PHYSICAL REVIEW VOLUME

120,

NUMBER 4 NOVEMBER 15, 1960

Decay of Bound Muons

VicTOor GILINSKY AND JON MATHEWS
California Institute of Technology, Pasadena, California

(Received July 11, 1960)

The decay rate of bound muons from the K shell is calculated for elements up to lead. The muon is
represented by a relativistic wave function for a point nucleus with parameters adjusted for finite-nuclear-size
effects. The outcoming electron is represented by a Sommerfeld-Maue wave function. The decay rate is
found to be a monotonically decreasing function of the atomic number. An estimate of the error is obtained
by comparing with an exact calculation for the lowest electron angular state. The spectrum and angular

distribution of the electrons are also presented.

1. INTRODUCTION

HE decay of negative muons in matter is com-
plicated by the formation of pu atoms. Since
muons from, say, a 100-Mev beam descend to the
ground state in less than 1071 sec.! almost all the decays
are from the ground state.

In order to calculate the decay it is essential to
have good wave functions for the initial muon state
and the final electron state. Since we shall be interested
mainly in the decay in materials of intermediate atomic
number it is clear that the Coulomb interaction
between the electron and the nucleus will be important.
For large nuclei the finite nuclear size will also be
significant.

In this calculation we shall neglect the interaction
between the initial muon and the final electron. That
is, we shall use wave functions which closely approxi-
mate solutions to the Dirac equation with a Coulomb
potential.

The electron will be treated as a massless particle
and the residual nucleus will be permitted to take up
momentum but no energy.

The main results are presented in Table I. The rate
is shown to he a monotonically decreasing function of
atomic number.? This is in conflict with experiments?
but in agreement with results obtained by Uberall* who
treated the problem in a different way.

2. OUTLINE OF THE CALCULATION
A. General Result

In this section we shall outline the calculation of
the spectrum and angular distribution of electrons.
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LE. Fermi, E. Teller, and V. Weisskopf, Phys. Rev. 71, 314
(1947); E. Fermi and E. Teller, Phys, Rev. 72, 399 (1947).
2 These results were presented by J. Mathews at the December,

The matrix element 7" for muon decay is given by

T=21G f 0 B (X)vsa (0 (%)
Xysays(x) 216 (Qs—

where the momenta are defined in Fig. 1.8
Define M by

T =2V2GM 218 (Qs— pa—hk—s—1). ()
Then the total rate for ppounda — e+v+7 is
&k

&t
f (2T)sf (27r)3f (zw)sf (2r)?

X X M) (Q—p—k—s—1). (3)

electron spin

—k=s—1), (1)

So far we are dealing with oriented muons. If we insert
suitable projection operators we can take traces and
obtain a simpler expression.

The neutrinos are unobserved so it is convenient to
eliminate them from the calculation at this stage. The
neutrino wave functions are

Y (x)=exp(it-X)ur, ¥s(x)=exp(—is-X), (4)

where #; and v, are the appropriate Dirac spinors.
Therefore, using the momentum delta function we have

M= f Bx Po (D)7 (DT *(uer,any).  (5)

1959, meeting of the American Physical Society at the California
Institute of Technology.

3D. D. Yovanovitch, Phys. Rev. 117, 1580 (1960).

¢H. Uberall, Phys. Rev. 119, 365 (1960).

5We use the conventions A=c=1 and =xd— a2 —x?—xt.
The v matrices are given by

74=(é _(1)), and V“Z(—ga 8”‘) for a=1,2,3.

The spin projection operator is a=%(144y;) where vs=y1v2ysys.
The spinor #, will denote either

N

All spinors will be normalized by uy*ux=1. We also take m,=1
and let Z=2,/137 where Z, is the atomic number.
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It is convenient to define another quantity N, by
M=N,(iyy,avs). Then

& &t
f (2:)3 f (zw)sl

where H=(Q—p—k. We have made use of the identity

M|2(2m)*t(Q—p—k—s—1)

=N,N\(1/127) (H,H\— H?,), (6)

&t s-at-b

f (27r)3f (2r)* 252t

(2m)46*(H—s—1t)
1
=—(2H-aH -b+H?%-b). (7)
96

Let us denote the available energy Qs—
H=W—k, — (p+k).

