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Inertial Moment of Large Many-Fermion Systems with Repulsive Interactions* 
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The interaction effects on the moment of inertia of a large many-body fermion system moving under 
periodic boundary conditions have been explicitly derived in the second order of particle-particle coupling for 
the case of nonsingular repulsive interparticle forces. The derivation is facilitated by the use of a new 
Hamiltonian constructed by canonical transformation. This transformation is determined by requiring that 
it remove the compensating effects of pair excitation and that the new interaction operators of first and 
second order in the cranking field be also of first order in particle-particle coupling. A graphical analysis is 
presented in which those classes of diagrams which yield corrections vanishing relative to the rigid moment 
in the limit L —> °o are distinguished. Some remarks on the related problem of diamagnetism are made. The 
possible application of the method of canonical transformation to related many-body problems is indicated. 

INTRODUCTION 

THE question of whether particle-particle inter­
actions for which perturbation theory converges 

might alter the value of the noninteracting moment of 
inertia of a large Fermi gas was recently investigated by 
Amado and Brueckner.1 It was found1 that interaction 
effects cancelled in the lowest order of perturbation 
theory independent of potential form (tacitly assuming 
a nonsingular potential) in the case of periodic boundary 
conditions. In subsequent discussions of the cranking 
moment of such a system,2 the formal machinery neces­
sary for a systematic perturbation-theoretic analysis of 
interaction effects was simplified extensively and it .was 
shown that simple effective mass corrections were just 
compensated by particle-hole correlation in every order,2 

a result which considerably extended the previous first-
order calculation. However, since the random-phase 
diagrams3 associated with the usual pair approxima­
tion2,4 to collective excitation form only a subset of all 
graphs which might be expected to arise in a systematic 
treatment of particle-particle interaction, it becomes of 
interest to investigate the contribution to the moment 
of the residuum of diagrams which lie outside this 
approximation. For example, cancellation of these 
graphs (or, properly, their contribution to the inertial 
moment) is essential in extending the result of reference 
1 to the next order in particle-particle coupling. Of 
course, such an extension would lend weight to the 
contention5 that cancellation of interaction effects 
persists to all finite orders of perturbation theory. 

The demonstration below that cancellation of inter­
action effects does not occur in the second order in 

* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

f Now at Brandeis University j Waltham, Massachusetts. 
1 R. D. Amado and K. A. Brueckner, Phys. Rev. 115, 778 (1959). 
2 R. M. Rockmore, Phys. Rev. 116, 469 (1959), and Phys. Rev. 

118, 1645 (1960). We shall refer to these papers as I and II, 
respectively. 

3 K. Sawada, K. Brueckner, N. Fukuda, and R. Brout, Phys. 
Rev. 108, 507 (1957). 

4 R. M. Rockmore, Phys. Rev. 114, 941 (1959). 
5 A. Bohr and A. B. Migdal (private communication to R. 

Amado and K. Brueckner). 

particle-particle coupling forms the substance of this 
paper. Our result is independent of the details of the 
potential provided it be nonsingular and repulsive. A 
secondary result of some formal interest is the presenta­
tion of a method of canonical transformation6 leading to 
a weak-field Hamiltonian from which compensating pair 
diagrams have been eliminated. This Hamiltonian 
yields all the fourth-order corrections (second order in 
particle-particle coupling and second order in the weak 
external field) in the second order of perturbation 
theory. 

After some formal preliminaries (Sec. II), we proceed 
to a derivation of the transformed Hamiltonian (Sec. 
Ill) and the second-order interaction corrections to the 
inertial moment (Sec. IV). A graphical analysis of 
vanishing and nonvanishing classes of higher order cor­
rections is presented in Sec. V, and some useful com­
ments on the relationship of this work to the problem of 
diamagnetism are made in Sec. VI. 

FORMAL PRELIMINARIES 

The Hamiltonian describing an interacting many-
fermion system coupled to a weak external field may 
customarily be written in the form7 (taking fi=l), 

Ht~Ho-\-i;HV) 

Ho = ^2 €kCkcr £kcr 
ker 

Uv 2^i 2-J ^ p ' q ' ; q p ^ p V Cq'a' Cp&'Cqaj 
2 0 p ' q ' p q <r<r' 

Hi= 2_* #k ' k£k ' f f Cka, 
k ^ k ' . o -

(2.1) 

(2.2) 

(2.3) 

(2.4) 

(2.5) 

where O is the quantization volume and €k, the kinetic 
6 Our canonical transformation is closely related to an analogous 

transformation in coordinate space introduced by Gross in his 
treatment of the collective rotations of nuclei [E. P. Gross, 
Nuclear Phys. 14, 389 (1959)]. 

