4265 () = — 34+ () /4432 M+ (0 ) /dr
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where /,(w)=sind, exp(78.)/q, 6. being S-wave phase
shifts for total isospin quantum numbers % and $.
It would be interesting to check whether the term with
M+(o0) is important or not in achieving the fit of (12)
to data. It is added that Egs. (12) are formally much
simpler than the S-wave equations derived from the

static model calculation.*



