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and are the only ones which join the measurements at 
higher temperatures. On the assumption that the correct 
heat capacity between 0.3 and 1.1 °K is that obtained 
when no spontaneous heating was evident the heat 
capacity is very similar to that for Y0.96Gdo.o40s2. With 
the extrapolation to T=0 shown in the figure the en­
tropy in excess of that for pure lathanum at 4.2°K is 
95% of the expected 0.007 RlnS. The superconducting 
transition is spread out between 1.4° and 1.8°K. The 
maximum decrease in heat capacity on application of 

1. INTRODUCTION 

MUCH progress has been made in recent years in 
the theory of superconductivity proposed by 

Bardeen, Cooper, and Schrieffer.1 Whereas the existence 
of an energy gap and the related thermal properties 
have been explained quite satisfactorily, the treatment 
of the electromagnetic properties of superconductors 
has not been quite unambiguous, mainly because of 
the question of gauge invariance.2 A lot of work has 
appeared in the literature on the problem of gauge 
invariance,3~6 especially with a view to deriving the 
Meissner effect and the Pippard equation.7 

In the present paper we consider another aspect of 
the magnetic behavior of a superconductor—the 
dependence of the energy gap on a static magnetic 
field. Since superconductivity is destroyed at a critical 
value of the magnetic field, one may expect that the 
energy gap would decrease with magnetic fields ap­
proaching the critical field. The purpose of the present 

* Work done under the auspices of the U. S. Atomic Energy 
Commission. 

f Present address: Tata Institute for Fundamental Research, 
Bombay, India. 
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a magnetic field is 8 millijoules/mole deg and is con­
sistent with the value 6.7 millijoules/mole deg2 for y 
for pure lanthanum.8 For each of the lanthanum-
gadolinium samples the heat capacity maximum is in 
good agreement with an extrapolation of the Tc vs 
composition curve from above the point at which it 
crosses the Ts curve. Both samples are known to be 
superconducting at and below the maxima.2 

8 D . H. Parkinson, F. E. Simon, and F. H. Spedding, Proc. 
Roy. Soc. (London) A207, 137 (1951). 

paper is to study this possibility, and to explore the 
conditions under which the gap decrease might be 

7 large enough to be observable. 
Some experimental attempts have been made to 

3 study the effect of magnetic field on penetration depth 
t and the gap width. Notable are the experiments of 
, Pippard,8 and of Spiewak,9 and the more recent attempt 
f of Ginsberg and Tinkham.10 Studying the behavior in 
3 a microwave field, Pippard found that for tin, in presence 

of a static magnetic field close to the critical field, the 
penetration depth increased by less than 3 % . Spiewak's 
experiment also performed with tin wires (thickness 

f ^60/z) at a lower microwave frequency again indicated 
a very small effect for both longitudinal and transverse 
magnetic fields. Ginsberg and Tinkham, in contrast 

]_ with the above experiments, used very thin super­
conducting films (thickness 12 A), and with the 
technique of transmission of far infrared radiation 

t through such specimens, found a very small effect 
again. One of the purposes of the present investigation 

7 is to understand these negative results on the BCS 
model of superconductivity. We shall see that according 

•> to our calculations, these experiments have been 
performed with films either too thick or too thin, while 
the optimum thickness for maximum effect lies some­
where in between the two. 

8 A. B. Pippard, Proc. Roy. Soc. (London) A203, 210 (1950). 
9 M. Spiewak, Phys. Rev. 113, 1479 (1959). 
10 D. M. Ginsberg and M. Tinkham, Phys. Rev. 118, 990 (1960). 

P H Y S I C A L R E V I E W V O L U M E 12 1, N U M B E R 1 J A N U A R Y 1, 1 9 6 1 

Magnetic Field Dependence of Energy Gap in Superconductors* 

K. K. GuPTAf AND V. S. MATHUR 
The Enrico Fermi Institute for Nuclear Studies and the Department of Physics, 

The University of Chicago, Chicago, Illinois 
(Received July 20, 1960) 

The dependence of energy gap in superconductors on static magnetic fields has been derived in a gauge-
invariant way from the theory of Bardeen, Cooper, and Schrieffer. It has been shown that the gap width 
decreases with magnetic field approaching the critical value. Optimum conditions have been discussed 
for the observation of such an effect. The decrease in gap width has been calculated for two supreconductors, 
Al and Sn, and it has been shown that for film thickness between 10-4 to 10~5 cm, the effect can be large 
enough to be observable. 



108 K. K. G U P T A A N D V. S. M A T H U R 

In this paper, the magnetic field will be treated as a 
perturbation, and the calculations will be carried out 
only in the lowest perturbation approximation. The 
electron-phonon interaction, on the other hand, shall 
be considered rigorously according to Bogoliubov's 
philosophy11 of compensation of "dangerous graphs." 
The question of gauge invariance is an important one, 
but the various gauge invariant methods proposed 
involve approximations whose validity is not quite 
clear. In the present work we have used Wentzel's 
method; it has advantage in the ease with which it 
lends itself to Bogoliubov's elegant mathematical 
formulation. Since Wentzel's method is known to give 
penetration depths larger than the ones obtained by 
BCS and others, it is desirable to check the present 
calculations using one of the gauge-invariant techniques 
based on a random phase approximation. This work is 
in preparation now and will be published at a later date. 

We start with Bloch-Frohlich's Hamiltonian of a 
system of electrons and phonons in interaction in 
presence of a magnetic field. Wentzel's canonical 
transformation is then made to remove terms linear in 
the vector potential, so that the transformed Hamil­
tonian is explicitly gauge-invariant (Sec. 2). Next we 
apply Bogoliubov's quasi-particle transformation (in 
Sec. 3) extracting the "dangerous graphs" and mutually 
compensating for them (Sec. 4). The transformation 
parameters are now dependent on the magnetic field 
through the transverse vector potential, and so is 
the energy for a single-particle elementary excitation 
or the gap (Sec. 5). Section 6 is devoted to an applica­
tion of these results to superconducting films. The 
decrease in the gap due to a static magnetic field is 
calculated separately for thick and thin films. Finally 
the possibility of observation of such an effect is 
discussed in Sec. 7. 

