IRREVERSIBLE PROCESSES IN ISOLATED SYSTEMS

simple case that the observed process can be considered
as a fluctuation in an isolated system, the theory of
Van Hove can be related to the experimental situation
in a natural way.

5. Ordinary probabalistic reasoning shows that in
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experimental situations the anti-Boltzmann is never
useful for prediction of the future behavior of a non-
equilibrium distribution function, even in cases for
which the distribution function is changing according
to that equation.
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The pseudopotential method is used to calculate the temperature dependence of the low-momentum
excitations in a Bose gas of hard spheres to an order beyond that previously known. The correction term
is shown to be small compared to the leading term for all temperatures less than the critical temperature T.
The excitations become poorly defined for temperatures slightly below 7., however, since it is'shown that

in this region the excitation lifetimes are quite small.

INTRODUCTION

T any temperature 7 less than the critical temper-
ature T, the low-lying excitation energies in a
system of bosons are associated with unique wave
numbers and, therefore, they exhibit particle-like
properties. The (temperature-dependent) energy-mo-
mentum relation for these quasi-particles has been
measured for liquid He II by neutron scattering experi-
ments.! On the other hand, a theoretical calculation of
quasi-particle energies has been made only for a Bose
gas of hard spheres in the low-density limit. For this
idealized model the leading term in the quasi-particle
energy, as determined by Lee and Yang,? is

wo(k)= (2M)~ 12k (k> 2k )3,

where ko*=8mrpaX (p=density, ¢=diameter of a hard
sphere, and X (7")=fraction of bosons in zero-momen-
tum state). The expression is valid for all T<T..
Several calculations have been made of the leading
correction to wo(k) at T=0 (where X=1).2 On the
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research was started while the first author was at Columbia
University.
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other hand, the leading correction to wo(k) for 70
has not previously been published.

The problem of calculating the quasi-particle energies
for the ground state (7'=0) of a Bose gas of hard
spheres possesses the simplifying feature that only two
lengths characterize the system; namely, /=p~% and a.
The only dimensionless parameter which is encountered
in the low-density case is found to be the small param-
eter (pa®)?.

When T'50 another length occurs in the problem;
namely, the thermal wavelength,

Ar= 272/ ET M),

The introduction of the thermal wavelength increases
the number of dimensionless parameters which can be
used to describe the Bose gas of hard spheres. Now,
whereas the low-density Bose gas is certainly not the
same system as real liquid He II, it is of value for
orientation purposes to write down the lengths @, /, and
e (=M at T',=2.18°K) of real He IL,* together with
various dimensionless combinations which are encoun-
tered in this paper. These are:

a=230A, a/A.=0.39,
1=3.58 A, (0a?)¥=0.515,
Ae=591A, PAS=4.5,
pal2=1.75.

1See, e.g., F. London, Superfluids (John Wiley & Sons, Inc.,
New York 1954), Vol. I1.
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It is seen that although liquid He II is not a low-
density system, it is also not a high-density system.

For the low-temperature Bose gas of hard spheres,
the most important dimensionless parameter which
involves A7 seems to be the parameter

t=2Xpar’.

In this paper we investigate the momentum dependence
of the corrections to the quasi-particle energy wo(k) for
k<ko and for various regions of the parameter /. In
particular, we consider both the regions £>1 (very low
temperatures) and #<<1 (“high” temperatures), even
though the above numbers suggest that the region /<1
may have little to do with the real He II system. The
interest in the calculation is twofold. In the first place,
there is the question as to whether or not the corrections
to wo(k) for low densities are small corrections for all
T<T,. Secondly, one is also interested in knowing the
quasi-particle lifetime as a function of both 7" and &,
which is related to the imaginary part of the correction
to wo(k).

Our calculation, which uses the pseudopotential
method,? is outlined in Secs. I and II, and is patterned
after the zero-temperature calculation of MS. It is
shown in Sec. IV that the real part of the correction to
wo(k) is small for all T<T.. Then, in Sec. V, it is shown
for <1 that the quasi-particle lifetime = decreases with
increasing temperature and that (rwo) approaches zero
in the low-momentum limit.