7 Our notation follows that of I, II, and K. Sawada, Phys. Rev. 
119, 2090 (1960). 

1933 



1934 R O N A L D M . R O C K M O R E 

energy, is given by e^=k2/2M; the parameters X, £ are the definition 
characteristic of particle-field and particle-particle cou- cvJ=av<T\ P>PF (2.7a) 
pling, respectively. Our notation for the matrix element —ha P<PF> (2.7b) 
V , , i M is understood to imply p '+q '= p+q . In the case Q n e d i v i d e ^ ^ £ Q ^ ( 1 ) a n d ff<<8 w i t h 

of the cranking interaction, the Fourier transform 
of the external field, #k'k, is replaced with that of 1 
the z component of the angular momentum, (Z,a)k'k ^ ( 1 ) = — Z ^P'q';qpV«r+cq'^P^q<r, (2-8) 
= (X2)k+p,k(5pr— 5ps) in the weak-field interaction, Hi. 
The two types of terms (L2)k + r ,k and (L2)k+S ,k con- eOij;ki = i(»ij;ki—Vij;ik—Vji;ki+Wji;ik), (2.9) 
tribute incoherently to the inertial moment,8 so that it \ 
is sufficient to consider only Hv

{2)=— ]£ cOp'q';qp'£p'<r
tCq'«r'tcp<r'Cq(r, (2.10) 

212p'q,pq(or^cr') 

(Hi)xv= I E ( Z ^ k + r . t f k + r . ^ k , 'O i j ; k l , = i ( » i j ; k l + » j i ; l k + W k l ; i j + Wlk;ji). ( 2 . 1 1 ) 

Note that in the zero-range approximation, ^ ( r , ^ ) 
= EL(^)k+ir,k-irCk+|rf(r

tCk-.§r1<r; (2.6) = - (4nr\a\/M)d(i-rf), only the latter part, Hv®\ 

survives. 

consequently, our discussion will apply to 0xy. When- I n summary, one has to deal with the Hamiltonian 

ever convenient we also make the usual separation of H^Ho+^H^+^H^—X^i)^, (2.12) 
cvJ(cpa) into particle and hole operators according to where 

with 

Ho = J2 €k#ka+ak<r— Z ) €k&ko-+&k<r, ( 2 . 1 3 ) 
kcr kcr 

1 

#,<» = — Z lVq';«p(«pvHV*)(^ t+V<r)(ap*+V)K*+V), (2.14) 
212 p'q'pqo-

i 
ff.O>=— Z E tUp',';qp'(«pVt + 6pv)(«^ + *^ t)(aqV'+ + &qV')(«p.'+6p.' t), (2.15) 

212 p'q'pq o-̂ o-' 

(Hi)xy= X 2Z ( ^ ) k - f i r , k - i r ( ^ k + i r , ( r t + &k+i r , ( r ) (^k - i r ) ( r+^k- i r , ( r t ) , ( 2 . 1 6 ) 
r=̂ 0 kcr 

( - l ) r L / 2 x ky (~l)Alky 

( L 2 ) k + i r , k - i r — = • ( 2 . 1 7 ) 
i (kx+^r)—(kx—^r) i r 

The "principal part"2 of {Hx)xy is defined as 

(Hi)xy\ (principal part) = 2 £ (£*)k+Ar)k-Ar(#k44r,<r t6k-Ar,cr t — 6k-Jr,<r^k+ir,<r)= (HiP) xy. ( 2 . 1 6 a ) 
r^O k<r 

We also set down the equations of motion,9 

[ a p ( r
t & q ^ ^ o + ^ ( 1 ) ] ^ - ( e p - e q ) a p ^ q ( T

t ~ ^ q ) P
< r 

+Lq'(aP<r taq '<r+i^,q '* t+^^ (2.18) 

Op<r+<V, flro+?flr»(1)]= - (e p ~ eq)apff
+aq<r 

+ £ ^ 5 ^ ^ . ^ + ^ * ^ (2.19) 

[ ^ q f f V , ^ 0 + ^ ( 1 ) ] = - ( 6 p ~ € q ) 6 q ^ p f f 

+ £ « ^ , q ' ^ q V & p a + 0 q ' a t ^ (2.20) 
8 Since the momentum transfers r and s are orthogonal. 
9 See K. Sawada, reference 7. 
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where 

€p==€pH £ ^pq;pq, (2.21) 
& q<PF 

- ^ q , p 2»/ ^ p ' q ; q'p^p'er Cq'a) \L.AZ) 
0 p 'q ' 

P r , s ==— 2-J Cpa Cqcr Vpq ; r s> (^Z.Zoj 
12 pq 

which we will find useful in our calculation of non-random-phase corrections to (#frigid. 

WEAK-FIELD TRANSFORMATION; TRANSFORMED HAMILTONIAN 
Consider the unitary weak-field transformation, 

Z7(X) = exp(iXS), (3.1) 

where the Hermitian operator S is assumed independent of X. Applied to the Hamiltonian, H'=HT~^(H'»•)xy, it 
yields the new Hamiltonian, 

H'=U(\)WU(\) (3.2) 

= HT-\H1-\
2H2, (3.3) 

where we neglect terms 0(X3). On expanding the right-hand side of (3.2) in multiple commutators, one finds 

fli=(ffO*y-CS,ffr], (3.4) 

H2=i[S, (H<) * y]+*[S,[S,ff r]] (3.5) 

= f*[S, {H%)xy+H{]. (3.6) 

