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Ground and Excited States of a Many-Body System with Singular Interaction
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The procedure to get the ground-state energy and excitation spectrum by looking at the normal modes for
the simple excitations of a many-body system is extended and applied to a system with singular interaction.
It is shown that the singular two-body interaction can be consistently replaced by the so-called reaction
matrix in the equations of motion and in the expressions for the energies of ground and excited states.

INTRODUCTION

PROCEDURE to investigate directly the equa-

tion of motion of an operator which represents a
simple excitation of a many-body system to obtain
knowledge about the ground-state energy and the
character of a simple excitation of the system!=3 is de-
veloped further to show that the “bare’” two-body inter-
action potential in the equation of motion can be re-
placed by the “reaction’ matrix without a perturbation
expansion in the coupling constant. For a system of Bose
particles, we obtain a phonon spectrum and ground-
state energy similar to that given in an earlier work,*
and for-a system of Fermi particles, we derive the
ground-state energy® and the equation of motion for
pair excitation® in terms of the reaction matrix. In both
cases our equations become sets of self-consistent (non-
linear) equations.

MANY-FERMION SYSTEM

The system of many fermions we consider in this
section is composed of N fermions with two-body inter-
actions with its total Hamiltonian given by’

HT:Htotalz'Zp epCp*Cp
+ZP1(1»7‘13 CP*C{I*—%VP,KI; SVTCTCS’

Vogonr= ff¢p* (x)¥*(x') @
X V( ’ X— X,‘ )‘/’s (x)‘br(x’)dsxd%’,

*On leave of absence from Tokyo University of Education,
Tokyo, Japan.
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where e,=p?/2m is the kinetic energy and C,*, ¢, (%)
represent a creation operator and a plane wave, respec-
tively, in a large volume (2) with momentum, spin, etc.,
described by p. The usual separation into “particle” and
“hole” operators for C,* is defined as

Cp*= az)*7 p>pr, (2)
=by, p<pr,

where a*, b* are the creation operators for particles and
holes, and pr=Fermi momentum. However, it is more
convenient to separate C,* by the following definition:

%,
Cr¥=ay",

wP>/'L7
3
b, @)

W, <K,

where w, is the “true” one-particle energy [defined in
(4)], and u=dEx/dN. (Eyxy=lowest energy of the
N-particle system, and N=total number of particles.)
Here we have introduced two unknowns, w, and u, the
equation for which we shall establish later. The reason
we use (3) in this section is as follows: The “true” one-
particle energy is the energy of the one-particle eigen-
mode which is defined by the following equation of
motion;

[4,%Hr]-=[(ap*+- ), Hr]-
=—wp(ap*+ - )=—wpd,*, (4)

where - - - represents an ordered operator (a combina-
tion of operators a*, @, b*, b, and the other normal mode
operators defined as in (7) below so arranged that the
creation operator stands always to the left of the
annihilation operator) which is supplied so as to satisfy
(4), and w, is the so-called “true” one-particle energy.
From (4), we get, denoting the N particle lowest energy
state and energy by |N) and Ey, respectively,

Hrpd*|N)= (0p+En)4,*|N). ©)

From the definition of x and the manner of separa-
tion of C into a and & in (3), w,>dEy/dN; hence
wpt+Ex>(dEn/dN)+Exy=Eyny1 (for very large N),
and A4,*|N) represents an excited state with energy

V. V. Tolmachev, and D. V. Shirkov, 4 New Method in the Theory
of Superconductivity, 1958 (Consultant’s Bureau, Inc., New York,
1959); in other words, we assume that the interaction does not
cause a drastic change in the Fermi sphere. Throughout this paper,
we assume a spherically symmetric potential and use the momen-
tum conservation law. [In (1), pt+q=r-+s.]
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GROUND AND EXCITED
wp+ Ey, (particle number N+1). For 4,|N) we have
similarly

Hrd | N)= (—wpt+En)A4,|N), (6)

and Ey—w,<Ey— (dEy/dN)=Ey_,; hence 4,|N)=0
because A,|N) belongs to the state with particle
number N —1 and so its energy cannot be smaller than
Ex_1. In this sense 4 ,%(4,) is a creation (annihilation)
operator.

