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The interaction effects on the moment of inertia of a large many-body fermion system moving under
periodic boundary conditions have been explicitly derived in the second order of particle-particle coupling for
the case of nonsingular repulsive interparticle forces. The derivation is facilitated by the use of a new
Hamiltonian constructed by canonical transformation. This transformation is determined by requiring that
it remove the compensating effects of pair excitation and that the new interaction operators of first and
second order in the cranking field be also of first order in particle-particle coupling. A graphical analysis is
presented in which those classes of diagrams which yield corrections vanishing relative to the rigid moment
in the limit L — o are distinguished. Some remarks on the related problem of diamagnetism are made. The
possible application of the method of canonical transformation to related many-body problems is indicated.

INTRODUCTION

HE question of whether particle-particle inter-
actions for which perturbation theory converges
might alter the value of the noninteracting moment of
inertia of a large Fermi gas was recently investigated by
Amado and Brueckner.! It was found! that interaction
effects cancelled in the lowest order of perturbation
theory independent of potential form (tacitly assuming
a nonsingular potential) in the case of periodic boundary
conditions. In subsequent discussions of the cranking
moment of such a system,? the formal machinery neces-
sary for a systematic perturbation-theoretic analysis of
interaction effects was simplified extensively and it was
shown that simple effective mass corrections were just
compensated by particle-hole correlation in every order,?
a result which considerably extended the previous first-
order calculation. However, since the random-phase
diagrams® associated with the usual pair approxima-
tion?* to collective excitation form only a subset of all
graphs which might be expected to arise in a systematic
treatment of particle-particle interaction, it becomes of
interest to investigate the contribution to the moment
of the residuum of diagrams which lie outside this
approximation. For example, cancellation of these
graphs (or, properly, their contribution to the inertial
moment) is essential in extending the result of reference
1 to the next order in particle-particle coupling. Of
course, such an extension would lend weight to the
contention® that cancellation of interaction effects
persists to all finite orders of perturbation theory.
The demonstration below that cancellation of inter-
action effects does nof occur in the second order in

* This work was performed under the auspices of the U. S.
Atomic Energy- Commission.
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particle-particle coupling forms the substance of this
paper. Our result is independent of the details of the
potential provided it be nonsingular and repulsive. A
secondary result of some formal interest is the presenta-
tion of a method of canonical transformation® leading to
a weak-field Hamiltonian from which compensating pair
diagrams have been eliminated. This Hamiltonian
yields all the fourth-order corrections (second order in
particle-particle coupling and second order in the weak
external field) in the second order of perturbation
theory.

After some formal preliminaries (Sec. IT), we proceed
to a derivation of the transformed Hamiltonian (Sec.
III) and the second-order interaction corrections to the
inertial moment (Sec. IV). A graphical analysis of
vanishing and nonvanishing classes of higher order cor-
rections is presented in Sec. V, and some useful com-
ments on the relationship of this work to the problem of
diamagnetism are made in Sec. VL.

FORMAL PRELIMINARIES

The Hamiltonian describing an interacting many-
fermion system coupled to a weak external field may
customarily be written in the form? (taking #=1),

H=H,—\H,, (2.1)

H,=H+¢H,, (2.2)

Ho—“—z GkavTCku, (2'3)
ko
1

H,=— 2 Uy atiaplp'o Caror CporCany  (2.4)
2Q p'a’'pq oo’

Hi= Y awiCro Cxo, (2.5)
k=K' 0

where © is the quantization volume and e, the kinetic

6 OQur canonical transformation is closely related to an analogous
transformation in coordinate space introduced by Gross in his
treatment of the collective rotations of nuclei [E. P. Gross,
Nuclear Phys. 14, 389 (1959)].

7 Qur notation follows that of I, IT, and K. Sawada, Phys. Rev.
119, 2090 (1960).
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1934 RONALD M.
energy, is given by ex=*%k%/2M ; the parameters A, £ are
characteristic of particle-field and particle-particle cou-
pling, respectively. Our notation for the matrix element
Uprq’;qp 1S understood to imply p’+q'=p+ q. In the case
of the cranking interaction, the Fourier transform
of the external field, awy, is replaced with that of
the z component of the angular momentum, (L.)x
= (L2)xt+p,x(0pr—0ps) in the weak-field interaction, H;.
The two types of terms (L.)wir,x and (L;)iys,x con-
tribute incoherently to the inertial moment,? so that it
is sufficient to consider only

(Hl) zy= Z Z (Lz)k+r,k5k+r,afcka

r7#0 ko

= Z Z (Lz) k-}-%r,k—%rck—k%r,afck——%r,a;