Throughout the paper we have confined ourselves to 
temperature T = 0 ° K , and have neglected all Coulomb 
corrections. In view of the approximations made in 
simplifying the integrals encountered, the calculations 
should be considered only as a crude estimate of the 
result. 

2. MANIFESTLY GAUGE-INVARIANT 
HAMILTONIAN 

For our system of electron gas interacting with lattice 
vibrations in presence of a magnetic field, we adopt the 
well-known Bloch-Frohlich Hamiltonian, 

H=H0+Hg+HA+HAA. (1) 
Here 

#0 = 2] E(toak9*aka+T, «(p) V * p (2) 
k , s p 

is the energy of the free electron and phonon gas. 
E(k) = k2/2m is the energy12 of a single Bloch electron 

1 1N. N. Bogoliubov, Nuovo cimento 7, 794 (1958). 
12 We use natural units -h—1, velocity of light = 1. 

of wave number &, co(p) that of a phonon of momentum 
p. aics*, aks are the canonical creation and destruction 
operators for an electron of wave number k, spin s, 
satisfying the usual commutation relations. The 
electron-phonon interaction is given by 

Xo>*(p)(6p*+6-p)a*.*a^., (3) 

where g is the coupling constant, and V the normaliza­
tion volume. The delta function used in the summation 
is defined as 

5(x) = 0 for x^O, 

8(0) = 1. (4) 

HA and HAA represent the linear and quadratic terms 
in the interaction of electrons with the external magnetic 
field. The magnetic field will be described by a general 
electromagnetic vector potential A(r), a specific form 
for which will not be chosen till Sec. 6. 

HA = -— Z 5(k'-k+q) 
z/YYL k k ' o s 

X { ( k + k ' ) - A ( q ) } < W V s , (5) 

e2 

HAA=— Z S ( k ' - k + q + q ' ) 

X{A(q) .A(qO}<WV s , (6) 

where A(q) is the vector potential in momentum space, 
defined by the Fourier transformation 

A ( r ) - E q A ( q ) ^ - , (7) 

with the reality condition 

A ( q ) = A * ( - q ) . (8) 

In order to have a manifestly gauge-invariant 
treatment, we follow Wentzel, and remove from the 
Hamiltonian (1) terms linear in A by means of the 
canonical transformation: 

H->ll=e~LHeL, (9) 

with L satisfying the condition 

£H0+Hg,L-]=-HA. (10) 

We shall then express L in a power series in g: 

L = KA+KgA+KogA+->., (11) 

where the operators KA, KgAj KggA are the same as 
given by Eqs. (2), (4), (6), (7), and (8) of Wentzel's 
paper. 

The transformed Hamiltonian is then given by 

H=H0+Hg+HAA+ftHA, KA+KgA+KggA] 

+ 0(A\gA\£A\ etc.). (12) 

Assuming the external field to be weak, we neglect terms 
of order A* and higher in the electromagnetic potential. 
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The commutators in Eq. (12) can be calculated to be 

e2 

RHAM+HAA^ E dik'-k+q'+q^avsF^k'Arf), (13) 
m k,k',q,q',s 

±ZHA,K0A1=-— • — — E 5 (k , -k+q '+q+p)Xco i (p )a* s *o* ' S i ? 2(k ,k ' ,q ,q ' ,p ) , (14) 

2m (2F)*k,k',q,q',p.* 

2 2 

hlHA,KggA]=——{ E 8(k ' -k+q '+q+p+p ' )X«*(p)«*(p ' )«*.*ov^8(k,k ' > q J q ' > p,p ' ) 
2m 2V k,k',q,q',p,p',s 

+ E S(k ' -k+k 1
, -k 1 +q '+q)Xa* s *a f c . 8 « l s ' *« 1 ' s ' F 4 (k ,k ' , k i ,k 1

/
J q ,q ' )} , (15) 

k . k ' . k i . k i ' . q . q ' . s . s ' 

where the functions F are complicated functions of where uk and vk are real 6 numbers and satisfy the 
the momenta, and have been listed in Appendix 1. relation 
I t should be noted that Fi and FA contain no phonon uk

2-\-vk
2=l. (17) 

operators, F2 is linear, and Fz quadratic in them. 
Furthermore, it is clear from the Eqs. (13) to (15) that The Hamiltonian (12) then transforms to 
F's are all quadratic in the vector potential. For a 
longitudinal vector potential, it can be seen immediately W— U-\-H0-{-Hint (18) 
from the defining equations of the F functions that they 
are "manifestly'' zero. The Hamiltonian (12) is then w n e r e U is the constant part of the Hamiltonian; i.e., 
explicitly gauge-invariant. Without loss of generality free of quasi-particle or phonon operators, H0 is the 
we may now choose the vector potential to be trans- diagonal part of the Hamiltonian, and Hint represents 
verse. The gauge V • A = 0 will be adopted for further the interaction between quasi-particles and phonons. 
calculations. Since Bogoliubov's quasi-particle transformation 

does not conserve the particle number, we first replace 
3. BOGOLIUBOV'S TRANSFORMATION ^ H a m i l t o n i a n g h / B ^ N > w h e r e 'N i s t h e p a r

P
t i c l e 

I t is well known that a straightforward perturbation number operator E k / k % s , and X is a parameter of 
theory cannot be applied to the Hamiltonian (12). We the nature of a chemical potential. The transformation 
use here Bogoliubov's method of compensation of (16) can then be applied, and X can be determined from 
"dangerous graphs," and accordingly make the canon- the condition that the expectation value N of the 
ical transformation to the new Fermi amplitudes number operator in the Bogoliubov ground state 

should equal the actual number of particles NF in the 
ako=ukakii-vka-k,-, , F e r m i s p h e r e > 

oiki=uka-kt-.±-\-vkak>±*, The Hamiltonian (18) is then given by 

U=2J:{E(}L)-\W-— E 5(q+q0^i(k,k;q,q'K2+— — £ «(q+q') 
k m k,q,q' 2m 2Fk,k',q,q' 