The definition (3) has merit in that a,*(d,) is the
zeroth order operator for A4,%(B,) with exact energy
and we can work with true excitations; of course, the
equation for w, will become an intrinsic equation and
some complication arises from this aspect. Similar to (4),
we can define two, three, - - --particle normal modes if
we can find an operator a,* which satisfies

La* Hy |- = —wua,™. (7

If a,* contains products of two, three, - - -C*s [in (3)]
(and an equal number of C*’s and C’s) we consider a,,*
as referring to two, three, ----particle normal modes.
Some of these modes can, of course, be equivalant to
products of one-particle modes (the author has not tried
to enter into the question of the independence of the
modes defined in this way?®; the independence problem
does not affect the following argument). If w,>mu,
(u=dEy/dN) for an m-particle mode, a discussion
similar to that given above leads to the conclusion that
a,*| N) represents an excited state with particle number
m~+N, and if w,<mu, a,*|N)=0. If a,* contains only
the same number of C*’s and C’s (in combination with
a, b), for w,>0, a,*| V) represents an excited state of
the N-particle system and, for v, <0, a,*| N)=0. (For
a,|N) all arguments are reversed.)

Having found sufficient normal modes, we can expand
the operator representing the total number of particles
into normal modes;

N=3,Cp*Cp=2p(a,"+by,) (a,+b,*)
=Zp [(Ap*+Bp) (A :n+Bp*)+ e ]) (8)

where represents combinations of normal-mode
operators. Since the total number operator commutes
with Hr, if we operate with (8) on the wave function
| N) we get the expression

N= %, 14, ©)

(wp<u)

where - - - is the c-number expression obtained by shift-
ing the normal mode from left to right or vice versa
(“ordering”) in order to use the equation a,*| N)=0 for
wn<mu (m: m-particle mode). To reach (9), we have
assumed that a or b in (8) can be expanded into normal
modes. This assumption is completely reasonable since
Egs. (4) and (7) are more numerous than the equation

8 K. Nishijima, Progr. Theoret. Phys. 10, 549 (1953), contains
a discussion on this point in field theory.
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of motion for the free particle (which can form a com-
plete set).®

The separation (3) together with (9) provides the
fundamental equation with which to proceed. The
definition u=dEx/dN, when combined with (9), essen-
tially determines Ey as a function of particle number ¥,
and this is a direct consequence of the fact that we have
used in “ordering” the normal mode the assumption
that Ey is the lowest energy state of the N-particle
system.

Our Hamiltonian can now be split into the following
form:

Hr=H.+Hi,
Ho=3wp0p ap—2_p wpbp*bpt 205 €5,

(wp<p)
Hi=3p qr(a,"+bp)(a,*+b,)
X3V p,q:5,7(ar+0,) (as+55%)
+2p(er—wp)ay a,— 2 p(ep—wp)by*Dy.

The case where the potential V is given by the
Coulomb repulsion between particles was discussed
earlier®:? [starting from definition (2)] and it was
found that at high density the pair mode (a*b*, ba in its
lowest representation) plays an important role. In this
section, we shall examine the case where V contains
hard-sphere interactions. Obviously, in this case, the
zeroth order two-particle mode a*a* can hardly repre-
sent the creation of particles in this mode because the
correlation due to scattering with hard-sphere inter-
action is too big, and we should first of all set up
equations for normal modes of two-particle (or two-hole,
bb in zeroth order) states and solve them without
perturbation expansions. Of course, since we cannot set
up exact eigenmodes, this being simply too difficult, we
should content ourselves with approximate eigenmodes
of the form (denoting such an approximate mode by X*)

[X*,HT:]_.= —wX*+ Y

If V=0, we get HrX*|N)= (w+En)X*|N)(|N): N-
particle ground state with energy Ey); X*|N) repre-
sents the state with energy w-Ey. Naturally, the eigen-
mode X* contains e*a*, bb for scattering and also would
contain other types of excitations attached to it (just
as the electron interacting with a photon accompanies
an attached cloud of photons). We should expect the
approximate eigenmode X* to be “good” if the “inter-
action” ¥V contains small interaction. In the present
case, we show, in the course of constructing X*, that it
contains only the “reaction” matrix which is less singu-
lar than the original V.

(10)

(a) Scattering Eigenmodes

To find the approximate scattering eigenmode, we
first construct the equation for it; using (10) we have,

9 M. Gell-Mann and K. A. Brueckner, Phys. Rev. 106, 364
(1957) and reference 2.
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[ 5. e(Wo an ar*+Xp,0"bpbot 260,070 *b,), Hr ]
= 5.5t~ (ptw W, "
— 2 Vpiw 0 W a "

H[X oo (wp—Eptw,—

where

N— n (S n
¢qu - \bq,p ] Xp,q - Xq,z) )

=612 22, Vpopo

(wq<p)
Tre= Zp,q (@p*ag*+2a,*04+0,00)0p,4:r,50
Vigiw—Viikat Ve,

By setting (11) equal to the following quantity (—wX™)
(representing the quantity in the square bracket by ¥'*),

(A1) =—wn 2 p,dWp.a"¢p 2 +Xp g0 b,
+2&p,"a,"b )+ Y, (117)

and constructing equations for ¢, x, and &, we get the
approximate normal mode X ,* and interaction Y.