Again neglecting terms 0(X3), one may write the ground-state energy of # in the form, 

£o*(X) = £0*(0)-§X2<U, (3.7) 
where 

£fxl /-2<0|ia r
1[F r(^)-^(0)]-1i :/1 |0)+2(0|i72 |0); (3.8) 

10) denotes the eigenvector of BT{^) of lowest energy. So far no detailed assumptions regarding S have been made. 
We now assume for S the form,10 

S= E /(k+Kk-JrJck+ir./ck-ir.a. (3.9) 
kror(r^O) 

One finds 
^^ijJi'+fflr/^if^O^+Cs^o+^.^DJ+Es^^)], . (3.10) 

with11 

f ^ 
*ff i '=E E fokW&k-W-H.c.) ( -1) A Z ~-(e k + | r -6 k _i r ) / (k+i r> , k-Jr<) 

r?3) k<r I f 

E E ^ k + ^ r . k ' - ^ r j k - i r . k ' + i r — e O k - i r , - k ' + i r ; k + | r , - k / - i J / ( k / + | r > , k ' — J r < ) , 

0 k' 
f ky 

+ E I ^ k + i r . ^ k - i r . J ( ~ 1 ) A Z ( e k + i r - € k - i r ) / ( k + J r > , k ~ | r > ) 
r?^0 kcr [ f 

21 1 
' — X ) C ^ k + 5 r , k ' - } r ; k - i r , k ' + j r — ° U k - i r , - k ' + i r ; k + } r , - k ' - j J / ( k ' + J r > , k ' — | r < ) [ 
O k ' J 

2£ ^ 
E L ^ k + J r . k ' - J r j k - J r . k ' + J r " 
k ' 

( - 1)A< (ek+§r-ek_ir)/(k+|r<, k - | r < ) 
r 

21 
0 

E C C ^ k + i r , k / - | r ; k - i r ) k ' + § r ~ C O k - i r , - k ' + i r ; k - J r ) - k ' - i r ] / ( k / + i r > , k ' — J r < ) [ 
k' J 

+ E I /(k+Jr>, k - J r ) E C(ak+|r..taqvt^k-*r.q',rt+ak+iri,
t/?,k-ir.,'tft6qv)-H.c.] 

r^O k<r q' 

+ L I /(k+Jr, k- |r<) £ \Kbb-irJb^jFk+it,q,"+bk^t,JFk+it,q,''a^)-B.x.^ (3.11) 
r?3) k<r q' 

10 In the analogous transformation in I the pair approximation to S was used. 
11 The notation a>(a<) implies that the vector a satisfies the spherical inequality |a | >Pj?( |a | <PF). 
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a n d 

*ffi"= E E (C/(k+*r>, k~4 r) E ^k-*r.q''ak+irt,,t<;q,,, 
r^O kcrcr'Ccr^o-') q' 

- / ( k + i r , k - } r < ) £ ^ q ' . k + j / c ^ f c - i r . ^ - H . c . } , (3.12) 
q' 

where 

- ,J 
p ' q / ' ^ p ' q ' » q p ^q'ff £p<r« V^O.lOj 

12 pq' 

/ (k+Jr>, k—fr<) is determined by setting12 

( - l ) A « J : - ( ? k + i , - i k - i r ) / ( k + f r > ) k-Jr<) 

E [fk+ir,k'-«r;k-ir,k'+ir- 'Uk_} r ,-k '+i r ; k +5 r ,_k '_§ r]/(k /+|r> , k ' - f r < ) = 0. (3.14) 
£2 k' 

( - 1 ) A ; ~ - ( e k + , r - e k _ } r ) / ( k + f r > ; k - | r > ) = 0 , 

r (3.15) 

( - 1 ) A ; ~ - ( e k + i r - e k _ j r ) / ( k + A r < > k - f r < ) = 0. 
r 

Note that /fe integral equation satisfied by / ( k + J r > , k—Jr<) is precisely that obtained previously in the "pair" ap­
proximation; it expresses the condition that the compensating pair graphs be transformed away. The unitary transforma­
tion 27(X) merely displaces the weak-field Hamiltonian H to the "center of oscillation" of its phonon-like pairs; the 
resulting Hamiltonian # ' , in contrast to previous work,2 still provides an exact dynamical description of the system. 
The solution to Eqs. (3.14-15) may be written down at once, 

/ ( k + | r , k - | r ) = ( - l ) ^ ~ - -. (3.16) 

r (ek+ir—ek-Ar) 

Note that as a result of the choice for / ( k + | r > , k—|r<) given above,13 in calculating with Hi in second order (in £), 

one need keep only its effective parts, 

(i5 ri /)effective = - E H{f(^+¥>^~¥) E ^ p q j k - l r . q ' ^ k + f r . ^ q V ^ q ^ p ^ - H . C . ) 
0 r^O ka p q q ' 

+ / ( k + i r , k-Jr<) £ V,q !fcH r .q f(ap.+<V t&t-*r,, t\<, t-H.c.)}, (3.17) 
p q q ' 

and 

( ; # l " ) e f f e c t i v e = - E E { / ( k + i r > , k — | r ) E ^pq;k-ir,q' /(ak+lr.«r' t6pa'+«qV+*qa t — H . C . ) 
Q r^O kcaf{c9^(Tf) p q q ' 

