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Sec. ITI seem to indicate that Ham’s result is neverthe-
less at least qualitatively correct for n-type silicon.

In the calculations of Maxwellian averages of relaxa-
tion times in this paper, impurity scattering has been
added to lattice scattering according to the usual rule,

1 1 1
+_’ (9)
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where the subscript « refers to the direction with respect
to a spheroid axis, either || or L. These calculations
have had to be carried out numerically. The 7L, which
includes acoustic and intervalley scattering, is given by
an expression of the form presented by Herring.* The
71, depends on_energy as,

(10)

Tia=Aa€l,

MYERS

where A4, includes the various parameters in the Brooks-
Herring formula, which one obtains by averaging 71,
according to the usual Maxwellian prescription. The
magnitude of 4, to be used in calculating 7, for a par-
ticular sample at a particular temperature is determined
by the obvious requirement that the ratio of the mo-
bility calculated from Eq. (10) and A, to the total
mobility calculated from Eq. (9) must be the same as
the ratio of the mobility calculated from the Brooks-
Herring formula to the observed mobility. Then,
A =4A4,. We have neglected the logarithmic function
of € which should really be included in the expression for
71 simply because its presence would make the calcula-
tions much too difficult.’® The resultant error is not im-
portant in our cases of weak ion scattering.
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It is shown that the Floquet factor ¢#*(¥ is analytic in the upper half complex energy plane, thus enabling
a set of four dispersion relations to be derived from this expression as a direct result of the application of
Cauchy’s theorem. These relations are characterized by their ability to relate the wave number % at one
energy to the wave number at all others. In particular, the imaginary part of the wave number #; in the
forbidden gap may be equated to an integral of a function of the real part of the wave number k. over allowed
energies. As an application of these dispersion relations a theorem regarding the location of the branch

points has been established.

I. INTRODUCTION

HE physical concept of causality has been ex-
ploited in many areas of physics and in the
majority of cases has shed valuable light on problems
hitherto impossibly difficute to calculate.! The state-
ment of microscopic causality alone is usually sufficient
to guarantee that the scattering amplitude is analytic in
the upper half complex energy plane, so that a direct
application of Cauchy’s theorem enables relations
between the real and imaginary parts of the scattering
amplitude to be established. For this reason, we have
been motivated to extend a similar technique to the
problem of a one-dimensional Schrodinger equation
possessing a periodic potential. This equation in its
three-dimensional form is essentially the starting point
for a large class of problems in solid-state physics ; how-
ever, exact solutions, even in the one-dimensional case
are virtually impossible to obtain, except for a very
limited class of periodic potentials (e.g., square well,
delta function, sinusoidal, etc.). For this reason, it would
1E.g., M. Gell-Mann and M. Goldberger, Phys. Rev. 96, 1433
(1954).

be desirable to make some statements about the proper-
ties of wave functions in solids without recourse to the
details of the actual potential other than its periodicity,
causal nature, and general mathematical properties.

In problems involving single potential scattering, the
outgoing wave function is related to the incoming wave
function by the scattering matrix S, defined by the
relation Yous=S¥in. Hence, by analogy it is almost
obvious that the Floquet factor [A(E) =¢#*® 4] defined
by ¥(x+a)=M(x) plays a similar role for periodic
potentials. This immediately tempts us to investigate the
analytic properties of X (E) with the aim of being able to
derive a set of dispersion relations for this quantity.
Unfortunately, causality alone is not sufficient to
guarantee that A (E) is analytic in the upper half plane,
since it appears that a knowledge of the zeros of the
corresponding single potential S matrix is also required.2
However, it is shown in the Appendix, using a direct
approach, that A(E) is analytic in the upper half com-
plex energy plane for a large class of potentials; more-

2 This statement is almost self-evident as a consequence of the

work by D. S. Saxon and R. A. Hutner, Philips Research Repts. 4,
81-122 (1949).
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over, it can also be shown that this factor is still analytic
for those cases which can be solved exactly and for which
the proof given in the Appendix does not apply (e.g.,
delta function and square well potentials), suggesting
that N(E) is probably analytic for all simple periodic
potentials.