{wn— (wp+wq) Wo.d"

Vg1 =1(Vigri—

=200 Vpain o Wpr "= Xpr ™),
{on— (0pFwe)}Xp,"

=200 Voar .o Wo "= Xp ™), (12)
{wn— (wptwa)}p"

=20a" Vpaiv .o W, —Xpr ")

We can see from these equations that ¢ and x are
coupled to each other to give the eigenvalue equation
but £ is determined solely by ¢ and x, and hence £ (or
operator a*b) represents the “attached” field in our
scattering mode. The energy w, in the above equations
is not determined yet and should be determined later.

The first two equations of (12) can be written com-
pactly as follows; defining

=3[1+6(p,q; ) I¥5.4",
X 4 zé[l-g(ﬁq; M)]\I/p,qn;
0(i,7; )= 1  if w; and wi>p,

=—1
=0

if w; and wj<p,
otherwise,
we get
{wa— (wptwe) }¥p,q"
=Zp’.q' vp,q:p’,q’a(P,’q’; ¥ o™

and the orthonormality condition

(13)

2 0.0 ¥0,8™0(D,q; )V p,o"=8m,n0(wn; 2u),
Olwn; 2w)= 1 if w,>2p,
=1 if w,<2u.

2o Vnaintia pra ™
Xpo™)} 2 2op.q 00" 0o{ — (wptwo)p,o"—
€0) (@50 p,a" T bpboXp,a"+205*bkp,a") =2 Zp, e W.0 "+ Ep.0")

X (Fp 0ay*ag+ay*b0*F g o) =2 L p,0(Ep,a"HX0,0M L o (Fp,0800gHb0*boF 5,07) ],
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Xp’,q'n)}'*'Zﬂ'q.bpbq{ - (wm+wq)xp.qn
2o Vo0t oo™ = Xpr ™) }

(11)

The solutions of Eq. (13) have both types of solution
with w,>2u and o, <2u. To proceed, for simplicity we
assume V is such that it gives for (13) only the continu-
ous eigenvalue w,. [ See also footnote for Eq. (1).]

Tollowing the considerations concerning Eq. (7), we
should write our approximate scattering eigenmode as
follows: (we here do not specify the boundary condi-
tion on ¥”)

(Xo*=)2 0.0 Up,a"(ap* e +bpbg)+2 35,4 a5*b,
X200 Up,aint 00,0 s W)W o /{“’n (wptwg)}
=a,* for w,>2u,
=8, for w,<2u, (14)

where as usual the starred operator means creation and
the nonstarred operator means annihilation of the
corresponding eigenmode.

By using a completeness relation for the wave func-
tion ¥",

20 000,05 W)Y 5,00 (wn; 20)¥ pr g ™*
=%(5p,p'5q,q'—5

[note that this relation only applies for pg, p'q’ which
satisfies w, and w, (or w, and w,) both larger or
smaller than u simultaneously], we can obtain the
expansion of a*e* and bb into (approximate) eigen-
modes X ,*;

(15)

q,p’ap,q’))

ay¥a*
= Zn\llp,qn* (aﬂ*_ﬁn)e(qu; F‘)
bybq
=23 0 @by
X2 n Rp’q'."\l’pqno(ﬁy(l; w0 (wn; 2u)/
{w%_— (wll’+wq’)}7

where Eq. (16) gives a*a* for w, and w,>p, and bb
for w, and w,<u, and in «,(8,) the subscript # means
states w,>2u(<2u), and

qu,nZZﬂ’.q' qu;p’q’H(P’:q/; WV "= (R.pqn)*;

R, is a reaction matrix merging into the outside of its
defining space [the defining space is wp and w, both >pu
or both <u, but in (16) R, ¢, has wy>u and we <p;
hence we put a bar on R]. Substltutmg (16) into F, s as
defined in (11), we have

Fr s=Zn R,rs"(an*—ﬁn)—l_z ZP,Q G’P*bqR-Npq’

(16)

(17)

(16")
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where

R,rquz Upg;rs
“Zn qu."e(wM Zﬂ)R.rsn/{wn_(wp+wq)}, (18)