The total rate for the decay of polarized muons can
now be written

pa by W. Then

=8G2f Z:s f ([.12:))3

X 2 NNX—(H H\—H%,). (8)

spins

B. Simple Example

It is instructive to carry through the calculation with
simple wave functions to see how things go and
especially to see which regions contribute most to the
integral.

The simplest wave functions we can choose are

Yu(x)= (u¥/mh)e ™ uq, 9)

Yo(x) =€ uy,

where u=2Z7,/137.

+|

cos @

F1aG. 2. The region of integration in &, p, cosf space. It is bounded
on the right by the surface kn= l(W2 )/ (W cos).
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The result of performing the space integrals and the
sum over spins is

G* 256ub1 L
R= - f d cosu f ap
1927% = 2 0
P2k2

+1 kmax
X f d cosf f
. (p2+ k2)4

X {[3W2—4kW — p24-2p (W —2k) cosb ]

[ W2 45 W — p2+2p(W+2E) cosh
—2p? cos?@] cosa}, (10)
where cosa= k-2, cosb=p-k, and
p—
- (11)
2(W+p cosh)

The muon spin is along 2 so the second term in the
brackets gives the angular distribution. The shape of
the region in phase space is shown in Fig. 2. The region
of integration depends, of course, only on the kinematics
and will be the same for all subsequent integrations.

The remaining integrals can be performed analytically
to yield

GWs 2[
B 19273 3

(3—4N2—15)%)

142
+3(1—2A24-509) tan—l(l/k)], (12)

where A=y/W. For small p we have

2W6

R=~

(1—2u2). (13)

19273

These results are well known.® Notice that for small u
the integral over p peaks sharply in the neighborhood
of p=u/V3. Now let us return to the radial integral

in N,:
sinpr
47 f dr r2e .
pr

If we put p=u/V3 we find that 0.69 of the integral
comes from the region 1<7u<3.

3. WAVE FUNCTIONS
A. Muon Wave Function

The muon is in a state of positive parity and j=3
The wave function can be written in the form

(14)

Yu(x)= 4t

6 C. E. Porter and H. Primakoff, Phys. Rev. 83, 849 (1951).
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For the case of a point nucleus we have’

2
= | A YT y—1
g(r)=>1+) [P(27+1)]%“ e (ur)" 1,

f)= (1‘3)2(’)’

with y= (1—pu?)3,

Even for the lightest nuclei the singularity at the
origin is not realistic and for heavier elements the finite
size of the nucleus becomes important. For example, at
iron the nuclear radius is about one-half the muon
Bohr radius so that the effect of a finite nucleus must
be considered.

For this calculation we chose g(r) and f(r) of the form

(15)

f(r)=Ag(r). (16)

g (r) = ————ﬂ%e—/»‘r’

(142!

We obtained numerical solutions of the Dirac
equation with the potential of a uniformly charged
nucleus® and then adjusted u and A to best fit the exact
solutions. It is necessary to have a relatively simple
analytic expression for the radial wave function so
that the integrals remain tractable.

We can define an effective charge Z,,=137u. For
instance at Z,=26, Z,=24.2.

One could obtain a slightly better approximate wave
function by using a different effective charge for the
small component since in a finite nucleus the small
component starts off with one higher power of 7 than
the large component. However, the effect of the small
component on the rate is only about 39, at Z.=26
so this improvement is not necessary.

B. The Electron Wave Function

The Dirac equation with a Coulomb potential
cannot be solved in closed form for scattering states.
Since the decay of bound muons proceeds through many
angular momentum states, each of which is not
especially easy to handle, it would be very nice to
have a fairly simple approximate solution in closed
form. Sommerfeld and Maue have worked out very
useful wave functions® They are most conveniently
arrived at in the following way: Start with the Dirac
equation for a massless electron in the field of a central
potential V()

(k—V+ie V)y.(x)=0, (17)

7A. I. Akhiezer and V. B. Berestetsky, Quantum Electro-
dynamics (AEC-tr-2876), p. 110. Note that Eq. (10.13) is wrong
and there is an error in sign in all subsequent work on the Dirac
equation in a central potential.