- £ E / ( k + J r , k - J r < ) £ •0„.W-ir I , '
/(ap, ' t6fc-j , . , ' t«„ tA,v t-H.c.)}. (3.18) 

r?^0 ko-o-'Co-^o-') p q q ' 

12 These conditions are dictated largely by perturbation-theoretic considerations; there remains the possibility of framing them by 
variational means or of requiring that the functions / ( k + r , k) satisfy different "equations of motion." Thus one might demand that 
/(k-[-r>, k<) satisfy 

(E f c + r-£ f c) / (k+r>, k<) 

-T-2 2 - [ 3 C k + r , k ' ; k , k ' + r — 5Ck,-k ' ; k + r . - k ' - J / C k ' + r ^ k<') 
k> Q 

ky 
= (-DA '-, 

r 

where Ek and (3C) denote the single-particle energy and K matrix, respectively. This last choice would seem to be appropriate 
to the case of singular particle-particle interaction. 

13 The similarity to the transformation of Gross (reference 6) becomes apparent on writing /(k>,k<0:=(»|.£*|0)(J3n--J5o), where 
|„) = akt&k,t|0>. 
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We consider now the terms in II2 which are 0(£°), 

II2 | ($=0) =-2^D>> (fli) *y] 

= ¥ E [/(k+Jr, k-ir)(L,)k_x r ,k , - (Z,)k+ , r ,k_§r/(k-ir, k ' ) > k + i r . , W (3.19) 
kkV 

Its nondiagonal terms (kVk+J r ) make no contribution to the ground state energy.14 If we S order the remaining 
diagonal operators (k'=k+§r)> we obtain 

H2\ (£=o) —» i(^*i/)rigid+ (diagonal terms correcting H0). (3.20) 

The diagonal operators appearing in (3.20) may in turn be dropped, since they give rise to corrections to the 
energy 0(X4). We are thus led to 

Ih -> §(Origid+iCS,ffi]. (3.21) 

SECOND-ORDER CORRECTIONS TO THE INERTIAL MOMENT 

The second-order corrections to the inertial moment are given by the expression, 

A$ Xy— $ xy v^ syjrigid 

= 2(01 HSHo-W 10)+2(01 HfHt-W | 0 ) - 2i<01 tn^H^Hft | 0 ) - 2i<01 ^H^H^l^H^ | 0), (4.1) 

a result easily derivable from (3.8) and (3.21). 10) denotes the unperturbed vacuum state vector. A straightforward, 
albeit lengthy, calculation yields 

4 

A**„= E A<U<>>, (4.2) 

where 

8£2 f (CUst;Mr 1 l 2 - (O s t ;k+ | r ) l
2 ) 

A^ s y« = — L / 2 (k+i r> ,k- i r<) + f iO s t ; k + , r ,M r \} s t ; k_ f r ) 1 + , r /(k+ir> ,k- |r) 
° \ > * ; ^ < w l «k+ i r+ei-e.-« t 

f / a + i ' > , M r ) / ( l » J r> , l+ i r ) 1 

Lek+ir+ei+ir—6S—et ek+ir+ei_ir—es—€tJ 

r jf(s+§r, s - | r< ) / ( s - J r , s+Jr<) ] 
X • - e Os ) t - | r ;k - i r , i e Os, t+§r ;k+^ , l / (k+ | r> , k " | r < ) 

I € k +i r +e i— es_ir— e t e k +i r +e i— es+ir~~ ct J 

r f(t+ir>, t - i r ) / ( t - f r> , t+fr) i V..ik_ir.iV
2(k+*r>, &-*'>)(«*-*«-«*-*.) 1 

X — H , (4.3) 
Lek+jr+ei— es~ «t-jr 6k+ir+ei— es— e t+i,J (sk+jr+ei— es— e t ) ( e k - j r + e i — es— e t) ' 

8£2 f (V8t;i+irA2-Vst;k-irA2) 
A * „ w = — Z /2(k+Ar>,k-|r<) +'Us,;k+.r,1_}/Ost;k_jr,1+ir/(k+Ar, k - | r < ) 

° % , ( > £ W es+et-ek_ir-ei 
r /(1+ir , l - i r< ) / ( 1 - i r , l+ir<) "| 

X - 'U s+5r, t ;k+5r , l IUs-Jr , t ;k- j r , l / (k+| r , k—§r<) 
L€„+£(— 6k-i r— «l-jr e s + e ( — « k - J r ~ ei+JrJ 

f / (s+fr>, s - f r j / ( s -$r> , s+frj n , „ , , , , v 
x -tO,st+irik+ir,1'Us,t-jr;k-}r,i/(k+|r, k-Jr<) 

L es+ir+«t— «k-}r— ei es_ir+et— ek-jr - «i J 
r / ( t+ | r> , t - J r ) f(t-it>, t+Jr) 1 •0.tsk+i.,i7*(k+Jr<, k-|r<)(ek+}r-6k_| r)l / x 

