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simple case that the observed process can be considered 
as a fluctuation in an isolated system, the theory of 
Van Hove can be related to the experimental situation 
in a natural way. 

5. Ordinary probabalistic reasoning shows that in 

INTRODUCTION 

AT any temperature T less than the critical temper­
ature TCy the low-lying excitation energies in a 

system of bosons are associated with unique wave 
numbers and, therefore, they exhibit particle-like 
properties. The (temperature-dependent) energy-mo­
mentum relation for these quasi-particles has been 
measured for liquid He I I by neutron scattering experi­
ments.1 On the other hand, a theoretical calculation of 
quasi-particle energies has been made only for a Bose 
gas of hard spheres in the low-density limit. For this 
idealized model the leading term in the quasi-particle 
energy, as determined by Lee and Yang,2 is 

where ko2=8irpaX (p=density, a — diameter of a hard 
sphere, and X{T) — fraction of bosons in zero-momen­
tum state). The expression is valid for all T<TC. 
Several calculations have been made of the leading 
correction to co0(&) at T = 0 (where X = l ) . 3 On the 

* This work was supported in part by the U. S. Atomic Energy 
Commission and in part by the Office of Naval Research. This 
research was started while the first author was at Columbia 
University. 

J H . Palevsky, K. Otnes, and E. Larsson, Phys. Rev. 112, 11 
(1958); Y. L. Yarnell, G. P. Arnold, P. J. Bendt, and E. C. 
Kerr, Phys. Rev. 113, 1379 (1959); D. G. Henshaw, Phys. Rev. 
Letters 1, 127 (1958). 

2 T. D. Lee and C. N. Yang, Phys. Rev. 112, 1419 (1958). 
3 S. T. Beliaev, J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 433 

(1958) [translation: Soviet Phys.—JETP 7, 299 (1958)]; F. 
Mohling and A. Sirlin, Phys. Rev. 118, 370 (1960), hereafter 
referred to as MS. 

experimental situations the anti-Boltzmann is never 
useful for prediction of the future behavior of a non-
equilibrium distribution function, even in cases for 
which the distribution function is changing according 
to that equation. 

other hand, the leading correction to o)0(k) for 7 V 0 
has not previously been published. 

The problem of calculating the quasi-particle energies 
for the ground state ( r = 0 ) of a Bose gas of hard 
spheres possesses the simplifying feature that only two 
lengths characterize the system; namely, l=p~* and a, 
The only dimensionless parameter which is encountered 
in the low-density case is found to be the small param­
eter (pa?)K 

When TT^O another length occurs in the problem; 
namely, the thermal wavelength, 

\T= (2ir¥/kTM)K 

The introduction of the thermal wavelength increases 
the number of dimensionless parameters which can be 
used to describe the Bose gas of hard spheres. Now, 
whereas the low-density Bose gas is certainly not the 
same system as real liquid He II , it is of value for 
orientation purposes to write down the lengths a, I, and 
\c (=XT at r c =2.18°K) of real H e l l , 4 together with 
various dimensionless combinations which are encoun­
tered in this paper. These are: 

a=2 .30A, a/Xc=0.39, 

Z=3.58A, (pa?)*=0.515, 

X,=5.91A, pX/=4.5, 

paAc
2=1.75. 

4 See, e.g., F. London, Superfluids (John Wiley & Sons, Inc., 
New York, 1954), Vol. II . 
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I t is seen that although liquid He I I is not a low-
density system, it is also not a high-density system. 

For the low-temperature Bose gas of hard spheres, 
the most important dimensionless parameter which 
involves Xr seems to be the parameter 

t=2XPa\T
2. 

In this paper we investigate the momentum dependence 
of the corrections to the quasi-particle energy cco(k) for 
k<^ko and for various regions of the parameter L In 
particular, we consider both the regions £>>1 (very low 
temperatures) and fc^l ("high" temperatures), even 
though the above numbers suggest that the region fc^l 
may have little to do with the real He I I system. The 
interest in the calculation is twofold. In the first place, 
there is the question as to whether or not the corrections 
to coo(k) for low densities are small corrections for all 
T<TC. Secondly, one is also interested in knowing the 
quasi-particle lifetime as a function of both T and k, 
which is related to the imaginary part of the correction 
to co0(&). 