X [ 2 F 4 ( k , k ' , k ' , k , q , q ' V V + { / ? 4 ( k , k', - k , - k ' , q, q^+F^-k, - k ' , k, k', q, q')}ukvkuk,vk, 

+2{Fi(k,k,k',k',q,q')+Fi(k, k, - * ' , -k', q, ? ' ) H V ] , (19) 

#o = E ei(k)(a*o*a*o+a*i*«*i)+L«i(p)V6j., (20) 
k P 

where 

« i (k )={Ei (k ) -x> ( « » * - » * ' ) - - — £ «(q+qO 
m 2Fk',q,q' 

X{F4(k, k', - k , - k ' , q, q ' ) + F 4 ( - - k , - k ' , k, k', q, q') }«*»*«***, (21) 

£ i ( k ) = £ ( k ) - - E 5 ( q + q ' ) ^ ( k , k , q , q ' ) + — — E 8(q+q ' ){^4(k ) k ' ,k ' ,k ) q ) q ' )^ 2 

m q.q' 2m 2Fk',q,q' 

+2F 4 (k ,k ,k , ,k , ,q ,q , )^ 2 +2F 4 (k , k, - k ' , - k ' , q , q 0 ^ 2 - F 4 ( k , , k , k , k , , q , q / ) ^ 2 } , (22) 
and 

« i ( p ) = « ( p ) + - E 5(q+q ,)^2X{F3(k,k,q,q / ,p,p)}D .P . , (23) 
2m 2FM,q ' 
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{i?3(k,k,q,q/,p?p)}D.p. being the coefficient of the where H2 and H2" have the same meaning as the 
diagonal term bp*bp in jF8(k,k,q,q',p,p). The interaction corresponding primed quantities in Eq. (25), except 
between quasi-particles and phonons given by Hint is that in the case no phonon is emitted (or absorbed) 
a complicated expression and we shall not write it in o n l y t h e n o ndiagonal part (N.D.P.) of a*a is involved 
full. Schematically, however, it can be broken up as i n R^ t h e d i a g o n a l p a r t h a v i n g b e e n p i c k e d u p i n HQ 

Hmx^Hx+Hi+Hz+Hi, (24) already. 
TT TT , __ , . . . - J. . The third term Hz in the Hamiltonian (24) is wholly 

where Hu H2. and H3 are quadratic or biquadratic in , . , J. . , , . , J 

, i T7 , • • .• i . -XT biquadratic m a s , and contains no phonon operators. 
a's, and HA contains no quasi-particle operator. Now H J . r . ^ 
Hx represents the creation (or destruction) of 2 quasi- N o t e t h a t t h e quasi-particle transformation gives rise 
particles, and is an operator of the form a*a*, aa, t o biquadratic terms in a's only when there are no 
a*a*a*a, • • •. With respect to the phonon operators, we phonon operators with them. This is therefore also 
may further subclassify Hx as true for the biquadratic terms in Hx. The biquadratic 

TT _. a- / i 77 // (oz\ f ° r m s of a ' s m Hz are all those not contained in Hi, e.g., 
' of the type a*a*a*a*, aaaa, (a*a*aa)N.D.p., e t c -

where Hx
f creates (or destroys) no phonons or 2 The last term # 4 contains no quasi-particle operators 

phonons, and # 1 " creates (or destroys) one phonon. a n d i s pU r e ly quadratic in the phonon operators. Thus 
Next, H2 is only quadratic in a% and represents no i t c o n t a i n s terms like b*b*, bb, (b*b)N D P , etc. 

net creation or destruction of quasi-particles. I t is an W e q u o t e b d o w t h e l i d t f o r m g o f ̂  R„ a n d 

operator of the type a*a. As before, we write ^ „ s i n c e t h e s e ^ ^ Q n l y t e m s w h i c h ^ b e 

H2 = H2
f+H2", (26) required in future. 

e2 [ 
5/ = 2l{£(k)-Mw(aAiH«i) E E «(k'-k+q'+q)Fi(k,k',q,q') 

k Wk,k ' I q,q' 

( — I E ^ ( k / - k + q / + q + p / + p ) ^ 3 ( k , k ' , q , q / , p , p 0 \x{ukvk>akv*ak>i*+u„kv„k<a-k>Q*a„ki* 

+M*^Aajfeia*'o+«-jfc^-*a-.fc'iaL.A!o}H E «5(k /—k+k/—k1+q /+q) JP4(k,k / ,ki,k/,q,q /) 

2W 2Fk,k,,ki,ki,,q,q/ 

X K ^ / c ^ ' O ^ O ^ / c ' O + ^ J f c ' a M ^ ^ 

X (^A;i%i,aA;i0*O:A;i,l*— W -ktf) -k\'a -kil*a -ki'0*+VkiUki'akilaki'0 — V -kiU -ki'a -kiOa -fci ' l ) 

+ {ukvk>aku*ak> I* — u^kv^k>a-.ki*a-k> o*-\-vkuk>akiak'o— v^ku~k'OL-k§a~k> I ) 
X ( ^ i # / c i ' a / b i O * a / c i ' 0 + W c ^ ( 2 7 ) 

ffi"=— E 5 ( k ' - k + p + q + q 0 c , H p ) { ^ / ( k J k , , q , q , , p ) + ^ ^ ( k J k ,
J q J q ,

3 p ) } 
(2Vr)*k,k',q,q'.p 

X{WA'ajfeo*a&a*+^-&fl-fc'^^ (28) 
where 

e2 

/(k,k',q,q',p)=S(q)$(q') {coeff. of bp in F2(k,k',q,q',p)}, 
2m 

( 2 9 ) 

g(k ) k ' ,q ,q ' ,p )=8(q)«(q ' ) -— {coeff. of *_„* in F,(k,k',q>q',p)}> 

2m 

H2"=~^— E a(k'-k+p+q+q0a>Kp)X{6p/(k,k ' ,q>q' ,p)+6_p*g(k,k / ,q ,q ' ,p)} ' 
(2F)*k,k',q,q',p 

