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The method of Bardeen and Pines for treating electron-phonon interactions in normal metals is extended to
include exchange and correlation effects. The interaction matrix element is found to depend not only on
electron momentum transfer but also on the initial electron wave vector. An average over initial wave vector
direction is therefore made; the average taken is discussed as being more reasonable than that of Bailynin a
previous treatment. Shielding is also introduced in a more physical manner than in Bailyn’s paper—via the
dielectric constant as it arises in the random phase approximation. An alternate method of treating the
problem in the long wavelength limit—employing deformation potential techniques—verifies the results of

the above method in this limit.

I. INTRODUCTION

HE treatment of electron-phonon interactions in
metals necessitates a careful consideration of the
screening processes. The electrons tend to follow the
motion of the ions, with the result that the ion field is
screened within a distance which turns out to be com-
parable to the interparticle spacing. On the other hand,
the exchange hole and correlation effects screen the
electron. Furthermore, they amplify the effects of lattice
vibration and so tend to increase the electron-phonon
interaction matrix elements. Recently, Bailyn,! by ex-
tending the self-consistent field method of Bardeen,? has
attempted to include the effects of exchange and corre-
lation on electron-phonon scattering. The approach was
somewhat intuitive; Bailyn found it necessary, for in-
stance, to make the ad koc assumption that the lattice
does not affect the plasma or collective, part of the
electron system wave function. A more rigorous ap-
proach is provided by an extension of the procedure of
Bardeen and Pines.? Their method involves the use of a
canonical transformation to eliminate from the Hamil-
tonian terms linear in the phonon coordinates so as to
decouple—to the desired order—electrons and phonons.
The results yield both the interaction matrix elements
and a sound wave dispersion relation. The long-range
part of the Coulomb interaction is conveniently ac-
counted for by the introduction of collective coordinates
in the scheme of Bohm and Pines.*

The inclusion of exchange is not difficult in the
adiabatic approximation. The results show that even in
the limit of small electron momentum transfer, exchange
effects are important in the interaction matrix element.
In this limit exchange appears predominantly in the
effective mass parameter, so that, as might be expected,
the change in the energy spectrum—or equivalently in
the density of states—accounts most importantly for the
exchange corrections. We find, as did Bailyn, that the
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matrix elements depend on the initial electron wave
vector x as well as the momentum transfer, in contrast
to the situation without exchange. This is so even though
we continue to take the part of the interaction due to
the motion of the ions alone, which is assumed to be
known, as independent of x.

In Sec. IT we discuss the Hamiltonian and by means
of a canonical transformation derive an integral equa-
tion for the interaction matrix element. Section III
deals with the solution of this equation to give the
matrix elements—after an average over direction of x—
in terms of a power series in %, the magnitude of the
momentum transfer. The first two terms in the series are
calculated explicitly, and an expression in closed form
is also given. In Sec. IV we approach the whole problem
from a different point of view—that of treating the
interaction between electrons and lattice in terms of a
generalized deformation potential. As this approach
yields only the first term in the power series in % ob-
tained in Sec. III, it gives in essence an expression for
the appropriate effective mass parameter in terms of the
observed lattice constants of the metal. It also affords a
comparison with the Bardeen-Pines result obtained by
neglecting exchange effects.

II. HAMILTONIAN AND INTEGRAL
EQUATIONS FOR vy,

We start from the Hamiltonian introduced by
Nakajima and employed by Bardeen and Pines

lez Ean*Cx_*—% Z(Pk*j)/c+wk2qk*qk)
+2 vigro- w3 20 MiPoip-x
+ 2 (0t —vr)gup- it 5 2 Q2 — w0 grtgr.  (2.1)

We have separated out the parts of the total Hamil-
tonian which will not be of concern in treating the
electron-phonon interaction—namely, the ion-ion inter-
action energy for the equilibrium configuration and the
transverse phonon Hamiltonian., The electrons are de-
scribed in second quantization by occupation numbers
of a set of Bloch functions, with ¢,* and ¢, the creation
and destruction operators, respectively (the spin index
has been suppressed). The system is taken in unit
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volume with periodic boundary conditions so that the
set of allowable wave vectors is discrete. The deviations
of the ions from their equilibrium positions have been
described in terms of the ionic normal coordinates,
gx, and the conjugate momenta, pi. The total effective
matrix element for the electron-lattice interaction, vy,
has been written as the sum of ;¢ due to the motion of
the ions—and assumed to be known—and v;° due to the
compensating motion of the electrons. @y is the sound
wave frequency associated with & as determined only
from ion-ion interactions; wy is the corresponding cor-
rect frequency. We have written the Coulomb inter-
action between electrons in the form

