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Ground and Excited States of a Many-Body System with Singular Interaction 
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The procedure to get the ground-state energy and excitation spectrum by looking at the normal modes for 
the simple excitations of a many-body system is extended and applied to a system with singular interaction. 
It is shown that the singular two-body interaction can be consistently replaced by the so-called reaction 
matrix in the equations of motion and in the expressions for the energies of ground and excited states. 

INTRODUCTION 

A PROCEDURE to investigate directly the equa­
tion of motion of an operator which represents a 

simple excitation of a many-body system to obtain 
knowledge about the ground-state energy and the 
character of a simple excitation of the system1"3 is de­
veloped further to show that the "bare" two-body inter­
action potential in the equation of motion can be re­
placed by the "reaction" matrix without a perturbation 
expansion in the coupling constant. For a system of Bose 
particles, we obtain a phonon spectrum and ground-
state energy similar to that given in an earlier work,4 

and for a system of Fermi particles, we derive the 
ground-state energy5 and the equation of motion for 
pair excitation6 in terms of the reaction matrix. In both 
cases our equations become sets of self-consistent (non­
linear) equations. 

MANY-FERMION SYSTEM 

The system of many fermions we consider in this 
section is composed of N fermions with two-body inter­
actions with its total Hamiltonian given by7 

HT — / / t o t a l - Z^p tptp Cp 

p *p *! 17 
j \y p \s q 2 * p 

T-O ?\s s j 

X V{ I x - x ' | )^ s(x)^ r(x')^3«^V, 

(1) 

* On leave of absence from Tokyo University of Education, 
Tokyo, Japan. 

1 D. Bohm and D. Pines, Phys. Rev. 92, 626 (1953). 
2 K. Sawada, Phys. Rev. 106, 372 (1957); K. Sawada, K. A. 

Brueckner, N. Fukuda, and R. Brout, Phys. Rev. 108, 507 (1957). 
3 P. W. Anderson, Phys. Rev. 110, 985 (1958); 112, 1900 (1958). 
4 K. A. Brueckner and K. Sawada, Phys. Rev. 106, 1117 and 

1128 (1957). 
5 The expression we obtained here is analogous to that of K. A. 

Brueckner and J. L. Gammel, Phys. Rev. 109, 1023 (1958). 
Expressions (20) and (24) contain effects of hole-hole scattering 
but do not contain the effect of simultaneous excitations of many 
particles [which appears in the expression of the R matrix as AE 
in the denominator (see this reference)]. 

6 The equations of motion we got here correspond to the one 
used by A. E. Glassgold, W. Heckrotte, and K. M. Watson, Ann. 
Phys. 6, 1 (1959). See in this connection K. Sawada and R. M. 
Rockmore, Phys. Rev. 116, 1618 (1959). 

7 To avoid complications, we assume the potential V to be such 
that it does not produce the effect of recombinations of particles 
or holes such as discussed by J. Bardeen, L. N. Cooper, and J. R. 
Schrieffer, Phys. Rev. 108, 1175 (1957); and N. N. Bogolyubov, 

where ep~p2/2m is the kinetic energy and C^*, ypp(x) 
represent a creation operator and a plane wave, respec­
tively, in a large volume (Q) with momentum, spin, etc., 
described by p. The usual separation into "particle" and 
"hole" operators for Cp* is defined as 

Ct 1P ? a«*% P>PF, 

p<pF, 
(2) 

where #*, 6* are the creation operators for particles and 
holes, and pF^ Fermi momentum. However, it is more 
convenient to separate Cp* by the following definition: 

Cp —dp , o)p^>fx, 

= bp, co„</x, 
(3) 

where a>p is the " t rue" one-particle energy [defined in 
(4)], and n=dEN/dN. (EN^Llowest energy of the 
iV-particle system, and N=total number of particles.) 
Here we have introduced two unknowns, oop and /*, the 
equation for which we shall establish later. The reason 
we use (3) in this section is as follows: The " t rue" one-
particle energy is the energy of the one-particle eigen-
mode which is defined by the following equation of 
motion; 

ZAp*,HTJ,= Z(ap*+-..),Hrl-
= —o)p(ap*+' • ) = - a v 4 / , (4) 

where • • • represents an ordered operator (a combina­
tion of operators a*, a, &*, b, and the other normal mode 
operators defined as in (7) below so arranged that the 
creation operator stands always to the left of the 
annihilation operator) which is supplied so as to satisfy 
(4), and oop is the so-called " true" one-particle energy. 
From (4), we get, denoting the N particle lowest energy 
state and energy by | N) and EN, respectively, 

HTAP*\N)= (a>p+EN)Ap*\N). (5) 

From the definition of \x and the manner of separa­
tion of C into a and b in (3), wp>dEN/dN; hence 
o)p+EN> (dEN/dN)+EN=EN+1 (for very large N), 
and AP*\N) represents an excited state with energy 

V. V. Tolmachev, and D. V. Shirkov, A New Method in the Theory 
of Superconductivity, 1958 (Consultant's Bureau, Inc., New York, 
1959); in other words, we assume that the interaction does not 
cause a drastic change in the Fermi sphere. Throughout this paper, 
we assume a spherically symmetric potential and use the momen­
tum conservation law. [In (1), p4-q=r+s.] 
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o)p-\-EN, (particle number A r+1). For AV\N) we have 
similarly 

HTAP\N)= (-<*P+E*)AP\N), (6) 

and EN—&P < EN — (dEN/dN) = EN-i; hence A p | N) = 0 
because AP\N) belongs to the state with particle 
number N—l and so its energy cannot be smaller than 
EN-I- In this sense A p* (A v) is a creation (annihilation) 
operator. 