770 ko

(2.6)

consequently, our discussion will apply to 9., When-

ROCKMORE

the definition
p>Pr (2.7a)

p<Pr. (2.7b)
One may divide H, into two parts, H," and H,®, with

CPHT:: apa'fy

:bPU:

1
H,O=— 3 Vyq;alpeCas CpoCas (2.8)
20 p’a’pao
Vije1= 1 15617 Vij; 10— V55 k17 F 555 1), (2.9)
1 !
H,®=— Vpa'sapCp CqrorTCparCas,  (2.10)
2€ »’ a’palosa’)
Vijyet =5 @150 055 16 F 0y 15 V1 1) - (2.11)

Note that in the zero-range approximation, U(r,r’)
=—(4r|a|/M)é(r—1'), only the latter part, H,®,
survives.

In summary, one has to deal with the Hamiltonian

ever convenient we also make the usual separation of H=H+tH,Y+¢H,D—N(H;) 2y, (2.12)
¢pot(Cpo) into particle and hole operators according to  where
Ho=3" exttxs o2 €xbio'bio, (2.13)
ko ko
1 .
HOW=— 3% Oy ap@ys+byo) (s +bq0) (@petbps") (@go1b4,"), (2.14)
2Q p'a’pac
1
[]v@):__ Z Z ‘Up/qz;qpl(apr,T—!"bpfg) (aq,—}-bq,f) (aq'a"r‘*‘bq'a') (apa‘"l_bpa’T): (215)
2Q p'q’pa oo’
(H) 2= 22 2 (La)wrsr et (@rtir,o F0rtir,0) (Grir,oFDiir, o), (2.16)
770 ko
with
(—1)rhiem b (—1)3k,
(Lo)xsreir=—— - - (2.17)
1 (kyt3r)— (ko—3%7) 1 r
The “principal part’”? of (H,)q, is defined as
(Hz) xy[ (principal part) = Z Z (Lz) k+%r,k—%r(dk—i—%r,aTbk—%r,sz*bk—%r,vak+%r,zf)E (HiP) zy. (2.163.)
770 ko
We also set down the equations of motion,’
Lape'bas’, HotEH, V)= — (§—€q)aps"bqs"— A q,p°
T2 0 (@pelaq e Fo, g 45 Fo,¢ Tbq o040y oy, "+bas Fp,00%aqrs), - (2.18)
Laps'aqe, HoHEH, D = — (—€g)aps'aqs
+2 ¢ (@psaq o' Fo, "+ aps Foq o o= Fp,q70q7080s—bor o' Fy,q%aq,),  (2.19)
[bq«rprva Hoy+£H,O J=— (e, — fq)bq«;bpcf
+2 ¢ (Fowbarabpotag s’ Fo,g bpe—baabyr o Fy,q"—bqs Fy,g%aqr5), (2.20)

8 Since the momentum transfers r and s are orthogonal.
9 See K. Sawada, reference 7.
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where
2
G=ept+— > UVpaspas (2.21)
Q o¢<Pr
2f '
Aqp’=— Z Oy g;q/pCp! 'a'Caray (2.22)
Q p’a’
z Cpa'Cas' Vpairs) (2.23)
Pq

which we will find useful in our calculation of non-random—phase corrections to (9 y)rigida-

WEAK-FIELD TRANSFORMATION; TRANSFORMED HAMILTONIAN
Consider the unitary weak-field transformation,
U(\)=exp(irs), 3.1)
where the Hermitian operator § is assumed independent of . Applied to the Hamiltonian, H=H r—X(H;) 4y, it
yields the new Hamiltonian,

=UMNIHUQ) (3.2)
=Hp—NH—NH,, (3.3)
where we neglect terms O(A\?). On expanding the right-hand side of (3.2) in multiple commutators, one finds
Hy=(H;)zy—i[$,Hr], (3.4)
Hy=1[8,(H )2y ]+318,[8,Hr]] (3.5)
=38, (H:) s+ H1] (3.6)
Again neglecting terms O()A?), one may write the ground-state energy of H in the form,
Egt O\) =Et (O) - %>\2 9z (37)
where
92y=20| Hi[H r(§) — Eot (0)1'H.| 0)+2(0| H,| 0); (3.8)

| 0) denotes the eigenvector of Hr(£) of lowest energy. So far no detailed assumptions regarding 8 have been made.
We now assume for 8 the form,