I. HAMILTONIAN OF THE SYSTEM

A Bose gas of free particles at a temperature 7" less
than the critical temperature T, can be characterized
by a parameter X (7), which is the fraction of bosons
in the zero-momentum state. That is, if we define

mx(T)=number of bosons in the (unperturbed)
plane wave state k (k>£0) at a given T, (1)
then
2 m=2" me=(1—X)N, 2

k0 k

where N is the total number of particles in the system.
The free-particle eigenfunctions characterized by the
wave number k are assumed to be normalized in a large
cubic box of volume Q.

For a dilute Bose gas of hard spheres we can use
ordinary perturbation theory to calculate energy levels.
In this case, the unperturbed state vectors are character-
ized by the occupation numbers my of (1). We also
introduce the number operator Ny= axlax for particles
of momentum k, and define the operator

5kENk—mk, k;fO, (3)
which has a nonvanishing expectation value for the

5 K. Huang and C. N. Yang, Phys. Rev. 105, 767 (1957).
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interacting system. We treat the zero-momentum state
in a special manner by using the parameter X (T) to
characterize the unperturbed eigenstates, because for
T<T., X(T) is an appreciable fraction, whereas
my/N~1/N for k=0. Thus, Lee and Yang? have shown
in the limit (V,2) — «© and p=N/Q=constant, that
X(T') decreases monotonically with increasing temper-
ature from the value X (0)=1 to the value X (7T'.)=0.
We observe that although X (0)=1, this does not imply
that at 7=0 all of the bosons in the interacting system
are in the zero-momentum state. In fact, it has been
shown® that for a dilute Bose gas of hard spheres,

1 8
lim —z'<zvk>)=3 S0, @

-0 N k T

where ¢ is the diameter of a single hard sphere.

In this paper our objective is to calculate the exci-
tation energy w(k) for a dilute Bose gas of hard spheres
as a function of the temperature of the gas. The
leading term in w(k), namely,

wo(k) = k(K*+2ke)?, ©)

where we use units such that Z=2M=1 (M =mass of
boson), and
ko*=8maXp (6)

has already been calculated by Lee and Yang using
the pseudopotential method.? Using the methods of
statistical mechanics, these authors have also deter-
mined the dominant behavior of the quantities my and
X as a function of temperature. We shall take their
expressions for m; and X to be given quantities and
shall use them in a perturbation calculation of the
leading correction to wo(k).

We also use the pseudopotential method in which
the approximate many-body Hamiltonian, to be used
in conjunction with ordinary perturbation theory, can
be written as’

4mra
- Z aifasfasa,
€  k1,k2,k3,k4

X5(k1+k2—k3'—k4) COS%GIkg—k,;[ ’ (7)

H=3" BNyt
k

where ax and ey are, respectively, the annihilation and
creation operators of the free-particle state vectors |k).
The sum over ki, etc., means the sum over k;, etc.
Using expressions from Appendix I of MS,? the Hamil-
tonian H can be written as follows:

H=Hy+H;+H,+ Hs+ (higher order terms), (8)

(135.)D. Lee, K. Huang, and C. N. Yang, Phys. Rev. 106, 1135
7T.T. Wy, Phys. Rev. 115, 1390 (1959).
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where

Hy=4mapN[1+ (1—X)* ]+ 3" (k*+ k") N
. k

+31k2 Y [axta_x"+axa_x coske],

k

4ma
Hy=— —(' 0x)?
Q x

4mra
— —( 62 [arfa_1"+a1a_1 cosle],
Q x 1

)

8ra(XN)?

Hy=——— Y/ [alaxa’ciw Cos%e[k—i—k'[
Q K,k
+axrwiaaw coste| k—Kk'| ],

4dma

Hs=— 3 ar'a_itawa_ i coskle.
Q  ketk

In the zero-temperature limit, i.e., in the limit X=1,
the approximate Hamiltonian (8) and (9) reduces to
Egs. (1.4) and (1.5) of MS. As in MS we must take the
limit € — O+ at the end of any calculation, since the role
of the coske term in Eq. (7) is to eliminate spurious
divergences which would arise in perturbation theory
calculations should we set e=0 before performing
momentum-space sums.”