The definition (3) has merit in that ap*{bp) is the 
zeroth order operator for Ap*(Bp) with exact energy 
and we can work with true excitations; of course, the 
equation for oop will become an intrinsic equation and 
some complication arises from this aspect. Similar to (4), 
we can define two, three, • • • -particle normal modes if 
we can find an operator an* which satisfies 

[ a w * , # 7 \ ] - = — C0nOt„*. (7) 

If a / contains products of two, three, • • -C*'s [in (3)] 
(and an equal number of C*Js and (7s) we consider aw* 
as referring to two, three, • • • -particle normal modes. 
Some of these modes can, of course, be equivalant to 
products of one-particle modes (the author has not tried 
to enter into the question of the independence of the 
modes defined in this way8; the independence problem 
does not affect the following argument). If con>w/-i, 
(ix—dEN/dN) for an w-particle mode, a discussion 
similar to that given above leads to the conclusion that 
Gin* | N) represents an excited state with particle number 
rn-\-N, and if &n<mii, an*\N) = 0. If an* contains only 
the same number of C*'s and C s (in combination with 
<z, b)9 for con>0, an*\N) represents an excited state of 
the Af-particle system and, for cott<0, an*\N) = 0. (For 
an | N) all arguments are reversed.) 

Having found sufficient normal modes, we can expand 
the operator representing the total number of particles 
into normal modes; 

N=T,pCp*Cp='£p(aI*+bp)(ap+bp*) 

-UP l(Ap*+Bp)(Ap+Bp*)+ • • • ] , (8) 

where • • • represents combinations of normal-mode 
operators. Since the total number operator commutes 
with HT, if we operate with (8) on the wave function 
| N) we get the expression 

N= ZP ! + • • - , (9) 
(«p<M) 

where • • • is the c-number expression obtained by shift­
ing the normal mode from left to right or vice versa 
("ordering") in order to use the equation an*| N) = 0 for 
con<mfx (m: m-particle mode). To reach (9), we have 
assumed that a or b in (8) can be expanded into normal 
modes. This assumption is completely reasonable since 
Eqs. (4) and (7) are more numerous than the equation 

8 K. Nishijima, Progr. Theoret. Phys. 10, 549 (1953), contains 
a discussion on this point in field theory. 

of motion for the free particle (which can form a com­
plete set).8 

The separation (3) together with (9) provides the 
fundamental equation with which to proceed. The 
definition n~dEN/dN, when combined with (9), essen­
tially determines EN as a function of particle number A7", 
and this is a direct consequence of the fact that we have 
used in "ordering" the normal mode the assumption 
that EN is the lowest energy state of the A7-particle 
system. 

Our Hamiltonian can now be split into the following 
form: 

HT — HQ-\-HT, 

HQ —^pQ)pap cip—^pcopbp Op-jr 2^p ep> 

ft=IM,v«+Wfe*+^) (io) 
X>%Vp,q.l8tr(ar+br*)(a8+b8*) 
~T~£-,p{€P <*)p)&p &p—/L,P\tp — top)bp bp. 

The case where the potential V is given by the 
Coulomb repulsion between particles was discussed 
earlier9,1,2 [starting from definition (2)] and it was 
found that at high density the pair mode (a*Z>*, ba in its 
lowest representation) plays an important role. In this 
section, we shall examine the case where V contains 
hard-sphere interactions. Obviously, in this case, the 
zeroth order two-particle mode a*#* can hardly repre­
sent the creation of particles in this mode because the 
correlation due to scattering with hard-sphere inter­
action is too big, and we should first of all set up 
equations for normal modes of two-particle (or two-hole, 
bb in zeroth order) states and solve them without 
perturbation expansions. Of course, since we cannot set 
up exact eigenmodes, this being simply too difficult, we 
should content ourselves with approximate eigenmodes 
of the form (denoting such an approximate mode by X*) 

[ X * , i y r ] - = - c o X * + F . 

If F = 0 , we get HTX*\N)= {u>+EN)X*\N)(\N): N-
particle ground state with energy EN); X*\N) repre­
sents the state with energy co+£^. Naturally, the eigen-
mode X* contains #*#*, bb for scattering and also would 
contain other types of excitations attached to it (just 
as the electron interacting with a photon accompanies 
an attached cloud of photons). We should expect the 
approximate eigenmode X* to be "good" if the "inter­
action" F contains small interaction. In the present 
case, we show, in the course of constructing X*, that it 
contains only the "reaction" matrix which is less singu­
lar than the original V. 