Our calculation, which uses the pseudopotential 
method,5 is outlined in Sees. I and II , and is patterned 
after the zero-temperature calculation of MS. I t is 
shown in Sec. IV that the real part of the correction to 
coo(k) is small for all T<TC. Then, in Sec. V, it is shown 
for /<$C1 that the quasi-particle lifetime r decreases with 
increasing temperature and that (TWO) approaches zero 
in the low-momentum limit. 

I. HAMILTONIAN OF THE SYSTEM 

A Bose gas of free particles at a temperature T less 
than the critical temperature Tc can be characterized 
by a parameter X(T), which is the fraction of bosons 
in the zero-momentum state. That is, if we define 

tnk(T)^number of bosons in the (unperturbed) 
plane wave state k (k^O) at a given T, (1) 

then 
E » k s i ' « k = ( i - j O i v , (2) 
k^O k 

where N is the total number of particles in the system. 
The free-particle eigenfunctions characterized by the 
wave number k are assumed to be normalized in a large 
cubic box of volume £1 

For a dilute Bose gas of hard spheres we can use 
ordinary perturbation theory to calculate energy levels. 
In this case, the unperturbed state vectors are character­
ized by the occupation numbers m^ of (1). We also 
introduce the number operator Nk—a^dk for particles 
of momentum k, and define the operator 

Sk=Nk-mkj k^O , (3) 

which has a nonvanishing expectation value for the 

5 K. Huang and C. N". Yang, Phys. Rev. 105, 767 (1957). 

interacting system. We treat the zero-momentum state 
in a special manner by using the parameter X(T) to 
characterize the unperturbed eigenstates, because for 
T<TC) X(T) is an appreciable fraction, whereas 
m^/N^l/N for k ^ O . Thus, Lee and Yang2 have shown 
in the limit (N$)—> <*> and p=N/ti=constant, that 
X(T) decreases monotonically with increasing temper­
ature from the value X(0) = 1 to the value X(Tc) = 0. 
We observe that although X(0) = 1, this does not imply 
that at T=0 all of the bosons in the interacting system 
are in the zero-momentum state. In fact, it has been 
shown6 that for a dilute Bose gas of hard spheres, 

H m f - £ w ) =—~(Pa^+0(pa*), (4) 

where a is the diameter of a single hard sphere. 
In this paper our objective is to calculate the exci­

tation energy o)(k) for a dilute Bose gas of hard spheres 
as a function of the temperature of the gas. The 
leading term in oo(k), namely, 

o>,{k) = k(tf+2k<?)\ (5) 

where we use units such that ti=2M—l ( I f=mass of 
boson), and 

£0
2=87raXp (6) 

has already been calculated by Lee and Yang using 
the pseudopotential method.2 Using the methods of 
statistical mechanics, these authors have also deter­
mined the dominant behavior of the quantities m^ and 
X as a function of temperature. We shall take their 
expressions for Wk and X to be given quantities and 
shall use them in a perturbation calculation of the 
leading correction to coo(k). 

We also use the pseudopotential method in which 
the approximate many-body Hamiltonian, to be used 
in conjunction with ordinary perturbation theory, can 
be written as7 

4wa 

k 12 kl,k2,k3,k4 

X 5 ( k ! + k 2 - k 3 - k 4 ) c o s | e | k 3 - k 4 | , (7) 

where ak and akt are, respectively, the annihilation and 
creation operators of the free-particle state vectors | k). 
The sum over k l , etc., means the sum over ki, etc. 
Using expressions from Appendix I of MS,3 the Hamil­
tonian H can be written as follows: 

H=H0+H1+H2+Hz+ (higher order terms), (8) 

6T. D. Lee, K. Huang, and C. N. Yang, Phys. Rev. 106, 1135 
(1957). 

7 T. T. Wu, Phys. Rev. 115, 1390 (1959). 
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where 

k 

+ hk0
2 HTak+^-k+ + ^k^-k COS&e], 

k 

4ira 
H i = ( E r 5 k ) 2 

0 k 

47ra 
(]£' ^ X / C a i ^ - ^ + a i G - i cos/e], 

12 k I 

(9) 
S<ira(XN)* 

H2=~ — E ' [akW^k+k' cos|e|k+k'| 
0 k,k' 

+ak+k'+«kflk' cos | e | k—k ' | ] , 

4ara 
# 3 = ]£ ' akt0_ktak ,a_k , cos&'e. 

ft k^±k' 