8 The nuclear radius is obtained from R=R,A}? with Ry=1.2
X108 cm.

9 A. Sommerfeld and A. W. Maue, Ann. Physik 22, 629 (1935).
See also L. Bess, Phys. Rev. 77, 550 (1950). H. A. Bethe and
L. C. Maximon, Phys. Rev. 93, 768 (1954).
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and let y.(x)=(1/2k)(k—V —ia-V)ep(x). Then o(x)
satisfies
L= V)4 Vi—ia- (VV)]e(x)=0.

The Coulomb potential is —Z/r so we can write

VA ZN\ 72
(V2—I—k2+2k——)<p=—[ioz- (V —{——2](,0. (19)
r r

4

(18)

Consider the equation with the right-hand side set
equal to zero. A solution of this truncated equation,
with incoming scattered waves, is

po(x)=e®* \Fi(—iZ, 1, —i(kr+k-x)). (20)
It is now easy to show that the function
) 1
x(x)ze”‘"(l—l—;}jwv)Fuk (21)

is a solution of (19) with the neglect of the terms

_eik-x

VA zZ\ 2211
-+[’ia-v(— —i——:l—ia-V,Fuk. (22)
r? r 7212k

The letter /' stands for the confluent hypergeometric

function in (20). The approximate solution to the
Dirac equation is now

1
Y(x)= e“‘"(l———ioz- V)Fuk
2k
Z 1

+eikr*— —iq- VFup. (23)
r 4k?

The first part, aside from a normalizing factor, is the
celebrated Sommerfeld-Maue (S-M) wave function and
it is this wave function that we shall use in our calcula-
tion. Correctly normalized it is

1
Yt (X) = eT/D4T (1+'iZ)eik"(1—2—k’ioc- V)Fuk. (24)

Notice that Vv F1(—iZ, 1, —i(kr+k-x)) is O(Z/7)
asymptotically, and O(Zk) at the origin. The terms we
neglected in (19), ie. (22), are then O(Z%/(kr)?)
compared with the leading term. Since, at least for
small Z., the spatial region of importance is in the
neighborhood of two muon Bohr radii, O(Z%/(kr)?) is
roughly equivalent to O(Z*/k*) for the purpose of
bound muon decay. The smallest term we have kept in
the differential equation is O(Z/ (kr)?).

In choosing the Sommerfeld-Maue wave function
we have also dropped the last term in (23). Notice,
however, that it is smaller than the second term by a
factor Z/(2kr). The second term is O(Z/(2kr)) asymp-
totically, and O(Z/2) at the origin. We expect, then,
that in the calculation of the muon decay rate the
contributions of the neglected terms, i.e., the error
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involved in using S-M wave functions, is slightly
larger than the square of the contribution of the second
term in the S-M wave function.

The normalization of the electron wave function
depends only on the leading term because all the other
terms vanish in the limit of large distances.

The wave function Ygm(X) was obtained by approxi-
mating the Dirac equation for an electron in the field
of a point charge but it is really a slightly better
approximation for an electron in the field of a finite
nucleus. Finite-size effects will be estimated later by
expanding ¢Ygm(x) in angular states and comparing
with the exact solution.

While we have been careful to use an electron state
with incoming scattered waves we could equally well
have used a state with outgoing scattered waves if

we had treated it as an initial state. This is a con- -

sequence of time reversal invariance.

4. CALCULATIONS AND RESULTS

To obtain the rate of decay it now remains to do the
integrals in N,, to sum over electron spins, and to do
the momentum integrals. The space integrals are
performed analytically and for muons with spin along
the z axis we are left with an expression of the form

1
R=5 fdcosafdkfdpfdcose

X[R(k,p, cosd)+S (k,p, cosf) cosa]. (25)

The three nontrivial integrations over %, p, cosf
were done numerically to give rates and asymmetry
coefficients. We dropped a number of terms and to
make this clear let us make the following definition.
Let

¢G(X) _—_e(T/Z)ZI‘(l_I__iZ)eik-x

XlFl(—iZ: 1: —i(k7+k'x))uk; (26)

where the subscript G stands for Gordon who first
used this wave function. If we also let ¥, denote the
nonrelativistic muon wave function times a suitable
spinor #,, we can write

Ysm=v¥at+A¥q,
Y= Yot Ay

The matrix element clearly contains four types of
terms. We dropped the piece of the matrix element
containing Ayg and Ay, In the square of the matrix
element we neglected all terms which involved the
product of two small terms. That is, we kept the
square of the leading term and cross terms with the
leading term. This will be discussed at the end of this
section.