(a) Scattering Eigenmodes 

To find the approximate scattering eigenmode, we 
first construct the equation for it; using (10) we have, 

9 M . Gell-Mann and K. A. Brueckner, Phys. Rev. 106, 364 
(1957) and reference 2. 
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2~,P',q' VP,q;p',q'\}f/p' ,q' * p ' ,q'U) J "T~ 2 2^P,q ap 0 q{ ( w p I ^q)kp,qn 2-,p',q' VP,q',Pf ,q'W Pf ,qfU *?> ' ,« ' 7 } 

x E , ' ( / 7 M ^ \ + f l , V ^ M f 2 E P l , ( { , 1 / + x M « ) i ^ / ? P i M ^ (li) 

where 

,/. n— ,/, n Y
 n— Y n 

rp,q rq,p j ^P,q ^q,p > 

eP~€P i ^ 2-vG Vp,q;p,q> 

*• r,s 2L^P,q\^P &q \ ^Qp Uq\UpVq)Vp>q;r,S) 

^i,j;k,l~i(Vitj]k,l~ ViJ-tlfk~- Vjti;k,l-\-Vjti;l,k)' 

By setting (11) equal to the following quantity (—coX*) 
(representing the quantity in the square bracket by F n ) , 

(11)= -co n E P ) ? ( ^ I 9 V ^ + X P , A ^ 

+ 2£PiQ»aJ*6 f l)+r», (110 

and constructing equations for i/', x> a n d £> we get the 
approximate normal mode Xw* and interaction Yn. 

~2-IP',q'Vp,q;p',q'Vrp',qr *-p',q' )y 

~ 2 - * 2 / , < 7 , ^v,q;vr,q'\yp',q' ^ p ' , < ? ' )•> U w 

{ w w — ( & v f w « ) K j > , < z n 

" i ^ p ' , * ? ' Vp,q\p'<q'\YP',q' * P ' . < Z ' / • 

We can see from these equations that \f/ and x are 
coupled to each other to give the eigenvalue equation 
but £ is determined solely by \p and x, and hence £ (or 
operator a*b) represents the "attached" field in our 
scattering mode. The energy cop in the above equations 
is not determined yet and should be determined later. 

The first two equations of (12) can be written com­
pactly as follows; defining 

X p . * n = i [ i - 0 ( M ; / O ] ¥ p . « n , 

0 ( V ; M ) = 1 if o),-and coi>/z, 
= — 1 if a>; and coy </x, 

= 0 otherwise, 
we get 

{0)n— (<*>p+UQ)}Vp,qn 

= !> .<* ' Vp.9iP'.*'0(p'rf'>l*)*P'.*'n, ( 1 3 ) 

and the orthonormality condition 

Ep.«^« , "*^(?^ ; /* )^ r p . f l t t =«m,»^(co» ; 2M), 

0(oon; 2M)== 1 if cow>2ju, 
= — 1 if ccn<2fjLt 

The solutions of Eq. (13) have both types of solution 
with con>2/x and wn<2/x. To proceed, for simplicity we 
assume V is such that it gives for (13) only the continu­
ous eigenvalue oon. [See also footnote for Eq. (1).] 

Following the considerations concerning Eq. (7), we 
should write our approximate scattering eigenmode as 
follows: (we here do not specify the boundary condi­
tion on ^n) 

\-Sy n ==: i / -yq *- p,q KP'P ^q ~f~ DpO q/i"" / ,p.q Q>p Oq 

X E P W Vp,q;p>,q>d(p',q'; »)* p> ,q,
n/{a)n- (cop+cog)} 

= an* for o)w>2ju, 

= /3w for cow<2/z, (14) 

where as usual the starred operator means creation and 
the nonstarred operator means annihilation of the 
corresponding eigenmode. 

By using a completeness relation for the wave func­
tion ^ w , 

E n e{p,q)ix)*p>q
nd(an\ 2M>ly ,e>

w* 

~ 2f \PpiP'Vq,q' Oq,p'Qp,q')y \*-^J 

[note that this relation only applies for pq, p'q' which 
satisfies oop and ooQ (or oop> and av ) both larger or 
smaller than \x simultaneously], we can obtain the 
expansion of &*a* and bb into (approximate) eigen-
modes Xn*; 

ft * / 7 * ] 

q = E ^ , ) 9
n * ( « / - ^ ( M ; M ) 