In the zero-temperature limit, i.e., in the limit X=l, 
the approximate Hamiltonian (8) and (9) reduces to 
Eqs. (1.4) and (1.5) of MS. As in MS we must take the 
limit e —> 0 + at the end of any calculation, since the role 
of the cos&e term in Eq. (7) is to eliminate spurious 
divergences which would arise in perturbation theory 
calculations should we set e=0 before performing 
momentum-space sums.7 

The various parts of the approximate Hamiltonian 
(8) have a significance similar to that discussed in MS 
for the corresponding zero-temperature parts. Thus, 
Ho gives the leading contribution to the energy levels 
of a dilute Bose gas of hard spheres at a given tempera­
ture, i.e., for a given X, as first calculated by Lee and 
Yang. In particular, the dominant part coo(k) of the 
quasi-particle energy comes from Ho. The terms Hh 

H2, and Hz then give the leading correction to the 
energy levels in the low-density limit. The quantity Hi 
arises because of the changes in the free-particle 
occupation numbers from m* to (iVk) which occur when 
we switch (adiabatically) from the unperturbed free-
particle states to corresponding states of the interacting 
system. We may say that Hi corrects the error of 
using the number X in Ho instead of the operator 
(1—iV^Ek ' iVk). Now, # 0 includes the leading effect 
of the hard core interaction in converting pairs of zero 
momentum particles into pairs of particles in the states 
|k, — k). Similarly, H2 includes the leading terms of the 
interaction which change the occupation number of the 
zero-momentum state by one. Finally, £T3 gives the 
effect of the interaction in converting pairs of particles 
in the states |k', — k') into other states |k, — k). 

II. OUTLINE OF THE CALCULATION 

I t is convenient to imagine the denumerably infinite 
set of plane wave states to be ordered in a sequence 
(ki,k_i,k2,k_2, • • •)> where k _ n = — kn. Then the occu­
pation numbers m^ of the unperturbed states can be 
written in the corresponding ordered sequence 
(wi,w_i,w2,w_2,"-)- Now the numbers Wk are also 
the quantum numbers which characterize the eigenstate 
vectors of the dominant part Ho of the many-body 
Hamiltonian (8), i.e., they are also the (approximate) 
occupation numbers of the quasi-particle states. Thus 
the "right" eigenstates of Ho are8 

| m\m-\m2 • • • m^ • •) 

= n *«<»*.«-<> m ^ i u ) ^ 0k,->, (io) 
»>0 

where the KM<»*»'•'"-«> are normalization constants, and 

£k+= (\-a1?)-^{a^-\-aha-^), 

cu= (*«* cos^e)-1{/fe2+^o2-C^+2^o2A:2 

(11) 

+^(l-cOs,e)] i}^^)2[l+0(^)2]. 

Similarly, the "left" eigenstates of Ho are 

(m\m-\m<z, • • • m r • • | 

= n£w("<'"-<)<oK| (!<)"*(w-«, (12) 
i>0 

where 

| / c =( l - -aA ;
2 ) "H^k+«^-k t ) ? a=afcCOS&e. (13) 

We shall now describe the calculation of the correc­
tion to the quasi-particle energy coo(fe), Eq. (5), in terms 
of the above right and left eigenstates. We begin by 
recalling the parameter argument of the zero-tempera­
ture calculation (Sec. I l l of MS). At T = 0 , the only 
parameter which enters into the calculation of the 
energy of a dilute Bose gas of hard spheres is the small 
parameter (pa3)* of Eq. (4). In terms of this parameter, 
it was argued in MS that the perturbation-theory 
contributions of Hh H2, and Hz to the zero-temperature 
quasi-particle energies were small compared to coo(&) 
and large compared to any other contributions. Al­
though there are other, temperature-dependent pa­
rameters when TT^O, we assume for the present that 
the zero-temperature argument still suffices to pick out 
the leading corrections to co0(£). In analogy with Eqs. 
(III . l) and (III.2) of MS we therefore write the 
quasi-particle energy as 

a)(^) = coo(^)+coi(^)+co2>+i(^)+co2,_i(yb)+W2,+3(^) 
+o)2-z(k)+a)z(k)+ (higher order terms), (14) 

8 The distinction between "right" and "left" eigenstates is 
explained in Sec. I I of MS and in reference 7. 



684 F . M O H L I N G A N D M. M O R I T A 

where 

coi(k)= lim lim { ( w k + l | ^ i | w k + l ) — ( w k | / / i | w k ) } 7 

<*>2,±i(k) = ± lim lim £ ' 
€-+o+n-*«> 11̂ 12 LoJo(/3)--too(/2)—a?o(/i)±^J 

(13 =11 +12) 