§= Z f(k+%r, k"'%r)Ck_’_%r,,TCk_%r,y. - (39)
kro(r5#0)
One finds
iH1=iH1,+iH1’,= {i(Hz) m;"—l:sy HO+ SHv(l):}} +[S,Hv(2)]7 - (3'10)
with!
iH) =3 3 (xtiro buge, o/ —H.c. ){( 1)‘”—— (€cir— &) f (K315, k—312)
r#0 ko r
2¢
_5 Z [:eok+lr,k’—%r; k—lr,k’+!r_eok——r —k’44r; k+i4r —k'—%rjf(kl+2r>7 kl l'<) }
kI
+ 2 2 Gupgrol Gy "{ (- I)Al—‘_ (Bcppr— &pe) f(k+315, k—315)
r7#0 ko
2¢

—— Z [0kt e, k/—trs ke ko dr— Ok it i —e—ge ) (K 315, K —31) }

- Z Z bk*ir Pl bk+ir a{ ( 1)M—_“ (ek+nr'“ ek—;r)f(k+2r<; %r<)

1720 ko
2¢
—5 > [Osetsr, kr—iri kmir i — Okeir, k'3 k—pr,—k/—ie | f (K315, K'—$r) }
kl
+ Z Z f(k+%r>: k—%r) Z I:(ak+%r,aTaq’aTFk—%r,q’qT+ak+%r,aTFk—-§r,q’dqu’q)“H.C.:l
I

770 ko
+ Z Z f(k+2l', k—§r<) Z [(bk-—sr aqu a'TFk+1r q’ a+bk—3r a Fk+lr q’ dq q) H C. :I, (3.11)
r#0 ko

1 In the analogous transformation in I the pair approximation to § was used.
11 The notation as(ac) implies that the vector a satisfies the spherical inequality |a|>Pr(|a| <Pr).
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and
iH'=% ¥ ALf(k+irs, k—30) X P e g akirotcqor
r7#0 koo’ (6740’) q’
—fk+in, k=31 X Fo i 0o bige o 11— He}, (3.12)
ql

where

_ £
Fogo==2_ cop’q’;qplcq’aicpa- (3.13)
Qoo

f(k+3rs, k—ir.) is determined by setting!?

k
(= 1) — (f = Eape) f (KB, k—1r0)
r

2¢
—5 127 [Otktir, k—try ket kb ir— Okmtr,—t/tdns kerdr,—kr—e | f (K 315, K'—2r ) =0, (3.14)

We shall also take'?
k
(= I)M—y— (exysr— ex—te) f k315, k—315) =0,
r
3.15
b, (3.15)
(—1)¥—— (extr— €x—yr) f (h+-31<, k—31r) =0.
r

Note that the integral equation satisfied by f(k+3rs, k—3%r<) is precisely that obiained previously in the “pair’ ap-
proximation; it expresses the condition that the compensating pair graphs be transformed away. The unitary transforma-
tion U (\) merely displaces the weak-field Hamiltonian H to the “center of oscillation” of its phonon-like pairs; the
resulting Hamiltonian H’, in contrast to previous work,? still provides an exact dynamical description of the system.
The solution to Egs. (3.14-15) may be written down at once,

By
JOetbn k=)= (= )=

7 (erpie— €xir)

(3.16)

Note that as a result of the choice for f(k—+21rs, k—3r.) given above,! in calculating with H; in second order (in £),

one need keep only its effective parts,

: .
(iHll)effeCtive:§ 2 Z{f(k‘l_%r% k—3r) 2 copq;k—%r,q'(ak+%r,vTaq’vaanbva'—‘H-C-)

r#0 ko paa’
+f(k+31r, k—310) 2 Vpgiicrir,a’ (@po @qoOk—tr,o'0qrs'—Hoc)}, (3.17)
raq’
and ;
(iﬂln)eﬁective 25 Z Z {f(k—l—%l}, k_%r) Z ”(qu;k_%r’q,'(ak+%r'”,pr”,Taq,uqugT_H.C_)
raq’

75740 koo’ (o5%0’)

- Z Z f(k-}-%l‘, k_%r<) Z rOpq;k+%*1',q'/(apa'.rbk-—%q-,g-"l-(lq,,-'rbq',T—‘I‘I.C.)}. (318)

7740 koo’ (e7%0’) paq’

12 These conditions are dictated largely by perturbation-theoretic considerations; there remains the possibility of framing them by
variational means or of requiring that the functions f(k+r, k) satisfy different ‘‘equations of motion.” Thus one might demand that

f(k+rs, ko) satisfy
”s (Eusr—En) J(k-tr5, k)
3
+25) ;z[fK’,kJrr,k'; k41— K, — ks e r, — k' — e Jf (K +rs, k)

k
= (_ 1)Al_y_:
7
where Ex and (X) denote the single-particle energy and K matrix, respectively. This last choice would seem to be appropriate
to the case of singular particle-particle interaction.
| 13 TheTsimTi}arity to the transformation of Gross (reference 6) becomes apparent on writing f(ks,k.)=(n|L,|0)(E,—E,), where
n)y=axlbx'1|0).