bpbq\ 

~~~^ Z-iP',q' dp' ®q' 

XZn Rp>q>,n*pqnKP,q; tiBfan', 2/i)/ 

{C0n— (C0p'+C0g/)}, (16) 

where Eq. (16) gives a*a* for cop and cog>/z, and bb 
for cop and cog<M, and in an((3n) the subscript n means 
states a?m>2/x(<2/x), and 

«p f l .
w=Ep^ f l '»p f f;l»'^(PW;M)^p^ f t '

w=(5 fp f l
w)*; (17) 

RPQ,n is a reaction matrix merging into the outside of its 
defining space [the defining space is oop and coq both >n 
or both <fx, but in (16) RP'g',

n has c«v>/x and ov<ju; 
hence we put a bar on R}. Substituting (16) into Fr>s as 
defined in (11), we have 

Fr,S=Y,nR,rsn(<Xn*-Pn) + 2 £ P f f l a/bqR,TS
P% ( 1 6 ' ) 
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where 

— lLnRpq,n0(un; 2/J,)Rtrs
n/{un— (cOp+COg)}, ( 1 8 ) 

(this reduces to the ordinary two-particle scattering 
R matrix if ju —•> 0; one can see this by using complete­
ness for ^ n ) , is the reaction matrix for which both legs 
may be out of its denning space. Since (16') shows that 
FTt8 contains a* and (3, we now shift a* to the extreme 
left and /3 to the extreme right in the "interaction" term 
(F n ) in (11); the reason for doing so is that our operators 
a* and # are much better operators than a*, a or b*, b, 
etc. [namely, when written down by (approximate) one-
particle normal modes, a (or a*) can contain operators 
which represent creation (or absorption) of particles 
as well] and since a*(/3) represents creation (annihila­
tion) of scattering modes the latter position of the 
operator guarantees a minimal effect of the scattering 
mode on the equation. 

We obtain in this way; 

[OL 
= — w»l I- •2 i» ,« (^ .«"+e» ,«" ) 

x i , ' { E » « « ^ , « « ' " ( « » % ' + o , * i . ' * ) 

\Q"p Q<q'~T'Q'p 0qi )2i^m PmAv,qq' 

+2 £*» ,«" op>.*a9*(ot-bq:+bt>*bq»)R,q9.>"<"} 

^ Z~rP,q\£p,Q ~T~X-p,q ) 

XZqiZrnam*R,pq>m(aq,bq+bq>*bq) 

- (aq>bq+bq>*bqy£m pmRlPq>
m 

with an equation for cop,
5 

o)p — ep+2 

(19) 

f t/Un>2p\ 
Z « Vp.r.p.t-lLlL \ ) 

L(e>a<fO " S i x 03q<.H / 

/co r e<2M \ ] RPq,
nR,Pq

n 1 

+( )—7—r^\> (20) 

\ Uq>fl / )0)n— {O0p+C0q) J or 

W „ ( > M ) = 

« P ( < M ) = L( 
Zq 

^PQt ** >PQ 

2-<n 2^Q | 
(«»<2/i) C0W— (0)p+Ct)q) J 

(20') 

To get (20') we have used Eq. (18) together with the 
relation derivable from the completeness relation (15) 

[multiplying on the right of (15) with 6-v and using the 
expression yn=<j>n+ (o)n—co)-1^-0^n] 

R,rs
pq = 0(p,q;n) 

Xhp 

Rpq,
n6(o)n; 2y)Rt, 

0n~ (<J)p+a)q) 
: > 

(18') 

(This expression also gives the ordinary reaction matrix 
for two-body scattering in the limit ju —> 0.) The last 
two terms of (19) represent the "interaction" between 
(approximate) normal modes a, /3, and other modes 
(including collective eigenmodes which we shall discuss 
in the next section). At this point, we should point out 
that Eq. (19) is exact and can be used to find a more 
exact eigenmode. 

Now, turning to the one-particle mode, we have its 
equation of motion given by the following: 

[(*).#*• j =-«,( *)-E«*P.«(M-&«*), (21) 

with F defined in (11); using (16') for F and shifting a* 
to the extreme left and (3 to the right, we have for (21), 

[(>]-<;) 
~ZZA2ZnOin*R.pq

n{aq+b*) 

+2 E M ak*(b^a-b*bdR,pt
u), (22) 

with « p .given by (20) or (20'). In the approximation 
which neglects the interaction term in (22), ap* (or bp) 
represents the normal mode for one particle and hence 

N\N) = Zp(aP*+bP)(ap+bp*)\N) 

(a>p<M) 

or 
N= UP 

(«p</ i ) 
1. (23) 

which determines /* as a function of N. [Usually this 
equation gives JJL==COPF where pF is determined by 

N--
(p<PF) 

1.] 

The ground-state energy in this approximation can 
be obtained by integrating the relation dE^/dN^fi, but 
since this cannot be performed explicitly, we content 
ourselves here with the result obtained by the following 
procedure: Writing down the total Hamiltonian (10) 
using (16') and shifting the operators a* and (3 (and 
/?*, a) to the left and right, respectively, we get a 
constant term and sums of operators which have zero 
expectation values in the ground state (in the approxi-