Let Ri(k,p,cos0) and S;(k,p,cos0) refer to the leading
terms in the rate and angular distribution, i.e., the

@7
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terms arising from the product of ¥ and .
Ri(k,p,cos8) = (A2 BY[3W2— AW k— p?
+2(W—2k)p cosf],
S1(k,p, cost) =Q(A*+B)[W2—4Wk— p?
—2(W+2k)p cosf—2p? cos®d], (28)

where
A= (p>4p2) (u+Zk)+2u(kp cosb—Zuk),
B=—2u(Zkp cosb+puk),

G* 256u 2rZ k2p?
Y0 w1 (P R AR

and

3—22 ]

¢=tan‘1(ﬂ-—~) @*=k>4-p24-2kp cosh
2 2 p? ’ ’
q

Now we give the corrections arising from the cross
term of the leading term in the matrix element with
the piece involving ¥ and Ayg.

ARy (k,p, cosf)
= 20BD[3W2—4Wk— p2+2(W —2k)p cost ]
—2QAE{p cosb[ 3W2—4AWEk— p?
+2(W—2k)p cosf ]+2(W —k)p*(1—cos?6)},
AS1(k,p,cos6)
= 20BD[W?—4Wk— p2—2(W+2k)p cosd—24* cos’d ]
— 204 E{p cosf[ W2—4Wk— p>—2(W+2k)p cosd
—2p? cos?0 |—2p%(k+p cos) (1—cos)},

(29)

with
D=—4Zu(p" i),
B=—32(p ).
The following are the additional corrections to
R (k,p, cosf) and Si(k,p, cosf) arising from the cross

terms of the leading term with the term involving ¢
and Ay&o.

AR (k,p, cosh)
=2AQ(AF+ BG)p[— 2W p+ (W2—4W k— 3p*)cosd
—4kp cos®]— 2AQBIE[W2— AWk — p?
—2p(W+2F) cosf—2p* cos’d ],
AS1(k,p, cosb)
=2AQ(AF 4+ BG)p cosf[ 3W? — 4Wk — p*
+2(W—2k)p cosf ]—2AQBIE[3W2—4Wk— p?
+2(W —2k)p cosf], (30)
where
F=@—k4-u2—2Zuk,
G=—2(Zkp cost+uk),
=—Z(p+ub).

We have neglected the small component of ¢, in
the normalization. This introduces an error of less than
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F1c. 3. The decay rate of bound muons in units of the free
decay rate. The rates Rg and Rgu are obtained by using ya
and ygu, respectively, for the electron wave function.

19, at Z.=26 and about 29, at Z,=82. Recall that
the parameters in the muon wave function are empirical
and, for instance, A for Z,=82 is 0.15. In any case the
error is easily corrected.

The final results are presented in Table I and Figs.
3-6. The rates Rg and Rgm are obtained by using ¢¢
and y¥su, respectively, for the electron wave function.

Note that the difference between using ¥ and y¥sm,
or the effect of Ayg, is about 7% in the rate at Z,=26.
The relativistic correction Ayy to the muon wave
produced about a 3%, change in the rate at Z,=26. In
the square of the matrix element we have only kept
the square of the leading term and the cross terms of
the small terms with the leading term. The small size
of these extra pieces justifies, at least near Z,=26, the
neglect of squares of the small terms in the rate, and
the neglect of the smallest term in the matrix element.

.28 T T T T T T T
24+ -
FREE DECAY
20 —
BOUND DECAY
A6 _
J2- .
08 -
04 - B
- K -
0 L 1 I 1 1 L
0 J .2 3 4 .5 6 7 8

F1c. 4. The spectrum of decay electron from bound muons in
iron (Z,=26). The electron is represented by an S—M wave
function. The free muon decay spectrum is shown for comparison.
The energy £ is in units of the muon mass.
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A more serious possible source of error is our approxi-
mate electron wave function. The next section is
devoted to providing a reliable estimate of this error.