X{(mk+l\H2\mi1±:l, w i 2 ± l , w i s ^ l , w k + l ) ( w n = b l , wi2=fcl, w w T l , m k + l | # 2 | Wk+1> 

— ( f » k | ^ 2 | w n ± l , w i 2 ± l , Wi3=Fl, Wk)(wndbl, wwzbl, f»i8=Fl, w k | ^ 2 | w k ) } , 

1 1 
W2,±3 (*) = =Flim lim £ ' I : 

(15) 

ai+Q+SH>>--- - ( /°+ M o ( /* ) + W o ( / ' ) J 

X { ( W k + l | ^ 2 | W n ± l , Wl2±l, ^13±1 , Wk+l)(Wn=fcl, mi2±l , Wl3±l, W k + l j ^ l ^ k + l ) 

— ( w k l ^ l ^ u i l , wi2=bl, w i3± l , mk)(mnztl} wi2dbl, mi3dbl, ^ k | # 2 | w k ) } , 

co3(£) = lim l im{(wk+l |f l '3 |wk+l)—{wklfi 's lwk)}. 

In Eqs. (15) we have suppressed all quantum numbers 
wi which are the same for each of the matrix elements 
of a given term. Furthermore, the subscripts lx, 12, and 
13 of m are conventionally printed as 11, 12, and 13, 
respectively. 

Normalization of the State Vectors 

In order to evaluate the matrix elements of Eqs. 
(15), we must first determine the normalization con­
stants ^k^k .^ -k) and j^k^k.m-k) of Eqs. (10) and 
(12). Thus, the normalization condition 

l = (Wk,W-k |Wk,«-k) 

= j K k ( m ' w ) i £ k ( w , w ) 

X(0 k | (fk)wk(l-k)"-ktt-kt)"-k(fkt)«k|Ok), (16) 

gives an expression for each of the products 

In order to evaluate the matrix element on the 
right-hand side of Eq. (16), we need two identities. 
We define two operators b* and 5k as follows: 

(19) into Eq. (16), we obtain the following expression: 

( l - a f c
2 ) H m - w ) ( l - ^ 2 ) K m - w ) 

l= i£ k
( m ' n ) Xk ( m ' n 

where 

(l-akak)
m-n 

n /nl\2 (m-\-p)l 

X E ( - ) -(-WL*(k,*)J», 
p=o\pl/ (n—p)l 

(20) 

-. ) 
1—amk' (1 — cos&e) 

2 [ ( £ / £ 0 ) 4 + 2 ( W 2 + ( l - cos fc ) ]* 

h2 

—» (1 —cos&e). 
*-*°° 2k2 

(21) 

Z>k^ (1—«A; 2 )^k=^k+Q f A ; ^-k t , 

5k= (1—a/c2) l |k=ak+a/ i ;a_k t. 

Then the first identity, for m^n, is: 

m mini 
(6k)*(*k%= E 

(17) 

P=O (rn—p) l(n—p) IpI 

X ( 1 - a * ^ W ) m ~ p ( 6 k ) n - * , (18) 

as can be verified with the aid of the usual commutation 
relations for the plane wave operators #k and a ^ . The 
second identity, 

(nl)(-ak)
n 

<0k| ( a k ) w ( ^ k ) 1 0 k ) = — , (19) 
{\—akak)n 

We now observe that in the high-momentum region, 
J£2>ko, both <l>(kye) and a* are of ^ko2k~2 and are there­
fore very small quantities. We conclude that the high-
momentum behavior of any integrals is not changed if 
we set e=0 wherever the factors (1—c^2), (1 — ak

2), 
(l—ak3k), and </)(k,e) appear. In_particular, we may set 
€=0 in Eq. (20) to obtain l = [K^m<n)K^m>n)~]rnlnl, or 

^ k (mk,™~k)—jf k (™k, ra -k) — K(™k)]£(m-& ( 2 2 a ) 

with 
K<m>=(tnl)-K (22b) 

In a similar manner, we may show that the various 
state vectors (10) and (12) are orthogonal. We conclude 
that these state vectors may be considered to form an 
orthonormal set, although this is rigorously true only 
in the limit €=0. 