X H , (4.4) 
L«s+«t+}r—6k-5r—ei e s +e t - J r— Sk-Jr— €lJ («s+«t—«k-Jr—«l)(«8+«t _«k+}r—«l) i 

A<W3> = §A^ ! /»eo-» '0 ' ) , (4-5) 

AJ«,W = iAtf,y<»(^-»tJ /). . (4.6) 
14 This is a consequence of the rule that the momentum transfer taken up from the external cranking field at one vertex must be 

given up at the other; otherwise stated, ground state corrections must involve zero net momentum transfer (by conservation of 
momentum). 
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We propose to show that two terms in each of the A3Xy(l) have the same L dependence as the inertial moment so 
t h a t limL-+x>(A3xy

U)/($xfrigid)5^0 ( j = 1, • • -4). Since the major contribution to each term comes from small ry 

it is appropriate to discuss the dependence on r of their respective summands as r —> 0. Accordingly we make a 
Taylor expansion of the nonsingular factors in each summand about r=0. This expansion need not be carried very 
far, since those terms behaving like rn, n>0, are vanishingly small compared to the rigid moment in the limit of 
large volume. [[Note that we have r oc \/L and that corrections with the same L dependence as the rigid moment 
must be 0 ( l / r 2 ) . ] Finally, only the even powers of r in this expansion need be considered since the sums E ^ o f2m+1 

(m integral) vanish by consideration of symmetry. We also require the relation15 

limrj(\k±^r\-kF)rj(kF-\k^r\)-^dzn'ry](±n'r)8(k-kF), (4.7) 

where n=k/&. In our coordinate system2 we have n-t=nxr. I t follows immediately from (4.7) that 

Mky 
( - l ) A 7 ( k ± i r > , k ^ | r < ) ^ 5(k-kFMn-r). (4.8) 

r 

I t is easy to show, by symmetrizing with respect to r and using momentum conservation, that the sum of all terms 
in (4.3-6) for which both arguments of each f lie on the same side of the Fermi surface vanish. (We will prove this 
explicitly to all orders in the following section.) In addition, the pairs of cross terms proportional to / ( a + i r > , 
a—|r<)/(bd=|r>, b=F§r<), where a ^ b , individually are 0(1/V2) by virtue of (4.8), their respective differences are 
0(f°), and consequently are negligible compared to the rigid moment in the limit of large L. The remaining cross 
terms may be reduced by means of (4.8) together with momentum conservation. Thus, one has 

4 M2kF
2 1 d r(2eOst;kl2 + eOst;kl ,2)l 

E A £T xy^ | (L-KO) = E — (ny%v— E 
iftl ^or

2 dk (l>kF^t<kF)l € k + e i - e s - e t J(*«*,) 

1 d [(2Vst.,kl*+Vst.,W
2y 

E - W > a v - E 

1 r(2ffUst;kl2 + S0St;kl / 2)l 
E -(%2)av E — 
"«•>* a^JfK ^ L ( 6 k + 6 l » 6 s - 6 t ) 2 J 

r(2CUst;kl^ + eOSt;kl'2)l 
. (4.9) 

L ( e s + e t — e k — e i ) 2 J(k=kF) 

ir2Q r^o r
2

 n t 
(l>kF\S,t, <kF) 

MkF* 1 r ( 2 ° U «t ;kl 2 + e 0. t ;k l , 2 ) l 

H E — W)av E 
7T20 r^O T2 „ 1st 

These terms may be written somewhat more simply as 

A$xy M/dVpv> dVhW\ 
lim = — I ) + (WpM(kF) + Wh^(kF)), (4.10) 
^ " ( ^ J r t e i d kF\ dkF dkF / 

where 

L""00 (#*Jrigid kF\ dkF dkF 

(2^ s t ;k l 2 + ^st ;kl^st ; lk) 
Vp®(k)= E , (4.11) 

(k,l>kFfs,t<kF) e s + 6 t - 6 k - € l 

( 2 ^ s t ; k l 2 + ^ s t ; k l ^ s t ; l k ) 

Vh*\k)= E , (4.12) 
ru i^ulSt *^u ^ € k + € l ~ € s - ~ € t 
(k, l<kF; s, t>kF) 

(2^ s t ;k l 2 + ^st ;kl^st ; lk) 

Wp<*\k)= E — — , (4.13) 
(k,l>klfs,t<kF) C ^ + e ^ e s - e t ) 2 

( 2 ^ s t ; k l 2 + ^ s t ; k l ^ s t ; l k ) 

Whw(k)= E : (4.14) 
(k,l<klfs,t>kF) ( ^ + 6 t - 6 k - € l ) 2 

In the neglect of exchange terms, V p
{2){k) is twice the particle "rearrangement" energy16 and W2)(&) twice a 

iT-matrix term in the hole energy16; the terms proportional to (dVp
(2)/dkF—dVh

{2)/dkF) thus represent effective 
mass corrections. The terms {W P

{2)+WJP) arise from propagator changes. 
15 See, for example, appendix A of D. F. DuBois, Ann. Phys. 7, 174 (1959). 
16 K. A. Brueckner and D. T. Goldman, Phys. Rev. 117, 207 (1960). 
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FIG. 1. Graphs for (a) particle de­
flection and (b) hole deflection in the 
external (cranking) field (^-vertex in­
sertion). Graphs for (c) pair creation 
and (d) pair annihilation in the ex­
ternal (cranking) field (^-vertex in­
sertion). 