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mation we are considering). The constant term is our 
ground-state energy,6 

EN= J2p eP— 12p,q R,pgpq 

with 

a0 
(0)p<fi) (up,<tiq<}i) 

+Zp,qQ(p,q',v>) E « Rp*,nR,p<Ln/ 
(O)W<2M) 

{oon— (o)p+o)g)}. (24) 

Unfortunately, we cannot find the exact relation 
dEN/dN=fi between (24) and (23), but if one restricts 
d/dN to operate only on the limitation on momentum 
sums [namely, O)P<JJL: a>p, o)q<fi and d(p,q; /x)~| one gets 
dEN/dN==n) to this extent (24) is the approximation 
to EN obtained by integration of equation dE^/dN^ix 
[namely, at low density; there is no guarantee that (24) 
approximates EN obtained by integration at moderate 
or high density]. 

Equation (20) together with (13) is the self-con­
sistency equation and (24) approximates the ground-
state energy. 

(b) Pair-Scattering Mode 

Turning to the eigenmode which represents pair 
scattering (particle-hole correlation), we have the 
equations of motion derived from (10): 

Jiap*bq*,HT']-= - {ep~eq)av*bq*-Aq,v 

+Ilq>(ap*aq>*FQ,q>*+ap*Fq>q>
fbq> 

+bq*bq,*FPtq,+bq*Fp,q,aq,), (25a) 

[_ap*aq,HT^-= — (tp—eq)ap*aq 

—Fp>q>aq>aq—bq>*FPiq>aq), (25b) 

[bq*bP}HTJ-= - (ep-~eq)b/bp 

+T,q'(Fq^bq'bp+a^F\,q^bv 

-b*bqf*Fp,q,-b*Fp>qfaq>), (25c) 

where e and F are defined in (11) and the expansion of 
F into the approximate scattering eigenmode is given 
by (16'); 

A. q,p~ l> 2~<Pf,q' ^p'>q\ q'fPK&p' Uq' I & p ' &qf 

-b^b^+b^), (26) 

and the dagger means complex-conjugated and trans­
posed operator. 

After shifting a*, fi* to left and a, /3 to right in (25), 
we arrive at the following equations; 

[_ap*bq*,HT"]-= — (up—uq)ap*bq*— ®q>p 

+ (Mq,p+Nq,p)7 (27a) 

[jip*aq,HT]-— ~ (o2p—cog)ap*aq--(8>q,p 

+ (Mq,p-~MpJ), (27b) 

ibq*bp,HTl-=--(aP-wq)bq*bp~eq,p 

+ (NP,J-Nq,p), (27c) 

P ^ 2^p '>g ' l vp',q; 

R , nR f
 n R , nR , n 

•Lvp q,
 x t , , S P -*-vp' qt -*-Vtq

rp 

) («»>2/i) con— (o)q-\-a)p>) («n<2/0 con— (o)p-{-a)q>) 

X (aP'*bq>*+ap>*aq' — bq>*bP'+bp>aq>), (28a) 

/ R > nR / n R , nR i n \ 
X 2^n I I 

(wn<2/x) \ 0)n— ( C O Q + O V ) « » — (o)p-}~0)q') / 

X (apf*bqf*+apt*aqf-bqf*bpf+bpfaqf)9 (28b) 

© g , ^ 2 Ylp'.d' 12n (same as for <B), (28c) 

Mq,p = ^q>{(ap*aq>*+apHq>)J^nRqq>,nan 

Z^n K/qq', Pn \&p'&q' "V&p 0q') 

~^Hv",q" ap*bq>>*(aq>*ap>>+bq>ap>>)Rqq>/,(i''}, 

(29a) 
NqtP = ZAZnBtPq'

nan*(b*bqf*+b*aqf) 

-(b*bq>*+b*aq>)Y,nR,Pq>
nl3n 

-2£ p - f f f / /a p -*4 f l *(6 f l ,^ / -6 g /*6 f l - )^ .pg ' p ' / f l / / }; 

(29b) 

up, o)q are given by Eq. (20). We can see by comparing 
(26) and (28a) that the interaction v is replaced by a 
reaction matrix 

R , nR , n 

•Lvp ' q , J-V>q'p 

R , nR f n 

vp',q;q',p 2_*n " " "~"i 2-,n 
( « » > 2 A 0 0)n— (cOq-t-C0p ) (wn<2/x) 0)n— (cOp + O v ) 

(which is in fact the ordinary reaction matrix for 
scattering if /x —* 0 as can be seen by using the complete­
ness relation for tyn); (B and 6 represent the rather 
weak interaction induced by the scattering; in fact 
(B—>0 for fx~>0 and 6 goes into R>q'P

pfq—Rp>q,
q'p in 

this limit, namely the difference between two reaction 
matrices. M and N represent "interaction" and contain 
as an interaction kernel the reaction matrix only. 

Equations (27), (28), and (29) provide sets of equa­
tions to discuss the collective oscillations of the system 
when the interaction contains a hard-sphere repulsion.6 

The eigenmode can be approximately represented by a 
packet, 

•JL n = = 2—/p,q\™p,q &p ®q • -^-p>q ^p ^q 

+SP,q
nb*bp+@p,q«bpaq), (30) 

and from (27) we can see that, if we regard <B and C as 
small, essential couplings exist only for $ and 0 (which 
determines the eigenvalue of state n) and hence the 
fields X and S can be regarded as attached fields. We 
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will not go into the details of this calculation although 
we may proceed in the same way as in section (a): 
Namely, in setting up the equation for (30), we leave 
the one-particle energy up undetermined and determine 
o)p as a sum of the right-hand side of (20), and AOJP 

