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A thermodynamic theory is given of a class of magnetic crystals which transform from ferromagnetic to 
antiferromagnetic states as the temperature is varied. Applications are suggested to Mn2_xCra;Sb and to 
crystals having the nickel arsenide type structure. It is shown that the exchange magnetoelastic energy is 
often important in such transformations and leads to an additional interaction energy of the form (SA • S#)2 

in the effective spin Hamiltonian. It is suggested that one of the exchange constants goes linearly through 
zero near a critical value of some lattice coordinate characterizing the transition. There are important 
differences in the behavior of compact and noncompact antiferromagnetic lattices, under the assumption of 
nearest-neighbor interactions between sublattices. A triangular array is treated, such as might arise in crystal 
structures of the NiAs type. 

MAGNETIC crystals are believed to exist which, 
without benefit of major crystallographic rear­

rangements, transform from ferromagnetic F (or 
ferrimagnetic) to antiferromagnetic AF structures as 
the temperature is varied. Among the numerous 
examples we mention only three: MnAs1 and Dy2 are 
believed to have a transition from F to AF, and Cr-
modified Mn2Sb3 definitely has a transition from AF 
to F with increasing temperature, which Jaep4 has 
pointed out is a first-order transition. Such transitions 
(which have been aptly called3 exchange-inversion 
transitions) pose a theoretical problem because they 
are not expected to occur, as far as we know, within 
the framework of pure molecular field theory with 
temperature-independent interactions. There are, how­
ever, numerous other ways in which such transitions 
may occur, and several explanations have been sug­
gested by Neel,5 Smart,6 Pratt,7 and Liu et al.8 In the 
present paper we examine the consequences of another 
specific phenomenological model which can give rise to 
such transitions. Our model has elements in common 
with the models of Neel and of Smart, and it appears 
to provide a physical justification for an unusual 
interaction postulated by Liu et al., but the new model 
is different from all of these. Our model should be 
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viewed only as one possible model applicable to certain 
substances; for other substances it may be inapplicable. 
It leads to a number of results which appear qualita­
tively to resemble features observed in numerous 
substances. 

We suppose, to start with, that the magnetic struc­
ture may be decomposed into two identical lattices A 
and B, each tightly coupled by exchange within itself 
and each having a net magnetic moment at all temper­
atures below the Neel or Curie temperature. The 
magnetic structure of the substances of interest to us 
will not always permit a decomposition into only two 
sublattices, with the property that all the nearest 
neighbors of the atoms on one sublattice lie on the 
second sublattice; in particular, we shall have to make 
an important modification in order to treat NiAs-type 
structures with metal ions in a simple hexagonal 
arrangement within closely stacked layers. Similarly, 
we assume to start with that the ordered states have 
colinear magnetic structures, but some of the features 
of our model may be reproduced in canted or spiral 
structures. 

Our central special assumption is that the exchange 
coupling between the two lattices is a linear function 
of some one configurational coordinate or lattice pa­
rameter and crosses zero at a particular critical value, 
say ac, of this parameter. One could, as an alternate 
assumption, suppose that the exchange between the 
two lattices is a linear function of the temperature and 
crosses zero at some temperature TCJ in the neighbor­
hood of which the ferromagnetic/antiferromagnetic 
transition occurs. The two formulations of the basic 
assumptions would be equivalent if the temperature 
coefficient of the parameter a were constant over the 
whole temperature range of interest, but there may be 
large magnetic effects on the expansion coefficient 
da/dT which destroy its constancy. It is essential to 
take into account the variation of da/dT. We will 
arrange to have most of the magnetic expansion 
properties come out of the model, but we feed in the 
usual lattice thermal expansion. We select the first 
formulation, rather than correct the second for expan­
sion changes. It is certainly an ad hoc assumption to 
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suppose that one exchange constant vanishes at some 
accessible value of a lattice parameter—one suggestion9 

is that the superexchange and indirect exchange inter­
actions accidentally cancel at this value. The materials 
cited are all metallic conductors, and the spatial 
dependence of the exchange interactions offers possi­
bilities for accidents, such as that experimentalists will 
discover materials in which cancellations of two inter­
actions occur. By varying the temperature and by form­
ing solid solutions, it is not unusual to cover a 0.1 A 
range in lattice parameter with a given crystal—if the 
exchange integral crosses zero at one point at random 
in an appropriate 2 A range, one might argue, partly 
facetiously, that there is a 1:20 chance that a new 
magnetic crystal will display a F /AF transition. 