The various parts of the approximate Hamiltonian
(8) have a significance similar to that discussed in MS
for the corresponding zero-temperature parts. Thus,
H, gives the leading contribution to the energy levels
of a dilute Bose gas of hard spheres at a given tempera-
ture, i.e., for a given X, as first calculated by Lee and
Yang. In particular, the dominant part wo(k) of the
quasi-particle energy comes from H,. The terms Hj,
H,, and H; then give the leading correction to the
energy levels in the low-density limit. The quantity H,
arises because of the changes in the free-particle
occupation numbers from m to (Nx) which occur when
we switch (adiabatically) from the unperturbed free-
particle states to corresponding states of the interacting
system. We may say that H; corrects the error of
using the number X in H, instead of the operator
(1—N13 ' Ny). Now, H, includes the leading effect
of the hard core interaction in converting pairs of zero
momentum particles into pairs of particles in the states
|k, —k). Similarly, H, includes the leading terms of the
interaction which change the occupation number of the
zero-momentum state by one. Finally, H; gives the
effect of the interaction in converting pairs of particles
in the states |k’, —k’) into other states |k, —k).
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II. OUTLINE OF THE CALCULATION

It is convenient to imagine the denumerably infinite
set of plane wave states to be ordered in a sequence
(ky,k 3,k k_5,- - +), where k_,=—k,. Then the occu-
pation numbers my of the unperturbed states can be
written in the corresponding ordered sequence
(my,m_1,me,m_s,---). Now the numbers my are also
the quantum numbers which characterize the eigenstate
vectors of the dominant part H, of the many-body
Hamiltonian (8), i.e., they are also the (approximate)
occupation numbers of the quasi-particle states. Thus
the “right” eigenstates of H, are®

imlm_lmz. LRy /770 .>

= H Ky (mim=2) (SiT)mi(E_iT)m—il 0ki>,

>0

(10)

where the Ky;™:™- are normalization constants, and
f'= (1—a’) Hax'+aras),
ar= (ko? coske) 1 { k24 ko?— [ k*+2ko%?

(11)
+kot(1—coske) '} — 1(E)Z[H-O(ﬁ)j.
B2\ k k
Similarly, the “left” eigenstates of H, are
(mam_ymy- - -my - - |
= Z_I})Kki('”“"‘”(okil (E)me(Eym,  (12)
where
ge=(1—ad) (et ara_xt), a@=aycoske. (13)

We shall now describe the calculation of the correc-
tion to the quasi-particle energy wo(k), Eq. (5), in terms
of the above right and left eigenstates. We begin by
recalling the parameter argument of the zero-tempera-
ture calculation (Sec. III of MS). At 7=0, the only
parameter which enters into the calculation of the
energy of a dilute Bose gas of hard spheres is the small
parameter (pa®)? of Eq. (4). In terms of this parameter,
it was argued in MS that the perturbation-theory
contributions of Hy, Hs, and Hj to the zero-temperature
quasi-particle energies were small compared to wo(k)
and large compared to any other contributions. Al-
though there are other, temperature-dependent pa-
rameters when 750, we assume for the present that
the zero-temperature argument still suffices to pick out
the leading corrections to wo(k). In analogy with Egs.
(TI1.1) and (I11.2) of MS we therefore write the
quasi-particle energy as

w(k)=wo(k)+wi(k)+ws,11(k)+ws,—1(k)+ws,43(k)
+ws,—3(k)+ws(k)+ (higher order terms), (14)

8 The distinction between “right” and ‘‘left” eigenstates is
explained in Sec. II of MS and in reference 7.
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where

wl(k)= hm hm {(mk+1)H1|mk+1)—(mk]Hllmk>},

€0+ Q-

w2,:|:1(k) =4 lim lim
e—0+4 Q—
(13 =11 +1y)

1
IEIZ [wo (3)—wo(l2) —wo(l1) 10
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]

X{(mk—}-l]Hg[mu:I:l, migtl, misF 1 met+1)(mn1, mypt1, misF1, mk+1fH2[mk+1>
—<mk’H2,m11:E1, mi=1, misF1, kaﬂZu:I:l, mit1, misF1, mk,H2}mk>}’

w2,43 (k)= + lim lim
e—0+ Q—®
(11 +12 413 =0)

1
1 §le: <13 [wo(ll)-l-wo(lz) Fawo(ls)

(15)

X{(mk-l—l]Hzfmu:bl, mie=1, miz=1, mk—!—l)(mu:i:l, mist=1, mis=1, mk—l—1]H2|mk—}—1)

—(mle:g,mH:}:l, mig=1, myz=1, mk>(mu:i:1, miea=1, miz=1, mleglmk>},

e—=0+ Q—

In Egs. (15) we have suppressed all quantum numbers
m; which are the same for each of the matrix elements
of a given term. Furthermore, the subscripts 1y, 5, and
I; of m are conventionally printed as 11, 12, and 13,
respectively.