In Sec. I, four dispersion relations are derived treat-
ing the energy as a variable, and one of these relations is
then transformed to a more physically appealing form
so that the wave number becomes the variable of
integration.

In Sec. III the dispersion relations are extended to
the nth power of the Floquet factor and a condition for
locating the branch points in the forbidden gaps is
derived as an example.

II. DEVELOPMENT

The normalized Schrédinger equation for a one-
dimensional lattice has the form

[8%/ a2+, (x) = — eV (x)¥ (), oy
where
=E, V(x)=V(x+na), 2)

and (2m/#%) has been set equal to unity. The solutions
of Eq. (1) have the usual form

Y (k)= e*ou(k,z), ©)

where #(%,x) has the periodicity of the lattice. The wave
number £ is usually restricted to real values by boundary
conditions at infinity and the allowed energies are charac-
terized by the corresponding values of E(k). Nevertheless,
by relaxing these conditions it is possible to investigate
the properties of complex  solutions, which are of impor-
tance in connection with many aspects of solid-state
physics. For example, “forbidden solutions” provide
asymptotic forms for localized states in crystals?; they
give information necessary for the calculation of transi-
tion probabilities in direct and indirect tunnelling
processes.*® Moreover, a study of the analytic proper-
ties of % as a function of E leads to exponentially damped
Wannier functions® and may have important bearing on
the theory of allowed (real ) bands. In this paper, we
shall derive dispersion relations which relate the wave
number at one energy to the wave number at all others.

It is evident from Eq. (3) that a Bloch function has
the property

¥ (&, x+a)=c*p (), (4)

where a is the lattice constant. As mentioned previously,
we shall be concerned with the analytic properties of
the function

ME)=ete=u(E)+in(E), ©®)

3P, Kaus, Bull. Am. Phys. Soc. 3, 400 (1958).
4 P. Kaus, Bull Am. Phys. Soc. 4, 181 (1959).
5 E. O. Kane (to be published).

6 W. Kohn, Phys. Rev. 115, 809 (1959).

TABLE L. Properties of u(ka), n(ka), and A (ka) in allowed
and forbidden energy regions.

Allowed énergies Forbidden energies

ur=cosk,a pr=(—1)¥ cosh(k;a)
ni= =

nr=sink,a 7,=0

ni= ni=(—1)¥ sinh(k;a)
Ar=coska Ar=(—1)Ngkia
\i=sink,a Ai=0

A=¢tkra A= (_I)Ne—k.'a

where
w(E)=cosk(E)a,

7(E)=sink(E)a,

(6a)
(6b)

and
k=k,+ik;.

For real energies the wave number % is either real for
allowed energies or the real part k. is some integral
multiple N of «/a for forbidden energies. From this it
follows that on the real E axis u(E) is always real and
n(E) is either real or pure imaginary. The function A (E),
therefore, is either complex on the unit circle for allowed
energies or real for forbidden energies. These statements
can be summarized in detail with the aid of Table I.

The asymptotic values of N(E) on the positive and
negative real energy axes may be deduced immediately
from well-known properties of u(E).?

lim p(E)=cos(E)%a, (7a)
E—+o0
Elim w(E)y=4o, (7b)

However, since A(E) is a double valued function of the
energy with simple branch points at those real values of
the energy corresponding to E,(n=1, 2, +--) when
A=:1%we shall define a single valued function A® (E)
which is the value of N(E) corresponding to the choice
of both positive real and imaginary parts of the wave
number %, and &; (i.e., the first quadrant of unreduced
k space). This choice then guarantees that

lim A (E) =exp[i(E)¥a].

