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Coulomb potential17 or that based on the TF approxi­
mation.16 It is expected that the results of these calcu­
lations will be reported in detail in a later paper. 

On the basis of these results, it may then be of interest 
to calculate atomic scattering cross sections (in suitable 
energy intervals), and to perform range-energy calcu­
lations, both capable of being verified by experi-

17 N. Bohr, Kgl. Danske Videnskab. Selskab/Mat.-fys. Medd. 
18, 8 (1948). 

The system under consideration is a number of molecules 
contained in a resonant cavity and isolated from external in­
fluences. The molecules are assumed to have two energy levels, 
and the molecular" frequencies have a Gaussian distribution 
centered at the cavity frequency; the initial states of the molecules 
are uncorrelated. The onset of correlation in the molecular 
behavior is studied by examining the field in the cavity and the 
power emitted by the molecules for effects depending on the 
square of the number of molecules, in a perturbation theory 
approach. 

I t is shown that correlation effects manifest themselves in the 
fourth order interaction. Both the correlation energy in the field 
and tthe correlation power emitted by the molecules approach 

INTRODUCTION 

THE subject of correlation in a many-body system 
includes a large number of diverse problems, 

some of which have become very popular recently. 
Correlation is caused, of course, by a coupling between 
the individual bodies of the system, which can take one 
one or more of several forms. The problem to be 
treated in the present article deals with the correlation 
of a number of atomic systems, which we refer to as 
molecules, coupled to one another through the electro­
magnetic field in a resonant cavity. The question we ask 
is the following: Suppose we have a cavity containing a 
number of molecules that are isolated from external 
influences and are initially in uncorrelated states. Will 
correlation arise, and if so, in what manner? 

The meaning of correlation in the present context 
will be described first. The molecules are uncorrelated 
if the state of each molecule is independent of the other 
molecules. Correlation may be measured by the extent 
to which the behavior of each molecule is affected by 
the others. The difference between the behavior of 
molecules in correlated and uncorrelated states has 
been discussed in some detail by both Dicke1 and the 
author.2 In reference 2 it is shown that when molecules 

1 R. H. Dicke, Phys. Rev. 93, 99 (1954). 
2 1 R. Senjtzky, Phys. Rev. U l , 3. (1958). 

merit.18-20 Furthermore, the TF three-center potential 
(115) may be applied to suitable triatoms. Lastly, a 
generalization of the formalism developed in this paper 
to ionic systems would evidently still further enhance 
its usefulness. 

18 J. Amdur and E. A. Mason, J. Chem. Phys. 22, 670 (1954); 
23,415 (1955); 23, 2268 (1955). 

19 H. W. Berry, Phys. Rev. 75, 913 (1949); 99, 553 (1955). 
20 R. A. Schmitt and R. A. Sharp, Phys. Rev. Letters 1, 445 

(1958). 

steady-state values after transient periods determined by the 
relaxation time of the cavity and the frequency spread of the 
molecules. A physical picture of the correlation effects, as being due 
to induced emission produced by the lowest order spontaneous and 
thermal emission, is investigated and found to be approximately 
correct. The ratio of correlation energy to lowest order spontaneous 
emission energy is derived. An analysis is made of the dependence 
of the results on the initial states of the molecules, and interpreted 
in terms of the physical picture. The effect of the presence of a 
number of cavity modes, rather than a single mode, within the 
frequency spread of the molecules is investigated under simplifying 
assumption, and is shown to multiply the correlation effects by 
the square of the number of modes. 

are in a correlated state, spontaneous emission is 
proportional to N2, where N is the number of molecules; 
if the molecules are in an uncorrelated state that is 
also an energy state, spontaneous emission is propor­
tional to N. There are, however, uncorrelated states in 
which each molecule is in the same superposition of 
individual energy states, and in this case the sponta­
neous emission is also proportional to N2. The latter 
type of state may be regarded as corresponding to a 
classical array of dipoles oscillating with the same 
well-defined phase; it can be created by subjecting the 
molecules to an external driving field. We are excluding 
the consideration of such classical-type correlations, 
since they cannot arise in an isolated system, and use 
the term correlation to indicate only quantum-mechan­
ical correlation. (In the language of reference 2, the 
case in which each molecule is in the same superposition 
of individual energy states is called uncorrelated but 
coherent.) Incidentally, as explained in reference 2, in 
the correlated energy state the molecules may also be 
regarded as oscillating in phase with each other, but 
the absolute phase is completely undetermined.3 With 

3 We give a simple illustration of correlated and uncorrelated 
states for the case of two similar molecules. If <pmi is the i'th 
energy state of the mth molecule, then <pu<P2j is an uncorrelated 
energy state, and 2~^(^it-^2/±^iy^2z) is a correlated energy state. 
In the language of reference 2, ^ 2 , where \f/m = ai<pm\~\-a^(pm^ is 
3 coherent uncorrected sta,te, 
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the above exclusion, we can regard emission propor­
tional to N2 as an indication of correlation. 

The problem of the present article may now be 
formulated precisely. We consider a number of initially 
uncorrelated molecules in a cavity. There are no external 
influences (such as driving field) acting on the system. 
We study both the field in the cavity and the energy 
of the molecules as a function of time; the quantities 
in which we are particularly interested are those 
proportional to N2. 