Normalization of the State Vectors

In order to evaluate the matrix elements of Egs.
(15), we must first determine the normalization con-
stants Kyx&m—k) and Ky™emk of Egs. (10) and
(12). Thus, the normalization condition

1= (mu,nx| Mi,Nx)
—:Kk(m,n)Kk(m,n)

X (O | (E)mk (&)™ % (d-icD) ™= (£x)™x[0x),  (16)
gives an expression for each of the products
Ky mm K (mn)

In order to evaluate the matrix element on the

right-hand side of Eq. (16), we need two identities.
We define two operators bx and by as follows:

b= (1— )= ax+tara_xl,

! _ 17
b= (1—a®) b= axt+ara_x1. (7
Then the first identity, for m=un, is:
_ m mln!
(b)) (bsc)m= 22
ST ) =) !
X (1—az@)? (bh) ™2 (bi)*?, (18)

as can be verified with the aid of the usual commutation
relations for the plane wave operators ax and axt. The

second identity,
(n)(—ax)"

O k)"’ a_1)"|0x)= y 19
Ol @@ o)== o)

can be proved with the aid of the relations bx|Ox)
=(0x|bxt=0. After substituting the identities (18) and

(19) into Eq. (16), we obtain the following expression :

(1 —_ &kZ)%(m~n) (1 _ak2)%(m-n)

1=K mm K (mn)
(1 —ak&k)"“”

1\ )] o
n fnI\2(m |
xz(~) D Ter T,
o \p1) (n—p)!
where _
ar— ar
[sh01= ()
—arly,
3 (1—coske)
AL (/B 42 o)+ (1—coske) T
— ~—0—(1——coske). (21)

k—o 2k2

We now observe that in the high-momentum region,
k>ko, both ¢ (k,e) and oy are of ~kk2 and are there-
fore very small quantities. We conclude that the high-
momentum behavior of any integrals is not changed if
we set e=0 wherever the factors (1—ai?), (1—a?),
(1—aza@x), and ¢(k,e) appear. In particular, we may set
¢=0in Eq. (20) to obtain 1=[Ky™»K, ) Jmlnl, or

Kymem—i) = K, (miem—k) = Km0 K (m—k) (223
with
K= (m!)3 (22b)
In a similar manner; we may show that the various
state vectors (10) and (12) are orthogonal. We conclude
that these state vectors may be considered to form an
orthonormal set, although this is rigorously true only
in the limit e=0.

Evaluation of the Perturbation
Matrix Elements

The evaluation of the matrix elements of H; and H;
which appear in Egs. (15) is readily performed with
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the aid of the identities: [¢(k,e)]» with $>0 have been dropped, since such
terms do not affect the high-momentum behavior of
(| @i | mic;m_s) the integrals which occur in wi(k) and ws(k). To
- 11 evaluate the matrix elements of Hy, it is simpler to
, (mtmost )( —akdk)’ write Hp of Egs. (9) in terms of £x and fxf [see Eq.
(myym_i| axa_it| mu,m_x) (11)], of in terms of £ and .
_ We now write down the expressions wbich are
=T (mk+m“k+1)( _ )’ (23) obtained for the various terms of Egs. (15) i the limit
[« 72793 . . . . .
of infinite volume. Introducing the dimensionless
¢ ™ V= ) parameter
My, M_x 6k My M_x mk-l—m_k-i—l ( )
’ 1—ardy yEk/kO; (24)

In each of these identities, terms proportional to we derive the following integrals:

81rk03(l Y1
w=1li ) o) — (1—a,)?ay ],
w2, 41(k) w21 () =wr® (k)+wR(”) (B)—iLwr@ (k) 4+wr® (k) ], (25b)
ot [l Joematme}—
wpi® = lim m(y1 ) ) P — LYz ,
T e arla)—eG—ai T e Y

wgp® = lim 32WkosaP f | ][m(yz)—m(yl)J“—l—**{y, =Y, Y2},
o (1—a) 7 (2m)*wo(y2) —wo(yr) —wo(y) (1—a?) (1—as?)
r® = lim, if’ii) [ =m0 =en)
><[1+m(yl)+m(Y2)+2m(yl)m(Yz)]m{yl,my},
r = lim T [ O o) —wo(3)—en(3)]
<M (1—q2) J (27)? .
X[m(y)+m(y2)+2m(y)m(ye) F——————{y, — vy, ¥z},