which arises from the ordering of operator Xn
f in the 

interaction term (M and N). Similarly for (22), we can 
expand ba, in the last term of the curly bracket into 
Xn\ making a shift of creation and annihilation 
operators, we get the residual change in ccp in the first 
term of (22). The same effect would arise in (19) also. 
Corresponding to the V—>R replacement, we find a 
"shielding" of the interaction R for small-momentum 
transfer occurring in the "interaction'' term due to the 
partial attachment of the fields a*a, b*b in (30). 

In concluding the case of Fermi systems, we should 
emphasize that all equations written down in Sees, (a) 
and (b) are still exact, except the energy of the ground 
state (24), and hence we can use these equations to get 
more correct normal modes, excitation energies, and 
ground-state energy; moreover, from these equations 
we can get the lifetime of the collective excitations [or 
of the packet we made in (30)] as well. 

II. MANY-BOSON SYSTEM 

The system of Bose particles can be described (near 
its ground state) by the procedure originally due to 
Beliaev10-12 in the following manner; in the Hamilto-
nian, first replace operators which represent the creation 
and annihilation of zero-momentum particles by (iV)*, 
where N is a c number, and add to the Hamiltonian a 
term 

~ E P ^ O ) Cp*CpH, (31) 

JJL being some constant, Cp representing an annihilation 
operator for a particle with momentum p. Then, after 
the evaluation of energies with the Hamiltonian HT(N) 
obtained in this way, N and /x are determined by 

N=N- (¥jr, ZPW C*Cp*n\ (32) 

a 

dN 

with tyfi the (ground state) wave function belonging to 
the Hamiltonian HT(N), with N the total number of 
particles. The Hamiltonian HT(N) has the following 
form: 

10 S. T. Beliaev, J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 289 
(1958) [translation: Soviet Phys. JETP 34, 417 (1958)]. 

u N. M. Hugenholtz and D. Pines, Phys. Rev. 116, 489 (1959). 
This paper contains a proof that a>p_»o=0 holds in general if one 
collects the right combination of quantities. It was suggested by 
Hugenholtz that, instead of evaluating fx by using (54), we would 
be able to determine n by the equation cop_>o = 0. In this paper, we 
do not go into detail on this problem. The author is grateful to 
Dr. Hugenholtz for a discussion. 

12 K. Sawada, Phys. Rev. 116, 1344 (1959); T. T. Wu, Phys. 
Rev. 115, 1390 (1959). 

HT(N) = ZPCP*CP(6P+NVO,P(0,PMN2VO,0;0,0 

p,q,r,s v-'p ^ q 2 " P,Q\ s,r^-'r*-'8 

4 " L p , r , s C p 2^0,p(s,r)CrCs(N)2 

~\~11p,Q,s Cp*Cq*^V(p,Q)Q,SCs(N)3 

+ XI r, s 2 V0,0; s, rCrCsN 

+Z*.*Cp*C*$V9§q-t>,bR, (34) 

where ep=p2/2m—iJL and Vp,q]s,r is the same as defined 
in (1), Vo,p(s,r)=Vo,p]S,r+VotP;r,8, and all summations 
exclude the zero value of momentum. 

The energy of the system is then given by 

£=£tf+M(*tf , T,PVQ)CP*CP*B), (35) 

where E^ is ( ^ , HT{N)^N). 
Now, when the interaction between particles involves 

hard-sphere repulsion, the correlations between a pair 
of particles are so strong that we should first of all con­
struct an (approximate) eigenmode which takes into 
account the major part of these correlations. For this 
purpose, let us construct the simplest equation for the 
(approximate) particle-particle scattering eigenmode 

-ZkaCk*Ci*{-(m+m)tkjn-Zp,qiVkMp,q)tp,q
n} 

- £ * . * hvQMp,q)fPtq»N+[Zk(Ei 2* M «c,*+x* n ) 

X{(wk—€k—NVoMo,k))Ck* 

2-*P,q,r ^ p ^ q 2 * (p,q)r,kf^r 

~ 2 llp,r Cp*^VQ,p(r,k)Cr(N)* 

~~zlr %Vo,0(r,k)Cr(Np 

-E,.,W9*4F(l,.4)o,*(#)*>l (36) 
and the equations for ^, %> and if [obtained from the 
first two lines of (36)], 

{0)n— (^k+Oil)}^k,in==12p,q hVk,l(p,q)1pp,qn, 

(«n-C0*)X*»= 2 ^p,q hV0Mp,qtfp,qn(N)?, (37) 
W « r = E p , 9 %Vo,0(p,q)ll/p,q

nN. 

For simplicity, we have picked out a packet which is 
sufficient to show that all the F's can be replaced by the 
reaction matrix; later we will obtain a result indicating 
the need to improve our approximate eigenmode. 

One more assumption we need in order to proceed is 