INERTIAL MOMENT OF LARGE MANY-FERMION SYSTEMS 1937

We consider now the terms in H, which are O(£),
| gm0y =3i[8,(H:) =]
=% 3 [f(k+3r, k—30) (Lo)igrw — (L)t it f (=31, K') Jowsse, ol cxron (3.19)

kk'c

Its nondiagonal terms (k’sk-+%r) make no contribution to the ground state energy.* If we 8 order the remaining
diagonal operators (k'=k-3r), we obtain

H;| s—0y — 3(9 2y)rigiat (diagonal terms correcting Ho). v (3.20)

The diagonal operators appearing in (3.20) may in turn be dropped, since they give rise to corrections to the
energy O(\*). We are thus led to

Hy— (9 2y)rigiat-31[8,H1 . (3.21)
SECOND-ORDER CORRECTIONS TO THE INERTIAL MOMENT

The second-order corrections to the inertial moment are given by the expression,
AgzyE gxu_ (gxy)rigid
=2(0| Hy/H;'Hy'|0)+2(0| H,"HH," |0)— 2i(0 | éH , Y Hy7'[8,H,' ]| 0)— 2i0 | éH, P H7'[8,H,""]|0),  (4.1)

a result easily derivable from (3.8) and (3.21). |0) denotes the unperturbed vacuum state vector. A straightforward,
albeit lengthy, calculation yields

4
Agxy= 2:1 Ag;vy(j), (4.2)
=
where
i 1 L (Vs = Vst get?)
Ag 5, =§ %:t Fik+-315, k—310) Vst gt 1t Vst koir, 1 1e f(K+Lrs, k—2r)
(C >k1:’§ S,sl<kp) ek+%r+€1—és——et
f(l+%r>, l—%l’) f(l__ %l‘>, l+%1‘)
X[ - jl—cos—%r,t:k——,‘—r,1Us+%r,t;k+%r,1f(k+%r>’ —1r)
errirt el €s— €t it el €s— €t
St s=ie) fs—tn s+ie)
X[ ]“ Us,t—%r;k—§r,1@s,t+%,; ktir, 1f(k+%_r>, k_%r<)
Ek+%r+€l~fs—%r""€t €k+%r+€1_es+§r—ft
X[ A, Jlt—dr, thin) ] L’Ost; wie, 22 (kH3rs, K—31s) (€ 3r— €xtyr) 4.3)
T ’ .
eitirter— €€ gr  Epjrte & ey (exyirter—es—er) (exyete1—es—er)
5 1 1 \(Us‘; ktir, "= Ustiir 1)
Ag:cy(2)=_2 2 k435, k—3ro) +Vstieriri-1:Vst koir rief (K2, k—1r.)
“‘kakFl?tkkF) €sT€t— €x—ir— €1
S =r)  f(=dr, )
X[ ]“‘ rOs+%r,t; k+tir, I‘US—%r,t;k_%r, lf(k’f—%l‘, k_%r<)
€ter—exir—€1ir €€ ex—jr—€npir
f(s+irs, s—3r)  f(s—3rs, s+3r)
]—’U,stﬂr; 1+3r,10s, t—3r; k—pr, 1 f (K31, k—3r0)
Es+%r+€t“€k—%r_61 es—%f_i_et_fk-%r—el
X[ F(t+3rs, t—31) ft—3rs, t+31) ]L’Ost;k+;,,.2f2(k+%r<, K 2r0) (exriemen_so) } »
I .
es+et+%r—6kﬂ}.r‘“e1 €s+5t—%r_€k~%r_€1 (es—l—et— Ekf%‘_51)(5s+ft—ek+%,—el) )
A,,®O=3A9,,D(V— V), (4.5)
Ad,,W=3A9,,®(0— V). . (4.6)