(1 —a{") (1 —'Ot22)
{y1,¥2,¥} =[costey+aia, costeyi+as, costeys—ar coske| yi+y| —as coste| yaty|
— a0y cose| y1— ya| JLcoske| yi—yo| + i be| yot y| +asay cosye| yit-y|

—a; costey,—ay costeyi—ajasa, cossey ],

w2,3 (k) =w2,+3 (k) +ws,—3 (k)

i [ | ! ][1+ (y)-+m(y2)]
=— 1 m(y)+m(ys) ————
=0t (1—a2) ) (2m)Lwo(y)Feoly)+ao(ys) Y an —a)

X [aias coste| y1— ya| +ouay coste| yi+y| +as, coste| y.+y| —ay, costey

—ay Costeyi—ay costeys [[ouas costeytaiay, cosyeystasa, costey:

1—a,? ) (2r)?

where In the zero temperature limit we have m(y)=0, and
=Y—¥1, the above expressions reduce to Egs. (ITL.4) of MS.

_ 2 (2 gt _ 26) We conclude this section with an order of magnitude

a,=1+y"=y(2+y)} a=an, examination of the m(y;)-dependent terms in w (k). At

wo(y)=y(2+y?)% very low temperatures the quantity #(y;) is extremely

—a, coste| yi—y2| —a1 coste| yoty| —as coste| yity|], (25¢)
o1 COS€y1)

w3= hm 161rko3a( (25d)
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small and therefore the zero-temperature parts of w(k)
are much larger than the m(y,)-dependent parts. At
higher temperatures, however, the reverse situation
holds. It will be shown in the following section that
the relevant parameter for investigating the tempera-
ture dependence of these expressions is

1=ko\z/ (4n)}= (2X paAs)}, @7)

where

Ap= (4nB)%= (4=/kT)*=thermal wavelength. (28)

At very low temperatures, £>1, whereas at a tempera-
ture just below the critical temperature <<1. It is the
latter region in which we shall be most interested.

In the region #X1, each factor of m(y;) in the real
part of w(k) behaves as ¢! to first approximation, and
hence the m(y;) dependent terms dominate in each
of the integrals of Egs. (25). We shall show, in fact,
that for y=~%/ko<k1

[w(k) —wo(k)
Re| ————
wo(k)

Thus, the real part of the correction to the quasi-
particle energy wo(k) is a small correction for all 7'

A similar situation holds for w;(® (k) of Eq. (25b).
On the other hand w;®~k 7™ in the temperature
region {<1. This term is therefore large compared to
wo(k). It will be discussed in greater detail in Sec. V.

a
]~koat—1~—<<1. (29)

T

III. CALCULATION OF m(y) AND X

Explicit expressions for the quantities 7 (y) and X
of Egs. (1) and (2) have been derived by Lee and
Yang, by substituting the energy eigenvalues of H,,
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are therefore only first approximations to these quanti-
ties, but this, however, is all we require for the calcu-
lation of the leading correction to wo(k). From their
paper on the equilibrium properties of a low-density
Bose gas of hard spheres? we obtain

e~ twow)
m(y)__' l_g.e—-two(v)’ (30)
and
2y 'y m(y), (31)
s
where
L [1 Y ] ). (32)
e=—In{= » y 2ty m(y).

The quantity ¢ is defined by Eq. (27). We also define
a quantity 6,
d=¢/t,

and shall show below that 6<1 for all T<T..

There are two temperature-density regions in which
we shall be interested; namely, tbe regions /<1 and
£>1. Before proceeding to evaluate the various integrals
of Egs. (25), it is well to have a feeling for the orders
of magnitude of the quantities e and X for the different
regions of {. Moreover, the approximation techniques
for performing the integrals of Egs. (25) are somewhat
involved and are best illustrated by the simpler calcu-
lations of X and e. We shall therefore begin by re-
deriving the approximate expressions which Lee and
Yang have obtained for these latter quantities.?