(this reduces to the ordinary two-particle scattering
R matrix if p — 0; one can see this by using complete-
ness for ¥*), is the reaction matrix for which both legs
may be out of its defining space. Since (16") shows that
F, s contains o* and 8, we now shift o to the extreme
left and B to the extreme right in the “interaction” term
(Y™ in (11); the reason for doing so is that our operators
o® and B are much better operators than a*, a or b*, b,
etc. [namely, when written down by (approximate) one-
particle normal modes, ¢ (or ¢*) can contain operators
which represent creation (or absorption) of particles
as well] and since o*(8) represents creation (annihila-
tion) of scattering modes the latter position of the
operator guarantees a minimal effect of the scattering
mode on the equation.
We obtain in this way;

an*
[(5.) ]
Br -
.
= —wn( ﬂ )_2 Zp.q(‘l’;n.qn'*‘fp.qn)

XY oA m @n*R g™ (ap*ag+ay b, *)

— (a5 a0+ a,*0*) Lo Bl g™

23 0 Gy (@b by ¥y )R 4?0

=23 pa(Epd"+Xp,0")

X3 oA m ™R py™ (b +by*b,)

—(@gbg by b)Y m BulR g™

+2 o0 (@p*agtap #bg*)boby R py?' '},
(19)

with an equation for w,,®

Zs thana— L L {(“’n>2#>

(wq<u) q w<p

w,,=ep+2[

wn<2u Rpo™R "
H("T) ] @
we>p / og— (wptw,)

_-Z" Zq qu,”R,pq"

(@n<2t) w,— (wptwy)

], (20"

To get (20") we have used Eq. (18) together with the
relation derivable from the completeness relation (15)

2093

[multiplying on the right of (15) with 6-v and using the
expression W= ¢ "+ (w,—w) v 4" ]

R,Tquze(P’Q; ,‘L>

R po,"0(wn; 20)R "
X(qu;rs_z = ) (18")
" W™ ("-’p+wq)

(This expression also gives the ordinary reaction matrix
for two-body scattering in the limit u — 0.) The last
two terms of (19) represent the “interaction” between
(approximate) normal modes @, B8, and other modes
(including collective eigenmodes which we shall discuss
in the next section). At this point, we should point out
that Eq. (19) is exact and can be used to find a more
exact eigenmode.

Now, turning to the one-particle mode, we have its
equation of motion given by the following:

bp bp
[( );I{T] =_fp( )”Zqﬁ‘p,q(dq‘!_bq*), (21)
ay* - a,*

with F defined in (11); using (16”) for F and shifting o*
to the extreme left and 8 to the right, we have for (21),

[CGr)] ===(,)

—2 {2 an*R.pqn(aq+bq*)
—(a,+b2 R.pqnﬁﬂ
+23 k0 ak*(blaq_bq*bl)ié.qul}; (22)

with w, given by (20) or (20'). In the approximation
which neglects the interaction term in (22), a,* (or b,)
represents the normal mode for one particle and hence

N|N)=3_p(ap"+bp)(a,+b,*) f N)

(wp<u)
or
N= 2,1, (23)

(wp<p)

which determines u as a function of N. [Usually this
equation gives u=wpr where pp is determined by

N= ¥, 1]

(p<pF)

The ground-state energy in this approximation can
be obtained by integrating the relation dEy/dN = pu, but
since this cannot be performed explicitly, we content
ourselves here with the result obtained by the following
procedure: Writing down the total Hamiltonian (10)
using (16”) and shifting the operators o* and 8 (and
B8* «) to the left and right, respectively, we get a
constant term and sums of operators which have zero
expectation values in the ground state (in the approxi-
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mation we are considering). The constant term is our
ground-state energy,®

En= 2p 62— 2. R.pqpq

(wp<p) (wp,wg<u)

+2 . 0(p,q; 1) 2 qu,"R.pq"/

(wn<2p)
{wn— (wpFwe)}.

Unfortunately, we cannot find the exact relation
dEn/dN =pu between (24) and (23), but if one restricts
d/dN to operate only on the limitation on momentum
sums [namely, w, <g, wp, w,<p and 0(p,q; )] one gets
dEy/dN=pu; to this extent (24) is the approximation
to Ey obtained by integration of equation dEy/dN=pu
[namely, at low density; there is no guarantee that (24)
approximates Ey obtained by integration at moderate
or high density].

Equation (20) together with (13) is the self-con-
sistency equation and (24) approximates the ground-
state energy.

