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Approximate solutions to the integral Schrodinger equation in momentum space are obtained. The itera­
tion scheme of Svartholm is used to obtain the first iterated wave function and the half-iterated energy. A 
wave function of the type 

<£= S Q [ e x p ( - - a ^ 1
2 - a ^ 2 2 ) + e x p ( - a ^ 1

2 - a ^ 2 2 ) ] 

is employed to start the iteration procedure. The best energy value computed using a wave function with 
three nonlinear parameters is —2.8915 atomic units. This energy is to be compared with the result of a 
conventional variational calculation using the same wave function in coordinate space, —2.85112 atomic 
units. 

I. INTRODUCTION 

THE Schrodinger equation in configuration space 
for the system of two electrons about a nucleus 

of charge Z is1 

/ Z Z \ \ 

=mn,r& (l.l) 

where r* is the position vector of the ith electron and 
rX2 is denned by ri— r2. 

The eigenfunction in momentum space is defined by 

0(pi,p2) = (27r)-"(dr1dr2 f (n,r2) r - ^ - ' w . r i , (1.2) 

where p, is the momentum of the ith. electron. Let 

p<?=-2E. 

(1-3) 

(1.4) 

The equation in momentum space corresponding to 
Eq. (1.1) may be written2 

(pff+pt+pMbuV*) 
= X[Z/i^)+Z7,(0)- / i2(0) l (1.5) 

where 

Ji(0)= Mp£-V(pi-P,p2), 

h(4>) = fdP r V ( p i , P2-P)> (1.6) 

tufa) = JdV ^ " V ( P I - P , P2+P). 

We may obtain a series of converging approximations 

* A portion of a thesis submitted by one of the authors (M.G.H.) 
to The University of Texas. 

1 We work throughout in atomic units (a.u.): the unit of length 
is the Bohr radius a0; the unit of energy is e2/a0. 

2 R. McWeeny and C. A. Coulson, Proc. Phys. Soc. (London) 
A62, 509 (1949). 

for the ground state solution of Eq. (1.5) by a method 
due to Svartholm,3,4 based on the Gauss-Hilbert varia­
tional principle and the Kellog method of iterated func­
tions. In the Svartholm method we regard X as the eigen­
value parameter. We select a starting function, 0°, and 
form the following integrals: 

0r+I= ipt+pt+ptytZhfr) 
+Zh{V) 

W, 

/l2(*')I 

= f<l>r^po2+pi2+p22)4rdpldf>2, 

If we let 

and 

Tr= f<t>r(pQ2+pi2+p22)<t>rdpidp2. 

\r=Tr/Wr, 

V-B --Wr/T.t r+h 

(1.7) 

(1.8) 

(1.9) 

(1.10) 

(1.11) 

then Xo, Xi, Xi, • • • • is a monotonically decreasing 
sequence which converges to X, the smallest eigenvalue 
of Eq. (1.5). In addition, the sequence <£°, <t>\ • • • con­
verges to 0, the eigenfunction of Eq. (1.5) which cor­
responds to X. In general, we cannot make as many 
iterations as we would like due to the difficulty of evalu­
ating the integrals of Eq. (1.6). We must stop the itera­
tion at some <t>% and some \t. The quantity X* is a func­
tion of p0 and the parameters of the starting function, 
<£°. We may first minimize X* in the parameters of 0°. 
Then, because of Eq. (1.3), we must choose p0 such that 

X * = 7T (1.12) 

It is easily seen that the value of E obtained from this 
po is an upper bound to the energy of the system. 

II. CHOICE OF STARTING FUNCTION 

In the case of the ground state of the two-electron 
atom, the most obvious choice for <j>° is the momentum-

3 N. Svartholm, thesis, Lund, 1945 (unpublished). 
4 1 . N. Sneddon, Fourier Transforms (McGraw-Hill Book 

Company, New York, 1951), 1st ed., p. 384. 