32 M- o, (2.2)
where M ;2=4me?/k? for free electrons and
PE=2 CrkCx} P-k= 2 Cx Crx ke (2.3)

We denote the first two summations in H; by H, and
the third by H;. A canonical transformation generated
by .S is made such that

i/h[S,Ho]=—Hi, (2.4)

so that to first order, Hr is eliminated. The most general
S for this is given by Bardeen and Pines?:

S= kZ [f(k;“)qk—ig(k:K)P—kJCN*CK—k-

In the adiabatic approximation, where we neglect
phonon recoil, w?— 0, and terms in S which are pro-
portional to p_; are not needed, for there no longer
exist terms linear in ps in [gx,Ho]. Then the condition
(2.4) becomes:

(l/ﬁ) kZ (Ex_Ex—k)Cx*cx—kf(k,‘K)qk
| + kZ UagrceFe—r=0, (2.6)

(2.5)

which, due to the independence of the ¢, gives
f&,x)=—%vs/ (Eex—E.). (2.7)

Then the interaction matrix element v; can be deter-
mined by the condition that after the canonical trans-
formation, the term linear in gy in the third line of(2.1)
be eliminated to the same order as that in the second
line. The result of Bardeen and Pines is obtained in the
approximation that in the commutator [p_ x0%,5] only
the direct terms are kept. We now include the diagonal
exchange terms. It is no longer convenient to introduce
v, into the Hamiltonian as was done in (2.1); the
elimination of terms linear in ¢ to first order now leads
to the condition (see Bardeen and Pines,® Appendix B):

2 (k) (dre/R)[n(x'~ k) —n(x) ]
+% (4re’/k")[n(x—k—k)—n(x—F)]f(kx)
+2 [are/ (' =) n (k) —n ('~ k) ]f (k%)

- (E‘—E‘_k)f(k,‘lc) =%v’ (28)
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In analogy with the system without exchange effects,
we define vi« by:
f(k,k)= ﬁka/ (Ex— k(l)_Ex(l)), (29)

where the energies have been ‘“renormalized” so as to
include the exchange energy:

We=—3 @dre/F ) nk —k"), (2.10)
klI
Ek'(1)=Ek1+Wkl. (211)

Then (2.8) can be rewritten in terms of the effective
matrix elements, v, giving an integral equation for
them:

] 8wre? 47e?
vk,x=i’k'+2( —— )
X’ kZ [ K,— ® l 2

[’ —K)—n(x') Jore
X (B ®—E ®)

(2.12)

The singular character of the summation results from
the neglect of correlation effects. In the scheme of Bohm
and Pines* these are included by the introduction of
extra degrees of freedom, the plasma coordinates, and
the associated subsidiary conditions necessary to keep
the total number of degrees of freedom unchanged. In
the adiabatic approximation

H=3% Excx*cx"{"z‘vkiQkP—k

FIX Moo+t Y Pi*Pr, (2.13)
k<ks
with the subsidiary condition
P¥=0, (k<k.), (2.14)

where k. is a critical wave vector of the order of the
Fermi wave vector, determined by system energy
minimization as discussed by Bohm and Pines.*

A canonical transformation can be made to obtain a
Hamiltonian which describes independent plasma oscil-
lations. The residual weak electron-plasmon and phonon-
plasmon interactions can be neglected. We can apply the
original transformation generated by (2.5) to the part
of the Hamiltonian for which 2> k., which has not been
affected by the introduction of plasma coordinates. The
elimination of electron-phonon coupling to first order
then leads to a condition of the form (2.12), with the
exception that |%'—x| is to be restricted to values
greater than k.. Almost equivalently, and perhaps
somewhat more naturally in that it involves no abrupt
cutoff, we can introduce a screening wave vector, which
will be assumed to be of the order of the Fermi-Thomas
screening wave vector:

8mre?