E—wx

(7c)

Extending A" (E) into the upper half complex energy
plane and defining A®(E) on the real axis as the limit
of approaching the real axis from above, we see that this
requirement leads automatically to

lim A®(E)=0,

E——w

(7d)

provided that we remain on the first Riemann sheet
characterized by 05 6< 2.
Using the analyticity of A (where we have dropped the

7H. A. Kramers, Physica 2, 483 (1935).
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plus superscript for convenience) which essentially
follows from the work of Kohn®and which is derived in a
different manner in the Appendix, we are now in a posi-
tion to make a direct application of Cauchy’s Theorem

and write
A(E) ! f ME) dE’ (8a)
_- a
2ri Je E'—E
*® NE)
— (1) P f = aw (8b)
—w E'—E

where the contour is taken along a line just above the
real E axis and around the semicircle at infinity in the
upper half plane, on the first Riemann surface. Using
Eq. (7c) it is clear that the contribution to the integral
around this infinite semicircle vanishes.

Equating real and imaginary parts, and replacing the
contour integral by an integral along the real E axis, we
obtain the relations

N(E)=— ( -71;) P [ : ;(f;;dE (%)
M(E)= (%) P j: : ZI(iE;dE'. (9b)

Starting with infinite negative energy we note that
every energy for which A(E) changes from real to com-
plex is the bottom of an allowed band and every energy
where it changes from complex to real is the top of an
allowed band and the bottom of a forbidden gap. Let us
designate these limiting energies as E, in ascending
order (Eo=— ). An allowed band is now seen to
extend from Fsy_;1 to Eoy and a gap from Eoy to Eanya
with increasing energy. We may now write our dis-
persion relations in a more physically appealing form:

I\ = pE A(E)
x,@):——(— >2f dE
w/ N=1 EzN—lE‘_'
1\ = B )\, (E)
O)E e[, o
™ =0 Eon E’—E
®=( N M (10b)
we=(2)s e[ S
7r)N=1 Bov—1 BE'—E

The first sum of integrals in each case corresponds to
allowed zones and the second sum in the first equation
to forbidden gaps; in addition, we have made use of the
fact that in forbidden gaps A(E) is real.

These relations may now be written in terms of the
wave number £, by substituting from the definition of
NE), Egs. (5) and (6).8 It is now useful to distinguish
two distinct possibilities.

8 Provided that we remain in the region characterised by the
first quadrant in complex unreduced % space.

Case (1) when the energy E is allowed (Fgn_1
<E<Eau).

1\ « B2 cosk.(E')a
sink,(E)a= — (—-) > PMf ———dE’
1 E

w/ N= aN—1 E—E
1\ o EoN-+1 (_ 1)Ng——lci(E’)a
— —) > dE’, (11a)
7w/ N=0 J goy E'—E
1\ » B sink,(E)a
cosk,(E)a= (—) Y Py f TN (1)
w/ N=1 EoN—1 '—E

Case (2) when the energy E is forbidden (E;y<E
<Eopmiy)-

w BN cosk.(E')a
s ——JdF’
N=1JEon—1 E,—E
o E2N+1 (_ 1)Ne—k;(E")a
3 Py f L 4E, (122)
N=0 By E'—E
1\ » v gink,(E')a
e hiBa— (__1)M(_) > f ———F dE’, (12b)
7/ N=1Jpy, E—E

where the notation P means that the principal value is
to be taken in the Mth member of the sum of integrals,
which is the only member where a singularity will occur.

The dispersion relations can also be written as inte-
grals over k space. For example, the relation (12b)
becomes:

-

XS f T _sinkr (k)dk,, (13
N=1J, EN(kr)—EvN ’ " ( )

where
va(k)= (1/%)dEx (k) /dk, (14)

and Ey(k) is the energy-wave number relationship in
the Nth allowed band.