4. THE COMPENSATION EQUATION "vacuum" without the emission of phonons. Matrix 

We now follow Bogoliubov's philosophy demanding elements for the creation of two quasi-particles, kO 
compensation of "dangerous" graphs. Such "dangerous" and k l say, can be written down in perturbation 
graphs arise when two quasi-particles are created from approximation. From the discussion on the form of the 
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interaction Hamiltonian (24), it is clear that only # / <0|a*oafci#i'|0)-- {0\akvukiH2"(l/Ho)Hi"\Q) = 0, (31) 

contributes in lowest order. In second order, the w h i c h together with Eq. (17) specifies uk and vk. 
"dangerous" graph arises from a combined action of Computing the expectation values in Eq. (31), we 
H2" and Hi". Equating the sum of these matrix obtain the compensation equation in the form: 

elements to zero, we obtain the compensation equation, %(k)ukvk=^c(k)(uk
2 — vk

2) (32) 
correct to second order, where 

f(k) = { £ ( k ) - X } - - E a(q+q')F1(k,k,q,q')> (33) 
m q.q' 

c ( k ) = — E S ( k - k ' + P + q + q W - k - p + q i + q i ' ) X — 
2V k'.q.q'.qi.qi'.p €i(k') + €i(k)+a>i(p) 

X { / ( - k , - k ' , q, q', p)g(k, k', qh q/, ~ p ) + / ( k , k', qh q/ , - p ) g ( - k , - k ' , q, q', p)}uk>vk> 

-—— E 6 ( q + q , ) { ^ ( k , k / , - k , - k ' , q , q O + F 4 ( - k , - k ' , k , k ' , q , q O } ^ ^ , (34) 
2m 2Fk ' ,q ,q ' 

with 

g2 w(p) 
£ ( k ) = E(k) Z S C k - k ' + p + q + q ' W k ' - k - p + q i + q i O X 

2Fk ,.q.q /.qi.qi'.p €i(k') + e i (k)+coi(p) 

X ( / ( k , k', qi, q/ , -p )g (k , , k ,q ,q / , p )^ 2 - / (k / , k ,q ,q / , p )g (k , k', qh q/ , - p ) ^ 2 } 

+ — — Z «(q+q ,)C«*'^4(k,k / ,k / ,k,q,q /)+^2{2F4(k,k,k , ,k / ,q,q /) 
2m 2Fk ' ,q ,q ' 

+ 2 ^ ( k , k , - k ' I - k ' ) q , q ' ) - J F 4 ( k ' , k ! k , k ' , q , q ' ) } ] , (35) 
ei(k) and coi(p) being given by Eqs. (21) and (23). suitably to group them into expressions like 
Equation (32) is formally similar to Bogoliubov's fk—k/N) 
compensation equation and indeed becomes identical I . 

l E ( k / ) - £ ( k + q , ) - c o ( k - k / ) 

of c(k) and | (k) to obtain 1 (33) 
E(k'+q ,)-£(k)-co(k-kOJ 

f(k) 

to it in the absence of the electromagnetic field. From IJ^k ' ) — E ( k + q ' ) — co(k—k') 
Eqs. (17) and (32), we can solve for uk and vk in terms 

i r 1 + — i ^ — 1 
2L tcHk)+e(k)\u 

Now, the maximum contribution comes from k, kf 

2L {c2(k)+£2(k)}*J close to the Fermi momentum kF, so that for 
(36) 

£(k) 1 a>»\E(kF)-E(kF+qf)\ (39) 

2L lcHk)+P(k)}U 2L {c2(k)+£2(k)}U these terms are negligible. The first term on the right-
whence hand side of Eq. (34) in our approximation then 

«*>*= — . (37) educes to 

- Z S ( k ' - k - p ) uvvv. (40) 
Substituting for Uk've from Eq. (37) in the expression V k'.p ei(k')+«i(k)+coi(p) 

(34), one obtains an integral equation for c(k). The „,, . , . , , . , ,. „ -»T 

first term on the right-hand side of Eq. (34) can be T h l ^ h a s been evaluated m Appendix 2. Note that here 
written out fully using the defining Eqs. (29) for / , g. w e h a v e t o , t a k e ^ a c c o u n t t e r m s m ?*) w h l c h a r e 

The term 2S(q)8(q')S(q{)8(q1') in the expression inside Proportional to A However, these can be shown to be 
the curly brackets is the one that contains Bogoliubov's negligible, so that integral (40) reduces to 
result. Within the limits of our approximation, the 2g2mko 
remaining terms that we need consider inside the c ln(2co/V), (41) 
curly brackets are the ones proportional to g2e2. These 
can be shown to be negligible as follows. If we write w h e r e h h d e f i n e d b y t h e equation 
out these terms in full using the definition (A — 2) of 
the F 2 function, we can interchange the variables E(ko)—X = 0. (42) 
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Note that in the above evaluation c(k) has been taken 
to be a constant as an approximation, and co(p) has 
been replaced by a certain mean phonon energy w. The 
parameter ko defined in terms of the "chemical poten­
tial" X, can be evaluated from the condition that the 
particle number is conserved. Following Bogoliubov's 
field-free case, it is simple to show that k<f^kF. 