The mathematical treatment is elementary. We do 
not include magnetocrystalline anisotropy, because this 
is not central to the present model; anisotropy can 
easily be added where it is known. We wish, however, 
to include specifically the effects of the strain depend­
ence of the isotropic exchange energy—what N6el10 has 
called the exchange magnetostriction. This makes a more 
important contribution to the energy than previously 
recognized; for example, in MnAs the volume change 
at the possible F /AF transition is about 2 % ; the 
associated elastic energy will be of the order of 108-109 

ergs/cm3, which is comparable with the interlattice 
exchange energy. This is appreciably larger than the 
usual run of anisotropy energies, and in this circum­
stance the exchange magnetostriction will dominate at 
the transition, rather than the anisotropy energy. In 
Mn1.9eCro.04Sb the deformation at the A F / F transition 
is 0.6%; the transition here appears to set in near a 
fixed value of the c-lattice parameter. The Cr content, 
by contracting the lattice, appears chiefly to influence 
the temperature at which the critical lattice parameter 
is reached, but other alloying constituents may have 
more important direct effects on the interlattice 
coupling, so that the size of an ion is not the only 
criterion of its effect on the transition. 

Much larger strains and strain-energy densities than 
these are found in magnetic crystals subject to Jahn-
Teller deformations: Such deformations have been 
discussed by Goodenough, McClure, Dunitz, Orgel, 
Wojtowicz, Finch, Sinha, and others in connection with 
transition metal compounds, particularly cupric and 
manganite oxides and ferrites. The crystals often 
exhibit a first-order tetragonal/cubic transition. The 
deformations around individual ion sites are associated 
with the removal of orbital degeneracy, and the strain 
is coupled to the orbital motion. The greater the 
splitting of the degeneracy, the greater the quenching 
of the spin-orbit coupling. The quenching tends to 
weaken (in general) the coupling between magnetization 
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direction and strain. The argument here does not mean 
that Jahn-Teller orbital situations do not have fairly 
high magnetocrystalline anisotropy and associated 
magnetostriction, for indeed they do, but the argument 
suggests that the purely anisotropic magnetostrictive 
part of the Jahn-Teller energy may not be as large as 
the exchange magnetoelastic energy, except perhaps in 
quite special situations. An anisotropic magnetostrictive 
deformation of 10~3 is generally considered to be 
extremely high, but it is lower than the exchange 
magnetostriction which is the central theme of the 
present paper. Thus, that part of the Jahn-Teller strain 
which is connected with spin direction may not be 
very important. 

If, however, a Jahn-Teller deformation transition 
should occur below the F / P or AF/P transition 
temperature, then the accompanying change in atom 
spacing might be enough to cause a F /AF transition 
purely as a side effect of the J T first-order transition. 
Here P denotes a paramagnetic phase. We would expect 
to find such combined F / A F - J T transformations, but 
it is not clear that any have been identified at present. 
Their thermodynamic treatment would require an ex­
tension of the theory below, with the introduction of 
new variables. In the crystals treated in the present 
paper, it appears that exchange magnetostriction can 
plausibly provide the necessary driving force for the 
observed deformation, as will emerge below, with values 
of (dJ/de)/J^10, where / is the exchange integral and 
e the strain. I t is not possible without further experi­
mental measurements tested against the present theory 
to make an unambiguous assignment of responsibility 
for the F /AF transitions. One may note that in a Jahn-
Teller transition one would expect in general both the 
c and a lattice parameters to change discontinuously at 
the transition; this is indeed observed, but not in our 
materials. 

One should note further that indirect spin-spin 
coupling by phonons will cause the appearance of terms 
in the free energy of the form MAZ

2MBZ
2, etc. Such 

terms may have roughly the same effect on a magnetic 
transition as the ( M A - M B ) 2 terms which, as we show 
below, arise from the exchange magnetoelastic energy. 
The phonon spin-spin coupling will be important when 
the Jahn-Teller effect is important—that is, when the 
magnetocrystalline anisotropy is high. First-order 
transformations in this circumstance have been con­
sidered by Neel. Our present paper is not directly 
applicable to such substances. 

EXCHANGE MAGNETOELASTIC ENERGY 

We assume that the interlattice exchange energy of 
a specimen of volume V can be written as 

-p(a-ae)VMA'MB 

where a is the relevant lattice parameter and ac is the 
value at which the interlattice exchange interaction 
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changes sign; p denotes da/da, where a is the molecular 
field constant connecting the sublattice magnetizations 
M A and Mj5. We have no a priori knowledge of the sign 
of p, which may be positive or negative, according to 
the substance. 

If we may neglect the intrinsic dependence of the 
sublattice magnetization on the parameter a, the parts 
of the free energy at zero pressure which involve a 
are, to the lowest relevant order, 

F=iRV(a-aT)2-p(a-ac)VMA-MB, (1) 

where R is equal to the appropriate elastic stiffness 
constant divided by a2; here ar is the equilibrium value 
of a at temperature T for the orientation M A _L M B . 
We shall not, in the interest of simplicity, extend the 
model to yield the temperature dependence of M 
= I M A I = I MB I, but shall take this as determined by 
experiment and assumed to be independent of the 
relatively weak interlattice interaction. 