We first consider the “high” temperature region <1
and make the change of variable in Eq. (31)

(33)

Eq. (9), into the partition function of statistical z=wo(y)=y(2+y")} (34)
mechanics. The expressions which they have derived to obtain
ke o (1-{—22)%‘-1 i e~ t(s+2)
e [
(27r)2 i 1422 1— e t(8+2)
k03 © Z_% (1—*—22)%—1 b z*% e—-t(5+2)
R e
(27r)2 0 2 1422 2 1—ete+a),
[ “ O A G+ ko f"’ 2dz “:(1‘*"22)%-—1]% %+z"%] 35)
e)—tg1(e [ -3 ’
T g ’ Qnndy @+o)ll 1422 2
where
gr(0= 3 nre s (36)
and
1 @ (14-22)t—173 g g—t(6+2) 1
A(l,&)E——f zdz[[ ] —z 4 ][ .|—+0 as t—0., @37
(2m)? Jo 1422 21—t (54-2)

We see that by asymptotically expanding in powers of
¢, the most difficult part of the integral for (1—X)p

does not need to be done in the region #<<1. The reason
for this simplification is that the last term in the third
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line of Eq. (35) is a convergent integral. Thus, one
finds for the quantity (1—X)p:

v o))

+4 (B)t%]-l—ko%(k), (38)

where

A Rt e

=—4(2/m)+2(x8)}+0 ().

(39)

The complete integrated expression for A4(8) is given
by Eq. (A16) of reference 2. With the aid of the
expressions®

g:(e— (m/€)}=—1.460+0(e),

23(e)=2.612—2(mwe)?+1.460e+0( ). (40)
We finally obtain for (1—X):
(1—=X)= (oA r*)"[2.612—4(2/7)}*
+1.460t+0(e?)].  (41)
In a similar manner one may show that for &K1
e= 2" (koa)[ (r—2)(2/m)i—1.4604+-0(81)].  (42)

From Eq. (42) it is seen that in the region <1, the
quantity 6 of Eq. (33) is ~a/Ar. We also note that
6/8)*~ (a/Ar)(1—X)/XK1. Now at very low temper-
atures, i.e., when > 1 or £>1, § is a completely negligible
quantity and the quantities (1—X) and € can be
written as follows:

ko® ® 2dg . I e*
(=)= I ol -1 1_e—u]
=2(2/7)%(a/Nr) X[ 2g5(1)t2
and ~15g5(D)t—*+0F )],

e=V2r1(koa) [ 2g:(1)12—3gs ()30 () ].

(43)

(44)

Thus, the quantities (1—X), ¢, and § are all extremely
small in the region £>1, and for all practical purposes
we may assume that they are zero.

We now return to the calculation of the correction
to the quasi-particle energy wo(k), and use Eq. (30)

koa fzd (1+42my+2myms)
¥4
8yza, Jo 1a1a2(1+212)%(1+222)%L
ko3a fmd (M1+M2+21’7L1M2)
0

21 N L
a1a2(1+212)7(1+222)%
9 See, e.g., the Appendix of reference 4.

wI(“) =

wr® =

4yza,

1—a1—astaie,+as, —aoa, 7,
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for m(y), where both X and e are the known quantities
of Egs. (31) and (32).

IV. LOW MOMENTUM EXCITATIONS, k<k,

The leading correction to the quasi-particle energy
wo(k), Eq. (14), is determined by performing the
integrals of Eqs. (25). We have only evaluated the
leading terms of these integrals in the low-momentum
region. y=Fk/ke<K1.

We consider first the very low temperature-density
region i~k r>>1. In this region we obtain

w(k)=[w(k) Jr=14+0(koat21nt) ] £1,
where [w(k)Jr—o is given by Eq. (IV.2) of MS.

(45)

[w(k)]T=o=\/§kok[1+87r—%(paa)%

+o(kﬁ)2+0(pa3)]. (46)

0

Thus, the zero temperature term is the dominant term
in w(k) for £>1. The coefficient of the leading tempera-
ture-dependent term of (45) is rather complex to
calculate, and comes from the integral wz® of Eq.
(25Db).

In the “high” temperature region i~k\r<K1, we
find that the m(y;)-dependent parts of the integrals of
Egs. (25) give the leading corrections to the quasi-
particle energy wo(k). To evaluate these integrals we
must use the technique demonstrated in Sec. III in
the evaluation of (1—X). The final result for the real
part of the correction to the energy wo(k) is

Rew(k) =V2kok+-2V2Z (kka/ )
X[—1.48+3.88:]+0 (ketka)
=V2kok{1+4(2/x)*(a/Ar)
X[—1.48+3.88t]4-0(koa)}. (47)
We see that in the region #<1, the real part of the cor-

rection to wo(&) is a small term which is of ~ (@/Ar)wo(k)
where we always assume that ¢/Ar<1.