5. PARTIAL RATE

Since the Dirac equation separates in spherical
coordinates the muon decay problem can be solved
exactly for a given angular state of the electron. We
can also pick out the corresponding piece of the S-M
wave function, perform the same calculation and then
compare the results.

A. Expansion of {sum

Let us restrict our attention to the j=3 positive
parity state since the error will be greatest in the lowest
angular momentum states. Any such state can be

“written in the form

‘//%*(X)2@-1;);[@(7)_5(’)“‘43]“0, (31)

where the radial functions remain to be determined.

~351 -

=30

~25 S

~20

-10 ! I 1 1 L 1 L 1
o 10 20 30 40 50 60 70 80 9C

F1c. 5. The integrated asymmetry parameter of decay electrons
from bound muons. The asymmetry parameter S is defined by
R(a)=R+S cosa. For free muon decay S is —3%. The subscripts
G and SM have the same meaning as in Fig. 3.

The expansion of Ysm is simplified by the use of the
well-known identity proved by Gordon.!
eI (14-12)e** 1\F1(—1Z, 1, —i(kr-+k32))
= (4m)} X0 QIHDUL (1) Vio(2),

r(+1+i2)
I L AR—
i+1)!

(32)

where
(2kr)te—ikr
X1F1 (414127, 2142, 2ikr).

By a straightforward calculation we can obtain the
a(r) and b(r) of the S-M wave function. It is interesting
to compare them with the radial functions of a plane
wave and of the exact solution to the Dirac equation
for the case of a point nucleus. Let us write out the

10 W. Gordon, Z. Physik 48, 180 (1928). See also H. A. Bethe
and L. C. Maximon, Phys. Rev. 93, 768 (1954).
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exact solution for a point nucleus.

r Z
an= (27)leIvZ (r+i2) iD= (2 )71
I'(2y+1)
X[ (y+iZ)er 1Fy(y+14iZ, 2y+1, 2ikr)
+ettr \Fi(y+1—1Z, 2y+1, —2ikr) ], (33)
T(y+iZ)
br=— (2m)lem/VZ——itr/D (=D (D )71
I'(2y+1)
XLr-+iZ)emibr By (12, 2y-+1, 2ikr)
—e* By (y+1—1Z, 2y+1, —2ikr) ],
where y= (1—22)3,
T T T T T T T
o2 i
o —
-02- -
B BOUND DECAY 7
-06 | i
-0 4
14 -
B FREE DECAY 7
-18 i
22t i
L K i
245 1 2 3 4 5 1 K B

F16. 6. The asymmetry parameter of decay electrons from
bound muons in iron (Z,=26). The electron is represented by an
S—M wave function. The free muon asymmetry parameter is
shown for comparison. The scale is the same as in Fig. 4.

The S-M radial wave functions for the 1t state are
obtained by replacing v by 1 in the exact solution. In
general, for higher angular momentum states the
prescription for obtaining the S-M function from the
exact function is to replace v by |«| where « is the
eigenvalue of the operator —vy4(1+L-S). That is, we
neglect the Z2 inside the square root defining v, but no-
where else. To get the radial functions of the plane wave
expansion we simply set Z equal to zero everywhere.

We can obtain a state of j=% and negative parity by
multiplying ¢3+ by s This holds only for zero-mass
particles but we have used this approximation through-
out. The two states of opposite parity contribute
equally to the rate. In each of these states we make an
error of order 1Z? in the electron wave function.
However for higher angular states the error is of order
1722/« so it drops off rapidly with increasing |«|.

11 A, 1. Akhiezer and V. B. Berestetsky, reference 7.
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TaABLE I. Bound muon decay rate. The decay rates Rg and
Rgm were obtained by using ¥¢ and ygu, respectively, for the
electron wave function, and are given in units of the free muon
decay rate. The total available energy W is units of the muon
mass. Z» and A are the empirical parameters of the muon wave
function.

Ze w Zn A Rg Rgm

0 1.0000 0 0 1. 000 1.000
16 0.9934 15.6 0.057 0.991
26 0.9836 24.2 0.089 0 889 0.962
35 0.9723 30.8 0.10 0.821 0.928
50 0.9507 39.6 0.14 0.703 0.853
82 0.9008 51.4 0.15 0.493 0.684

B. Rate to the 3t Electron State

Using the j=3% part of the S-M wave function we
have obtained the partial rate to that state. The rates
R (31) for several Z, are listed in Table IT along with
rates Rp(3%) obtained when the electron is represented
by a plane wave. In calculating these rates we have
ignored the small component of the muon wave function.
We are no longer dealing with oriented muons.