The equilibrium value of a is given by 

(dF/da)T^RV(a-~aT)-pVMA-MB=0. (2) 

Here we have neglected higher order effects. Thus 
we have 

a=aT+(p/R)(MA-MB). (3) 

In the molecular field approximation a—ar in the 
paramagnetic region. The term in MA MB gives the 
thermal expansion or contraction resulting from the 
intrinsic decrease of sublattice magnetization with 
increasing temperature. The same term also gives the 
change in the lattice parameter when the orientation 
of M A relative to MB is changed. Thus the difference 
in a at constant temperature between the ferromagnetic 
and antiferromagnetic states is 

Aa=aF-aAF=2PM2/R. (4) 

The sign of a-p—#AF determines the sign of p. 
We now substitute (3) in (1), obtaining 

F/V= - (p2/2R)(MA>MB)2-p(aT-ac)(MA-MB). (5) 

We see that if p(ar—<zc) is positive the interaction is 
ferromagnetic: I t is the sign of p(ay—ac) and not of 
p(a—ac) that determines the effective sign of the 
interaction. 

If <p is the angle between M A and M^, we see that 
the energy density (5) involves 

cos2<p=J(l+cos2<p), (6) 

in addition to the usual cos<p dependence of the ex­
change energy. A term in the free energy in the cosine 
of twice the angle was put forward simply as a postulate 
by Liu et al.s in discussing dysprosium; we have found 
in Eq. (5) one explanation of the origin of such a term. 
Our result suggests that there is no necessary connection 
between the temperature dependences of the cos^ and 
cos2<p terms. The cos2^> dependence should not be 

confused with the cos(<p/2) dependence found by 
Anderson and Hasegawa11 for the Zener double exchange 
interaction. Terms in a spin Hamiltonian having the 
form (Si • S2)2 may arise in the way we have indicated. 

The condition dF/d(p=0 for an extremum has 
several solutions; the minimum has sin<p=0, so that 

F/V= - (p2/2R)M*±PM2(aT- ae), (7) 

with one sign corresponding to ferromagnetic order and 
the other to antiferromagnetic order. There occurs a 
first-order phase transition between the two states at a 
temperature To such that 

aT=ac. (8) 

We observe that ar, not a, enters the condition for the 
transition temperature. At this temperature the actual 
values of a for the two states will differ by the amount 
given in Eq. (4), with ac half-way in between. We have 
assumed the sublattice magnetization M does not 
change on passing through the transition. 

The term in cos2<p in (5) acts as a potential barrier 
separating the ferromagnetic and antiferromagnetic 
states and may cause a temperature hysteresis at the 
transition. The instability criterion for an extremum is 

d2F/d<p2=V(p2M*/R) cos2<p 

+ Vp(aT-ac)M
2 c o s ^ O . (9) 

Setting cos<p=dbl, instability occurs when 

aT-ac=±pM2/R, (10) 

suggesting that the temperature hysteresis—the differ­
ence between the temperatures at which the transition 
occurs on warming and on cooling—may be as great 
as that determined by 

AaT=2pM2/R, (11) 

or, if the Gruneisen relation is applicable, 

(yCL/aoR)AT= 2pM2/R, (12) 

where CL is the lattice heat capacity per unit volume 
and 7 is the Gruneisen constant. The result (11) must 
not be confused with (4), which gives the difference in 
a between the two states at the temperature To at 
which they are in equilibrium. 

One must bear in mind that the width of the temper­
ature hysteresis may often be much less than (12) 
suggests; the width (in temperature) may even be 
essentially zero. The point is that the phase of lowest 
free energy may be able to nucleate and to grow at 
smaller temperature differences than (12). This fact is 
well known in connection with order-disorder transfor­
mations of the first order in alloys, where often no hys­
teresis is observed. In antiferromagnetics, however, we 
frequently do observe the magnetic hysteresis connected 

11 P. W. Anderson and H. Hasegawa, Phys. Rev. 100, 675 
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33S C. K I T T E L 

with the flopping field — (2HEHA)%- Without a detailed 
study, we really do not know what to expect by way 
of temperature hysteresis in the present problem. The 
presence of nucleation centers will reduce the hysteresis, 
so that the purer specimens may show more hysteresis. 