In the second term on right-hand side of Eq. (34), 
substituting for JF4 from Eq. (A-4) and rearranging the 
terms, we find expressions like 

,(k-k') 

[ £ ( k ' ) - £ ( k + q ) + w ( k - k ' ) 

+ 
w(k-k') 

£ ( k + q ) - £ ( k ' ) + o > ( k - k ' ) 
(43) 

which under assumption (39) can be replaced by 2. 
The result, after some algebra, becomes 

2e2 g2 

m V *,k' 

x 
k-A(q)k-A*(q) 

. { £ ( k ) - 2 £ ( k ' ) + £ ( k + q ) } { q - ( k + q / 2 ) } 

k'-A(q)k'-A*(q) 

' { 2 £ ( k ) - £ ( k ' + q ) - £ ( k ' ) } { q - ( k ' + q / 2 ) } ]• (44) 

Note that the first term in (44) gives a dependence on 
the orientation of k. In the present work, we shall 
not discuss this angular dependence, and will confine 
ourselves only to the magnitude of the effect caused by 
the extra terms (49). Averaging out the angular 
dependence, it is easy to see that the two terms in (44) 
become equal in magnitude within the limits of our 
approximation, so that for k^ltF, (44) reduces to 

2 (2TT): V E • 
A(q)|2

 r^(l-u2)du f (u+y/2) 

where 
y = q/kF, 

I(u,q) = f 
dv

f 1 

•I(u,q), (45) 

(46) 

(47) 

a'=(c/ff)(u+y/2), (48) 

l3 = 2mc/kFq, (49) 

and v\f is related to kr by the equation 

i / = £ ( k ' ) - X . (50) 

I t is understood that at singularities one takes the 
principal values of the integrals. The maximum 
contribution to I(u,q) comes from small values of 

rj'iy'^c), and for \r)'\ >co the factor (43) becomes very 
small. The limits for TJ' integration have therefore been 
chosen as — a><?/<a>. The rj' integral is straightforward, 
but the resulting u integral in (45) cannot be done 
exactly. We estimate this integral in the following way. 
Split the range of integration of q in the following two 
domains: (i) VFq<c7 (ii) w / > c , where VF is the Fermi 
velocity. In Appendix 3, we have evaluated the u 
integral in these two regions, so that (45) can be written 
approximately as 

2 e2 g2 k¥
z 

— — Z ' | A ( q ) | 2 

3 m (27r)2 C q 
g2 | A ( q ) | 2 

~SAe2 kF
2Z" , (51) 

(2TT)2 a q 

where the single and the double primes on the summa­
tion sign indicate the respective domains (i) and (ii). 

With the help of (41) and (51), the integral equation 
(33) can be solved to yield 

where 
^ o [ l - i ; q / ( q ) ] , (52) 

1 e2 £F
2 

/ ( q ) = |A(q)|» for vvq<c, (53) 
3 m? Co2 

e 2 £ F |A(q) | 2 

/ ( q ) ~ 2 . 7 • for Vvq>c, (54) 
m Co q 

and Co is Bogoliubov's field-free solution, given by 

co=2we-li", (55) 
with 

p = (g2/2T2)mkp. (56) 

In deriving Eq. (52) we have assumed ]£q /(q)<3Cl, 
so that Eq. (52) is not valid for strong magnetic fields 
that violate this condition. 

5. ENERGY OF AN ELEMENTARY EXCITATION 

Consider a state with one quasi-particle 

|k0> = afc0*|0>. (57) 

In our approximation, the energy of this state is 

1 
Ee(k)- -(kO\Ho\kO)-(. k0#2"-

# 0 - € ! ( k ) 
-#2"k0 

> 

+ / o tfi"(k0)—^"(kO) ( A , (58) 

where ^ / ' (kO) refers to that part of the Hamiltonian 
Hi" which creates (or destroys) the quasi-particle, kO, 
while creating (or destroying) a pair. The last term 
in Eq. (58) thus arises due to inhibition imposed by 
Pauli's exclusion principle. Since we are interested in 
the excitation spectrum for electrons very close to the 
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top of Fermi sphere, we have for such electrons ei(k) 
^0(g2,g2eV4) Consistent with our approximation, we 
neglect terms of order g2e1(k). Writing Eq. (58) in an 
expanded form and using some symmetry properties 
for the / and g functions, we get 

Ee(k) = e1(k)+2a(k)ukvk 

- — L 6(k-k'+p+q+q') 
2V k' .q.q' .qi.qi ' .p 

co(p) 
( K k ' - k - p + q x + q / ) 

«(k')+«(p) 

X { / ( - k , -k' ,q,q' ,p)g(-k', - k , q i , q / , - p ) 

X ^ - g ^ k ^ q ^ q / , - p ) 

Xf(k',k,qj<i',V)vk,
2}(uk

2-vk
2), (59) 

where Ci(k) is the first term on the right-hand side of 
the integral Eq. (33) for c(k). Now with the help of 
Eqs. (35), (21), (34), and (32), it is easy to reduce 
this to 

Ee(k) = ^(k)(uk
2-vk

2)+2c(k)ukvk 

= {<?(k)+?(k)}», (60) 

so that the minimum energy required for an elementary 
excitation or the energy gap is given by c(k). 

6. LONDON AND PIPPARD SOLUTIONS FOR A(q) 
INSIDE A SUPERCONDUCTING MATERIAL 

So far the magnetic field B, or its vector potential 
was undetermined, but now we shall specify it, in 
accordance with what is known about the magnetic 
response of a superconductor. We do this for the simple 
case of a plane-parallel plate of thickness L, say 
-L/2^z^L/2, with A=(0,i4(*),0), B=(3(«) ,0 ,0) , 
B(zhL/2) = B. Now L may be large or small compared 
with the coherence distance7 ^Q=VF/TI2C. We first treat 
the former case (£2>{o) because it is simpler for two 
reasons: (1) The main contribution to Eq. (52) will 
come from q<c/vF, and the error in adopting Eq. (53) 
for all values of q will be small. (2) The magnetic 
response is given by the simple London equation, the 
modification due to nonlocal effects (Pippard) being 
irrelevant. I t is well known13 that in this case the 
solution of London equation with appropriate boundary 
conditions is 

coshfAZ B sinhus 
B(z)=B , A(z) = , (61) 

COS1I(ALL/2) M cosh 0*1/2) 

for \z\ ^L/2, where /JT1 is the penetration depth. Using 

13 F. London, Superfluids (John Wiley & Sons, Inc., New York, 
1950), Vol. 1. 

the Fourier transformation defined in Eq. (7), we get 

1 p+Lft 
E | A ( q ) | » = - | \A(z)\*dz 

B2 (simVL—ixL) 
= • , (62) 

2 J V cosh2GuL/2) 

so that for L^/JT1 (which follows from the condition 
L5>%o, since in general %£5>ix~l) 

/ 1 e2 kF
2 B2 \ 

c = Co(l~ 1. (63) 
V 3 m2 Co2 jjLzL/ 

The L dependence makes it clear that the effect 
calculated here is not responsible for the breakdown of 
superconductivity at higher than critical field strengths 
in bulk material. 