The equations of motion and other preliminaries are 
discussed in Part I. Expressions for the field energy are 
obtained in Part II, and the physical significance of 
these expressions is analyzed in Part III. In Part IV the 
power radiated by the molecules is examined. In Part V 
the discussion is extended to the case in which a number 
of cavity modes, rather than a single mode, interact 
with the molecules. 

I 

The molecules and the cavity are similar in their 
properties to those considered in a recent investigation 
of induced and spontaneous emission in a coherent 
field.4 Each molecule has two energy states and a 
molecular (angular) frequency 

o?m= (Em2—Eml)/fi. (1) 

The spread in molecular frequencies is Gaussian, so 
that the number of molecules per unit frequency range 
at oom is given by 

p(oom) = NaTr~i exp[—a2(com—co)2], (2) 

co being the frequency of the single cavity mode under 
consideration. The loss in the cavity walls is described 
by the loss constant /?, which is specified in terms of 
the cavity Q 

P=WQo (3) 
The molecules are coupled to the cavity field by an 
electric dipole moment y having only off-diagonal 
matrix elements (no static dipole moment). The 
electromagnetic field in the cavity is described in the 
usual manner by 

E=-4ir*u(r)P(fl, H=VXu(r)G(/), (4) 
where u(r) is a normalized function describing the 
spatial dependence of the field in the cavity, and Q(i) 
and P(t) are the quantum-mechanical field operators 
satisfying the commutation relationship E(?(0>^(0!] 

= $ . The method of introducing loss into a quantum-
mechanical formalism was discussed in detail in two 
previous articles,5*6 and only the results will be restated 
here, as necessary. 

We begin with the Hamiltonian 

H^Hf+H^Hv+ZmHn+Zm^CU^P, (5) 

where Hf is the Hamiltonian of the electromagnetic 
field, Hi is the Hamiltonian of the loss mechanism, H/i 
is the term describing the coupling between field and 
loss mechanism, and Hm is the Hamiltonian of the mth 
molecule. The last term describes the coupling between 
the molecules and the field, um representing the magni­
tude of u(rw), and ym the component of y along u(rm). 
The only individual Hamiltonian which need be given 
explicitly in terms of coordinates and momenta is 

Hf=2irc2P2+(a>2/STC2)Q2. (6) 

In reference 6 it is shown that the equation of motion 
for P is 

P+t3P+u2P=:F(t)- (co2A)£w umym(t), (7) 

where F(t) is an operator which expresses both the 
thermal and quantum-mechanical fluctuation properties 
of the loss mechanism: 

<F«)>=0, 

(F(h)F(h))= \i 
(P 

4TT2C2L h-h 

/ ( D s [ l + 2 ( e ^ I ' - l ) - 1 ] , 

wd(h-h)f(T) } 

(8) 

(9) 

(10) 

T being the temperature of the cavity. We do not need 
a similar equation of motion for Q, since if P is known 
Q can be obtained from 

Q=~(W/a?)P, (11) 

which follows from Eqs. (5) and (6). The remaining 
equations of motion follow immediately from the 
Hamiltonian of Eq. (5): 

t^»(0K7m(/) , f f *(*)], (12) 

imm(t)^^ircumP{t)[Hm{t)1ym{t)']. (13) 

It will be more convenient for our purposes to recast the 
differential equations of motion into integral equations. 
One can verify by differentiation that 

lircu Zwcum r* 
Hm(t) = Hm™+ I dh{LHm(h))ym(hnP(h)}, 

ifo Jn 

(14) 

ym(t)=yJ°Ki)+ dh\ dhUm{t-h)[ym{.h)lym(h),Hm{h)-]P{t2)]Um-^t-h), (15) 

4 1 . R. Senitzky, Phys. Rev. 119,1807 (1960). The term "spontaneous emission" should be understood as referring to the lowest order 
effect of the molecules. Higher order effects, which are the subject of the present article, are referred to as "correlation" effects, for 
clarity. 

5 1 . R. Senitzky, Phys. Rev. 115, 227 (1959). 
6 1 . R. Senitzky, Phys. Rev. 119, 670 (1960). Note the change of notation from D(t) in this reference to F(t) in the present article. 
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where 

^ ( r ) -exp[ ( f /* )B 'm r a r l 

/ 0 <r*"«\ /Eml 0 \ 

\ e ^ < 0 / V 0 E m 2 / 

and where the symmetrized product ({^4,$} z=AB+BA) 
is used for convenience. The operators Hml°\ and 
7w[0] (0 describe the dipole moment7 and energy of the 
mth molecule in the absence of coupling to the field, and 
are the zeroth order quantities in a perturbation 
calculation. These expressions also yield the initial 
values in the presence of the coupling. We see that the 
coupling between molecules and field may be considered 
to be turned on at /=0. As far as the integral equation 
for the field is concerned, it is more realistic to consider 
the coupling between the field and loss mechanism to 
be turned on at t~ — co. We then have, from Eq. (7) 
and the condition f3/oo<Kl, 

P=PF+Py, (16) 
where 

1 r< 
P I P = - I dhFitJe-W-t* sinco(t-h), 

Py= ~~ £ um f dh ym(k)e-x^~^ sinw(/-0-
Cm JQ 

PF is obviously the zeroth order solution for P(t). 
Equations (14), (15), and (16) are three integral 
equations for the three operators P, ym, Hm. They are 
of a form which is suitable for an iterative type of 
calculation in perturbation theory, the zeroth-order 
solutions being given explicitly. 