V. QUASI-PARTICLE LIFETIME FOR
k<ky AND tK1

The most important “correction’ term to the energy
wo(k) is the region #<1 is the imaginary part of w(k),
which is given by wr® and w;® of Egs. (25b). These
two terms may be simplified to the expressions

(ze=2—21)

(48)

1—ai—a,to.aetaos—aie, 2, (22=3+2)



688 , F.

z=y(2+yH},
a,= (1429)t—z,

e"‘t(a'f‘zl)

a1=wz,

(49)

m=—-
1 —e—t(8+z1)

In the very low-momentum region k<k, and for
11, one can show that wr‘® is very much smaller than
wr®. Therefore, we only consider the latter term, which
can be written as follows:

kogd 0 2.'12 2
wz(b)=—f dzl[—-—— - (1+212)‘*+1]
V2 J, (1+212)

Xm1(1+7n1)[1+0(y,t)]y,—t_>m(g) (g) (50)

‘We see that in the region K1, w;®/we~ (kAr)~!
becomes very large for k<ko. This means that the
half-width of a low-momentum excitation is large
compared to the excitation energy itself. The lifetime
r=[—2Imw(k)]™ of the quasi-particles is extremely
short for #&K1, ie., for temperatures just below the
critical temperature, and the excitations are therefore
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not very well defined. In a dilute Bose gas of hard
spheres, low-momentum quasi-particles can only be well
defined in the low-temperature region 12> 1. The result of
Eq. (47) for the real part of w(k) becomes less and less
physically meaningful as the temperature T'<T, is
increased.

It is of interest to compare the qualitative result of
Eq. (50) with the experimental results for the inelastic
scattering of neutrons in liquid He IT. In Fig. 2 of a
note by Henshaw! are plotted the spectra of inelastically
scattered neutrons at a fixed angle and for four different
temperatures: 7=1.27°K, 1.57°K, 2.08°K and 4.21°K.
Now, the critical temperature of liquid helium is 2.18°K,
and yet one sees from Henshaw’s curves that already
at 2.08°K the unique energy-momentum relation, which
defines the quasi-particles in He IT at lower tempera-
tures, has started to wash out. The experimentally
determined quasi-particles of He IT are also not very well
defined at temperatures just below the critical temperature,
and the result of Eq. (50) is qualitatively compatible
with experiment.
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When a heat current flows in a wide channel filled with liquid
helium II, the resulting temperature gradient is approximately
proportional to the cube of the heat current density. The estab-
lishment of this gradient requires a time = which is a function of
heat current, temperature, and past history of the helium. The
present experiments concern the effect of uniform slow rotation,
about an axis normal to the direction of heat flow, upon grad7’
and 7. Grad7 was measured at 0 and 1.3 rad/sec, the highest
angular velocity at which this measurement could conveniently be
carried out. No effect of rotation could be observed ; however, an
approximate calculation suggests that grad7" might increase de-

I. INTRODUCTION

HEN a heat current flows in liquid helium IT, the
resulting temperature gradient is approximately
proportional to the cube of the heat current density.
This fact, together with the results of experiments on
fountain pressures, led Gorter and Mellink! to postulate
the existence of a mutual friction force between the

* Operated with support from the U. S. Army, Navy, and Air
Force.
1 C. J. Gorter and J. H. Mellink, Physica 15, 285 (1949).

tectably at somewhat higher rates of rotation. 7 was measured at
a number of angular velocities between 0 and 4 rad/sec; it was
found that 7 was appreciably reduced by rotation, the effect being
greatest at small heat currents and high angular velocities. These
results can be explained on the assumption that mutual friction
results from turbulence in the superfluid component, taking the
form of a tangled mass of vortex line. The delay time 7 character-
izes the rate of growth of this turbulence when a heat current is
switched on; rotation reduces 7 by introducing an initial length of
vortex line which accelerates this growth.

normal and superfluid components given by
anzAPsPn(['Us—vnl —129)3, ey

where v, and v, are the superfluid and normal fluid
velocities, respectively. 4 is approximately independent
of channel width and is a slowly varying function of
temperature; v, is of the order of 1 cm/sec, varies some-
what with temperature, and decreases with increasing
channel width.