The other extreme case, that of very thin films, 
Zx<C£o, is much more complicated. The main contribu­
tion to the q summation in Eqs. (51) or (52) comes from 
q values >C/VF, and the London equation must be 
replaced by an equation similar to the Pippard equation. 
Instead of solving Pippard's equation explicitly with 
the approximate boundary condition, we proceed as 
follows: We consider a superconducting medium of 
infinite thickness and apply the surface current 

j«t(r) = J { S ( 2 - i L ) - S ( 2 + i L ) } , (64) 

where J = (0,7,0). Alternatively, the external magnetic 
field (| z | > L/2) may be thought to be generated by this 
surface current, and the field inside the thickness L 
will be the same in the two pictures. The value of / 
will be fixed by the condition that the field generated by 
(64) has the value B at z= ±L/2. The desired expression 
for A(q) can then be obtained from the Fourier trans­
form of the Maxwell equation 

V2A(r)= -47r [ j e x t ( r )+ j s ( r ) ] , (65) 

where j s(r) is the supercurrent induced by the magnetic 
field. The Fourier transform of j s(r) may be written as 

1 
Js(q) = tffo)A(q), (66) 

4?r 

where the expression for the Kernel K(q) in Pippard's 
case has been derived in an earlier study7 (based on the 
same approximation as the one used in Sec. 2 and 
Sec. 3). 

7rp 3ir2c 1 
K{q)= — , vF\q\>c. (67) 

2 4A2flF \q\ 

Using the fact that in WentzePs theory the penetration 
depth fjr1 and coherence length £0 are given by 

M 2 = J P A 2 , • 

£Q=VF/7T2C, 
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FIG. 1. Percentage depression in the gap width for superconduct­
ing aluminum plotted against the thickness of aluminum foil on 
a log-log scale. 

the Pippard kernel becomes 

3TTM2 1 

K(q)= — 
4 *o \q\ 

(68) 

which is formally the same as the BCS expression for the 
kernel, and identical to it if we use experimental values 
for the penetration depth JJT1 and coherence distance £0. 

Unfortunately the evaluation of / and the summation 
over q in Eq. (52) can be performed only in a crude 
approximate way. Defining 

qo~-
/ 3 T T / X 2 \ 

V 4 £„ ' 
(69) 

the final result can be stated for two different cases. 
For l/q0<L<£o, 

(c—co) 
1 kFB2 

— 2.7-
co \qo*L*J 

x{vL), (70) 

where 

and 

m cQqo° 

p= (qo>L/2)*, 

x(^) = [l-^"L(l+^)]/(l+^L)2, 
which tends to unity for ^ L » l . For L<l/q0, 

(c-co) e2kFB2L 
— ~ - 0 . 4 *(goL), 

Co m Co qo2 

4> (qQL) = {2/qo2D) {1 - <r«>L(l+q*L)}, 
where 

(71) 

(72) 

(73) 

(74) 

which tends to unity for q0L<<il. 
I t should be noted that the London case could also 

be treated by this method using the appropriate value 
for the London kernel K(q). In this case, however, the 
straightforward method we have adopted is much 
simpler. 

Notice also that the magnetic field generated by the 
current (64) is periodic in 2L and not in L, as has been 
assumed in deriving Eq. (62). Care should therefore be 
taken in the Fourier expansions used for the two cases. 

At this point we would like to emphasize that the 

results deducedjn this section are independent of the 
Bogoliubov parameter p defined by Eq. (56). The 
situation is therefore different from one that obtains in 
the calculation of penetration depths in Wentzel's 
theory where the result is different for different super­
conductors because of the dependence on p. The 
disappearance of p from our final result can be traced 
to its cancellation in deriving Eq. (52), and also because 
we have chosen to use experimental values for the 
kernels (64) and (65). The depression of the gap can 
be calculated for various superconductors, the difference 
in the result for different metals entering in two ways : 
firstly through the quantity kF/mco, and secondly 
through the quantity JJL in Eq. (63) and qo in Eqs. (70) 
and (73). Experimental values for these quantities have 
been used from the data quoted in Table IV of BCS. 

7. POSSIBILITY OF OBSERVATION 

The decrease in the gap width due to the magnetic 
field has been calculated from Eqs. (63), (70), and (73) 
for two superconductors, aluminum and tin, and the 
results have been plotted in Figs. 1 and 2. It is clear 
that the effect is quite sensitive to the thickness of 
the film. I t is also evident that the optimum thickness 
for maximum effect is independent of the strength of 
the field and is of the order of l/q0. For tin the gap 
depression for fields near the critical field is quite 
small ( ^ 8 % ) , but for aluminum the result predicted 
(~25%) seems large enough to be observable. The 
sensitivity of the effect to the thickness of the film 
explains why the experiments of Pippard, of Spiewak, 
and of Ginsberg and Tinkham give a very small effect. 
Our result indicates that the superconducting specimens 
of Pippard and of Spiewak were too thick, and those of 
Ginsberg and Tinkham too thin compared with the 
optimum thickness 1/qo ( ^ 10~5 cm). 

Superconducting films of optimum thickness are 
neither thin films nor bulk superconductors, and so 
the experimental detection of the effect may present 
some difficulties. Infrared or microwave transmission 
experiments may not be feasible because of the opacity 
of such films. Experiments involving specific heat, 
thermal conductivity, or ultrasonic attenuation are not 
likely to give enough information. However, measure­
ment of absorptivity of far infrared or microwave 

\0'° 10 
Thickness (cm) 

FIG. 2. Percentage depression in the gap width for superconduct­
ing tin plotted against the thickness of tin foil on a log-log scale. 
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radiation in such specimen appears feasible. A possible 
way of doing this is to look for the absorption edge in 
the reflected radiation as the frequency is increased to 
correspond to the gap width. Such an experiment has 
been recently described by Richards and Tinkham14'15 

who used it to determine the gap energy in bulk super­
conductors. I t is perhaps also possible to detect the 
effect by experiments involving nuclear spin relaxation. 