The quantities to which we will attach physical 
meaning are expectation values. We will calculate the 
expectation values of the field energy in the cavity and 
the molecular energy. In order to perform this calcula­
tion in the Heisenberg picture, we must specify the 
initial state of the molecules. As in reference 4, we may 
want to consider several possible initial states, such as 
a thermal state or a state in which all the molecules 
have the same energy. The state of each molecule is 
given, in general, by 

and the state of the group of molecules is described by 

*= n *». 
In all the situations to be considered, we assume that 
the initial phase difference between the two super-

7 Strictly speaking, y should be labeled ym> since it gives the 
amplitude of the component of dipole moment along u(rm). 
However, since there is no correlation between the polarization of 
the molecules and the direction of the field, we can consider an 
average ym denoted by y. 

position constants am\ and am2, which we call the phase 
of the molecule, is a random function of m, the molecular 
label. This randomness implies that we are dealing 
with a number of molecules that have not been prepared 
beforehand to oscillate with the same phase. We will 
therefore drop those terms in the expectation value 
which contain a summation of the initial phases of the 
molecules. This means that only diagonal terms of the 
operators under consideration, in the energy representa­
tion of the (free) molecules, will contribute to the 
expectation value. 

Our problem can now be narrowed. We are looking 
for the lowest-order terms in the field energy and the 
molecular energy operators which (1) are proportional 
to N2; (2) contain diagonal elements with respect to 
the molecules, and (3) are not linear in F. The first 
condition is our criterion for correlation, the second 
condition has just been explained, and the third condi­
tion follows from Eq. (8). 

II 

The expectation value of the field energy is given by 

(Hf) = 2irc2(P2)+ (U2/STTC2) (Q2). (17) 

The evaluations which we must make here, as well as 
in the later sections, are fairly complicated and lengthy. 
In order to illustrate the method used, we will go into 
detail only in the evaluation of (P2). 

If we express the higher-order operators in terms of 
the unperturbed operators, PF, ym

[0\ and Hm
[0\ we 

obtain, in general, a sum of numerous terms. Only a 
few of the many terms of P2 will satisfy our three 
conditions. It is therefore advisable to develop a scheme 
by which it is possible to pick out for computation only 
those terms contributing toward our final result. We 
note that in order to obtain proportionality to N2, 
we need at least a double summation. Whether or not 
a term contains diagonal elements with respect to the 
with, molecule depends on the number of times the factor 
ym

[0] occurs in that term, since Hm
[0] is a diagonal 

matrix and does not alter the diagonality properties of 
the term. If 7m

[0] occurs an even number of times, the 
matrix is diagonal; and if it occurs an odd number of 
times, the matrix is off-diagonal. The arguments of the 
operators, the commutator and symmetrizing brackets, 
the integrals, and the numerical coefficients are not 
pertinent so far as the three conditions are concerned. 
We can therefore use, for each term, a shorthand 
notation that omits arguments, brackets, integrals, and 
numerical coefficients. Hm

[0] may also be dropped. It 
is important, however, to retain the summation signs. 
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We use an arrow instead of an equal sign to indicate P2 will fulfill the three conditions enumerated above. 
correspondence of the shorthand symbol. For further We therefore select the terms in JP2[4] that satisfy the 
simplicity we drop the superscripts (which indicate conditions. 
the order) of the zeroth order quantities in the shorthand One sees immediately that P{2]2, for which the 

shorthand symbol is ^2m,mf 7m27m'2F2, meets the 
(IQ.) requirements. So does the term in {P[1\ Pm}, which is 

described by the short-hand symbol X 
m,m'tm," 7' m7'm' 

(19) XYm", when we take only that part of the summation 
, . for which m,f=m. In a similar manner we can select 
^ ' the pertinent term in P^pW after we have obtained 
(21) the shorthand symbol for P[4], which is rather lengthy. 

We write now those terms contributing toward that 
• ' part of P2[4J which meets our requirements. Where the 

expression for an operator has several terms, and where 
(23) some terms are dropped because they do not contribute 

toward the result in which we are interested, we put 
^ ' the symbol ^ over the operator to indicate that the 

It can be seen very easily from these expressions that expression is incomplete, but contains all that we can 
no order lower than the fourth in an expression for use. We have 

PW(0 = ~ E *» f dhymWOMt-td, (25) 
Cm «/A 

arm. We thus have 
pro). 

ptn 

T » [ I ] ' 

Smm 

PI2] 

W21 

p[3] 

-+F, 

-* £ Tm, 

-+y«?F, 

-^ymF, 

-^Hym'F, 

-*ymym
ll]F+7JPM+ym*F2, 

^ 2^iVn,' 7 m T w 

^ 2L^in,m' 7 w "7 

>+y^Fi, 

where 

where 

C rn 

<p(T)z=e~il3T sincor; 

ST cl Ch 

pm(t) = - cof2 D um
2Im I dh I dh <p(t-h)PF(t2) sincom(/i-/2), (26) 

h rn JQ JQ 

' - 1 0> 
Im^l ) , 

V 0 l/m 

the subscript m indicating that Im operates on the state vector of mth molecule only; 