> i )
V=17 v —_—e
PETTEUR (W[t tRe

X[ —K)—=n(&)](Eet®—EoO) g0, (2.15)
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This is essentially the equation Bailyn! has obtained by
other means. We feel that the above method has
established this relation on firmer theoretical grounds.
Also, as noted above, we have treated shielding some-
what differently. Both methods can be discussed in the
random phase approximation where one employs the
dielectric constant e to describe shielding. Whereas
Bailyn has taken

e=w for |[¥'—x|<k,,
(2.16)

e=1 for [«'—x|>k,,

we have chosen the conventional values:
e(|'—x|)=1+4dra=1+k2/ |« —x|2%  (2.17)

That this choice is advantageous as well as reasonable
will be clear in Sec. IIL

III. SOLUTION OF THE INTEGRAL EQ. (2.15)
The integral equation is in the form
3.1)

Ve =" — D A (%, )vpe.
We solve by iteration. Taking first v, as independent of
¥/, we eliminate the dependence on « of the right-hand
side of (3.1) by averaging over x in a way to be specified.
Then
vk:vki/(l—[_(Z, A (ex)) avk).

Substitution of this into (3.1) gives a second approxi-

mation
(T ()~ 4 (k)

(3.2)

—, %

Vix="Vp

(3.3)
1+ 4 (6x)

We consider processes in which both initial and final
electron wave vectors are very near the Fermi surface.
The requirements of energy conservation and the Pauli
principle imply that these are the dominant processes,
especially at low temperatures. Then the appropriate
average is one over the Fermi surface. Thus, it seems
that Bailyn’s procedure of averaging over all values of x
within the Fermi surface is somewhat artificial, although
its direct effect on the final result would be small. How-
ever, he now claims to improve on the first approxima-
tion by averaging the second approximation over the
Fermi surface, and the difference in the two averages
which appears in the numerator of the expression for vy,
[compare with Eq. (3.3)] is described as a significant
term. This is certainly unjustified in the long wave-
length limit, the case which he explicitly considers.
Nevertheless, as Bailyn noted, the dependence of v, on
x is too complicated to be of any use in calculations, so
we also take an average over the Fermi surface of (3.3).
This just returns us to the first approximation.

Now, as we perform the integration, we note that the
choice of a smooth function as a dielectric constant is
advantageous computationally as well as preferable
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physically. We no longer are forced to investigate sepa-
rately the several regions delineated by the conditions
imposed by the existence of a cutoff wave vector. This
simplifies both the integration and the results.

We eliminate the index (1) on the energies; all
energies will be taken as containing exchange contribu-
tions. In order to obtain an idea of the order of magni-
tude of the exchange effects, we first consider the long
wavelength limit, where an immediate simplification can
be made, and the final result obtained quickly.

n(x' —k)—n(’
)7 ( ) ~—8(E—Er), (3.4)
En —k_ K’

where Ep is the Fermi energy. Then in the effective
mass approximation

4re? k?
L ) == 2 |

« [x—x'|24-k2
*
S —kr). (3.5)
F
The transition from sum to integral is made:

> —1/(27)3 f'd*'. The integration over «’ and ¢ is
trivial if we choose x as the polar axis. In the limit
k— 0|x| as well as |«/| is approximately equal to the
Fermi wave vector, kr. Making this substitution we find

'I)ki

1+ (e@m*/ah2kr)[4(kr/k)*~

V=

Lin|144(ke/k)| T
(k—0). (3.6)

As is obvious from the integral equation itself, the
Coulomb term dominates the exchange term in this
limit by a factor of the order of (kr/k)% The effect of
exchange is exhibited almost entirely in the effective
mass parameter, and all previous results can be extended
to include exchange in the long wavelength limit by just
this modification in the energy spectrum. As k becomes
an appreciable fraction of the Fermi wave vector, how-
ever, we would expect the higher order terms to become
important. As the ratio of Coulomb to exchange terms
in the denominator of (3.6) is of the order of 10(kr/k)?
we might expect that these terms would cease to be
negligible in the range of k=~ 3}kr. Of course, the deriva-
tion of Eq. (3.6) is not valid for % this large.

For more general &, it is convenient to eliminate one
of the occupation number factors in (2.15) by a trans-
formation of variables: ¥'—k — —« in the terms in-
volving the factor n(x'—k).