150 



He W A V E F U N C T I O N I N M O M E N T U M S P A C E 151 

space equivalent of the Kellner wave function, 

This function was used by McWeeny and Coulson.2 

They were unable to evaluate either 01 or Xx. The work 
of Krauss,6 Boys,6 Preuss7 and others employing 
Gaussian approximations for wave functions in configu­
ration space is encouraging, and suggests that a coordi­
nate-space Gaussian wave function might be a good 
starting point. The transformation of such a coordinate-
space wave function results in a wave function which 
is again Gaussian in form. Thus, we are led to consider 
starting functions of the general type 

wiicre 

and 

0 O = = £ M C V ^ , 

iPu,— <Pij+ (Pjiy 

(2.1) 

(2.2) 

<pij= exp(—capi2—djpi). (2.3) 

The subscript /x indicates the pair (i,j). For a function 
of this type we are able to evaluate <j)1 in closed form 
and can express X* in terms of one-dimensional integrals. 

III. THE CALCULATION OF p 

We need consider only a single term. When <pi$ is 
inserted into Eq. (1.7), the integrals which arise are all 
of the type 

£(a,/3;a,b) 

= f ^ p r 2 e x p C - a ( a - p ) 2 - i 5 ( b + p ) 2 ] . (3.1) 

IV. THE CALCULATION OF X\ 

From Eqs. (1.8) and (1.9) we have 

l f o = I E C,CV fdVldV2<pS(po*+p1*+p2
2)<pv 

H v J 

=LE cfijVw (4.1) 
H v 

=EL C£,T„, (4.2) 

where /* denotes the pair (i,j) and v denotes the pair 
(k,l). A comparison of Eqs. (1.11), (4.1), and (4.2) 
shows that the minimization of Xi with respect to the 
linear parameters, CM, leads to an ordinary secular 
equation 

| W V - A * 7 V | = 0 . (4.3) 
We define 

Jm(i,j',k,l)=* I dpidj)2 <pijIm((Pki), (4.4) 

This integral may be shown to be related to the error 
function.8 We have the results: 

7 i ( ^ ) = 2irVrrV(i , f, «#i2) W l (3.2) 

/ 2 ( W ) = 2 T ^ / - V ( J J f, a3p2
2)<pih (3.3) 

i f , — — W (3.4) 
(oii+aj) / 

where 
T(b) oo T(a+v) 

F(a,b,z)= E 2" 
T(a) v=oT(b+r)rl 

(3.5) 

Km.n(ij; W) = (dpidp^Po'+pl'+p,2)-1 

XIm(<Pii)In(<Pkl). (4.5) 

The subscripts m and n may be 1, 2, or 12. In terms of 
these definitions, the matrix elements defined by 
Eq. (4.1) and Eq. (4.2) may be written 

W V = 2 Z 2 3 Jifoj; k,l)-2Jl2(i,j; k,l) 

-2Ju{i,j\m, (4.6) 

T„=l L [PKMi k,l)+Z2Kli2(i}j; k,l) 

-ZKltu(ij; k,l)-ZKltl2(k,l; i,j)l 

+2K12,12(iJ; k,l)+2K12,n(hJ; *,*). (4.7) 

The summation is over the four possible permutations, 
( M ; * A (j,i',k,l),(hj',l,k), and (;>*;/,&). These inte­
grals have been either evaluated or reduced to one-
dimensional integrals.8 If we let 

K=aipo2, (4.8) 

is the confluent hypergeometric function. The total 
contribution to 4>l from the term cp„ is 

V = (pt+pt+pfi-'izhiv,.) 
+ Z / 2 ( ^ ) - / 1 2 ( ^ ) ] , (3.6) 

and the total iterated wave function is then 

^ = Z , C ^ / . (3.7) 
6 M. Krauss (private communication). 
6 S. F. Boys, Proc. Roy. Soc. (London) 200, 542 (1950). 
7 H. Preuss, Boulder Conference, June, 1959 (unpublished). 
8 The derivation is somewhat lengthy. A limited number of 

copies are available upon request. 

then it is possible to define the following pair of func­
tions, each of which is independent of po; 

W^p^tfir-^W^ (4.9) 

T^lptrWTrh-'T^. (4.10) 

If we let X denote the smallest root of the equation 

| fP M , -X? M , | =0 , (4.11) 
then 

X|= (47r3/ce20~¥oX. (4.12) 

The entire dependence of Xi on p0 is then displayed 
explicitly by Eq. (4.12). Once X has been found, the 
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TABLE I. Best computed energies, in atomic units. 