k,l k + r I > k k.l k + r I < k 
->-->- F 

! k + r I > k 
-v -^ F 
k + r I > k 

(a) (b) (c) (d) 

REMARKS ON THE PERSISTENCE OF INTERACTION 
CORRECTIONS IN HIGHER ORDERS 

In this section we shall, by a detailed graphical 
analysis (in the Schrodinger representation) indicate 
those classes of graphs 0(1/V2)17 which vanish in all 
orders18 as well as those which contribute to a non-
vanishing interaction correction to the rigid moment in 
all orders. We consider first the former class. There are 
three sets of these which vanish by virtue of momentum 
conservation: (a) those in which 

(-DAi 

If k<r 
-&k- i r , e r + 6k+!r ,<7) ( 5 . 1 ) 

acts twice, (b) a set in which (Hi(r)—Hip(r))xy acts 
only once, and (c) a set in which (Hip)xy acts twice. 

We note, first of all, that (Hi(r)—Hip(r))xy describes 
processes in which particles are scattered into particles, 
holes into holes, by the external cranking field, i.e., the 
interaction (5.1) does not alter the nature of the internal 
line19 in which it is inserted. A graphic representation 
of such an insertion is given in Figs. 1(a), (b). We shall 
term the scattering vertices produced by (5.1) s vertices. 
[Similarly, we shall term the vertices which arise from 
the interaction Hip, p vertices. These vertices are the 
characteristic ones of pair creation and annihilation in 
an external field; they are graphically represented in 
Figs. 1(c), (d).] 

The following prescription20 will serve to generate all 
members of class (a). First, draw all distinct ground-
state graphs. In any one of these, insert two s vertices in 
all possible distinct ways. Thus, for example, in second 
order, such double insertion [in Fig. 2(a)] will yield 
twelve distinct graphs [of which Fig. 2 (b) is one]. Each 
cranking vertex will give a factor 1/V; the limit r —» 0 

17 These contributions are of the order of the cranking moment 
(see reference 2). 

18 I.e., to within terms which vanish relative to the rigid moment 
in the limit L —> <*>. 

19 By an "internal line," we shall mean a particle (hole) line 
joining two particle-particle vertices, each of which involves a 
nonzero momentum transfer. (Thus a given internal line may bear 
any number of particle-particle vertices each making zero mo­
mentum transfer to the given internal line.) 

20 The following discussion is easily generalized to apply to the 
case of any number of zero-momentum insertions in a given 
internal line. 

may be taken at once in the remaining factors in the 
matrix element of each of the twelve diagrams.21 Fur­
ther, each cranking vertex is proportional to the y 
component of the momentum of the internal line in 
which it is inserted times the particle number of the line 
( + 1 for particles, — 1 for holes). Then, holding the first 
insertion [from (5.1)] fixed, one finds that the sum of all 
graphs obtained by making the second insertion on a 
cut which splits the graph into earlier and later pieces 
must, since as many particle lines as hole lines are so 
cut, vanish by momentum conservation. The sum of 
insertions on a cut which intersects the two particle and 
two hole lines whose momentum sum vanishes will be 
termed a null set of graphs. Thus the graphs of class (a) 
are obtained by making all distinct ^-vertex insertions 
on all distinct pairs of cuts in all ground-state graphs. 
These graphs, appropriately grouped, then sum to sets 
of null graphs and vanish. Figures 2(b)-(e) form such 
a null set. These statements are also equivalent to the 
replacement, for a given value of r, of (5.1) by 

2] ky(ak<rfak<T— bkjbkv), (5.2) 
tr kcr 

and the subsequent incorporation of this operator into 
the kinetic energy, so that one has 

Ho 
ka(k>kF) L 

X(-D M 

- E 
ka(k<kF) 

l»-
tr 

x(-i)AZ 

tr 

( k ) j , flktrWcr 

( k ) „ &k<r+&kcr 

Diagrams of class (a) are then given by 

d2 

Contribution^) = §X2-
dX2 

-Eo«(X) 

(5.3) 

(5.4) 
(X=0) 

their sum vanishes since [0V, (Hi(r)—Hip(r))xy
f~] = 0. 

In class (b) a ^-vertex or pair-chain insertion is made 

21 The addition of a set of four of these graphs whose sum is zero 
by conservation of momentum (see discussion below) will enable 
us to group the resulting sixteen graphs into sets of four, each set 
of which then vanishes by virtue of momentum conservation. 
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in the one and an s insertion is made in the other of two 
distinct cuts in a ground-state graph. Again these graphs 
vanish by momentum conservation for the sum of s 
insertions for a given such ^-vertex or pair-chain in­
sertion. I t is necessary that the p vertex lie "outside" 
the remainder of the diagram in order that the diagram 
be 0(1A2). [This follows from (4.7).] A complicated 
example of class (b) is shown in Fig. 3. 