It should perhaps be mentioned that we could have
written a dispersion relation for the quantity A(E)/E in
a completely analogous fashion. This function would
have the advantage of a more rapid convergence so that
the contribution to the integrals from higher energies
would become less important. However, in order to
write such a relation we would require knowledge of the
subtracted quantity A(0). It is possible, however, that
M(E) could be experimentally determined at some given
energy. For example, the top of the valence band and
the bottom of the conduction band are both amenable to
experimental observation. Thus, by a suitable choice of
the zero point of the energy scale, we have effectively
determined N\ (0), and are in a position to make use of
these modified dispersion relations.
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III. EXTENSION OF THE DISPERSION RELATIONS
AND LOCATION OF BRANCH POINTS

The wave functions at the point # and at the point
(x+mna) are related by the nth power of the Floquet
factor, i.e.,

Pt =N (B (), 31, (15)

Thus it is possible to write dispersion relations for the
quantity N\*(E) for the same reasons that the relations
for N(E) are valid. For the fourth relation corresponding
to Eq. (13) we obtain:

h
e rhi(Ba— (__.1)Mn(___)
T

» Tla ‘UN(kr)
X > [———~— sinnk,adk,. (16)
N=1 EN(k,-)"E.
Letting
own= £ | il ] (17)
" wa By -EY
we have

h o
(E)Q(kr’E) =3 a(—1)Mrg~mkiBaginpk,q. (18)
n=1

This sum can be performed and yields

Q(krE)=al (—1)M/h] sink.a/
[coshk.a— (—1)™ cosk,a]. (19)
Substituting from (17) and solving for coshk;(E)a we
finally obtain,

coshk;(E)a= (—1)M{cosk,a
+[(h/a>N§_: on (k:)/(Ex (k;)— E)] sink.a}. (20)

The significance of Eq. (20) lies in the observation
that the imaginary part of % in the M'th gap can be ob-
tained from knowledge of E(k,) and its derivative at
only one arbitrary point of reduced & space for all bands.
This was achieved by using an infinity of dispersion
relations.

The left-hand side of Eq. (20) is not a function of &,
so that differentiation with respect to k,, leads to
relations involving the energy and wave number in
allowed bands alone, except for the forbidden reference
energy L. As an example, the extended dispersion
relation given by Eq. (16) may be used to locate the
branch points in the forbidden gaps. These branch
points are defined by the energy in each gap at which it
is a single valued function and thus lie at the maximum
values of k;(E) in each gap. Hence, the condition for E
being a branch point is given by '

dki(E)/dE=0. (21)
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From (16) we can see that this is equivalent to

dQ (knE)/dE=3 y vy (k)[Ex(k)—ET>

=F(k,E)=0, (22)

for all %, between O and w/a. But this condition is
equivalent to

(d/dk)n [En(kr)—E] "= —1F (k,,E)=0, (23)
for all &, or
2n [En(k)—ET*'=C(E),
where C(E) is independent of &,.
Therefore, if E is a branch point, then
S {1/[Ex(k)~ E1=1/[Ex ()~ E} =0, (24

where k1 and kg are any two wave numbers between 0
and 7/e. Choosing in particular k=0 and k.=m/a, we
obtain the following simple equation determining the
energy of the branch points

G(E)=2n5{1/[Ex(0)—E]—1/[En(n/a)—El}= 0.(25)

Thinking of G(E) as a function of £ defined at all
energies, it is easy to see that its zeros lie in the for-
bidden gaps, since in a gap

En(0)SES En1(0), (26a)
for gap 2, 4, 6, -- - etc., or
Ex(r/a) < ES Enia(n/a), (26b)

forgap 1,3,5, - - - etc. When Ey(k,) is the energy in the
Nth allowed band,

En(0)S ES En(n/a), (27a)
for band 1, 3, 5, - - etc., or

En(r/a) S ESEn(0), (27b)
for band 2, 4, 6, - - - etc.

From (25), (26), and (27) we see that in a gap G(E)
goes continuously either from - to — © or from — «
to 4 and therefore through zero.

This result of course is not new®?; however, this
technique has led in principle at least by means of
Eq. (25) to determine the position of the branch points
in terms of the energies at the edges of the bands.