PRESSURE DEPENDENCE OF THE 
TRANSITION TEMPERATURE 

We want to treat the effect of hydrostatic pressure 
on the transition temperature between ferro- and 
antiferromagnetism without going into the geometry 
(for any particular crystal) of the coordinate we have 
denoted by a. We shall simply assume for the present 
that — pV(da/a) is the element of work done on the 
substance by the pressure p in causing the change da. 
Then, at the first-order transition, the Clausius-
Clapeyron equation gives us 

dT0 VAa/a AV 
— = = — , (13) 
dp A(dF/dT)p AS 

where now F is the Gibbs free energy. Using (4) and (7), 

dT0 2PM2/Ra 1 
— = = . (14) 
dp 2PM2(daT/dT)p aR(daT/dT)p 

With the Griineisen relation for the lattice thermal 
expansivity, we have 

dT0/dp^l/yCL, (15) 

where CL is the lattice heat capacity per unit volume 
and 7 is the Griineisen constant for the crystal direction 
under consideration. This specific model actually yields 
that expression for dTo/dp which has often been used 
as an empirical rule in other phase transitions. We must 
emphasize that dar/dT may contain some magnetic 
effects as well as the usual phonon anharmonic effects. 
The magnetic effects included will be those which do 
not change sign at the F /AF transition. 

MAGNETIC FIELD DEPENDENCE OF THE 
TRANSITION TEMPERATURE 

The Clausius-Clapeyron equation becomes 

(dTo/dH)p= -A(MV)/AS^2MV/A(dF/dT)p, (16) 

recalling the definition of M as the magnetization of 
one sublattice. Then 

(dT0/dH)p= - l/pM(dar/dT)p, (17) 

or, using (14), 

(dT0/dH)p= - (aR/pM) (dT0/dp)H. (18) 

We can also obtain (18) from the thermodynamic 
relation 

(dT0/dH)p= - (dT0/dp)H(dp/dH) T0y (19) 

where 

(dp/dH) r 0 = - A (dF/dH)p, T0/A {dF/dp)Ht TQ 

= VAM/AV=Ra/pM, (20) 

in agreement with (18). 
I t is not always easy to pick a reliable value for 

(dTo/dH)p from the experimental magnetization curves 
at various temperatures. 

GENERALIZATION FOR NiAs STRUCTURE 

In Cr-modified Mn2Sb it is known3 that Aa—a?—#AF 
is positive so that, according to (4), p is positive. 
Actually our parameter a for this crystal must be the 
c lattice parameter, as it is the c parameter which 
changes discontinuously at the A F / F transition. I t is 
reasonable to take the thermal expansivity dar/dT as 
positive, and this is compatible with the lattice pa­
rameter data on Mn2Sb. Thus, below To we have 
p(aT—ac) negative, which leads, according to (5), to 
antiferromagnetism below To and ferromagnetism 
above, in agreement with observation. Further, the 
observed sign of (dT0/dp)H is positive and that of 
(dTo/dH)p is negative, in conformity with (15) and 
(18). We shall touch on the quantitative situation 
later, but the qualitative situation is not incompatible 
with our model, with the A and B lattices composed 
of alternate sets of layers normal to the c axis of the 
crystal. 

In MnAs we know1 that Aa is also positive, so that 
one would expect, just as above, that the antiferro-
magnetic state is stable at low temperatures. This is 
contrary to observation. Further, the observed value12 

of (STo/dp)H is negative, equal to —0.012 deg C/atm, 
which contradicts the unambiguous positive sign pre­
dicted by (15). The observed negative sign is in accord 
with the Le Chatelier principle. The correction of our 
difficulties lies in a consideration of the possible anti-
ferromagnetic spin configurations on a simple hexagonal 
layer lattice. 

We recognize that, according to C. P. Bean, there 
may be no AF state in MnAs. The situation is not yet 
clear. Our discussion must be viewed essentially as an 
illustration of the special kind of behavior which may 
occur in NiAs-type structures and with noncompact 
spin lattices. 

The value of the c lattice parameter of MnAs varies 
smoothly13 near To, but the a parameter changes 
discontinuously. This implies that the sublattices are 
composed of lines of magnetic atoms, the lines running 
parallel to the c axis. We assume that the spins on an 
individual line all point the same way. At the F /AF 
transition the lines alter their spin direction. We have 
assumed in Eq. (1) that, referred to M4 JL MB, the 

12 D. S. Rodbell (private communication). 
13 B. T. M. Willis and H. P. Rooksby, Proc. Phys. Soc. (London) 

B67, 290 (1954). 