<S>" Ei Eo — Ee: (l-Eo^exp-1)* (1-^r^exp""1)^ 

Eq. (5.1) 
Eq. (5.2) 
Eq. (5.3) 

-2.3010 
-2.5566 
-2.8511b 

-2.5995 
-2.7815 
-2.8915 

0.6027 
0.3471 
0.0526 

0.3042 
0.1222 
0.0122 

0.4556 
0.3458 
0.1346 

0.3237 
0.2051 
0.0648 

l £e X p = -2.9037 a.u. 
3 H. Preuss, preliminary results presented at Boulder Conference, June, 1959 (unpublished). 

value of E which satisfies Eq. (1.12) is given directly by 

£=-2^2V-1X-2 . (4.13) 

We must now make a contour map in the appro­
priate number of dimensions in order to optimize E 
with respect to the nonlinear parameters. It is con­
venient to replace the parameters an by the reduced 
parameters 

cr„=or«/ai. (4.14) 

The large number of one-dimensional integrals re­
quired were evaluated by the use of a seven-point 
Newton-Cotes integration formula. The entire range of 
integration was spanned by 97 points. The calculations 
were performed on the Remington Rand 1103 located 
at Southern Methodist University in Dallas. 

V. RESULTS AND DISCUSSION 

We present here the results of the application of the 
analysis to three different 0° of the type of Eq. (2.1). 
They are, in order of increasing complexity and accu­
racy, the simple "closed-shell" type, 

tf°=Pu; (5.1) 

the simple "open-shell" type, 

0°=<Pi2+<p2i; (5.2) 

and the general type using three nonlinear parameters, 

3 3 

i=4 j = l 
(5.3) 

Because of the symmetry restriction, Eq. (2.2), this 
latter 0° is a six-term wave function. 

The ordinary configuration-space energy, E0, com­
puted from these wave functions is listed in the second 
column of Table I. The energy Eh computed from Xi 
and Eqs. (4.12) and (4.13), is listed in the third column 
of Table I. For the energies computed from <£° of equa­
tions (5.1) and (5.2), we have listed the optimized ener­
gies and, in Table II, the corresponding parameters. For 

TABLE II . The nonlinear parameters. 

<f>° ai 

Eq. (5.1) 
Eq. (5.2) 
Eq. (5.3) 

0.2991 
0.6621 
0.1729 

0.1356 
0.7781 

the energy computed from the <£° of Eq. (5.3), we have 
listed in the table our best directly computed point. The 
corresponding parameters are shown in Tables II and 
III. Three-point Lagrangian interpolation into a three-
dimensional grid of 27 points indicated a minimum 
energy of —2.8965 a.u. corresponding to 

ai=0.216, 

<X2=0.860, 

az=0.033. 

The fourth and fifth columns of Table I compare the 
absolute errors in the computed energies, and the last 
two columns tabulate a quantity which should be a 
measure of the error in the appropriate wave function. 
Strictly, Ei is not the energy corresponding to <£x (that 
would be Eir the energy computed from Xi), but is an 
upper limit to Ei. That is, <j>1 is at least as good as is 
indicated by E%, and, in fact, necessarily better. 

X 
1 
2 
3 

TABLE III. The linear parameters for Eq. (5.3). 

1 

0.07632 

2 

0.9263 
1.0000 

3 

0.01132 
0.06031 
0.00008 

0.0259 

It is interesting to notice that the improvement in 
the energy is the greater the better the initial wave 
function is. Thus, the absolute error due to the use of 
0° of Eq. (5.1) is reduced by a factor of about one-half; 
of Eq. (5.2), by about two-thirds; and of Eq. (5.3), by 
about three-quarters. Since it seems clear from a con­
sideration of Eq. (3.4) that most of the improvement is 
due to the explicit introduction of electron correlation, 
then the trend may not be applicable for wave functions 
which already contain r 12. 
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