4TTW2 cl rh rt2 f'3 

PW(i)= E « » 2 « » ' | d / i l dh\ dh\ dh 
ch2 »*,»*' Jo JQ JO JO 

Xv(t-h)<p(h-h)Um(h-h)[7mM(h), tyJ0i(h), HmW^mW{h)\Um-Kh-h)\ (27) 

pw(0 = Z «.* I dh I dh I dh v(t-tdly.m(h), [ym
[0](h), ff.mjpw (/,)], 

ch2 m J0 JQ JQ 

= co2f2 E Um2um>2 I dtv • • I dh <p(t—h)<p(h—h) sina)m>(h— h)Pp(t\ 
chZ m,mr

 JQ JQ 
) 

X[W0 ] (h), [ym
m (*»), Hm™-]Im,\. (28) 

Since we are interested only in effects depending on N2 and not on N, we ignore the m—m' terms in Eqs. (27) 
and (28). This allows us to take the m! factor out of the commutator brackets and obtain simpler expressions: 

8x /•' c*3 

PW(0»—«*y* £ um
2um-Imwm\ dtv I dh<p(t-h)<p(h-h)ym'lo](h)co!Mm(h-h) 

Ch m^m' Jo Jo 

=—u2y2Y,um
2um>Imldh\ dt2\ dh<p(t-h)<p(h-h)<pmM(h)smo)m(h-h), (29) 

Ch m^m' JQ JQ JQ 
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64TT2 r* rk 

P W ( / ) « C02f4 £ Um
2Um>20>mImIm' I * 1 ' ' • I <*/6 Pp(h) <p(t~ h)<p(h- h) Sma>m>(/4- O COSO>m(/2- *3) 

/ j 2 m?*m' JQ «/O 

64TT2 ' r* f** 
= co2f4 £ uJUmWmlm* I <^r • • I ^ 4 P I 0 ] (fc) *>(/- / i)*?(*2- h) sincom(*i- /2) s inaw ( / 3 - h). (30) 

/ j 2 m9^mf J n "^n 

64TT2 

I _ 
# 2 m?*m' •/ o " 0 

We consider now the products occurring in (P2 [ 4 ]) . F rom Eq . (26) 

32TT2 / • ' rtl rl rtz 
62ir' r C C C 

(p[2]2)= a>2y* "£ um
2um>2 I dhl dhl dh\ dhsmam(t1-t2)smum>(h-td<p(t-t1)<p(t--h) 

h2 m,mf
 JQ JQ JQ JO 

X{{ImPF{h)Jm>PF{h)}). (31) 
Again, ignoring the m—w! terms, we have 

32TT 2 C% rtl r* rt$ 
62TZ rl r11 r r" 

(p[2]2) = W 2 f 4 £ um
2um>2{Im){Im>) I dhl dt2 I rffc I ^ 4 sincom(/ i~/2) s inco m K^- / 4 ) 

/ j 2 m^m' JQ JQ JQ JQ 

X<p{l-td<p{t-U){{PF(h), PF(h)}). (32) 

We convert the summations over m and m' to integrations over com and cow>. Assuming that um
2 and (7m) are 

sufficiently slowly varying functions of com to be taken outside of the integral sign as averages, which we call u2 

and (/), respectively, and making use of Eq. (2), we obtain 

din* n c r n 
( p [ 2 ] 2 ) = = _ C 0 2 f 4 W ^ 2 dhl d t l d t i dh{{PF{t2),PF{k)})<p{t-h)cp{t-h)sm^{h-t2) 

Xsinco(/3~/4)exp{-(l/4a2)[(/1-/2)2+(/3~/4)2]}. (33) 

The evaluation of ({PF(h),PF(h)}) is carried out by means of Eq. (9). It is shown in Appendix A that 

({PF(t2),PF(h)})= (fa/4ar<*)f(T)e-W™l cosco(/2- h). (34) 
W e have, thus 

8TT cl rtl rl Ciz 

c2h "Q • 'o • 'o • ' o 

w h e r e 

8TT r* cil Cl Ctz 

(pW)=—a>3yWN2(I)2f(T)\ dhl dhl dhl dhEexpt-ip(\h-h\+2t-h-h)lsina>(t-h) 
f2h Jn Jc\ J (\ J (\ 

Xsmco(t— h) sinco(/i—12) sinco(/3— h) cosco(/2— h), (35) 

E=exp{-(l/4cP)Z(h-h)*+(h-ttf]l. 

The product of trigonometric functions in the integrand of Eq . (35) is equal to a constant plus oscillatory terms. 
We drop the oscillatory terms and retain only the constant , which is Y$. Our expression for ( P ^ 2 ) is now 

(PM2) = iA f dh f dh f dh f dhEexpl-i(3(2t-h-h+\h-h\)l, (36) 
Jo Jo JQ JO 

where 
A s (7rA2^)co37%W2(/)2 /(P). 