M O D E L O F E X C H A N G E - I N V E R S I O N M A G N E T I Z A T I O N 339 

A-B exchange energy in the antiferromagnetic configu­
ration is equal but opposite to that in the ferromagnetic 
configuration. An antiferromagnetic structure for which 
this is true we call compact; the layer arrangement in 
Cr-modified Mn2Sb is compact. However, with lines of 
spins it is not possible to get as good an antiferro­
magnetic energy as this, for the simple hexagonal 
structure. Such a structure is noncompact. Wannier14 

has considered the problem on the Ising model using 
nearest-neighbor interactions. He finds the best anti­
ferromagnetic array has an energy equal to —1/3 of 
the ferromagnetic array. Loudon15 has obtained the 
more appropriate result —1/2 using the classical iso­
tropic exchange interaction; the stable configuration 
under antiferromagnetic nearest-neighbor interactions 
is triangular. He has extended the calculation to second 
nearest-neighbor interactions, but we shall restrict our­
selves to nearest neighbors. I t is evident then that for 
MnAs we could patch up (1) as 

F=iRV(a-aT)2-p(a~ac)VlMA-MB+W2'], (21) 

as this gives (at constant a) the ratio —1/2 for the 
energies in the antiferromagnetic and ferromagnetic 
orientations. I t is more satisfying, as Marshall Sparks 
has emphasized in a discussion, to go over (for MnAs 
with nearest-neighbor interactions between lines) to 
the appropriate three-sublattice model. 

For three sublattices, with Af = | M^ | = | MB | = | Mc \, 

F/V=iR(a-aT)2 

-p(a-ac)M
2lcoS(p+cosd+cos(<p-6)2, (22) 

which has extrema at 0, (p=0, —2w/3, corresponding to 
the values 3)=3 and —3/2 for the quantity in the 
square brackets. Thus the stable spin array is either 
ferromagnetic or an equilateral triangle A. Minimizing 
F/V with respect to a, we obtain 

a=or+(pM*/R)5), (23) 

aF=aT+3pM2/R; a&=aT—3pM2/2R, 

Aa=9pM2/2R, (24) 

or 

and 

bearing in mind that M here is 1/3 of the ferromagnetic 
saturation magnetization, in terms of which (24) would 
be pMs

2/2R. We write 

so that 5 = 9 / 4 for F and - 9 / 4 for A. The parts of 
F/V linear in 8 are 

F/V= -p£aT+ (3PM2/4rR)-ac2M% (25) 

and the criterion for the F/A transition temperature is 
that 
_ _ _ _ _ ac**aT+(?>pM2/m), (26) 

14 G. Wannier, Phys. Rev. 79, 357 (1950). 
15 R. Loudon (private communication). 

so that a magnetic term (a contraction) now helps 
determine the transition, along with the usual phonon 
expansion contained in #j\ In MnAs the magnetic 
term is almost certainly dominant near the transition. 

We must modify the pressure coefficient (dTo/dp)n 
by using in (14) for dar/dT as written the quantity 

(d0TM/dT) = (daT/dT)M+ (3/4) (p/R) (SM2/dT)a, (27) 

instead of the phonon contribution alone. These con­
siderations permit (dT0/dp)H to be negative for MnAs, 
as observed, and they also remove the apparent contra­
diction between the nature of the low-temperature state 
and the sign of Aa. The result (4) goes over unchanged 
to the present situation, but we should take AF as 
2VAa/a in (13), because the cell volume is proportional 
to a2c. With this adjustment in AV and with the value 
of the latent heat 1.8 cal/g measured by Bates,1 the 
observed values of AS and AV satisfy the Clausius-
Clapeyron relation. 

NfiEL TEMPERATUE (COMPACT STRUCTURE) 

We consider now the determination of the tempera­
ture Tn above which the high-temperature ordered 
phase becomes paramagnetic. If the high-temperature 
phase is antiferromagnetic, the present treatment 
applies only if the antiferromagnetic structure is simple 
or "compact." We treat MnAs, which is noncompact, 
later. The exchange magnetoelastic term does not 
enter into the determination of the Neel temperature 
because the paramagnetic transition is second order, so 
that terms in M4 in the free energy may be neglected 
at the transition in comparison with terms in M2. We 
therefore may assume that the Curie law is valid in the 
paramagnetic region, so that for T>Tn: 

MAT=coHeii
A; MBT=coHeii

B (28) 

where Co is the specific Curie constant for each lattice, 
per unit volume. If the phonon thermal expansivity 
da,T/dT is constant, we may write 

f>(oT-ae)=(T-To)v, (28) 

where v denotes p{dar/dT). 
Then 

MAT=C0[J3MA+ ( T - To) vMB+H2; 

MBT=COL(T-TO)VMA+PMB+H1. 

These equations have a nontrivial solution for MA, MB 
for H==0 when 

T-CoP ~-(T-To)vco 

•(T-To)vco T-co/3 
-o, (29) 

so that the Neel temperature Tn is the highest solution 
of 

Tn**co(P±Tov)/(l±Cov), (30) 

which often may be the solution for which ± y is 
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negative, as /3 is supposed to be the dominant inter­
action. 