that o)p, which we must determine later, has the 
property up —> 0 for p —> 0 (a condition which should 
be verified later). 

Then we obtain the eigenmode [which gives 
HT(N)an*VN= (<an+EN)an**Nl, 

+RoonN/a>n, (38) 

where we can see from (37) that the last two terms play 
a role of an attached field; we assume that we work with 
a spherical potential and a boundary condition for (37) 
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giving the principal value for the singularity in R. Rtf 
means E P l ^ P ( ^ F ( P l 9 ) i , ^ E P ) 3 W JMP.^PJ- The 
inverse transformation gives 

— 2(2V)* E P CP* E n Rop"fkln/(<*n-<*p) 
-NZnR00ntkin/o>n, (39) 

and 

2 j p , 9 "2 V (p,Q)i,3^P ^Q 

= E » ^ i n a » * - 2 ( ^ ) * L p C ' p * E n « o p * i 2 < i n / ( « » - « p ) 
-NZnR00nRijn/^n. (40) 

Using (39) and (40) in the square bracket on the right-
hand side of (36), Eq. (36) becomes after some 
reduction; 

[ a n * , t f r ]_ 

= -co„a n*+2 E * [i:ifk,inCi*+Rojcn(N)*/(«»-«*)] 
X{(co , -6 , -2^o f c

0 W)C f c *-^ ,^ 0 WC_ f c 

-E* E™ i?̂ m«m*cg~2 i M c , w w 
- E , & V ( i V ) ^ (41) 

To reduce the equation we used the following identity 
which is derivable from the completeness of xp71: 

RiJ
kl=iVij(kJ)-^nRkinRiJ

n/(^n-^k-'m). 

This is a representation of the reaction matrix. This 
equation describes the motion of our packet (38) and 
the "interaction" term gives an estimate of how "good" 
a packet it is; the equation itself is still exact; the co&'s 
are as yet undetermined. 

Let us then examine the single-particle excitation 
[this turns out to give on the right-hand side of its 
equation of motion the same quantity which is in the 
last curly bracket of (41)]: 

[CI*,HT]-

= - (ek+2Rok°
kN)C^-Rk;.k^NC-k 

- £ * Em Rqk
mam*Ck-2 ZP,* Cv*CJRqk**{N)* 

- I . & V W I (42) 

By using the first line of (42), we can assume for the 
(approximate one-particle) eigenmode a form 

dk*=ukCk*-{- vkC-k; 

its equation becomes; 

[ukCk*+vkC-k, HTI-
= Ck^-(ek+2Rok°

kN)uk+Rk,-k^Nvk} 
+ C U { (ek+2R0k

okN)vk-Rk,.k^Nuk} 
- « * ( £ « Em Rqk™am*Cq+2 E P . S Cp*CqRqk°p(N)t 
+E>» Jeo*ma»*(JV)*)+»*(E(r Em Rqk

mC*am 

+ 2Zp,qC^CpRqk^(N)i+ZrnRok
mam(N)^. (43) 

Then we get an equation which determines uk 

and vk by setting the first two lines of (43) equal 

S A W A D A 

to — o>k (ukCk*+ vkC-k) — — a)kdk*. 

{m- (ek+2R0k^)}uk+Rk^Nvk=Oy 

-Rkt-k
00Nuk+{m+(ek+2RQk

okN)}vk=0; 

from this we have 

m= £(ek+2Rok™N)2- (Rk,-k
00NYJ, (45) 

the energy of elementary excitation. 
The coefficients uk and vk should satisfy uk

2—vk
2= 1; 

hence from (44) we get, 

«* 2 =![(€*/«*)+11 » * 2 = £ [ ( € A / W * ) - 1 1 ( . 

h=ek+2Rok
okN=(k2/2m)-fji+2Rok

okN. 

The inverse transform of the C's are 

Ck*=ukdk*—Vkd-k. (47) 

To determine cok appearing in the particle-particle 
scattering mode, we note that the first and second term 
in the curly bracket of (41) can be written as follows by 
using (46), (47), and (44): 

(o)k—h) (ukdk*~vkd~.k) — Rki„k°°N(ukd-.k— vkdk*) 

= (c*)k—m)ukdk*-- (wk+o>k)vkd-.k, 

and the first term in the square bracket [on the right-
hand side of (41)] is 

hence, if u^uic, we get a c number when we shift dk* to 
the extreme left because it does not commute with d~i 
for —l—k. Such a c number on the right-hand side of 
(41) represents the presence of a source which annihi­
lates or creates a; to remove this source it is necessary to 
shift aw* once again. 

In order to avoid this, we take (to make the c number 
vanish) 

m^m, (48) 

and this equation determines cok. Then (41) gives, 

[«n*,ffrl-

= - c o w a n * + 2 E ^ [ E z ^ , ^ C z * + ^ w ( i V ) V ( c o . - c o f c ) ] 

X [ - 2 t t * M _ * - E f f T,m RqkmOm*Cq 

-2Zp,qCp*CqRqk°*(N)> 
-Em#o^*( i \0* l (49) 

and the equation for the single particle mode (43) 
becomes 

[ 4 * , # r ] -
= — Wjbrf** —«*CCr Hn Rrk

ndn*Cr 

+ 2 EP,« C^CqRqk^(N)^+T.nR^a^{N)^~] ^ 
+ * * [ E r E n RrknC*an+2 *£p« C\*C'pRqk°*W 

+ZnRok
nan(N)SJ (50) 

These equations are still exact, and one can see how 
F's are replaced by J£'s. 