(24)

(b) Pair-Scattering Mode

Turning to the eigenmode which represents pair
scattering (particle-hole correlation), we have the
equations of motion derived from (10):

Lap*b,* Hr] = — (Ep—&)a,*b*— 4 ap
+Zq'(ap*aq’*Fq.q’T'i'ap*Fq,q'qu'

Fb50*Fp, ¢+ 0 Fp,qay), (25a)
[ap*aquT:I—z - (ép—EQ)ap*aq
+2 0 (5% F oo+ ap Fg,o'by
l —Fypgapa,—by*Fp pa,), (25b)
[bq*banT]—: - (ép_gq)bq*bp
F2 0 (Fa,qTbgbptag™F g, o0y
=00y F p,0—b"Fp,gr0q), (25¢)

where ¢ and F are defined in (11) and the expansion of

F into the approximate scattering eigenmode is given
by (16);

A4p=22 00 Vo 00", (A by - apFay

- bq’*bzz"*‘bp’aq'), (26)

and the dagger means complex-conjugated and trans-
posed operator.

After shifting o*, 8* to left and «, 8 to right in (25),
we arrive at the following equations;

Lap*d " Hr] = — (wp—we)ap*b*— Qq,p
+ Mot Now), (272)
Lay*ag,Hr] =— (wp—we)ap*ag—Byq,p
+ (Mq.p""Mp.qT)y (27b)
[bg*bp,Hr | -=— (0p—wq)bg*bp=Cy »
+ V. —Nayp), (27¢)

SAWADA

with

Qq,p=2 Zp’,q’(vp’,q; a',p

Ry "Ry Ry o R,op"
= wn— (wgFwy) " (onom) wop— (wptwyr)
X (@p*by*+ap*ag—by*by+bya,), (28a)
Bgo=—22 0
x . ( Rpyo By Byo"Bop )
@<z \ w— (WeFwp)  wp— (Wptwyr)
X (ap*bg*+ap*ay—by*by—+byay), (28b)
Cop=22p.¢¢ 2.n (same as for ®), (28¢)

(wn>2p)
Mo =2 o{(ap*as*+a,*04)3 Roq "
=0 Ry, "B:* (ap% a4 a,*b,)
25 0 by Ry 7,

B (29a)
Nyp=2 {20 R pg"an* (b *b*+b*a,)

— (bg*bg*+bg*ag)2n R,pq’nﬁn
-2 Zp",q” ap"*bq*(bq”aq'_bq'*bq”)R,pq’p”q”} >
(29b)

wp, wg are given by Eq. (20). We can see by comparing
(26) and (28a) that the interaction v is replaced by a
reaction matrix

Rp’qr."R.q’:n’L Rp’q,nR,q’pn

Vp'qia' )

n n
(n>2) wp— (Wt w,)  @n<ew) w,— (wptwyr)

(which is in fact the ordinary reaction matrix for
scattering if 4 — 0 as can be seen by using the complete-
ness relation for ¥*); ® and @ represent the rather
weak interaction induced by the scattering; in fact
®— 0 for u— 0 and @ goes into R ;' 9= Ry, 47 in
this limit, namely the difference between two reaction
matrices. M and N represent “interaction’ and contain
as an interaction kernel the reaction matrix only.

Equations (27), (28), and (29) provide sets of equa-
tions to discuss the collective oscillations of the system
when the interaction contains a hard-sphere repulsion.®
The eigenmode can be approximately represented by a
packet,

Xo'=200,0(®p,"ap* b X, o a5 a,
+Ep,d"bg*bpt 05,40 a,),

and from (27) we can see that, if we regard ® and € as
small, essential couplings exist only for ® and ® (which
determines the eigenvalue of state #) and hence the
fields X and & can be regarded as attached fields. We

(30)
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will not go into the details of this calculation although
we may proceed in the same way as in section (a):
Namely, in setting up the equation for (30), we leave
the one-particle energy w, undetermined and determine
wp as a sum of the right-hand side of (20), and Aw,
which arises from the ordering of operator X, in the
interaction term (M and N). Similarly for (22), we can
expand ba, in the last term of the curly bracket into
X.'; making a shift of creation and annihilation
operators, we get the residual change in w, in the first
term of (22). The same effect would arise in (19) also.
Corresponding to the ¥V — R replacement, we find a
“shielding” of the interaction R for small-momentum
transfer occurring in the “interaction” term due to the
partial attachment of the fields a*e, 6*b in (30).