Other choices of ;1 and & are, of course, equally valid,
but this particular choice demonstrates that Eq. (25)
does indeed represent a condition for a branch point in

every gap.
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APPENDIX. PROOF OF THE ANALYTIC PROPERTIES
OF A(E) FOR NONSINGULAR CLASS
OF POTENTIALS

By considering the one-dimensional Schrédinger
equation written in the form

@Y/dw*+(m/a)’LE—V () W () =0,

we may expand the periodic part of the Bloch function
and the periodic potential in reciprocal lattice units by
allowing :

(A1)

1//(x) o eikz i bmeZ-zrim(:t/a)’

-—00

(A2)
V(x) = Z Cne27rin (xla)’

where
C_n=Cy%,
and
Co=0.

Substituting (A2) into (A1) we obtain

— (b 20/ )bt (1/0)? 3> (Cot-Eb10)bmi=0,
=

which is equivalent to

>l (x/a)E— (k+42mn/0)? 1o mn+ (7/@)*Crn}brn=0.
(A3)

We now divide the mth equation of the infinite set (A3)
by the quantity

L/ a)E—4(r/a)'m”],

giving a new set of equations

S A (b, E)ba=0, (A4)

where
Anm=[E— (ak/m+2m)*]/[ E— (2m)*],
and (A5)
Amn=Cmn/[E— (2m)¥], m+n.

Nontrivial solutions to (A4) exist for (k,E) combina-
tions which make the determinant of the infinite
matrix A,, vanish. This determinant, denoted by
A(k,E) is immediately recognized to be Hill’s determi-
nant. The condition

A(k,E)=0, (A6)

obviously implies a relation between k£ and E for non-
trivial solutions of the Schrédinger equation. Equation

(A6) has been extensively treated in the literature.? For
potentials such that the C, series is absolutely conver-
gent (A6) gives the very simple result:

sin?(ka/2)=A(0,E) sin?(rE?/2), (A7)
where
A(0,E)=|Amn(0,E) |,
and from (A5)
Anm(0,E)=1. (A8)

From the point of view of solving the Schrédinger
equation or even obtaining the energy versus momentum
relationship, the solution (A7) essentially begs the
question, since A(0,E) is an infinite determinant for
which only approximate solutions can be obtained under
certain circumstances.® However, for purposes of prov-
ing the analyticity of A(E), we are interested only in the
singularities of A(0,E) in the upper half energy plane,
including its asymptotic behavior as the energy ap-
proaches infinity. This question can be answered
rigorously by direct inspection of the determinant.

It is clear that A(0,E) possessed singularities only on
the real E axis for E=0, 4, - - - (2m)?- - - ; however, it is
easily seen that the expression A(0,E) sin?(wE}/2) re-
mains finite at these points, thus the expression

cos(ka)=1—2A(0,E) sin?(rE?/2) (A9)

is analytic in the upper half E plane. Moreover, in the
limit as the energy approaches infinity, A(0,E) goes to
unity, i.e.,

cos (ka) — cos(wE?). (A10)

It follows, keeping the condition of footnotes 7 and 8
in mind, that N(E)=e¢®* is analytic in the upper half
plane and vanishes on the semicircle at infinity, justify-
ing the direct application of Cauchy’s Theorem to the
quantity N(E).

The condition of absolute convergence for the C,
series is not a very serious limitation since a vast class
of potentials meets this convergence condition, and even
those which do not can be expressed by such a series,
except at points where the potential or one of its
derivatives has a singularity. In any case, for two highly
artificial potentials (square well and delta function),
which do not meet the convergence requirement but for
which the corresponding Schrédinger equation can be
solved completely, the analyticity of A(E) can be
verified by inspection. This makes it very plausible that
M(E) is analytic even in those cases for which the above
proof does not hold.

9 For example: E. T. Whittaker and G. N. Watson, Modern

Analysis (Cambridge University Press, New York, 1958),
Chap. XIX.