Evaluation of the Perturbation 
Matrix Elements 

The evaluation of the matrix elements of Hi and Hz can be proved with the aid of the relations &k|0k) 
= (0k| &kt==0. After substituting the identities (18) and which appear in Eqs. (15) is readily performed with 
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the aid of the identities: L<l>(k,e)2p with p>0 have been dropped, since such 
terms do not affect the high-momentum behavior of 

<wk,m_k|tfka_k(wk,m_k> t h e integrals which occur in an(k) and «8(*). To 
= — (m -\-m l l ) | ah i evaluate the matrix elements of H2, it is simpler to 

\l^-akcik' write H2 of Eqs. (9) in terms of £k and fkt [see Eq. 
(wk,ra_k | a^a,-^ | rak,w_k) (H)]> of in terms of £k and | k t . 

, , N / ^fc \ ^ N We now write down the expressions which are 
= ~ ( w k + M _ k + l ) ( ) , (23) F 

\l—akak/ 

) . 
1—ahdh' 

obtained for the various terms of Eqs. (15) in the limit 
of infinite volume. Introducing the dimensionless 
parameter 

-akak/ y^k/h, (24) 

In each of these identities, terms proportional to we derive the following integrals: 

( STrkoda\ r dzyi /aiCoseviX 
« i ) - — [ l + m ( y i ) + m ( - y i ) ] ( r ) [ ( l + a „ 2 ) - ( l - a , ) » a d , (25a) 

l-ay
2/J (2TT)3 V 1-ai2 / 

« * 1 + i ( * ) + « 2 . - i ( * ) = W i ^ (25b) 

l6irWa r dsyi |~ 1 "1 1 
wB<a> = lim P I [ l + w ( y i ) + w ( y 2 ) ] {yi,y2,y}, 

- ° + ( l - a „ 2 ) J (2 , r )»U(y)-«o(yi)-«o(y2)J ( l - a i 2 ) ( l - a * 2 ) 

w#(6) = lim P I • [w(y2) —w(yi)]—: {y, - y i , y2}, 
• ^ ( 1 - V ) J (21r)Ho)0(y2)-a>o(yi)-a)o(y)J ( l - a ! 2 ) ( l - a 2

2 ) 

16w2koza r (Pyi 

€-°+ ( 1 - a 2) ^ (2TT)3 
*y 

327T2k0
3a r dsy 

X [ l + w ( y i ) + m ( y 2 ) + 2 w ( y 1 ) m ( y 2 ) ] - — -{yi ,y 2 ,y}, 
( l - a i 2 ) ( l - a a » ) 

lim I d[o)o(y2)—o)Q(yi)—coo(y)li 

->°+ ( 1 - a 2) J (2TT)3 ( 1 - a , 2 ) J (2TT); 

1 
X [ w ( y i ) + m ( y 2 ) + 2 m ( y i V ( y 2 ) > -{y, - y i , y2}, 

( l - a i 2 ) ( l - a 2
2 ) 

{yi?y2,y} ==[cosj€^+aia2/ cos§eyi+a*Uy cos§e;y2—ai cosJe| y x + y | —a2 cos|e| y 2 + y | 

—aia2ay cosje | yi— y21 ][cos |e | yi— y21 +ai<Xy%e | y 2 + y | + a 2 a y cos|e | y i + y | 

—ai cos^e;y2—a2 cosjevi—aia^, cosjev], 

16Tkoza r dzyi [ 1 
= — lim 

OTJZQ6a r d6yi f" 

L - a 2) J (27r)3La 

1 
[ l + m ( y i ) + w ( y 2 ) ] -

( l - a x
2 ) ( l - a 2

2 ) ~°+ ( l - a , 2 ) •/ (27r)3Lcoo(^)+co0(3'i)+a;o(j2)J 

X[aia 2 cos|e| yi—y2| +axay cosjel y i + y | +a2ay cosje] y 2 + y | —a, cosjev 

—ai cosje^i—a2 cosJeyJQ*].^ cosje^+aia , c o s l e ^ + a ^ cos|e^i 

—ay cosJe| y i - y2| - a i cos|e| y 2 + y | —a2 cos|e| y i + y | ] , (25c) 

/ ay \ r dsyi / a i cosevA 
co3= lim 16ir*o8a( ) [ l + w ( y i ) + w ( - y i ) ] ( I, (2Sd) 

e-o+ V l - a y 8 / - / . (2TT)3 V l - a x
2 / 

where In the zero temperature limit we have tn(y) = 0, and 
y 0 =y—y the above expressions reduce to Eqs. (III.4) of MS. 