14 This is a consequence of the rule that the momentum transfer taken up from the external cranking field at one vertex must be
given up at the other; otherwise stated, ground state corrections must involve zero net momentum transfer (by conservation of
momentum).
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We propose to show that two terms in each of the Ad,,? have the same L dependence as the inertial moment so
that im 10 (A9y?/ (9 2y)rigia) Z0 (j=1, - - -4). Since the major contribution to each term comes from small 7,
it is appropriate to discuss the dependence on 7 of their respective summands as » — 0. Accordingly we make a
Taylor expansion of the nonsingular factors in each summand about »=0. This expansion need not be carried very
far, since those terms behaving like 7*, #>0, are vanishingly small compared to the rigid moment in the limit of
large volume. [ Note that we have »«1/L and that corrections with the same L dependence as the rigid moment
must be 0(1/72).] Finally, only the even powers of 7 in this expansion need be considered since the sums >, . 727+
(m integral) vanish by consideration of symmetry. We also require the relation!®

limy (| kk=3e | —kp)n (kr— [kFir]) — £n-rp(E£n-1)s(k—kr), (4.7)

where n=k/k. In our coordinate system? we have n-r=#,7. It follows immediately from (4.7) that
Mk,
(=12 f(k3rs, kFira)>=—o6(k—kr)n(n-r). (4.8)
7

It is easy to show, by symmetrizing with respect to # and using momentum conservation, that the sum of all terms
in (4.3-6) for which both arguments of eack flie on the same side of the Fermi surface vanish. (We will prove this
explicitly to all orders in the following section.) In addition, the pairs of cross terms proportional to f(a+3rs,

—3ro)f(b=3rs, bF3rs), where asb, individually are O(1/7?) by virtue of (4.8), their respective differences are
O(r), and consequently are negligible compared to the rigid moment in the limit of large L. The remaining cross
terms may be reduced by means of (4.8) together with momentum conservation. Thus, one has

M2k p? 1 d [(zcost;kl2+cost;kll2)]
(k =kr)

4

Z Ad m/(i) l (L) = — 20 Z —2<n3/2>av£ %

= 0 s —_— . —
=1 ™ e (A >kr;s, t<kr) €k+€1 s €t

Msz d (ZUst;k12+Ust;k]’Z)
- > _<"z/ Dav— >
Q0 2 dk (l<kp;lss,tt, ks €stet—ex—er (k =Fkr)

Mk > 1< N < [(2’()st;k12+1)st;k1’2)}
—n av
! (exte1— €5~ €4)?

Ve
Mkp3 1 (2Ust 2+ Vs 11?)
_<77'y Yav > ] . (4.9
(estet—ex—e€1)® Je=tr)

w20 70 92

+

Ist
A >kr; s, b, <kr)

+

Ist
(I <kr;s, t>kr)
These terms may be written somewhat more simply as

Ad, M(dvpm AV,
dky

lim 2z )+(W @ () LW (kr)), (4.10)
. I (g, )rigid  RF
wnere
(27}3 t; k 12"1"‘1)5 t; k17s t; 1k)
IO , (4.11)

Ist €sT€r—€x—€
(ky L>krs s, 8 <kr) ste—ea—a

(205t 112+ Vs t; k105 £ 1)
Vi@ (k)= 2 : (4.12)

Ist —_— . —
(e, 1 <kers 5, 8 >ker) exte—ea—e

W0 () = > (295, k> Vs t; k105 t; 1K) (4.13)
? (exte—e—e)? '

(205 11>+ Vs 105 ; 1)
Wom= % : (4.14)

Ist —y — 2
(%, l<k1«‘s; s, t>kr) (ES_'_et €x 61)

Ist
(k, L >kF; s, t <kF)

In the neglect of exchange terms, V,® (k) is twice the particle “rearrangement” energy'® and V;® (k) twice a
K-matrix term in the hole energy?; the terms proportional to (dV ,®/dkr—dV®/dk F) thus represent effective
mass corrections. The terms (W ,®4W;®) arise from propagator changes.

15 See, for example, appendix A of D. F. DuBois, Ann. Phys. 7, 174 (1959).
16 K. A. Brueckner and D. T. Goldman, Phys. Rev. 117, 207 (1960).
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k+r
Fic. 1. Graphs for (a) particle de-
flection and (b) hole deflection in the &+
external (cranking) field (s-vertex in-
sertion). Graphs for (c) pair creation T

and (d) pair annihilation in the ex-
ternal (cranking) field (p-vertex in-
sertion).