We deal with the absolute value in the exponent by dividing the region of integration into two regions: one in 
which h^ h, and the other in which h> h- Thus 

• * /%h /»* /%<3 p <• p n pv p<,6 
I dhl dhl dhl dhEex^l-^{2t-h-hJr\h-h\)~] 

• 'o ^ o • 'o • ' o 

= f dhl dhl dhl dhEexpt~il3(2t-h-h+\h-h\)'] 

Jo Jo Jt2 J t\ 

= Y+Z, (37) 

pi pt2 pt pt 

F = I dhl dhl dhl dhEexpZ-±f3(2t~h+h-h-h)~], 
JQ JQ J f2 J *4 

where 
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and 

Z= I dfaj dfaj dfa] dfaEexp[-ip(2t~-h-fa-'fa+fa)']. 
JQ Jt ^ H J t\ 

By interchanging fa with fa and fa with fa, we see easily that 

Z= \ dfa \ dfa J dfa \ dh EJ 

= 1 rffe I * 4 I dh I A8 £ / 

= Y, (38) 
where 

/ s e x p [ - J / 9 ( 2 ^ - *i+/«- fc- fa)J 
Thus 

<pw«)= ilF. (39) 

For later application, it is convenient to recast F. By rearranging the order of integration, and interchanging 
fa with fa (which leaves the integrand of F invariant), we have 

pt ~tl pt2 pt pt pt\ ftt2 ~tz 

Y= i dh I dfa I dfa I dfa EJ- I dfa I dfa I dfa I rf/4 EJ. (40) 
J0 J0 JQ J0 J0 J0 JQ JQ 

Using methods similar to those with which we derived Eq. (39) from Eq. (31), we obtain 

({PW(t),PW(i)})=AI dh) dhi dh) dhEJ, (41) 
J0 J0 JO JO N 

<{PW, PW})=B f dh f dfa f dfa f dfa EJ, (42) 
JQ J JQ JQ 

where 
B=(ir/c%)oizyAuAW{I). 

From Eqs. (39), (40), (41), and (42) we finally have 

<P2M>=£[l+/(r)</>] f dfa f dfa f dfa f dfa EJ. (43) 
JQ JQ JQ JQ 

We can calculate (Q2[i]) in the same manner as (P2^), or we can make use of the fact that (when averaged over a 
cycle) the electric energy in the cavity is approximately equal to the magnetic energy, provided (/3/a>)<<Cl and the 
molecular coupling energy is small. We therefore have, from Eq. (6) 

(HfW)r (47r2A)^2co37%4(/)Cl+/(P)(/)]X(/)3 (44) 
where 

and 

X(t) = I dh I dfa I dfa I dfaEJ. 
J ft «^n v n */n 

There remains now the task of evaluating the integral in Eq. (44). It obviously cannot be evaluated in closed 
form, since it contains Gaussian exponentials in the integrand. However, it can be partly integrated, as shown in 
Appendix B, to yield 

X(t)=—{ f drjf V E(ti,n')e-*M>+ f drj f dv' E(v,v%2+p(V-V')le-^«-of) 

+~~2
e\ f dvf **' EM)Ll3(v+V,-t)-^lemil+ri,)+ f dvf dv' £(*y)[£fo-0-!>*<<*' '> j , (45) 
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where 
EM) = exp [ - (l/4a2) W+r?'2)]. 

Ill 

We discuss now some interesting aspects of the 
correlation energy given by Eqs. (44) and (45). Per­
haps the most interesting aspect is its approach to 
a steady-state value8 after a transient period, which is 
determined by two time constants: the cavity relaxation 
time /3"1 and the inverse molecular frequency width fa. 
The steady-state value of X may be written, after 
some transformation, as 

4 f r" r00 

Xa t= 7rexp(2r0(l-erfr)2+ I dy \ dx 
828m

2{ Jo Jv 

Xexpl~-i(%2+y2)l(l+ry)e-rv , (46) 

where 

erfr=27r~* I exp(—x2)dxy 
^0 

and where, instead of using a and 0, we have introduced 
the molecular and cavity frequency widths 

$flsft Sm^2/a, (47) 
and their ratio 

r=8c/8m. 

We also define for convenience the molecular Q, 

Qm^W8m. (48) 

The expression for XBt may be evaluated explicitly in 
the limits of small and large r, respectively. It is shown 
in Appendix C that in the limit of small r 

Xat~>8w/828m\ (49) 
so that 

<#/[41>st~ (32T*/ho>)N*Q*QJyW(I) 
X[l+ / ( r )< />] , (50) 

and in the limit of large r 

X8t->8(27r)V5o3^, (51) 
so that 

(HfW >.t« [32 (2T5) i/ftwlN*Q0*Qmy W(I) 
X [ l + / ( r ) ( / ) ] . (52) 

We see that as the molecular frequency spread becomes 
infinitesimal, the steady-state correlation energy 
becomes infinite. This merely means that there is no 
steady state for the case in which all the molecules are 
in resonance with the cavity. In fact, an examination 
of the first curly bracket in Eq. (45) shows that the 
second integral (the same one which, in the steady state, 

8 It should be remembered, of course, that the time for which 
the present theory is valid is restricted by the use of perturbation 
theory; that is, it must be short compared to the time required for 
a substantial change of the state of the system. 

becomes infinite with r) gives rise to a term linear in 
/ when 8m=0 (or o:= oo). 