In concluding the case of Fermi systems, we should
emphasize that all equations written down in Secs. (a)
and (b) are still exact, except the energy of the ground
state (24), and hence we can use these equations to get
more correct normal modes, excitation energies, and
ground-state energy; moreover, from these equations
we can get the lifetime of the collective excitations [or
of the packet we made in (30)] as well.

II. MANY-BOSON SYSTEM

The system of Bose particles can be described (near
its ground state) by the procedure originally due to
Beliaev!®!2 in the following manner; in the Hamilto-
nian, first replace operators which represent the creation
and annihilation of zero-momentum particles by (V)3
where N is a ¢ number, and add to the Hamiltonian a
term

=2 <0y Cp*Cp, (31)

p being some constant, C, representing an annihilation
operator for a particle with momentum . Then, after
the evaluation of energies with the Hamiltonian Hr (V)
obtained in this way, N and u are determined by

N=N—(¥x, o600 Cp*C,¥r), (32)

I}
= EV(‘I’IV,H r(N)¥5), (33)

with ¥x the (ground state) wave function belonging to
the Hamiltonian Hy(N), with N the total number of
particles. The Hamiltonian Hz(N) has the following
form:

0§, Beliaev, J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 289
(1958) [translatmn Soviet Phys. JETP 34, 417 (1958)7].

' N. M. Hugenholtz and D. Pines, Phys. Rev. 116, 489 (1959).
This paper contains a proof that @,-,0=0 holds in general if one
collects the right combination of quantities. It was suggested by
Hugenholtz that, instead of evaluating u by using (54), we would
be able to determine 1 by the equation @,0=0. In this paper, we
do not go into detail on this problem. The author is grateful to
Dr. Hugenholtz for a discussion.

12 K. Sawada, Phys. Rev. 116, 1344 (1959); T. T. Wu, Phys.
Rev. 115, 1390 (1959)
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HT(N) =Zp Cp*Cp(GP+NV0,9(0,11))+%N2V0.0:0,0

+ZP.Q:",3 CP*Cq*%VP.Q;S-TC”CQ

+Zp,r,s Cp*%VO,p(s,r)Crcs(N)%

+Zp.q,s CP*CQ*%V(I:Q)O.SCS(N)%

+Zr,s %VO,O;S,TCTCSN

+Zp,q Cp*Cq*%Vp.q;O,ON; (34)
where e,=p2/2m—pu and V4, is the same as defined
in (1), Vo,ps,n="Vo,p:5,r+Vo,pr,s, and all summations
exclude the zero value of momentum.
The energy of the system is then given by

E=Ex+up(¥x, 2 r=0Cr*C¥x),

where Ex is (¥y, Hr(N)¥y).

Now, when the interaction between particles involves
hard-sphere repulsion, the correlations between a pair
of particles are so strong that we should first of all con-
struct an (approximate) eigenmode which takes into
account the major part of these correlations. For this
purpose, let us construct the simplest equation for the
(approximate) particle-particle scattering eigenmode

Wur=yum):

[k i " CrtCrr 31 X "Cr* 87, Hp ]
=251 C*Cr*{— (wrtw¥r, "= 25,0 5V i, 1(m, 0¥ 5,4"}
+ 3k C =" =2 5.0 3V 0.k0.0 (V) 5,47]
— 0.0 3V 0,00.0¥ 0, N+ 0 (1 20,7 Cr¥ X,
X { (wr—exs—NVo,x0,1))Ci*
_Zp.q.r Cp*Cq*%V(p.q)r,kCr
-2 Zp,r Cp*%VO,p(r,k)CT(N)%
=3 V0,00, Cr ()}
_Zp.q C:U*Cq*'%V(p.q)O,k(N)%}],
and the equations for ¢, x, and £ [obtained from the
first two lines of (36)], :

{wn— (wrtwr) }‘pk.l":Zp,q Veim,0¥p.d%
(wn_wk)xk"= 2 ZP.Q %VO.k(p,q)Kbp,q"(N)%:
wn5"=2p,q %VO,O(p.q)‘pp,q"N

For simplicity, we have picked out a packet which is
sufficient to show that all the ¥’s can be replaced by the
reaction matrix; later we will obtain a result indicating
the need to improve our approximate eigenmode.

One more assumption we need in order to proceed is
that w,, which we must determine later, has the
property w,— 0 for p — 0 (a condition which should
be verified later).