__ We conclude this section with an order of magnitude 
«y= 1 + y -y(2+fP, a i=a» i , (26) examination of the m{y%)-dependent terms in «(*). At 

o)o(y) = ^(2+^2)^. very low temperatures the quantity w ( ^ ) is extremely 
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small and therefore the zero-temperature parts of co(k) 
are much larger than the m(yi)-dependent parts. At 
higher temperatures, however, the reverse situation 
holds. I t will be shown in the following section that 
the relevant parameter for investigating the tempera­
ture dependence of these expressions is 

/ = £oXr/(4ir)*= (2XpaXT
2)h (27) 

where 

XT= (4TT/5)*= (4w/kT)i= thermal wavelength. (28) 

At very low temperatures, C£>1, whereas at a tempera­
ture just below the critical temperature /<<Cl. I t is the 
latter region in which we shall be most interested. 

In the region /<Cl, each factor of m(yi) in the real 
part of o)(k) behaves as t~l to first approximation, and 
hence the m(yi) dependent terms dominate in each 
of the integrals of Eqs. (25). We shall show, in fact, 
that for y=k/ko<Zil 

Re [ O)(k)—00o(k)~\ 

«o(A) J 

a 
- I , < < L 

\T 
(29) 

Thus, the real part of the correction to the quasi-
particle energy coo(£) is a small correction for all T. 

A similar situation holds for coi(a)(k) of Eq. (25b). 
On the other hand co/(&)~^oXr~"1 in the temperature 
region /<<Cl. This term is therefore large compared to 
wo(k). I t will be discussed in greater detail in Sec. V. 

III. CALCULATION OF m(y) AND X 

Explicit expressions for the quantities m(y) and X 
of Eqs. (1) and (2) have been derived by Lee and 
Yang, by substituting the energy eigenvalues of Ho, 
Eq. (9), into the partition function of statistical 
mechanics. The expressions which they have derived 

are therefore only first approximations to these quanti­
ties, but this, however, is all we require for the calcu­
lation of the leading correction to coo(&). From their 
paper on the equilibrium properties of a low-density 
Bose gas of hard spheres2 we obtain 

and 

where 

m{y) — 

(1-X)P= 

!<f 
<~toiQ(y) 

ko3 

es - ln f= 

/
d?ym(y), 

— | < P y 1 

7T2 J L (2+-V2)U 

(30) 

(31) 

koat 
m(y). (32) 

The quantity t is defined by Eq. (27). We also define 
a quantity d, 

8=e/t, (33) 

and shall show below that 5<<Cl for all T<TC. 
There are two temperature-density regions in which 

we shall be interested; namely, the regions /<<Cl and 
££>1. Before proceeding to evaluate the various integrals 
of Eqs. (25), it is well to have a feeling for the orders 
of magnitude of the quantities e and X for the different 
regions of t. Moreover, the approximation techniques 
for performing the integrals of Eqs. (25) are somewhat 
involved and are best illustrated by the simpler calcu­
lations of X and e. We shall therefore begin by re-
deriving the approximate expressions which Lee and 
Yang have obtained for these latter quantities.2 

We first consider the "high" temperature region t<£l 
and make the change of variable in Eq. (31) 

z=uo(y)=y(2+y2)? (34) 

to obtain 

hs rx r(i+22)*—ii*r e-'(s+*> i 
(1 -X) P = zdz\ 

{2irfJ, L 1+z2 J Ll--e-(<«+*>J 
(2r)- -o _l_g-<(«+«) 

-(l+s2)*-lf r* I 2~* / r ( l + s 2 ) * - l T s-*\ IT e~w> 1 
zdz\z~i—+( _ _ 2 - i + _ ) 

•Jo I 2 U 1+s2 J 2 / J Ll-<?-«"+*> J 
r ( l+z 2 )* - l l* _t Z-* 

where 

and 

(4x0* (2T)H 

px zdz jr(l+z2)*-li 

J0 (z+5) U 1+z2 J 
z-S+-

&>(«)= Z n-"e-n% 

1 f00 {f{l+z2)i-l-\i z-*|r e-'(^) 1 i 
A(t,S)= zdzl - S - 1 + — 

(2T)2J0 IL 1+z2 J 2 JLl-e-'<5+^ <(«+*)! 
0 as / —> 0. 