4 1
Ap) = (ret) (————————
() =( e)(kz |x—x'|2+k2
1 ’
- ) A
w4 —k|24+k2/ Eo_y—Ee
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We will take the low-temperature limit for #(x’): n(x")
=1 for ¥’ <kp and #n(«')=0 for «'>kr. We note that it
is permissible here to reverse the order of integration;
that is, we may first average over x on the Fermi sur-
face. This average affects only the second and third
terms in the numerator of (3.7). The former of these
gives

1 1 1 a+2x
— | ae. = In . (38)
4 [e—w'|24+k2 4kp’ |a—2x
where
a= 1—l—x02—}—x2; x=/<'/kp; xo=ke/kF. (39)
The possible divergence of this integral is prevented by

nonzero screening; i.e., by the existence of the correla-
tion hole. The screening wave vector is of the order of
magnitude of twice the Fermi wave vector, and it is
easily seen that variation of its exact value from sub-
stance to substance will have little effect on the results.
This is fortunate, as our method of introduction of &,
implies knowledge only of its order of magnitude. The
other average over x leads to a similar expression.

The first, or Coulomb term is the only one of the three
which may be integrated without approximation (ex-
cept, of course, for the expression of energy as a function
of wave vector; we take the effective mass approxima-
tion to be sufficiently valid):

16me2 1 2m* 1
. fd3x'—+~——~—
k2 (2m)® B2 [ —k|2—x"2
m*ed [z(k /k)z 1]] 2k1«’+k‘+2k17} @ 10)
= —17In —t .
rkfﬂl B PYIPY

which, as it must, reduces to the result of Bardeen and
Pines? in the long wavelength limit.

The angular integration for the first exchange term
involves only the energy denominator and is easily
performed to obtain:

a+2x

In

m*e? 2kpx+k
f dx ] '——— 3.11)

n
4dnh*k 2kpx—Fk

a—2x

The integral is clearly intractable as it stands. The
last logarithmic term, involving quadratic functions of
in its argument, is the hardest to deal with exactly and
fortunately is also the more convenient term to expand.
A convenient expansion parameter is

2x/a=2x/(1+22+x?) 3.

This power series is then easily transformed into another
in 1/(14-x¢*) whose coefficients are polynomials in x.
This series converges rapidly, especially for small &, and
it is easy to use in performing the integration. We are
interested most in the region of small & for at least two
reasons. First, we would expect the iteration procedure
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for the solution of the integral Eq. (2.15) to converge
most rapidly here, for the Coulomb contribution domi-
nates here, and the matrix elements are independent of
x if only this term is kept. That is, if exchange and
correlation are accounted for only in the energy de-
nominator, the first approximation for »; in the iteration
process gives the complete solution. Secondly, the
dielectric constant approximation used is most valid in
the region of small 4.

The integral (3.11) is conveniently expressed in terms
of u=Fk/2kp. The result is given to 19, accuracy for u
less than 1 (a rather weak restriction) by:

m*e? x+u| ja+2x
f dx In In
8wtk pu x—u| |a—2x
m¥e? 1 [x2—u2 x+u
= { In +xu]
mithpul1tadl 2 a—u

— il 42— $(14x0?)~7]

+u x 1a3
(i)
uw 3ud

x+u

X—u

¥
X[ (x*—uIn

Xx—u

28— b

In

+(1+x02)~3[

4
3

u"(x 1a% 148
S5 ub

I o

The evaluation of the second exchange term is some-
what more difficult. We make the change of variable
¥’ —k=x«". The region of integration in the x'’-space is
over a Fermi sphere whose center is connected to the
origin by the vector k. We define . as the cosine of the
angle between k and a vector from the origin to the line
of intersection of the two Fermi spheres, one of which is
the region of integration and the other is centered at the
origin.

u 3ud

2kkpu,=«"?—k2—kp. (3.13)

If we are considering k<kp

kp—k 1
fd31¢’ — 21r[f K”2dl("f du
0 -1

krt+k —le
+f K//Zdlc”f dp.}, (3.14)
kr—k -1

where we have written cosf’’=pu. There is a correspond-
ing expression for 2>kp. There reappears here the
cancellation which was obscured by the transformation
from the integral equation in the form (2.15); this form
involved a factor of the difference of occupation num-
bers, restricting %’ to a region near the Fermi surface.
The first integral in (3.14) is identical to that of the first
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exchange term except for a minus sign and evaluation at
kr—Fk instead of kr. The result (3.12) is then to be
evaluated at limits x=1—2% and x=1. Thus, the total
effective region of integration is that within a distance %
of the Fermi surface; virtual processes occur only for
electrons with wave vectors in this region. This is to be
expected physically. The final integral is

m*e2 142u d+2x
—_— f dxIn
A2k V1o

U—Xphe

In (3.15)

a—2x u—x

The argument of the second logarithm is complicated
by the presence of ur a quadratic function of x. We
found it necessary to approximate the cubic function of
X, —xu., by the linear function which gave the best fit:
u+1/2u— (1/2u)x. The first logarithm can be expanded
as before, and the final result to the same accuracy as
the term (3.12) is:

m*e/whitk] (1+x?) 322 In| (x—u)z71]