Then we obtain the eigenmode
Hr(N)ow*¥y= (watEx)en* Uy ],

Oln*=Zk.l ‘l/k,l"CIc*Cl*+2 Zk Ck*ROk"(N)i/ (_wn—wk)
+R00"N/wn, (38)

(35)

(36)

(37

[which gives

where we can see from (37) that the last two terms play
arole of an attached field ; we assume that we work with
a spherical potential and a boundary condition for (37)
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giving the principal value for the singularity in R. R

. il 1 3
means 20.a¥0.45V (2,005 6= 20,0 5V ik,0¥2.a'. The
inverse transformation gives

CH*Cr* =2 nr, 1" an*
—2(N)} 3, Co* 20 Rop™ir™/ (wa—wp)

—N ¥, Roo™ri™/wn, (39)
and
Zp,q %V(p,q)i,JCp*qu
=2 n Rij"an*— 2(N)} 2o Cpizn Rop"Rii"/ (wn—wp)
-N Zn Roo"R«;j”/wn. (40)

Using (39) and (40) in the square bracket on the right-
hand side of (36), Eq. (36) becomes after some
reduction;

[Oln*,HT:]..
= —wnan*+2 Zk [Zl¢1c,l"Cz*'}"ROk"(N)’}/(wn—wk)]
X { (wr—€ex— 2R N )Cy*— Ry, 1’ NC_y,
=2 ¢ 22m Rop"am*Cq—2 3 5. Cp*Cqquop(Nﬁ
_Zm ROkmam*(N)}};
To reduce the equation we used the following identity
which is derivable from the completeness of y™:

Ri#=%V: i, y— 2o n Rui"Rij"/ (wn—wp—wy).

(41)

This is a representation of the reaction matrix. This
equation describes the motion of our packet (38) and
the “interaction’ term gives an estimate of how “good”
a packet it is; the equation itself is still exact; the w:’s
are as yet undetermined.

Let us then examine the single-particle excitation
[this turns out to give on the right-hand side of its
equation of motion the same quantity which is in the
last curly bracket of (41)7]:

[Ck*rHT:]—'
= — (ex+ 2R N)Cr* — Ry, 1 °NC_y,
—2¢ 2om Ryp"anCr—2 Zp.q Cp*Cqquop(N)%
— > m Rox™an™ (N)% (42)

By using the first line of (42), we can assume for the
(approximate one-particle) eigenmode a form

A= mCr* 0 Coy;
its equation becomes;

[urCr*4-vCsy, Hr ]l _ ~
= Ck*{ - (€k+ 2Rok°kN)Mk+Rk,—k°°N'0k}
+C_i{ (ex+ ZROkOkN)vk_Rk,—kOONuk}
—ux (g 2m Rap™am™Cqt2 25,0 Cp*CqquOp(N)*
+ X m Ror"an*(N) D)+ 01 (X ¢ Xm Rr™C o*etm
423 5.0 CFCoRu? (W)X m Rocmam (N)F).  (43)

Then ~we get an equation which determines
and 7, by setting the first two lines of (43) equal
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to — g (iCr¥+viCi) = — ardi*.

{@r— (et 2R N V}ur+Rs ,_k""N =0,

_ _ 44
— R, 1°Nup+{@r+ (ex+2R0**N) }v,=0; )
from this we have
@r=[ (ex+2R0""N)?— (R, °N)]}, (45)

the energy of elementary excitation.
The coefficients #; and v, should satisfy #;2—v,2=1;
hence from (44) we get,

wt=3[@&/on)+1], =3[/ o —1],

_ _ 46
&= ex+2Ror"*"N = (k2/2m) — u+ 2R 01N (46)

The inverse transform of the C’s are
Ck*=ukdk*—vkd_k. (47)

To determine w; appearing in the particle-particle
scattering mode, we note that the first and second term
in the curly bracket of (41) can be written as follows by
using (46), (47), and (44):

(wr— &) (urdi* — vid 1) — Ry, "N (srd_i— v4d*®)
= (wk—‘:’k)ukdk*"‘ (wk+‘.bk)vkd~/c,

and the first term in the square bracket [on the right-
hand side of (41)] is

e " Crr =1k, (wid ¥ —vid ) ;

hence, if w7 ok, we get a ¢ number when we shift d;* to
the extreme left because it does not commute with d_;
for —l=k. Such a ¢ number on the right-hand side of
(41) represents the presence of a source which annihi-
lates or creates a; to remove this source it is necessary to
shift a,* once again.