PARAMAGNETIC SUSCEPTIBILITY 
(COMPACT STRUCTURE) 

The susceptibility for T> Tn is found, on adding the 
two equations (28), to be 

x=W(r-0), (3i) 
where the effective Curie constant is 

Cef£=2Co/(l-C0J'), (32) 

and the paramagnetic Curie temperature is 

$=Co(p-Tov)/(l-cov). (33) 

If v is positive, so that the upper transition is F / P , 
then we see that Tn=d. If v is negative, so that the 
upper transition is AF /P , then Tn=co(^+Tiv)/(l+cov) 
and 0 will be < Tn. Neel noted earlier that temperature-
dependent exchange interactions modify the apparent 
Curie constant. 

FURTHER PROPERTIES 

Near the F /AF transition the exchange contribution 
to the energy of a Bloch wall will be unusually low, 
provided that the directions of easy magnetization are 
parallel to the elements of a sublattice. The walls will 
also be unusually thin. I t is likely that these properties 
of the walls will lead to very low magnetic hysteresis in 
the ferromagnetic state—subject to the restriction on 
the easy direction. 

The spin-wave contribution to the low-temperature 
heat capacity may be abnormally large, although still 
of the T% form, as can be seen from the calculation of 
Herring and Kittel16 for an orthorhombic structure. In 
some extreme instances it may be possible to detect 
experimentally the spin-wave heat capacity despite a 
background of a metallic type of electronic heat 
capacity. 

The antiferromagnetic resonance frequency should 
be unusually low in the AF state near the A F / F 
transition, and the temperature dependence of the 
resonance should reflect the variation of the interlattice 
exchange interaction. 

MAGNETIC PROPERTIES IN THE ANTIFERRO­
MAGNETIC STATE: METAMAGNETISM AND 

HYSTERESIS (COMPACT STRUCTURE) 

The discussion of magnetic properties in the anti-
ferromagnetic state is fairly sensitive in places to the 
assumption of zero anisotropy, and our results will 
apply only for external magnetic fields H large enough 
to cause the A and B magnetizations to arrange 
themselves symmetrically about the direction of H ; 
this is the geometry contemplated in the classical 

16 C. Herring and € . Kittel, Phys. Rev. 81, 869 (1951), Appendix 
A. 

Landau17 calculation of the perpendicular susceptibility 
of an antiferromagnet. We let 0 be the angle between 
MA and H and between MJS and H. Then, from (5), 
with M taken to be constant, 

F / F = - 2MB cosd-aM2 cos20-7?ikf4 cos220, (34) 

where a=p{aT—ac), and rj=(p2/2R). The extrema are 
given by 

2ME sin0+2a:lf2 sin20+4)?ikf4 cos20 sin20=0. (35) 

One root is sin0=O; after factoring this out the equation 
is 

1MH+4aM2 cosd+SrjM4 cos20 cos0=0. (36) 

For small deviations € of 0 from ir/2, we have from (36): 

H 
€== . (37) 

-2aM+4r]M* 

The initial perpendicular susceptibility in the anti-
ferromagnetic state is given by, for a compact structure, 

2Me 1 1 
X= = = — . (38) 

H -a+2rjM2 -P(T-T0)+2VM2 

If v is negative, a plot of 1/x vs T will increase linearly 
from pAa/2 at To, but bending over as M2 decreases 
near Tn. This behavior appears to be often observed in 
substances with F / A F / P transitions.18 

At high fields there occur magnetization discon­
tinuities and hysteresis, as usual in metamagnetic 
phenomena. I t is convenient to rewrite (34) as 

f=F/pMW= -h cos0+£ cos20-cos220, (39) 

where h=2H/rjMz and £=-v(T-To)/yM2. Letting 
#=cos0, the extrema are given by 

h=(8+H)x-l6x*, (40) 

after factoring out the solution sin0=O. Typical solu­
tions are plotted in Fig. 1. The discontinuity in xy 

which is the relative net magnetization, for increasing 
h occurs at 

* i = [ ( 2 + * ) / 1 2 ] * ; * i = 4 [ ( 2 + { ) / 3 ] i . (41) 

On decreasing h the unstable branch of the curve sets 
in at 

A2 = 4 | - 8 . (42) 

The unstable return branch is shown only for £ = 5 ; 
for £=2 , 3, and 8 it is replaced by a vertical discon­
tinuity. There is no room on the plot to show the vertical 
return for £= 1, which falls at negative h. We emphasize 
that the hysteresis as shown is an intrinsic property 
of the model, but may possibly be modified by nucle-