The analytical expression for Rsm(31) is

Reu ()= ¢ 32” nz fdkfd fd 0k2p?
)= p | d cosbk?p
X[(K2+Lo4-M2+N?) (3(W—k)*—¢?)
— (KMA-LN)4(W—k)q], (34)
where
1 Zlatp—m)
K+iL=————([ZC+ (2+2)D—2 sing]
8k%q 1422
+i[—2ZC—ZD+2Z sing]},
1 6Z(zx+ﬂ—7")
M+iN= —-————[—[ZE-{-(Z—FZz}F
8k2q 1427

—!———(Z—{—Z —+Z%— )sin<p]
qgZ

k
+i[Z2E+ZF+ 2—(Z+g) sin go] },
q

Tasre II. Bound muon decay rate to the 3% electron state.
The small component of the muon wave function has been
neglected here. The rates Rp and Rgm are obtained by using
plane waves and S—M wave functions, respectively. The last
column gives the fractlon of the total number of decays which
proceed through the 4% electron state. The same fraction proceeds
through the % state

Z Rp(3") Rsu(3) Rsw (5+)/Rsm
0 0 0 0

16 0.094 0.101 0.102

26 0.151 0.176 0.181

35 0.179 0.223 0.240

50 0.191 0.266 0.312

82 0.159 0.274 0.400
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and

q*=k*+p*+2kp cosb,

B=tan™!

a=tan"t 0<B<r

k+q k—q

1 1
A=£[(k+q)2+#’]i B=2—k:[(k—q)2+u2]%,
¢=71n(B/A),

1 1
C=—cos(¢+B)—— cos(¢p—a),
B 4

1 1
D=—sin(¢+8)+—sin(¢—a),
B 4

1 1
E=— cos(¢+8)+— cos(p—a),
B 4

1 1
F=—sin(¢+8)——sin(p—a).
B A

In the limit of Z — 0 we have

_ G* 324
Relg) == [t [ap [ cosep:
19273 =«
XL+ M) BV k) —g)
—KM4a(W—Fk)q], (35)
where now
2u
K= )
(=Rt
p +R+p? 1 (gtk)u?
M=*[_ + ln ]
kL (@—Rtu+4uk® 4k (g—k)*+u?

C. Error Estimate

We need to compare these results with the rates
obtained with exact electron wave functions. In using
S-M wave functions we make two types of errors: we
neglect part of the Coulomb effect and we ignore the
finite size of the nucleus. Fortunately, these errors
cancel to some extent, but it is still interesting to
separate them. Ultimately we want to know how well
the S-M wave function approximates the exact solution
for a finite nucleus.

Making this comparison presents a difficulty. The
exact solutions for a point nucleus are known analyt-
ically but they are difficult to deal with, and the exact
solutions for a uniformly charged finite nucleus are
not known in closed form. However, it is easy to obtain
exact numerical solutions for any central potential and
then to perform the radial integrals. Unfortunately
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¢ [6(r)

3 b

2

|

al\b / /
NUCLEUS

e
2k
sk

r

9 0 26 3 35

Fic. 7. The radial function G(r)=rg(r) for a massless electron
of energy k=0.3m, in a 3 state in the field of a nucleus of Z,=82.
The electron wave function is ye(x)= (4w) ¥ g(r)+if ()a- % Juo.
We show two cases: (a) a point nucleus, and (b) a uniformly
charged finite nucleus. The corresponding radial function of a
plane wave, i.e., 7jo (kr), is shown for comparison. The distance isin
units of m, 1.

these integrations take too long for it to be practical to
perform the integrals over k, p, and cosf, but it is
practical to compare the integrands at a number of
points (k,p, cosf) in the neighborhood of the maximum.
We have done this for Z,=26 and Z,=82. At Z,=26
a generous estimate of the error in using the S-M wave
function for the 3+ state is about 3%, when compared
with the exact solution for a finite nucleus. The finite
nuclear size has a rather small effect.