— =
k,|k+r1>kF

(a)

REMARKS ON THE PERSISTENCE OF INTERACTION
CORRECTIONS IN HIGHER ORDERS

In this section we shall, by a detailed graphical
analysis (in the Schriodinger representation) indicate
those classes of graphs O(1/7*)'7 which vanish in all
orders’® as well as those which contribute to a non-
vanishing interaction correction to the rigid moment in
all orders. We consider first the former class. There are
three sets of these which vanish by virtue of momentum
conservation: (a) those in which

(Hi(r)—H*(1)) 2y
( 1)Al

i

Z k (dk+,r o Ax—1r, a_bk—,r 14 bk-hr a) (5 1)

acts twice, (b) a set in which (H(r)—H;?(r))., acts
only once, and (c) a set in which (H;?)., acts twice.

We note, first of all, that (H ;(#)— H ;?(7)) ., describes
processes in which particles are scattered into particles,
holes into holes, by the external cranking field, i.e., the
interaction (5.1) does not alter the nature of the internal
line!® in which it is inserted. A graphic representation
of such an insertion is given in Figs. 1(a), (b). We shall
term the scattering vertices produced by (5.1) s vertices.
[Similarly, we shall term the vertices which arise from
the interaction H;?, p vertices. These vertices are the
characteristic ones of pair creation and annihilation in
an external field; they are graphically represented in
Figs. 1(c), (d).]

The following prescription® will serve to generate all
members of class (a). First, draw all distinct ground-
state graphs. In any one of these, insert two s vertices in
all possible distinct ways. Thus, for example, in second
order, such double insertion [in Fig. 2(a)] will yield
twelve distinct graphs [of which Fig. 2(b) is one . Each
cranking vertex will give a factor 1/7; the limit » —0

17 These contributions are of the order of the cranking moment
(see reference 2)

18 T.e., to within terms which vanish relative to the rigid moment
in the limit L — .

¥ By an ‘“‘internal line,” we shall mean a particle (hole) line
joining two particle-particle vertices, each of which involves a
nonzero momentum transfer. (Thus a given internal line may bear
any number of particle-particle vertices each making zero mo-
mentum transfer to the given internal line.)

2 The following discussion is easily generalized to apply to the

case of any number of zero-momentum insertions in a given
internal line.

1939

-
r
¥
- I3 >
r k+r - .
- k+r k
K+
k <k k <k
KIE+T I<k I YN
s r r +r F k +r >kF

(b) (c) (d)

may be taken at once in the remaining factors in the
matrix element of each of the twelve diagrams.! Fur-
ther, each cranking vertex is proportional to the y
component of the momentum of the internal line in
which it is inserted times the particle number of the line
(41 for particles, —1 for holes). Then, holding the first
insertion [from (5.1)7] fixed, one finds that the sum of all
graphs obtained by making the second insertion on a
cut which splits the graph into earlier and later pieces
must, since as many particle lines as hole lines are so
cut, vanish by momentum conservation. The sum of
insertions on a cut which intersects the two particle and
two hole lines whose momentum sum vanishes will be
termed a null set of graphs. Thus the graphs of class (a)
are obtained by making all distinct s-vertex insertions
on all distinct pairs of cuts in all ground-state graphs.
These graphs, appropriately grouped, then sum to sets
of null graphs and vanish. Figures 2(b)-(e) form such
a null set. These statements are also equivalent to the
replacement, for a given value of 7, of (5.1) by

Hi(r)—H(r))z/
( 1)l

i

Z k (aka"raku_bka"rbka), (5.2)

and the subsequent incorporation of this operator into
the kinetic energy, so that one has

[ek—w(k) ,,]ak,, Qko

w

Ho->Ho’= Z

ko(k>kF)
A1)

i

(k) y]bk,, "bs. (5.3)

g [
ko(k<kp)

Diagrams of class (a) are then given by

9
Contributiongy= %7\2———2EoE W) ; (5.4)
N

(A=0)

their sum vanishes since [Hr, (H;(r)—H; p(r))xy’] 0.
In class (b) a p-vertex or pair-chain insertion is made

21 The addition of a set of four of these graphs whose sum is zero
by conservation of momentum (see discussion below) will enable
us to group the resulting sixteen graphs into sets of four, each set
of which then vanishes by virtue of momentum conservation.
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in the one and an s insertion is made in the other of two
distinct cuts in a ground-state graph. Again these graphs
vanish by momentum conservation for the sum of s
insertions for a given such p-vertex or pair-chain in-
sertion. It is necessary that the p vertex lie “outside”
the remainder of the diagram in order that the diagram
be O(1/#%). [This follows from (4.7).] A complicated
example of class (b) is shown in Fig. 3.