In order to avoid this, we take (to make the ¢ number
vanish)
(48)

W= (:’k,
and this equation determines wy. Then (41) gives,

[a.*Hr -
= —wuan*+ 22k [T 1%, "Cr*+ Roe* (N )/ (wn—wi) ]
X [— 2010301 — 2 q Zm R"an*C,
-2 Zp,q Cp*Cqquop(N)%
- Zm Rox™oim™ (N) %];
and the equation for the single particle mode (43)
becomes

[dv*Hr]-
= —C-z}kdk*"ulg[zr > u Roi"d*C,
+2 25,0 Co*CoR " (N)L*“Zn RoiPa,* (N) 1]
ol r 20 Ro"Cr¥an+2 35,0 Co*CrR " (V)2
+X» R (V)] (50)

These equations are still exact, and one can see how
V’s are replaced by R’s.

(49)
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To determine the ground-state energy in the approxi-
mation that a, and d; appearing in (49) and (50)
represent approximate normal modes, we should put
(40) into the Hamiltonian (34) and perform the shift of
o™ to left and « to right, then again put (47) in and shift
d* to the left and d to the right. The constant term
obtained in this way gives us (¥ (N),Hr(N)¥(N)) in
this approximation :

Ex=X, 3 rf/a,)— 1 )es+ 2N 0r002)}
+ % N2 (‘LO%K&OO)!

W) =2 p.0,rs Upa 5V pacrsWrs?,
and ¢, e are defined in (46). By using the relation
W) = Ry +3 1,1 Rt R/ (witwj—wr—wi), (52)
[note that we are assuming the solutions ¥ of (37)

do not belong to the bound state; hence yr=¢”
+ (wp—w) "], we get

Exy=3 Zp(‘:’p_ip) -3 Zr(NRp,—p00)2/("‘ 2wp)
VIR 3 e/ ) — 1]
X2 Zk.l RklOkaZOpN/ (w,.—wk—wl). (53)

The three terms on the right-hand side of (53) represent
a generalized form of earlier work* (note that the ’s are
contained in the energy denominator of the R’s which
depend on R through (45); hence the equations form a
consistent set), and the last term is (part of) a correction
to it when the particle density is low.11—12

Similarly we can determine u from (33) by using

(1)

where

—i(\I/—H (N)\I/—)=(\I/ iH (N)¥ ) (54)
y—aN Nydr N N,BN T NJ.

Substituting (40) and (47) into (54) and performing the
ordering of o*, @, and d*, d, we get

M =NR0000+Z:: %[(Ep/‘z’p) - 1]2R0p0p- (55)

Here, we find a discrepancy with our assumption that
wp-0=0, because owing to the presence of the second
term of (55), w, determined by (48) and (45) does not
satisfy the assumption used throughout, namely that
wp-0=0.11 This means that to get the right energy
spectrum we should improve our (approximate) eigen-
mode « and d by using (49) and (50).1! Finally, N is
given by (32), using (47):

NZN—ZP%[<EP/‘;’1J)—1]- (56)
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Equations (37), (45), (47), (48), (49), and (50),
together with (53), (55), and (56) describe the system;
among them (55), (45), (48), and (37) form the self-
consistent set of equations. The energy of the ground
state is given by (35), namely,

E=Ex+u Zp %[(gp/‘:’p)_ 1];
with u given by (53).

S

III. CONCLUSION

Using the equations of motion for operators which
represent simple excitations, we constructed a packet
which approximates an exact normal mode of oscilla-
tion. When the interaction between two particles is very
strong, the construction of the approximate scattering
eigenmode first and making the effect of this (approxi-
mate) mode on the equation minimal (shifting opera-
tors representing creation and annihilation of the
packet), leads to the self-consistent set of equations. Tt
was essential to take into account (at least a part of) the
attached field in the constituent of the normal mode in
order to get rid of the appearance of a singular potential
in the equation of motion.

Our results for the approximate excitation energy and
the ground state energy represent the first (few) terms
of these quantities exactly at low density. For higher
densities, it is known that for the Fermi system when
the force has long-tail (namely, a Coulomb-type inter-
action) we should take into account the pair (particle-
hole) excitation [Sec. I(b)]. For the Bose system, the
lifetime of the ‘“phonon” excitation represented by d in
Eq. (50) must be estimated by using (50) itself, and the
lifetime should be long enough if the spectrum (45) is to
represent elementary excitation accurately.

In this paper, we have not attempted to answer these
questions but have only aimed at showing that we can
investigate the interesting properties of many-body
systems by the construction of (approximate) normal
modes for particle-particle scattering (and particle-hole
scattering for a charged Fermi system at high density)
even when the interparticle interactions contain a hard-
sphere singularity.
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