We would like to emphasize at this point again that, 
in view of the approximate mathematical technique 
used, the calculations should at best be treated only 
as an order of magnitude result. The dependence of the 
effect on the thickness of the superconducting material 
is, however, quite reliable. The use of WentzePs gauge 
invariant technique does not appear to be very crucial 
to the result. In fact, the final result is independent of 
the Bogoliubov parameter p which is characteristic of 
WentzePs results. 

The effect of decrease in gap width in presence of a 
magnetic field may have some interesting consequences; 
a brief speculation on the problem of Knight shift will 
be made here. I t is known that the temperature 
dependence of the paramagnetic susceptibility of a 

superconductor, calculated from the BCS theory,16 is 
at variance with the experimental results of Reif17 and 
Knight18; the theoretical curve falling off too rapidly 
with decreasing temperature. I t is easy to see that if 
the decreased gap width due to magnetic field is taken 
into account the theoretical curve would shift in the 
right direction towards the experimental points. Of 
course, such a shift would depend on the size of the 
superconducting specimen. A quantitative calculation 
of the magnitude of this shift cannot be made without 
extending the calculations of this paper to finite 
temperatures—a generalization by no means trivial. 
Note that the above argument does not help in the 
problem of the vanishing of paramagnetic susceptibility 
at absolute zero; it is intended only for the temperature 
region 0<T<TG. 
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/?i(k,k'Jq,q') 
APPENDIX 1 

l | [ ( k + k ' + q ' ) - A ( q ) ] [ ( 2 k ' + q ' ) - A ( q ' ) ] C ( k + k ' - q ' ) - A ( q ) I ( 2 k - q ' ) - A ( q ' ) ] l 4 / 4 / A 

= - — |A(q)-A(q ' ) , (A-l) 

4l q ' - (2k '+q ' ) q ' - ( 2 k - q ' ) 1 

F2(k,k',q,q',p) 

= i { C ( 2 k - q ) - A ( q ) X A ( q ' ) - X ( k ' + p + q ' , k ' ) q ' ) p ) ^ + A ( q ' ) - Y ( k ' + p + q ' J k ' , q ' ! p ) & _ / ] 

- [ ( 2 k ' + q ) . A ( q ) ] [ A ( q ' ) - X(k, k - p - q ' , q', p ) M - A ( q ' ) - Y(k, k - p - q ' , q', p ) ^ / ] } , (A-2) 

27,(k>k',q>q',p,p') 
R 2 k - q) • A(q)H A(q') • X ( k - q - p \ k', q', p) ( ^ j C ( 2 k - q ) . A ( q ) ^ A ( q ' ) - X ( k - q - p ' , k ' , q ' , p ) ( -

b-P'*bp 

2 2 ( k - q ) - £ ( k ' ) - « ( p ' ) - « ( p ) 

) - A ( q ' ) X ( k - q , k ' + p ' , q ' , p ) ( ~ 
£ ( k - q ) - £ ( k ' ) + c o ( p ' ) - c o ( p ) / V £ ( k - q ) - £ ( k ' ) - « ( p ' ) - « ( p ) 

" ' , A — ) + A(q') • Y ( k - q - p', k', q', p) (-
k ' ) + » ( p ' ) - « ( p ) / \E 

b-p>*b„ b-v*bp> 

£ ( k - q ) - £ ( k ' ; 

*_,.**_,* 
£ ( k - q ) - £ ( k ' ) + c o ( p ' ) + a > ( p ) 

£ ( k - q ) - £ ( k ' ) + « ( p ' ) + « ( p ) 

£ ( k - q ) - £ ( k O - « ( p ' ) + « ( p ) 

b-o*bv> 

)+«(P) 
) / b-p*bp> 

- A ( q ' ) - Y ( k - q , k ' + p ' , q', p ) ( — 
\ £ ( k - q ) - £ ( k ' ) - w ( p ' 

)]-C(2k'+q)-A(q)] 

14 P. L. Richards and M. Tinkham, Phys. Rev. Letters 1, 318 (1958). 
16 P. L. Richards and M. Tinkham, Phys. Rev. 119, 575 (1960). 
16 K. Yosida, Phys. Rev. 110, 769 (1958). 
17 F. Reif, Phys. Rev. 106, 208 (1957). 
18 G. M. Androes and W. D. Knight, Phys. Rev. Letters 2, 386 (1959). 
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[ / bP'bp b-P'*bp \ 

A(q') • X(k- p', k '+q, q', p) ( + ) 
\ E ( k ) - £ ( k ' + q ) - « ( p ' ) - « ( p ) £(k)-£(k '+q)+co(p ')-co(p)/ 

( bp'bp b-p'*bp \ 
+ - ) 

£(k)-E(k / +q)-«(p ' ) -co(p) £(k)-£(k '+q)4-a,(p ' ) -a , (p) / 

( b-p*bp> b-p>*b~p* \ 
+ ) 

£(k)-£(k'+q)-co(p')+co(p) JE (k ) -£ (k '+q )+«(p ' )+« (p ) / 

b-p.*b^: 

, £ (k ) -£ (k '+q ) - w (p ' )+« (p ) ' £(k)-£(k'+q)+a)(p')+cc(p) 

F4(k,k'>k1,k1',q,q') 

/ b-p*bp> b-P'*b-p* \ ) 1 
A(q')- Y(k, k '+p '+q , q', p)( + ) , (A-3) 

\ £ ( k ) - E ( k ' + q ) - « ( p ' ) + « ( p ) £(k)-£(k'+q)4- t t(p')+co(p) / J J 