We can obtain an insight into the physical meaning 
of the correlation energy by considering at first, the 
factor 

^</>[l+</>] , (53) 

which is obtained from Eq. (44) by setting T=Q. It is 
shown in reference 4 that the spontaneous-emission 
energy due to a single molecule is proportional to 
[1+C0] and the induced-emission energy is propor­
tional to (/) times the energy of the driving field. If 
we consider therefore, the induced emission of one 
molecule produced by the spontaneous emission of all 
the other molecules, and multiply by the total number 
of molecules, we obtain just the factor (53), remembering, 
of course, that we are neglecting terms in N compared 
to terms in N2. We have, therefore, a tentative inter­
pretation of the origin of the correlation energy. 

It is interesting to carry this physical interpretation 
further and to make a calculation based on it. One may 
expect that this interpretation will have greater 
applicability during the steady-state condition than 
during the transient period. The results of reference 4 
for the steady-state condition may be summarized 
as follows: Labeling the expectation value of the 
(zero order) thermal energy in the field [which is 
Jto(eMkT—i)-1'2 by ET, and labeling the coherent 
driving field energy in the cavity by ED, we have the 
thermally-induced energy given by 

Ere(I)R, (54) 

the spontaneously-emitted energy of the molecules 
given by 

$*a>€(l+</»U, (55) 

and the induced energy due to the coherent driving 
field given by 

EDe(I), (56) 
where 

e=(16T?/1ia>)NQcQmu2y2, 
and 

i?- |exp(r2)( l-erff) . 

We note that when the driving field is coherent, one 
obtains the induced energy from the driving energy 
by multiplying by the factor e(I); and when the 
driving field is incoherent in the manner of the thermal 
field, we obtain the induced energy from the driving 
energy by multiplying by the factor e(I)R. The 
spontaneous-emission energy is similar in its coherence 
properties to the thermal energy. Therefore, one might 
expect, at first glance, that the factor e(I)R should be 
used in order to obtain the correlation energy from the 
spontaneous-emission energy. Further thought, how­
ever, leads to the realization that this reasoning amounts 
to the breaking up of a higher order process into a 
succession of independent lower order processes, which 
is, in general, incorrect. Thus, the probability of a 
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higher order transition is generally not equal to the 
product of the probabilities of the constituent lower-
order transitions, since correlation (commonly called 
coherence) effects are neglected. We try to incorporate 
these effects, in an intuitive manner, by using the 
factor which gives the induced emission for a coherent 
field. Furthermore, since the spontaneous-emission 
energy and thermally-induced energy have similar 
properties, we combine them and consider the effect 
of their sum,9 

B*«( l+<7»+£ r </>]cR=J«coCl+ / ( r )< /> ]cR , (57) 

in inducing emission. To derive our result, we merely 
multiply this energy by e(I), obtaining 

(m^/nc)N2Q2Qm
2y V < / ) [ 1 + (I)f(T)^R. (58) 

This expression must now be compared with Eqs. (44) 
and (46), which give the steady-state value of the 
correlation energy. Since we do not have an evaluation 
of the second integral in Eq. (46), we look at the 
limiting values of the correlation energy for r large and 
small, given by Eqs. (52) and (50), respectively. Using 
the asymptotic value of the error function found in 
Appendix C, we note that 

R-*%rhr*. (59) 

Substituting in Eq. (58) and comparing with Eq. (52), 
we see that for r large our intuitively derived expression 
is just V2 times the correct expression. As r becomes 
small, the error function approaches zero. Comparing Eq. 
(58) in the limit of small r with Eq. (50), we see that in 
this limit our intuitively derived expression is two times 
the correct expression. These results indicate that our 
intuitive interpretation of the correlation energy, as the 
induced-emission energy produced by the (lowest 
order) spontaneous and thermal-emission energy, is 
reasonable.10 

A quantity which is of interest in connection with 
the present discussion, particularly for large r (large 
correlation energy), is the ratio of steady-state correla-

9 From a physical, or intuitive, viewpoint, the thermally-induced 
energy is of a different type than the spontaneous emission energy. 
The latter may be regarded as being the square of a spontaneous-
emission field intensity, and is always positive; the former is the 
product of the zero-order thermal field intensity and the field 
intensity which it induces, and can therefore be either positive 
or negative. The formalism, however, treats these two energies in 
the same manner; we therefore combine them in order to obtain 
the complete result in the present argument. For purposes of 
intuitive clarity, the reader may bear in mind only the sponta­
neous-emission energy. 

10 The fact that the intuitive result|is"somewhat larger than the 
correct result indicates that the "coherence effects" contained in 
the higher order processes for the incoherent field are not as large 
as those contained in an independent succession of lower order 
processes for a coherent field. It should also be noted that in the 
limit of small r we could have obtained, in our intuitive argument, 
exactly the correct result by using the formula for induced emission 
due to an incoherent driving field, since in this limit, R—\. The 
above formula, however, is entirely inadequate for large rt since 
R —> 0 as r —» <*>. We see, therefore, that the above "coherence 
effects" vanish when the molecules become nonresonant, but 
are important for small molecular frequency spread. 

tion energy to (lowest order) steady-state spontaneous-
and thermal-emission energy. Comparing Eq. (52) 
with Eqs. (57) and (59), we see that this ratio is given, 
for large r, by 

lS(2^W^2NQc
2u2y2(I)r. (60) 

One might say, very loosely, that when the absolute 
value of this ratio is comparable to unity, the behavior 
of the molecules will become correlated. In that event, 
higher order interactions than fourth order may also 
become important. 