—3u* In|o—u|+3 In|z| — 3 (u—1)x]

=il (4o’ —§ (14ae’) 7]

X[#tIn| (x—u)z | —u In|w—u| +In|z]|

— (W —1)a—} (=)o — 3 (u—1)a?]

L (14562) a0 In| (5— )51 | — 0 In| 5—1]

“+In|z| — (uP—1)x—% (u*—1)a?—§ (P —1)a?

r=14+2u
— (2= 1)a*— 2 (u—1)a"] , (3.16)
r=1—2u
where
2uz=x— (2u*+1). (3.17)
To lowest order in #, (3.16) is
m*e/ 2ntkp[4(142?) " —7(1+xP) /4
+23(1+«?)2/6], (3.18)

which is independent of #. When the result (3.12) is
evaluated between the limits x=1—2#% and x=1, it is
found that the lowest order terms are proportional to .
Collecting the results and keeping only constant and
lower order terms, we have

vy=0 14+ A4 (kr/k)?2— BT, (3.19)
where
A=4m*e®/nh’kr, (3.20)
and
B=3A{[4(14x®)1—T7(1+4x:2)"2/4
+23(1+x)2/61+3}.  (3.21)

This agrees, as it should, to order 1/%? with the previous
result (3.6). As A/B=5, the constant term gives about
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a 19 correction to the 1/k* term for k=2%kp. The
coefficient of the linear terms in %/kp turns out to be
somewhat less than B, so that (3.19) is quite accurate up
to k of the order of 1kr or so.

As indicated in Sec. II, the effect of exchange was to
introduce terms into the integral equation which depend
on the initial electron wave vector, while the effect of
correlation was to reduce these terms by the dielectric
constant. However, one must not then attribute to ex-
change alone the expression for B above with x,=0, for
we have seen that the integrals involving exchange
terms diverge when x¢® — 0 and several of the series
expansions would suffer likewise. Exchange and correla-
tion effects should be considered together; their com-
bined effect is to increase the scattering—at least for %
less than the Fermi wave vector.

Our results are simpler than Bailyn’s due to the two
improvements we have made and mentioned above.
That is, we have performed averages consistently and
we have introduced a dielectric constant which is a
continuous function of wave vector. As Bailyn sug-
gested, we could improve the approximate expressions
for E by including a term proportional to «* as well as
the quadratic effective mass term. This, however, com-
plicates the integrals considerably, and as the resultant
corrections to the energy curve are quite small (i.e., one
can fit the actual curve quite well with a quadratic
function of « in the relatively small region of integra-
tion), we feel that use of the effective mass approxima-
tion is justified.

IV. PARAMETRIC FORMULATION

In the long wavelength limit we can employ a simpler
method to determine the strength of the electron-
phonon interaction. We will use the result of this method
to verify the result obtained in previous sections in the
same limit. The present approach also provides an ex-
pression for the effective mass parameter which appears
in the expressions for the matrix elements obtained
above.

We consider a crystal in which we treat the Fourier
components of the lattice vibrations independently. In
the adiabatic approximation, at least for long wave-
length components, the electrons are able to redistribute
themselves in such a way that their Fermi level remains
constant throughout the crystal. Thus the Fermi level
as defined here may be thought of as being composed of
two contributions—the first of which, E(kr), depends
only on the local electron density, p; it includes the
effects of exchange and correlation. The second contri-
bution is of electrostatic origin—the total local charge
density will not in general be zero—and may be de-
scribed by a deformation potential, —V (x), where the
reference energy level is taken to be that at the surface
of the s sphere appropriate to the density at x.
Then the distribution of electrons is determined by the
condition E(kr)—V(x)=constant. The requirement
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that Poisson’s equation also be satisfied will yield the

desired expression for the interaction matrix elements.