If - (2k 1 -q)-A(q) 
-\ ,t, P r t f t w , ———CcoOkx'-kx+lOACqO- X(k,k'>q',p)-»(k-kOA(q')-T(k1-q>k1 ' , q', p)] 
2 l £ ( k ) - £ ( k ' ) + £ ( k 1 - q ) - £ ( k 1 ' ) 

(2k1'+q)-A(q) 
•[«(k1 '-k1+q)A(q')- X(k,k',q',p)-co(k-k')A(q')- Yfo fe '+q , q', p)] 

£ ( k ) - £ ( k O + £ ( k ! ) - £ ( k i ' + q ) 

(2k-q)-A(q) 
_ £ ( k - q ) - £ ( k ' ) + £ ( k 1 ) - £ ( k / ) 

(2k'+q)-A(q) 

Cco(k1 '-k1)A(q')-X(k-qJk'>q',p)-«(k-q-k')A(q')-Y(k1 |k1 '>q',P)] 

,*, „ , ^ n , — C « ( k i ' - k i ) A(q') • X(k, k '+q, q', p) 
J E(k)-£(k '+q)+£(k 1 ) -£(k 1 ' ) 

- « (k -q -k ' )A(q ' ) -YCM/ .q ' . p ) ] }, (A-4) 

/ (k'+q/2) (k-q/2) \ 1 
X(k,k',q,p) = ( ) , (A-5) 

Vq.(k'+q/2) q-(k-q/2) /£(k ' ) -£(k)+co(p) 

/ (k'+q/2) (k-q/2) \ 1 
Y(k,k',q,p) = ( ) • (A-6) 

Vq.(k'+q/2) q - (k-q /2) /£(k ' ) -£(k) -co(p) 

Note that these functions have some symmetry properties that have been used in the text of the paper: 

X( -k ' , -k ,q ,p )=Y(k ,k ' ,q ) P ) , (A-7) 

i?1(k,k')q,q') = F 1 ( -k ' , - k , q, q'), (A-8) 

£4(k,k',k1,k1'Jq,q') = £4(-k1 ' ) - k x , - k ' , - k , q, q'), (A-9) 

£4(k,k,k1,k1,q,q') = £4(ki,k1,k,k,q,q'). (A-10) 

APPENDIX 2 

Using Eq. (37) and summing over p, the integral (40) can be written as 

I f f Si c 
1= • db' , (A-ll) 

2 ( 2 T ) « ^ 61(k)+£l(k')+co1(k-k')[c2+?2(k')] i 

where we have taken c(k') to be independent of k' as an approximation, and have replaced co (k—k') by a mean 
phonon energy co. Substituting for eh coh and £ from Eqs. (21), (23) and (33), we obtain with the help of Eqs. (22) 
and (35), the following result, consistent with our approximations: 

1 g2 r co c 
=—5— \dk'- X , 
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„'^„(k'), 2 

I W ( k ) = - fdqdq' {(q+q'JFxCk.k.q.q'), 

and 

Expanding the integrand in powers of e2, we get 
r'^r(k'). 
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(A-13) 

(A-14) 

(A-15) 

g2m p 
7 = j k'dn'dQ,'-

2(2x)3 J I 
:X 1 

1 

[r?(c*+rf)-$+r,'2(c2+T)'2)-$+<b'] (c2+7?'2)i I [r,i(c*+tf)-i+ri'Hc2+v'2)-i+£>'] 

Trf 2TV T'r?'3 2T'V' "1 T'r,' 
X 

-(c2+»?2)* (c2+r/2)* (c 2 +V 2 ) f ( C 2 + T / 2 ) U ( C 2 + T / 2 ) ,'2)iJ , 
(A-16) 

Note that the maximum contribution to the integral Case (a). For vFq<^c, @2>1, we have a<Kc and co, 
comes when rj'^0, i.e., k'^ko. We, therefore, replace kr and I(u,q) reduces to the simple form 
in the integrand by ko, so that Tf is replaced by To. 
Now we are interested in k^kF, and since r]F^0(e2) 
the terms involving TTJ are negligible. Furthermore the 
integrand is small for large t\\ and negligible for | ?/1 > co. 
The limits of integration for ?/ may thus be taken 
from -co to + co. I t follows that the terms proportional 
to r 0 are zero. Finally the integral reduces to 

I(u,q)=(2/cp)(u+y/2). (A-21) 

The integral / in this case is therefore simply 

J=±(kFq/tnc2). (A-22) 

Case (b). For vFq^>c, /3<<Cl, note that in the subsequent 
gim +£ q integration, the integrand decreases as q increases. 

/ = — k0 j faf ? (A-17) ^or simplicity we shall consider vFq<{cE(kF)}%, 
(2TT)2 J-* (c2+r)'2)^ which i m p l i e s / ? > T / 2 . The integral 

which gives Eq. (41), i.e., 

2g2mk0 

/ = - c ln(2co/V). 
(2TT)2 

APPENDIX 3 

(A-18) 

r= (l-u2)du\ 
J0 \(u+y/2) ( « - T / 2 ) J 

(A-23) 

can then be estimated by splitting the range of u 
integration into three domains 0 ^ ^ Y / 2 , y/2^u^(3, 
fi^u^l. If we call the corresponding integrals Jh J2, 

Here we evaluate the integral in the expression (45): a n d j S } a straightforward integration yields 

J-

where 

I(u,q) 

f +
1 (l-u2)du 

dri' 

(u+y/2) 

1 

•I(u,q), (A-19) 

(c2+r)f2^rjf+af 

1 /c2-a'a>- (c2+a'2y*(c2+a?)? a>-a' 

(c2+af2y* n V ^ + a ' c o - (c2+af2)*(c2+a>2y co+, - ) • 

• a ' / 

/ X ~ 2 T M 

/ 2 ^ 4 / c , 

Js~6.8/c. 

Consistent with our approximation J\<J2 and / 3 , so 
that finally 

/ ~ 1 0 . 8 / c . (A-24) 

Using (45) with Eqs. (A-22) and (A-24), result (51) 
follows immediately. 