We consider now some special initial states of the 
molecules. I t is again easier to consider first the situation 
T = 0 . Then, the only factor in Eq. (44) that depends on 
the state of the molecules is 

< />( l+</» , (61) 

where, it is recalled, (I) is the average of (7m), with 

(Im)=\am2\2—\ami\2. (62) 

Considering the dependence of expression (61) on the 
initial state of the molecules, we see that this expression 
has a maximum value of 2 when the molecules are all 
in the upper state; goes down to zero when the molecules 
are, on the average, in an equal superposition of the 
upper and lower state; becomes negative as the average 
expectation value of the molecular energy drops 
further; but returns to zero when all the molecules are 
in the lowest energy state. Thus, if one considers the 
correlation energy as a function of the average energy 
expectation value, and lets the latter vary from E2 

(upper state) to E\ (lower state); the correlation energy 
starts at the maximum; drops to zero when the average 
expectation value is half-way down; then becomes 
negative, but returns to zero when the expectation value 
reaches bottom. 

We can understand this behavior, in terms of the 
picture we have given previously, as an induced effect 
produced by the lowest order spontaneous emission. 
When the correlation energy is positive, the induced 
emission is in phase with the spontaneous emission and 
reenforces it. When the correlation energy is negative, 
the induced emission is out of phase with the sponta­
neous emission, which means that there is reabsorption 
of the spontaneous emission, or radiation trapping, 
Going back to the picture of correlated states discussed 
at the beginning of the article, one can visualize the 
latter situation as arising from a (correlated) state in 
which the oscillations of some molecules are out of phase 
with those of the others. 

By setting T = 0 , we have isolated the correlation 
energy which is due to the spontaneous emission only. 
The correlation energy produced by thermal effects is 
the remainder of the correlation energy for TVO. We 
see from Eq. (44) that the factor in this thermal part 
of the correlation energy involving the initial state of 
the molecules is (J)2, so that the thermal correlation 
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energy is always positive. We can understand the origin 
of this energy in the following manner: The thermal 
field in the cavity induces oscillation in the molecules. 
This oscillation of the molecules produces a field the 
amplitude of which is proportional to the number of 
molecules, since the molecular oscillations are correlated, 
having been produced by the same thermal field. The 
energy, now, is given by the square of the sum of the 
two field strengths, the zero-order thermal field strength 
and the induced field strength. The total energy due to 
thermal effects, therefore contains a mixture term 
proportional to iV[this is the energy of Eq. (54)], 
which may be positive or negative, depending on the 
relative phase of the induced field strength9; and a 
square term, which is, of course, always positive and 
proportional to N2. 

IV 

We consider now the energy radiated by the mol­
ecules. Formally, this is given by— (^ m H m ) . Again, 
we look for terms which are proportional to N2 and 
which are diagonal in the energy representation of the 
free molecules. We use exactly the same procedure as 
we did in obtaining the correlation energy of the field, 
making use of Eqs. (14), (15), and (16). Since the 
methods of derivation have already been explained and 
illustrated, we will write down the result only. The 
correlation power 

-QlmHm
w)=-G[).+f(T)(mw, (63) 

where 
G= {^2/h)N2uzyAu2(I), 

and 

if r r v r rv 

/3Uo *̂ o ^o Jo 

We see that the correlation power radiated by the 
molecules approaches a steady-state value after a 
transient period similar to that of the field energy. We 
also notice, by comparing Eq. (63) with Eqs. (44) and 
(45), that 

/3<ff/W>.t=-(E«^«[41>.t, (64) 

a very reasonable result, which expresses the fact that in 
the steady state the correlation power radiated by the 
molecules is equal to the correlation power absorbed 
by the loss mechanism of the cavity. In fact, the 
complete expressions for the radiated power and for 
the field energy satisfy the relationship 

(Hf™)+0(Hfw)=-(j:jij*), (65) 

which states that the power radiated by the molecules 
is equal to the rate of change of field energy plus power 
absorbed by the walls. 

V 

We come now to the last topic under consideration 
in the present article. So far, we have considered a 
single cavity mode and a molecular frequency spread 
centered at the cavity frequency. All other cavity 
modes were assumed to have frequencies outside the 
range of the molecular frequency, and therefore do not 

-€T* f dvf dy' Efoy>*WV>. 
8 Jn Jt-r, 

couple to the molecules. One may ask, however, what 
the situation would be if there were more than one 
mode within the molecular frequency range. In order to 
be able to answer this question by utilizing the results 
already derived, we introduce simplifying assumptions, 
which may be somewhat too idealized for a practical sit­
uation, but nevertheless lead to a qualitative understand­
ing of the problem involved. We assume that the modes 
which couple to the molecules all have the same fre­
quency as the single mode previously considered, and 
that each molecule couples equally to all the modes. Let 
there be n modes, each labeled with the index v. Instead 
of Eq. (4) we have11 

with 

E=E*' E„, H=E>H,,, 
E„= -4flrcu,(r)P,(0, H= VXu„(r)(?,00, 

lQ>M=ih 

(66) 