In the Fermi-Thomas approximation
3n°p(x)={2[Er+V (x) ]} 4.1)

We would like a more general relationship between p and
Ep—including exchange and correlation effects. We
employ the jellium model of a metal in order to be able
to make a comparison with the Bardeen-Pines results.
E(kp) is given® by:

E(hr)=3.68r2—0.61r"— (0.44) (ro+7.8)~*
—3(044)r,(r - T.8) 2 1y, (4.2)

where Wigner’s expression for the correlation energy has
been employed, and 7,, the radius of the s sphere in
units of the Bohr radius, ao, can be expressed in terms
of the ion density:

ars= (3/4mp)t= (97/4)1/kp. (4.3)

As we anticipate that the variation of the electron
density from the ion density will be small, we treat p in
the energy expression as the electron density. Taking
the variation of the condition E(kr)— V =constant we
obtain an expression of the form:

oV = (me*/21%) f (po)dp,

where po is the density when no lattice vibrations are
present.

We consider the Fourier components of this. We also
have Poisson’s equation to be satisfied:

(4.4)

VpPq = M *p4. (45)

Since [0V (x)]x= (vx*+v4*)qr, the requirement of self-
consistency yields the relation:

V= ‘Z)kil:l-l- ZhZMkz/'me‘if(PO) ]_1

zvkime4f(po)/2ﬁ2Mk2. (47)

The term in f(po) proportional to p;—* when taken alone
corresponds to the Bardeen-Pines result in the approxi-
mation in which exchange and correlation effects are
neglected. If, in fact, we include it alone throughout the
above treatment, we find exactly the Bardeen-Pines
result [Eq. (3.9) in their paper].

We have used here a very accurate expression for the
energy, and in the limit where this treatment is valid,
we are justified in having great confidence in the results.
We would like, therefore, to compare expression (4.7)
with the corresponding equation in the treatment of
Sec. ITL. In the long wavelength limit we may use the
approximation (3.4). In this way we are at once led to
the realization that whatever differences exist (to order
k%) in the two expressions may be determined by a
comparison of (JE/dk)kr and dEr/dkr. In the former

5 F. Seitz, Modern Theory of Solids (McGraw-Hill Book Com-
pany, Inc., New York, 1940).
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case we are concerned with the excitation spectrum with
a fixed number of electrons—or quasi-particles; in the
latter we must deal with the rate of change of the
Fermi energy with number of electrons. That these may
be different is a consequence of the existence of many-
body effects; the energy of a quasi-particle depends not
only on its momentum but also on the distribution of
the remaining quasi-particles. For an investigation of
the excitation spectrum we may use the values for
specific heat given by Fletcher and Larson.® As as-
sumptions have been made concerning isotropy, we
investigate the ratio (0E/dk)rr/(0Er/dkr) for metals
which very nearly satisfy this condition—Na and K.
We find that the ratio is about 1.1 to 1.2; as Fletcher
and Larson’s calculations are estimated to have an
accuracy of about 109, the results of the two calcula-
tions of this paper are seen to be in good agreement.
Another estimate of the above ratio can be made
employing the Landau’ model of a Fermi liquid. That
this model can be used directly for electrons in a metal
in the approximation of a uniform background charge
has been shown by Silin.® The difference of the ratio
from one is found to be small to the order of the differ-
ence between the reciprocals of the “effective mass’ and
the mass as calculated without inclusion of electron
correlation effects. Thus both masses include corrections
due to the lattice. As calculations involving only lattice
effects have produced effective masses which agree very
well with empirical values, we again expect the deviation
of the above ratio from one to be small. Indeed, we
might want to use an expression for v such as we have
derived in this section to “evaluate” m* in the formulas
of Sec. III, especially for small % The alternative in-
volves calculating exchange energies.

If we consider that the correction to the Bardeen-
Pines result is small, we may rewrite expression (4.7) in
a convenient form—in terms of %, €%, vy, the velocity of
an electron at the Fermi surface, and w2=4rNe?/m*
=the square of the plasma frequency for particles of
mass m*. We take "

M2=dnd/R2, (4.8)
and
im*vld=Ep=~%}elaopo(3r2)tL 4.9)
Then
V5= 5205 % (vo/ @owp)?—0.011 (v/ @ow p)*
—0.02[14+3(7.84+7) 1] (vo/ao,)s 2. (4.10)

The correction terms are of the order of 39, since
2o/ (@owyp) =1, at least if m*~m. The terms in brackets
correspond to 1/ A (x,x')) in the other formulation.
As expected, the previous treatment yields higher order

6 J. F. Fletcher and D. C. Larson, Phys. Rev. 111, 455 (1958).

7L. D. Landau, J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 1058
(1956) [translation: Soviet Phys.-JETP 3, 920 (1957)].