(35) 

(36) 

(37) 

We see that by asymptotically expanding in powers of does not need to be done in the region /<3Cl. The reason 
/, the most difficult part of the integral for (1—X)p for this simplification is that the last term in the third 
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line of Eq. (35) is a convergent integral. Thus, one 
finds for the quantity (1—X)p: 

(1-x)'-^r.l8>w+( ,)-0'] 

where 

+A(8)tH+k0*A(k), (38) 

( l + 2 2 ) * - l ^ 2 r™ *dz f r ( l + 2 2 ) ^ - l ^ 
A(8)=— I -

y W o (2+5) IL 1+z2 J 
*-* 

= -4(2/7r)*+2(7r5)i+0(5). (39) 

The complete integrated expression for A (8) is given 
by Eq. (A16) of reference 2. With the aid of the 
expressions9 

g,(€)-(x/e)*=-1.460+O(e), 

g}(e) = 2.612-2(xe)H-1.460e+O(e2). 
(40) 

We finally obtain for (1—X): 

( 1 - X ) = (pXr
3)-1[2.612-4(2/7r)^* 

+ 1.460<+O(e*)]. (41) 

In a similar manner one may show that for /<<Cl 

€= 2 i r -* (MC( i r - 2) (2 /TT)*- 1.460**+O(5*)]. (42) 

From Eq. (42) it is seen that in the region k<Cl, the 
quantity d of Eq. (33) is ~a /Xr . We also note that 
(d/t)2—(a/\T)(l~X)/X<^l. Now at very low temper­
atures, i.e., when t> 1 or CM, d is a completely negligible 
quantity and the quantities (1—X) and e can be 
written as follows: 

(1-
h8 r" 

-X)= 
(2w)2o J* 

zdz 
-[(1+*2) 

r e~tz i 

V\-e~tz\ 

and 

(2wyPJ0 (1+22) 

= 2(2/ir)Ha/\T)Xt2gz(l)r* 

-is^6(i)r*+o(r«)], (43) 

e = ^ 7 r - 1 ( M C 2 g 3 ( l ) r 2 - 3 g 4 ( l ) r 3 + 0 ( r 4 ) ] . (44) 

Thus, the quantities (1—X), e, and 8 are all extremely 
small in the region CM, and for all practical purposes 
we may assume that they are zero. 

We now return to the calculation of the correction 
to the quasi-particle energy o>o(&), and use Eq. (30) 

for m(y)9 where both X and e are the known quantities 
of Eqs. (31) and (32). 

IV. LOW MOMENTUM EXCITATIONS, &«fc0 

The leading correction to the quasi-particle energy 
coo(&), Eq. (14), is determined by performing the 
integrals of Eqs. (25). We have only evaluated the 
leading terms of these integrals in the low-momentum 
region. y=k/ko<&l. 

We consider first the very low temperature-density 
region /^feoXjvM. In this region we obtain 

a>(k) = Za(k)2T=oLl+0(hat-2lnt)'] CM, (45) 

where [co(£)]r=o is given by Eq. (IV.2) of MS. 

Eco(^)]r=o=V2W|l+87r-Hp^)1 

+ < > ( - ) +0(paz)\ (46) 

Thus, the zero temperature term is the dominant term 
in a>(k) for CM. The coefficient of the leading tempera­
ture-dependent term of (45) is rather complex to 
calculate, and comes from the integral w£(6) of Eq. 
(25b). 

In the "high" temperature region /~&oXr<3Cl, we 
find that the m(yi)-dependent parts of the integrals of 
Eqs. (25) give the leading corrections to the quasi-
particle energy <ao(k). To evaluate these integrals we 
must use the technique demonstrated in Sec. I l l in 
the evaluation of (1—X). The final result for the real 
part of the correction to the energy coo(&) is 

Reo)(k)=^/2kok+2^(kQ
2ka/irt) 

X[-1 .48+3.88^]+0(£o 2 &*) 

=V2*o*{l+4(2A)*(aAr) 

X [ - 1 . 4 8 + 3 . 8 8 * * ] + 0 ( M > . (47) 

We see that in the region /<<Cl, the real part of the cor­
rection to GJO(&) is a small term which is of ~ (a/\r)^o(k) 
where we always assume that a/Xr<<Cl. 