Class (c) is that class of corrections obtained by in-
serting p vertices in any two different internal lines in an
arbitrary ground-state energy graph. So that these
graphs may have the same L dependence as the rigid
moment, the respective p vertices must lie above or
below the uppermost or lowermost particle-particle
interaction vertex.?2 [When both p vertices lie above the
rest of the diagram, the sum of the two diagrams, each
with weight %, obtained by exchanging the relative
positions of the p vertices, decouples the denominators
of each pair. (Addition of the time reversed diagram,
with both p vertices below the rest of the diagram, re-
stores the weight to 1.)] Then it is easy to see that for a
particular insertion of a p vertex in an arbitrary line, the
other p vertex may be inserted in any o/ker line in two
ways, with the vertex either above or below the rest of
the diagram. These two conjugate insertions are iden-
tical in the limit as » — O but differ in sign, since in the
former case the vertex inserted corresponds to, say, a
pair annihilation in the cranking field, while in the latter
case it corresponds to pair creation by the cranking
field. Hence, their contribution is at most O(#°) and
vanishes relative to the rigid moment in the limit
L — ., We summarize this: In any arbitrary graph, if
an internal line has been distorted by the insertion of
only one pair-creation (-annihilation) cranking vertex,
then this graph is cancelled'® by the conjugate graph
obtained by inserting (in the same internal line) instead,
a pair-annihilation (-creation) vertex. Two conjugate
graphs in second order are shown in Fig. 4.

We now discuss the three classes of graphs which con-
tribute to a nonvanishing interaction correction. The

F16. 3. A higher order graph of class (b). The set of graphs obtained
by making s-vertex insertions on the cut X is a null set.

2 By (4.7) a p vertex is O(#"). A p vertex which lies ‘“‘outside”
the remainder of a graph contributes a denominator O(r).
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(e)
first set [set ()] consists in all those graphs obtained
by first making one s insertion in all possible ways along
a cut which splits an arbitrary ground-state graph into
earlier and later pieces, and then making a p insertion
in all possible ways in all the remaining uninserted in-
ternal lines intersected by the cut. The p vertex must
lie “outside” the remainder of the graph. These graphs
do not sum to null sets; they may be grouped in triads
with sums proportional to (—k%,?) where k is the mo-
mentum of the internal line bearing the p-vertex
insertion. An example of such a triad is shown in Fig. 5.
Class (B) consists in those graphs obtained by the
insertion of two p vertices in the same internal line in
any ground-state energy graph. There are two distinct
graphs for each doubly inserted internal line corre-
sponding to crossed and uncrossed p vertices (see
Fig. 6). Since there is only one condition (4.7) on the
double insertion, these graphs are O(1/7%) when both
cranking vertices lie outside (one above and one below)
the particle-particle interaction vertices, and O(1/7?)
when only one p vertex lies outside the rest of the
diagram. The sum of the latter graphs is such as to
decouple the energy denominator associated with the
pair from the rest of the diagram. The crossed and
uncrossed graphs are also conjugate in that they differ
in sign. This difference in sign may be understood in the
following way. Consider the respective closed loops in
two conjugate graphs determined by the double inser-
tion. Note that the portion of the loop which is an
undeformed internal line has the same sense in both
graphs. In the case of the uncrossed graph, if that in-
ternal line is a particle (hole) line then the rest of the
graph may be viewed as a nonlocal mass correction in
the particle (hole) line'® of the pair loop which yields
the rigid moment; in the case of the crossed graph, if
that internal line is a particle (hole) line, then the rest
of the graph may be viewed as a nonlocal mass correc-

tion in the hole (particle) line'¢ of the pair loop which
yields the rigid moment. Since self-mass insertions in

Fic. 2. (a) Ground-state energy
graph in second order. (b)—(e) A nuil
set of graphs in class (a) in second
order.

(a) (b)

F1c. 4. (a) and (b) are conjugate graphs of class (c) in second order.
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F16. 5. Graphs (a), (b), and (c) form
a triad of class ().

particle and hole lines differ in sign, it follows that
diagrams conjugate in the above sense also differ in sign.
The sum of these conjugate graphs is a correction of the
order of the cranking moment and in the second order
in particle-particle coupling is given by (4.9). In Fig. 6
the closed loop in each instance has been defined by
choosing the internal line to be a particle line.

The third set of graphs (y) which are likely to con-
tribute to the persistence of interaction effects in higher
orders are obtained by modifying the interaction be-
tween pair loops of small net momentum 7 in typical
pair-chain diagrams.? In order that these diagrams be
0(1/#?), it is essential to restrict the nonlocality of the
modified interactions. In a “chain” of N linked pairs,
there must be N denominators each O(r) so as to yield
a term o L? in the limit L — . An example of such a
modified pair “chain” is shown in Fig. 7.