8V. P. Silin, J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 495 (1957)
[translation: Soviet Phys.—JETP 6, 387 (1958)].
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terms than this one; it is valid over a wider range of
momentum transfers.
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The paramagnetic resonance spectrum of a manganese-doped single crystal of TiO; in its rutile structure
was investigated at a frequency of 9.505 kMc/sec at room temperature. The following results were obtained :
The manganese atoms replace the Ti*" ions in the rutile and exist as tetravalent ions having a spin value of
S=3/2 and strong admixtures of covalent bonds to their six oxygen neighbors. The parameters of the spin
Hamiltonian were determined to be g=1.990, | D|=12.1 kMc/sec, and | E|=0.388 kMc/sec. Within the
accuracy of this experiment the magnetic hyperfine structure was isotropic and could be described by

| 4| =215 Mc/sec.

INTRODUCTION

ITH only one exception, all previously investi-
gated paramagnetic resonance data for manga-
nese in various host crystals could be interpreted with
the assumption that the manganese atoms exist in the
crystals as Mn*+ ions having a spin value of S=5/2.
For all crystals the splitting of the 8552 ground level
of the Mn** ions due to the influence of the crystalline
field was so small that the paramagnetic spectra con-
sisted either of a single hyperfine structure pattern or
of several strongly overlapped hyperfine structure pat-
terns, each showing the characteristic six-line splitting
resulting from the spin 7=>5/2 of the Mn?% nucleus.

Van Wieringen' and Matumura? systematically in-
vestigated the behavior of the g factors and the hyper-
fine structure parameters A for Mn** in various host
crystals. They showed that the parameter 4 decreases
at a rate which is nearly proportional to the covalent
character of the manganese bond to its crystal neigh-
bors and that the g factor simultaneously increases
slightly. Typical values for manganese atoms with
strong ionic bonds (e.g., Mn-MgF,) are g=2.001 and
|A| =271 Mc/sec, whereas the resonances of manga-
nese in ZnSe, which is an example of a Mn** bond with
strong covalent admixtures, can be described by g=2.01
and | 4| =180 Mc/sec.

Mueller? observed the paramagnetic resonance spec-
trum of a manganese-doped single crystal of SrTiOs
and interpreted the spectrum using g=1.994 and
| A ] =209 Mc/sec. The combination of a relatively small

17. S. van Wieringen, Discussion Faraday Soc. 19, 118 (1955).
2 0. Matumura, J. Phys. Soc. Japan 14, 108 (1959).
3 K. A. Mueller, Phys. Rev. Letters 2, 153 (1959).

A factor and a g factor that is less than two does not
fit into the scheme of the Mn*+ resonances. Therefore,
Mueller explained the spectrum by assuming that in
SrTiOs the manganese atoms exist in a tetravalent
state having a spin value of S=3/2.

The paramagnetic resonances of a manganese-doped
TiO, single crystal in its rutile structure are, to a cer-
tain extent, similar to the resonances of manganese in
SrTiOs, since, for both spectra, the g and A factors are
nearly equal; thus Mueller’s conclusions may also be
extended to the resonances of manganese in rutile. In
addition, however, manganese in rutile has a large
fine-structure splitting, so that for most of the crystal
orientations the hyperfine structure patterns are sepa-
rated from each other. Therefore, the spin value, as
well as the lattice position of the manganese impurity,
can be determined in a more direct manner from the
angular dependence of the resonances.

CRYSTAL STRUCTURE

The rutile form of TiO, is a tetragonal crystal be-
longing to the class Dy,.*% The unit cell (Fig. 1) con-
sists of two nonequivalent Ti*" ions. Each of these Ti*t
ions is surrounded by a slightly deformed oxygen octa-
hedron, so that the local symmetry of a Ti* site is only
orthorhombic. Nevertheless, there is overall tetragonal
symmetry of the rutile crystal, because the surround-
ings of the two nonequivalent ions differ from one
another only by a rotation of 90° around the ¢ axis of
the crystal. Thus the paramagnetic spectrum of an

4F. A. Grant, Revs. Modern Phys. 31, 646 (1959).
SR. W. C. Wyckoff, Crystal Structures Handbook (Interscience
Publishers, Inc., New York, 1958).