V. QUASI-PARTICLE LIFETIME FOR 
&«fc0 AND f « l 

The most important "correction" term to the energy 
ooo(k) is the region t<Zil is the imaginary part of co(k), 
which is given by cor(a) and co/(6) of Eqs. (25b). These 
two terms may be simplified to the expressions 

cor («) = 
hsa rz ( l+2mi+2miw 2 ) 

I dzi [1—on—a2+aia z+a2a z—aia2aj2 , (z2 = z—Zi) 
Syzaz Jo a1a2(l+z1

2)Kl+z2
2^ 

0)1 ( & ) = -
koza 

4yzaz 

I <fei [1-
J0 ceia2(l+2i2)Kl+S22)* 

(48) 

-«i—az+aza2+aia2—aia2az~]2, (z2 = z+Zi) 

9 See, e.g., the Appendix of reference 4. 
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az= (l+z^—z, on^azi, 

\ — e-t{h+zi) 

In the very low-momentum region k<^ko and for 
t<&l, one can show that m(a) is very much smaller than 
co/(&). Therefore, we only consider the latter term, which 
can be written as follows: 

Ua /•» r zx
2 f 

« i ( «= dzA ( l + ^ i 2 ) - + l 
v2J 0 L(l+*i2) J 

Xmi ( l+wi ) [ l+O(y ,0 ] - • ( — ) ( — Y (50) 

We see that in the region /<<Cl, co/^Vcoo^^Xr)"1 

becomes very large for &<$C£o. This means that the 
half-width of a low-momentum excitation is large 
compared to the excitation energy itself. The lifetime 
r=£—2 Im.u(k)~]~l of the quasi-particles is extremely 
short for £<$Cl, i.e., for temperatures just below the 
critical temperature, and the excitations are therefore 

When a heat current flows in a wide channel filled with liquid 
helium II, the resulting temperature gradient is approximately 
proportional to the cube of the heat current density. The estab­
lishment of this gradient requires a time r which is a function of 
heat current, temperature, and past history of the helium. The 
present experiments concern the effect of uniform slow rotation, 
about an axis normal to the direction of heat flow, upon gradT 
and r. GradT was measured at 0 and 1.3 rad/sec, the highest 
angular velocity at which this measurement could conveniently be 
carried out. No effect of rotation could be observed; however, an 
approximate calculation suggests that gradr might increase de-

I. INTRODUCTION 

WHEN a heat current flows in liquid helium II, the 
resulting temperature gradient is approximately 

proportional to the cube of the heat current density. 
This fact, together with the results of experiments on 
fountain pressures, led Gorter and Mellink1 to postulate 
the existence of a mutual friction force between the 

* Operated with support from the U. S. Army, Navy, and Air 
Force. 

1 C. J. Gorter and J. H. Mellink, Physica 15, 285 (1949). 

not very well defined. In a dilute Bose gas of hard 
spheres, low-momentum quasi-particles can only be well 
defined in the low-temperature region / > 1 . The result of 
Eq. (47) for the real part of o)(k) becomes less and less 
physically meaningful as the temperature T<TC is 
increased. 

It is of interest to compare the qualitative result of 
Eq. (50) with the experimental results for the inelastic 
scattering of neutrons in liquid He II. In Fig. 2 of a 
note by Henshaw1 are plotted the spectra of inelastically 
scattered neutrons at a fixed angle and for four different 
temperatures: T=1.27°K, 1.57°K, 2.08°K and 4.21°K. 
Now, the critical temperature of liquid helium is 2.18°K, 
and yet one sees from Henshaw's curves that already 
at 2.08°K the unique energy-momentum relation, which 
defines the quasi-particles in He II at lower tempera­
tures, has started to wash out. The experimentally 
determined quasi-particles of He II are also not very well 
defined at temperatures just below the critical temperature, 
and the result of Eq. (50) is qualitatively compatible 
with experiment. 
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tectably at somewhat higher rates of rotation, r was measured at 
a number of angular velocities between 0 and 4 rad/sec; it was 
found that r was appreciably reduced by rotation, the effect being 
greatest at small heat currents and high angular velocities. These 
results can be explained on the assumption that mutual friction 
results from turbulence in the superfluid component, taking the 
form of a tangled mass of vortex line. The delay time r character­
izes the rate of growth of this turbulence when a heat current is 
switched on; rotation reduces r by introducing an initial length of 
vortex line which accelerates this growth. 

normal and superfluid components given by 

Fsn=Apspn(\vs—vn\—vo)s, (1) 

where vs and vn are the superfluid and normal fluid 
velocities, respectively. A is approximately independent 
of channel width and is a slowly varying function of 
temperature; vo is of the order of 1 cm/sec, varies some­
what with temperature, and decreases with increasing 
channel width. 
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