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To determine the ground-state energy in the approxi­
mation that an and dk appearing in (49) and (50) 
represent approximate normal modes, we should put 
(40) into the Hamiltonian (34) and perform the shift of 
a* to left and a to right, then again put (47) in and shift 
d* to the left and d to the right. The constant^ term 
obtained in this way gives us ($r(N),HT(N)^(N)) in 
this approximation: 

^ = E p i C ( 2 p / « p ) - i ] { 6 p + 2 ^ ( ^ ^ o ^ } 

+|Ar2(^°v00)., (51) 
where 

and e, e are defined in (46). By using the relation 

( ^ ^ 0 = * < / H - L M *«* y i2«* y / («*+«i-«*-«i ) , (52) 

[note that we are assuming the solutions \f/ of (37) 
do not belong to the bound state; hence ^w=<£n 

+ ( w n - ( o ) - 1 ^ B ] , we get 

£ * = * E p ( » p " « p ) " i E p ( ^ P f - p 0 0 ) 2 / ( - 2 a ) p ) 

X2 Z*aRki0pRki0pN/(<*p-<ak-<*i). (53) 

The three terms on the right-hand side of (53) represent 
a generalized form of earlier work4 (note that the co's are 
contained in the energy denominator of the R's which 
depend on R through (45); hence the equations form a 
consistent set), and the last term is (part of) a correction 
to it when the particle density is low.11-12 

Similarly we can determine fx from (33) by using 

d - / d - \ 
M = — ( ^ N , H T ( i V ) * * ) = ( *s—HT(N)*ir ) . (54) 

dN V dN / 

Substituting (40) and (47) into (54) and performing the 
ordering of a*, a, and d*, d, we get 

M=#*oo 0 0 +Ep iC(ip/«p)-l]212op0p. (55) 

Here, we find a discrepancy with our assumption that 
a5p_>o=0, because owing to the presence of the second 
term of (55), cop determined by (48) and (45) does not 
satisfy the assumption used throughout, namely that 
cop^o=0.11 This means that to get the right energy 
spectrum we should improve our (approximate) eigen-
mode a and d by using (49) and (50).n Finally, N is 
given by (32), using (47): 

^ = ^ - E p * C ( i p / « p ) ~ l ] . (56) 

Equations (37), (45), (47), (48), (49), and (50), 
together with (53), (55), and (56) describe the system; 
among them (55), (45), (48), and (37) form the self-
consistent set of equations. The energy of the ground 
state is given by (35), namely, 

£ = B v + M E p * C ( i p / « p ) - l ] , (57) 

with M given by (55). 

III. CONCLUSION 

Using the equations of motion for operators which 
represent simple excitations, we constructed a packet 
which approximates an exact normal mode of oscilla­
tion. When the interaction between two particles is very 
strong, the construction of the approximate scattering 
eigenmode first and making the effect of this (approxi­
mate) mode on the equation minimal (shifting opera­
tors representing creation and annihilation of the 
packet), leads to the self-con sis tent set of equations. I t 
was essential to take into account (at least a part of) the 
attached field in the constituent of the normal mode in 
order to get rid of the appearance of a singular potential 
in the equation of motion. 

Our results for the approximate excitation energy and 
the ground state energy represent the first (few) terms 
of these quantities exactly at low density. For higher 
densities, it is known that for the Fermi system when 
the force has long-tail (namely, a Coulomb-type inter­
action) we should take into account the pair (particle-
hole) excitation [Sec. 1(b)]. For the Bose system, the 
lifetime of the "phonon" excitation represented by d in 
Eq. (50) must be estimated by using (50) itself, and the 
lifetime should be long enough if the spectrum (45) is to 
represent elementary excitation accurately. 

In this paper, we have not attempted to answer these 
questions but have only aimed at showing that we can 
investigate the interesting properties of many-body 
systems by the construction of (approximate) normal 
modes for particle-particle scattering (and particle-hole 
scattering for a charged Fermi system at high density) 
even when the interparticle interactions contain a hard-
sphere singularity. 
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