17 L. Landau, Physik. Z. Sowjetunion 4, 675 (1933). 
18 F. K. Lotgering and E. W. Gorter, J. Phys. Chem. Solids 3, 

238 (1957); T. Hirone, S. Maeda, and I. Tsubokawa, J. Phys. 
Soc. Japan 11, 1083 (1956); A. Serres, J. phys. radium 5, 146 
(1947). 
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10 15 
h = 2H/7jM3 

FIG. 1. Relative net magnetization in the antiferromagnetic 
state vs perpendicular magnetic field in normalized units, for 
various values of | , which is a direct measure of the intralattice 
exchange interaction or of the temperature difference T—TQ. 
Demagnetizing effects (which lead at low h to the formation of 
domains) have been neglected. 

ation. At high fields the magnetization is shown as 
constant, but we should add to this the effect of the 
intrinsic susceptibility of each sublattice: that is, in 
the free energy the sublattice entropy terms and the 
terms in (3 should be retained to give the high-field 
intrinsic susceptibility. 

NEEL TEMPERATURE AND PARAMAGNETIC 
SUSCEPTIBILITY FOR NiAs STRUCTURE 

We consider the molecular field 

UA=0MA+a(MB+Mc)+B, etc. (43) 

For p positive the Neel temperature is given by 

ZV=coGH-|an|), (44) 

where CQ refers to one of the three sublattices and an 

is evaluated at Tn. 
In discussing the susceptibility at T>Tn, it is 

convenient to expand a around its value at Tn: 

a^an+p(daT/dT)Tn(T~-Tn)y (45) 
or 

a~P(daT/dT)(T-r), (46) 

(47) 
where 

r=Tn-lan/p(daT/dT)']. 

Then, if we write 

x = -

we have 

Ceif 

T-0 

Sco 
CeH = -

6 = Co-

l-2c0p(daT/dT) 

p-2p(daT/dT)T 

l-2c0p(daT/dT) 

(48) 

(49) 

= Tn—ceft\an\. (50) 

A tentative numerical analysis of MnAs is given in 
Appendix A. 

TENTATIVE ANALYSIS OF Mn2_.Cr.Sb 

According to Swoboda et al.z the transition from F 
to AF occurs on cooling when the c-lattice parameter 
decreases to 6.53 A, for compositions Mn2_«Cra;Sb, with 
£=0.04, 0.09, and 0.12. The fact that the c axis alone 
suffers a discontinuity at the transition implies that the 
antiferromagnetic structure consists of layers (not 
necessarily single planes) normal to the c axis, and this 
is confirmed by neutron studies. The antiferromagnetic 
lattices are thus compact in our sense, and the theory 
of Eqs. (1) through (20), and (28)-(33), should apply 
directly. The theory shows that the criterion for the 
transition is that c at the mid-point of the discontinuity 
should determine the critical value; the experiments 
indicate that c just above the transition has a simpler 
behavior. This appears to be fortuitous within the low 
accuracy of reading off the published curves. The 
natural suggestion is that the critical parameter depends 
slightly upon the Cr content. The value of Ac as a 
function of Cr content varies approximately as M2, in 
agreement with the theoretical result (4). A calculation 
A(dc/dT) using constants determined from Ac and 
dTo/dp works out in fairly good agreement with the 
experimental value. 
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APPENDIX A. TENTATIVE ANALYSIS OF THE 
PROPERTIES OF MnAs 

In the absence of conclusive neutron diffraction 
structural studies on MnAs, it is premature and rash 
to make specific detailed applications of the above 
theory to this crystal, but it is of some interest to 
consider the orders of magnitude of relevant physical 
quantities, assuming that the transitions are F / A / P . 

The pressure coefficient (dT0/dp)H has the value 
— 1.2X10"8 deg/dyne cm~2, according to Rodbell. 
From the expansion data of Willis and Rooksby we 
estimate for the orientation-independent part of the 
expansivity daTM/dT'—1.5X10-12 cm/deg near P0 , by 
taking the average on either side of the transition. 
From (14), as modified by the discussion following 
(27), we estimate the elastic modulus for the special 

Mn2_.Cr.Sb
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strain involved: 

a2R= 2a/(daTM/dT) (dT/dp)H 

«4.2X101 2 erg/cm3. (A.l) 

I t would be good if this were known directly. From 
a>F— # A F = 3 . 4 X 1 0 - 1 0 cm, we estimate 

P = 2(aF-aA¥)R/9M2^SAXlOu cm"1. (A.2) 

Note that p is positive. In terms of the strain depend­
ence of the exchange integral, this value of p corre­
sponds roughly to SJ/de~2XlO~lz ergs, which is quite 
plausible. We can check these estimates independently 
by looking at the difference in da/ST above and below 
the transition, which is given by 

(daF/dT) - (da^/dT) = (Aa/M2) (dM2/dT) 

- - 3.4X 10-12 cm/deg. (A.3) 

The observed value of the left-hand side of (48) is 
— 7X10 -12 cm/deg, which is a partial check. I t is not 
clear how all the discrepancy arises, although dM2/dT 
is not too well known. 