Finally, it is discernible that the last two classes of
diagrams discussed above which yield persistent inter-
action effects on the rigid moment in higher orders are
simply the nonlocal modifications of those diagrams
which have been previously found to compensate.”

CONCLUDING REMARKS

We have explicitly derived an interaction correction
to the inertial moment of a large many-body fermion
system moving under periodic boundary conditions in
the second order of particle-particle interaction. It
follows necessarily from this result that the conjectured®
cancellation of interaction effects in perturbation theory
independent of potential form does not take place.
(This result patently disagrees with a recent prediction
of Wentzel?® based on some earlier considerations of
Blatt, Butler, and Schafroth® on the statistical me-

- @ﬁooo

(a) (b)
Fic. 6. An example of conjugate graphs in class (6).

2 . Wentzel, Phys. Rev. Letters 7, 349 (1960).

%], M. Blatt, S. T. Butler, and M. R. Schafroth, Phys. Rev.
100, 481 (1955). Their ‘“‘theorem” does not appear to have a
rigorous basis; further, it is not clear whether it is indeed applicable
at T=0. (The remarks of Wentzel® imply that it is.)

chanics of rotating buckets.) We think it may prove
instructive to relate our work on the cranking moment
of a system with periodic boundary conditions to earlier
work of Wentzel? on the diamagnetism of a dense
electron gas. In the latter case, the choice,

-A,,=)\ cosrx, A.,=A,=0, (r/krkl) (6.1)

for the vector potential of the external magnetic field,
led to the interaction Hamiltonian

Hé=H*+H,’, (6.2)
with
e\
Hd=———3" ky(crrir,o Coir,o+Hoc), (6.3)
2M¢ ko
and?®
€2\?
H,yi= N. (6.4)
4Mc?

Neglecting H,? momentarily, one may compare H;?
with the corresponding terms in the cranking inter-
action,*

He=—NH (1)) 2y

A
= z ky(ck+}r,aTCk~§r,g—H.C.).
1 ko

(6.5)

Let us call the contributions to the ground-state energy
O(\?) resulting from a perturbation-theoretic treatment
of Hy? and He, E1%(\) and E°(\), respectively. Then we

gl
-

| 3
v A

o

F1c. 7. An example of a pair-chain O(1/7%) with two
modified interactions.

25 3. Wentzel, Phys. Rev. 108, 1593 (1957).

26 Only the diagonal part of H% matters.

27 The difference between ;4 and H° with regard to the phase
of \ is irrelevant since the general choice, 24 ,=\e"*N*¢~ir2,
leads to E(\) o< |A|2.
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have

LE2(N) /PP Ee(N) ]=¥/4M> (6.6)
The “rigid” diamagnetic energy, —H,% then corre-
sponds to the rigid inertial moment. [In the absence of
particle-particle interaction, one finds?®

lim E*(\)+e2NN/4M =0,

(r/ kF)—0

(6.7)

so that the leading term in an expansion of E;¢(\)+4H ¢
in powers of (r/kr) gives the Landau susceptibility.?®]
In the case of Coulombic interaction, a Landau sus-
ceptibility® then implies a rigid inertial moment and
conversely. Note that our investigation has been re-
stricted here to the case of nonsingular particle-particle
interactions; we regard our results as appropriate to
this situation only. In the case of singular particle-
particle interactions, e.g., Coulomb interaction, it will
be necessary to include the damping® of the potential

28 See the discussion in Sec. 4 of reference 235.

2 We comprehend the possibility of correction to the Landau
susceptibility arising from additional terms in the energy O(r2/k#?).
[See H. Kanazawa and N. Matsudaira, Progr. Theoret. Phys.
(Kyoto) 23, 433 (1960).]

% The replacement of the bare potential by the appropriate
K-matrix element (see reference 9) is meant.

ROCKMORE

matrix elements in order to obtain convergent results.?
One might carry this through properly by making the
usual pair approximation?# in the #ransformed Hamil-
tonian. It is readily seen that such a procedure extends
the random-phase approximation well beyond its previ-
ous range*?® of utility in a wide range of problems in-
volving interaction with weak external fields, e.g., the
scattering of photons by an electron gas,? the polariza-
tion of a dense electron gas by substitutional impu-
rities.®® However, further consideration of these prob-
lems together with the modifications they entail in our
method? is left to subsequent communications.
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