At large Z., say 82, the S-M approximation is also
quite good because the neglected Coulomb effects
and finite size effects almost cancel each other and the
result is that the total decay rate is low by less than
109,. One can make a firm statement about the total
rate from looking at the j=1 state because about 809,
of the electrons decay to this state. We do not reap
the full benefits of this accuracy because we have not
kept the higher cross terms in the numerical integration.

It is of some interest to see the effect of a potential
on the continuum electron wave functions. Figures 7 and
8 show radial wave functions for the 3+ state for Z.=82.

The error in states of j=% will be about one-quarter
of the error in the j=1% states so, roughly speaking, the
total percent error is approximately the percent error
in the j=1 states times the fraction of the rate which
proceeds through these states plus one-quarter of the
percent error in the j=% states times the fraction of
the rate which proceeds through j=1$ states and higher.
This is a generous estimate of the error.

6. COMPARISON WITH EXPERIMENTS

The results presented here are in marked disagreement
with experimental results® both in the region 20<Z,<30
and for large Z.. In the first region we do not obtain a
sharp peak in the rate, and for large Z., say near lead,
we obtain rates considerably higher than the experi-
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Frc. 8. The radial function F(r)=rf(r) for a massless electron
for the same cases as in Fig. 7. The corresponding radial function
of a plane wave, i.e., 7j1(kr), is shown for comparison.

mental rates. Both of these disagreements are far
beyond our estimates of the error in the calculation.

The disagreement at large Z, is perhaps less serious
because the experiments are very difficult to perform
and the calculation is less reliable. However at Z.= 26,
the error in the calculation is less than 29,. The only
possible conclusions seem to be: (a) there is some new
process involving muons which has not been taken into
account; (b) the experiments are wrong.
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APPENDIX

The space integrals over confluent hypergeometric
functions can be performed in either of two ways.

The first is more or less standard. We use the contour
integral representation!?

1
Fr(a,b,2) = (— )P (h—1) libe?
2

X f dz e (D) @—1)b, (A1)

where & is a positive integer, ¢ an arbitrary number,
and the contour encloses the two singularities &% in
a positive sense. Then the integrals over space, i.e.,
over x, are easily done and the contour integral is
done last, using the method of residues.

The integrals were checked using another technique,
which seems to be worth a brief discussion because of
its wide applicability. We use the following property

2 H, A. Bethe and E. E. Salpeter, Quanium Mechanics of One-
and Two-Electron Atoms (Academic Press, New York, 1957), p. 30,
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of the Laplace transformation!®: Suppose

f “dt e ()= 1(5),
’ (A.2)

f dt =G (1) =g (s),
then ’

f 00dt etF (t)G(t)=i f 1;mdz f(@)g(s—2)
0 2mi ’

T Y i

where the path of integration on the right-hand side
separates the singularities of f(z) from those of g(s—2).

This enables us to take Laplace transforms of
products easily, provided the Laplace transform of at
least one factor has just poles with no branch lines or
other singularities. We merely deform the contour so
that it encloses these poles and use the method of
residues.

We illustrate the method by an example which arose
in the course of this work. We wish to evaluate the
integral

I=f dr r’e— jo(qr)e=* 1F1(a,2,2ikr), (A.3)
0

where ¢ is a complex number.
The Laplace transform of 7jo(gr) is elementary :

f dr e=*rjo(gr) = = fi(s). (A.4)

(s—ig) (s+1iq)

Thus we write
I= f dr e rjolgr) Tre= Fr(a,2,2ik9)].  (A5)
0

The Laplace transform of the function in the second
pair of square brackets is rather unpleasant.

f dr e=*"re~ "% 1F1(a,2,2ikr)
0

preat L ORC
HOWeVer
1 o0
I=; dz f1(3) fa(s—2), (A7)

Tl v i

and we can deform the contour so it encloses the two
simple poles of fi(s). The method of residues im-
mediately gives the answer

I=(2iq){[s—i(g+k)J[s—i(g—k) ]
—[s+i(g+R) 1 [s+i(g—k) T} (A8)

18 G, Doetsch, Theorie und Anwendung der Laplace-Transforma-
tion (Verlag Julius Springer, Berlin, 1937), p. 167, )