The paramagnetic data may be analyzed using the 

The time dependence of the magnetic annealing effect in single 
crystals of magnetite containing various amounts of substituted 
cobalt has been investigated by a technique which permits 
observation of the effect at the annealing temperature. The 
annealing kinetics in a particular crystallographic direction are 
determined by measuring the decay of the torque in the (001) 
plane following a preparatory anneal in a direction 45° removed. 
The directions chosen for study are the [100] and [110] directions, 
which are nodes of the cubic torque curve. The absence of a cubic 
torque in the directions of measurement allows precise observation 
of the anneal-induced uniaxial torque. The annealing kinetics 
observed in the two directions are different, and the nature of 
the torque decay in both directions depends upon the cobalt 
concentration of the sample. The torque decay in the [100] 
direction is attributed to the redistribution of single cobalt ions 

I. INTRODUCTION 

TH E uniaxial anisotropy produced in ferrites 
containing cobalt by magnetic annealing has 

been the object of a number of investigations in recent 
years.1-8 Penoyer and Bickford4 have studied this effect 

* A preliminary account of this work was presented at the 1959 
March Meeting of the American Physical Society at Cambridge, 
Massachusetts. See W. Palmer, Bull. Am. Phys. Soc. 4,178 (1959). 

1 R. M. Bozorth, E. F. Tilden, and A. J. Williams, Phys. Rev. 
99, 1788 (1955). 

2 S. Iida, H. Sekizawa, and Y. Aiyama, J. Phys. Soc. (Japan) 
10, 907 (1955). 

machinery we have developed, but the comparison of 
the theoretical and experimental results are highly 
sensitive to the values chosen for daTu/dT as defined 
by (27). I t is not possible to get from available measure­
ments a single value of the contribution of dar/dT 
valid over the entire range of interest—such as at To, 
Tn, and up into the paramagnetic region. We suspect 
that the difficulty occurs either because the phase we 
have called AF or A may not be substantially ordered, 
or else because of magnetic effects on dar/dT—such 
effects could come quite naturally from interlattice 
interactions, and from short-range order in the para­
magnetic region. 

We note that the effect of substitutions in MnAs can 
be nontrivial. We know19 that small amounts of Sb, 
an ion larger than As, depress the F /AF transition 
temperature, although the steric effect of the larger 
ion should be to raise To, because dTo/dp is negative. 
I t is perhaps not entirely surprising that the delicate 
balance of the interlattice interactions should be 
modified by changing anions, as these are the carriers 
of the superexchange part of the interaction. 

19 W. Koster and E. Braun, Ann. Phys. 4, 66 (1959). 

and certain pairs of adjacent cobalt ions over the octahedral 
cation sites, whereas the decay in the [110] direction is attributed 
to the redistribution of cobalt ion pairs only. The results of a 
theoretical analysis of the annealing kinetics that would result 
from such ionic redistribution are in good agreement with the 
experimental observations. Comparison of the annealing behavior 
of samples in different states of oxidation indicates that ionic 
redistribution occurs by a vacancy diffusion mechanism, and the 
activation energy observed for this process is 1.05±0.03 ev. In 
addition to the measurements performed at the annealing tempera­
ture, the torque in the [110] direction was determined as a func­
tion of temperature in a sample which had been quenched at the 
end of its preparatory anneal. These two measurements are used 
to show that there exists a repulsive interaction energy of 
0.093 ±0.04 ev between two adjacent cobalt ions. 

in single-crystal samples of cobalt-substituted magnetite 
as a function of both cobalt content and annealing 
direction. They have found that the noncubic aniso-

3 A. J. Williams, R. D. Heidenreich, and E. A. Nesbitt, J. Appl. 
Phys. 27, 85 (1956). 

4 R. F. Penoyer and L. R. Bickford, Jr., Phys. Rev. 108, 271 
(1957). 

5 S. Iida, H. Sekizawa, and Y. Aiyama, J. Phys. Soc. (Japan) 
13, 58 (1958). 

6 J. C. Slonczewski, Phys. Rev. 110, 1341 (1959). 
7 L. R. Bickford, Jr., J. M. Brownlow, and R. F. Penoyer, 

J. Appl. Phys. 29, 441 (1958). 
8 S. Iida, J. Appl. Phys. 31, 251S (1960). 
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