Class (c) is that class of corrections obtained by in­
serting p vertices in any two different internal lines in an 
arbitrary ground-state energy graph. So that these 
graphs may have the same L dependence as the rigid 
moment, the respective p vertices must lie above or 
below the uppermost or lowermost particle-particle 
interaction vertex.22 [When both p vertices lie above the 
rest of the diagram, the sum of the two diagrams, each 
with weight §, obtained by exchanging the relative 
positions of the p vertices, decouples the denominators 
of each pair. (Addition of the time reversed diagram, 
with both p vertices below the rest of the diagram, re­
stores the weight to 1.)] Then it is easy to see that for a 
particular insertion of a p vertex in an arbitrary line, the 
other p vertex may be inserted in any other line in two 
ways, with the vertex either above or below the rest of 
the diagram. These two conjugate insertions are iden­
tical in the limit as r —> 0 but differ in sign, since in the 
former case the vertex inserted corresponds to, say, a 
pair annihilation in the cranking field, while in the latter 
case it corresponds to pair creation by the cranking 
field. Hence, their contribution is at most 0(r°) and 
vanishes relative to the rigid moment in the limit 
L —> oo. We summarize this: In any arbitrary graph, if 
an internal line has been distorted by the insertion of 
only one pair-creation (-annihilation) cranking vertex, 
then this graph is cancelled18 by the conjugate graph 
obtained by inserting (in the same internal line) instead, 
a pair-annihilation (-creation) vertex. Two conjugate 
graphs in second order are shown in Fig. 4. 

We now discuss the three classes of graphs which con­
tribute to a nonvanishing interaction correction. The 

FIG. 3. A higher order graph of class (b). The set of graphs obtained 
by making s-vertex insertions on the cut A is a null set. 

22 By (4.7) a p vertex is 0(r°). A p vertex which lies * 'outside" 
the remainder of a graph contributes a denominator 0(f). 

R O C K M O R E 

first set [set (a)] consists in all those graphs obtained 
by first making one s insertion in all possible ways along 
a cut which splits an arbitrary ground-state graph into 
earlier and later pieces, and then making a p insertion 
in all possible ways in all the remaining uninserted in­
ternal lines intersected by the cut. The p vertex must 
lie "outside" the remainder of the graph. These graphs 
do not sum to null sets; they may be grouped in triads 
with sums proportional to (~ky

2) where k is the mo­
mentum of the internal line bearing the ^-vertex 
insertion. An example of such a triad is shown in Fig. 5. 

Class (/3) consists in those graphs obtained by the 
insertion of two p vertices in the same internal line in 
any ground-state energy graph. There are two distinct 
graphs for each doubly inserted internal line corre­
sponding to crossed and uncrossed p vertices (see 
Fig. 6). Since there is only one condition (4.7) on the 
double insertion, these graphs are 0(1/V3) when both 
cranking vertices lie outside (one above and one below) 
the particle-particle interaction vertices, and 0(1/V2) 
when only one p vertex lies outside the rest of the 
diagram. The sum of the latter graphs is such as to 
decouple the energy denominator associated with the 
pair from the rest of the diagram. The crossed and 
uncrossed graphs are also conjugate in that they differ 
in sign. This difference in sign may be understood in the 
following way. Consider the respective closed loops in 
two conjugate graphs determined by the double inser­
tion. Note that the portion of the loop which is an 
undeformed internal line has the same sense in both 
graphs. In the case of the uncrossed graph, if that in­
ternal line is a particle (hole) line then the rest of the 
graph may be viewed as a nonlocal mass correction in 
the particle (hole) line16 of the pair loop which yields 
the rigid moment; in the case of the crossed graph, if 
that internal line is a particle (hole) line, then the rest 
of the graph may be viewed as a nonlocal mass correc­
tion in the hole (particle) line16 of the pair loop which 
yields the rigid moment. Since self-mass insertions in 

( a ) ( b ) 

FIG. 4. (a) and (b) are conjugate graphs of class (c) in second order. 

FIG. 2. (a) Ground-state energy 
graph in second order, (b)-(e) A null 
set of graphs in class (a) in second 
order. 

(a ) (b) (c) (d) (e) 
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FIG. 5. Graphs (a), (b), and (c) form 
a triad of class (a). 

o — A 

(a) 

0 — 0 A 

(b) (O 

particle and hole lines differ in sign, it follows that 
diagrams conjugate in the above sense also differ in sign. 
The sum of these conjugate graphs is a correction of the 
order of the cranking moment and in the second order 
in particle-particle coupling is given by (4.9). In Fig. 6 
the closed loop in each instance has been defined by 
choosing the internal line to be a particle line. 

The third set of graphs (7) which are likely to con­
tribute to the persistence of interaction effects in higher 
orders are obtained by modifying the interaction be­
tween pair loops of small net momentum r in typical 
pair-chain diagrams.2 In order that these diagrams be 
0 ( l / r 2 ) , it is essential to restrict the nonlocality of the 
modified interactions. In a "chain" of N linked pairs, 
there must be N denominators each 0(r) so as to yield 
a term oc L2 in the limit L —> 00. An example of such a 
modified pair "chain" is shown in Fig. 7. 

Finally, it is discernible that the last two classes of 
diagrams discussed above which yield persistent inter­
action effects on the rigid moment in higher orders are 
simply the nonlocal modifications of those diagrams 
which have been previously found to compensate.2 

CONCLUDING REMARKS 

We have explicitly derived an interaction correction 
to the inertial moment of a large many-body fermion 
system moving under periodic boundary conditions in 
the second order of particle-particle interaction. I t 
follows necessarily from this result that the conjectured6 

cancellation of interaction effects in perturbation theory 
independent of potential form does not take place. 
(This result patently disagrees with a recent prediction 
of Wentzel23 based on some earlier considerations of 
Blatt, Butler, and Schafroth24 on the statistical me-

( a ) (b ) 

FIG. 6. An example of conjugate graphs in class (0). 
23 G. Wentzel, Phys. Rev. Letters 7, 349 (1960). 
24 J. M. Blatt, S. T. Butler, and M. R. Schafroth, Phys. Rev. 

100, 481 (1955). Their "theorem" does not appear to have a 
rigorous basis; further, it is not clear whether it is indeed applicable 
at r = 0 . (The remarks of Wentzel23 imply that it is.) 

chanics of rotating buckets.) We think it may prove 
instructive to relate our work on the cranking moment 
of a system with periodic boundary conditions to earlier 
work of Wentzel26 on the diamagnetism of a dense 
electron gas. In the latter case, the choice, 

Ay=Xcosrx, Ax=Az=0, (r/kF<£l) (6.1) 

for the vector potential of the external magnetic field, 
led to the interaction Hamiltonian 

Hd=Hxd+H2
d, (6.2) 

with 

and26 

Ex
d 

e\ 
E ^fck-Hr.^Ck-ir.a+H.C.), (6.3) 

2MC k<r 

*2A2 

H2
d= N. 

4Mc2 
(6.4) 

Neglecting H2
d momentarily, one may compare H\d 

with the corresponding terms in the cranking inter­
action,27 

X 
= Z *V(Ck+Jr,<rtCk-irf<r—H.C.). (6 .5) 

ir k<r 

Let us call the contributions to the ground-state energy 
0(X2) resulting from a perturbation-theoretic treatment 
of H\d and Hc, Eid(\) and £C(X), respectively. Then we 

FIG. 7. An example of a pair-chain 0(l/r2) with two 
modified interactions. 

25 G. Wentzel, Phys. Rev. 108, 1593 (1957). 
26 Only the diagonal part of #2 d matters. 
27 The difference between Thd and Hc with regard to the phase 

of X is irrelevant since the general choice, 2A y=\eirx+\*e~irx, 
leads to £(X)oc|x|2. 
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have 
[Ei^(X)A2Ec(X)]=^/4MV. (6.6) 

The "rigid" diamagnetic energy, —H2
d, then corre­

sponds to the rigid inertial moment. [In the absence of 
particle-particle interaction, one finds28 

lim E1
rf(X)+e2XW/4Mc2 = 0, (6.7) 

(r/fc*0->0 

so that the leading term in an expansion of £id(X)+fir
2

d 

in powers of (r/&*») gives the Landau susceptibility.25] 
In the case of Coulombic interaction, a Landau sus­
ceptibility29 then implies a rigid inertial moment and 
conversely. Note that our investigation has been re­
stricted here to the case of nonsingular particle-particle 
interactions; we regard our results as appropriate to 
this situation only. In the case of singular particle-
particle interactions, e.g., Coulomb interaction, it will 
be necessary to include the damping30 of the potential 

28 See the discussion in Sec. 4 of reference 25. 
29 We comprehend the possibility of correction to the Landau 

susceptibility arising from additional terms in the energy 0(r2/kF2). 
[See H. Kanazawa and N. Matsudaira, Progr. Theoret. Phys. 
(Kyoto) 23, 433 (I960).] 

30 The replacement of the bare potential by the appropriate 
iT-matrix element (see reference 9) is meant. 

matrix elements in order to obtain convergent results.29 

One might carry this through properly by making the 
usual pair approximation2,4 in the transformed Hamil-
tonian. It is readily seen that such a procedure extends 
the random-phase approximation well beyond its previ­
ous range2'25 of utility in a wide range of problems in­
volving interaction with weak external fields, e.g., the 
scattering of photons by an electron gas,31 the polariza­
tion of a dense electron gas by substitutional impu­
rities.32 However, further consideration of these prob­
lems together with the modifications they entail in our 
method33 is left to subsequent communications. 
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solution / (k+r>, k<) = —ky/(e^+T~ejc), of the integral equation, 

ky+f(k+r>} k<)(€k+r-6k)+2 S/(k'+r>, k<>fr)=0, 
k' 

corresponds to the pair approximation of Wentzel25 which omits 
exchange.29 