The energy of the field in the cavity is now the sum of 
the energies of the individual modes: 

# / = ! ; , 12TC2PV
2+(C2/STC2)QV

2J (67) 

Our integral equations of motion, Eqs. (14), (15), and 
(16), become 

2irc rt 
Hm(t) = HmW+ E uvm j dh{[Hm{h), Tm(^i)], P(h)}, 

ih v Jo 

7m(0=7m[0](0+ E u,m I dh I dt2Um(t-h)[ym{h), [ym(h)> Hm(h)]P(h)~]U*-Kt-h), 
h2 v JQ J 0 

(68) 

(69) 

11 Although the assumption of equal molecular coupling to all the modes is utilized in the final calculations, it is illuminating to 
write the equations of motion more generally and label each coupling constant uvm with the mode index. 
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and 

where 

vFz 

1 Cl 

0>J 

P^PyF + Py 

Fv(h)e-^~^ sino)(t-h), 

(70) 

•* vy / '. tv\ vm I &h ym(h)e~W-^smu(t-h). 

The properties of Fv are the same as those given by 
Eqs. (8), (9), and (10) for each individual mode, and 
we add the condition 

(Fv(h)Fv>(h)) = 0 for v*&v'. (71) 

From Eq. (71) we obtain the relationship 

{{P,F(ti),PMh))) = 0 for v?*v'. (72) 

We can now proceed exactly as we did in the case of a 
single mode. In view of the simplifications adopted, we 
can see that our expressions for the field energy and 
power radiated by the molecules will be multiples of 
the corresponding quantities in the case of a single 
mode, the multiplying factor involving the number of 
modes. In order to obtain this factor we resort to our 
shorthand notations and now retain the summations 
over v. We consider a term in Hm

[4] that contributes 
toward the total expression for (J2mHm

[4]). From our 
equations of motion we have 

JJ [4] ___̂  ^ , , / / [3],y [0] O [0] J 

jj [3] ___> v / « / / H M'v M P MA- • 

P,[2]-+Sr ,Y >rUr ,U » >P - [ 0 ] 

(73) 

(74) 

(75) 

Substituting from Eqs. (75) and (74) into Eq. (73), 
we have 

XHmWymW*PWPv,M+ . • . . (76) 

The right side will lead to a nonvanishing expectation 
value only for vn—v. We are thus left with a double 
summation over v, which, in view of our assumption of 
equality of molecular coupling to the various modes, 
is replaced by n2. The same reasoning and result apply 
to the remaining terms in the power radiated by the 
molecules and to the energy of the field. We see, 
therefore, that the correlation effects we have been 
discussing are increased by a factor which is the square 
of the number of modes coupled to the molecules. 
I t is not difficult to justify this result intuitively. Each 
molecule is coupled to the others n times as strongly as 
in the case of a single mode, and also radiates into n 
modes instead of into one. 
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APPENDIX A 

We derive Eq. (34). From Eqs. (9) and (16) we have 

<{P,«,iMO»= (Al) 

For t'^t, 

•f(T) f dh f dt28(h-t2)e-^t-^ smuit-tOe-^1'-^ sina>(*'-/2). 

kufi rt ha) 
({PF{t), PF(0})= f(T) dh *-tt(H-«'-2«i> s in«( / - / i ) sin«(/'-*i)»-—f(T)e-*<''-<> cosco^'- /) , (A2) 

2<irc2 J-„ 4TTC2 

where we have dropped an oscillatory term in the integrand. For t> /', the integration over h must be carried out 
before the integration over t2, and the sign in the exponent of the result in Eq. (A2) is reversed. We have thus 
derived Eq. (34). 

APPENDIX B 
We consider the evaluation of 

where 

and 

dh I dh I dh I dh EJ, 
0 • ' O " 'O *M) 

E=exp{- (l/4a%(h~ hY+{tz- /4)2]}, 

/ = e x p [ - f / 3 ( 2 i ! - h+tt- h- k)J 

(A3) 



C O R R E L A T I O N I N I N I T I A L L Y U N C OR R E L A T E D S Y S T E M 181 

Since integration of a Gaussian function over a finite region cannot be carried out explicitly, we alter the variables 
of integration so that t\— h and t%— U are two variables of integration, respectively, and integrate over the other 
two variables. We therefore set 

g=h+th v'=h-h. (A4) 

Writing the integration symbols as operators, we have 

X ( / ) = - dV di\ dV' d?+ drj' I d?+ i H d? \EJ} (AS) 
4^0 J

n [Jo «V JUZ-v) J-q> J-t J-r,' J 

where E and / are considered functions of the new variables of integration. We carry out the £' integration first. 
Then we rearrange the order of the £ and rjf integration so that the £ integration may be carried out next. The 
result, after some simplification, is given by Eq. (45). 

APPENDIX C 

We evaluate the expression for X8t, in Eq. (46), in the limits of small r and large r, respectively. As its argument 
approaches zero, the error function vanishes; and as its argument becomes large, we may use the asymptotic 
formula12 

er f f« l - [exp(- f 2 ) /V7r] . (A6) 

Therefore, in the limit of small r, the first term in the curly bracket of Eq. (46) is equal to IT; in the limit of large 
r, it is equal to r~2. The second term becomes, in the limit of small r, 

I dy j dxexp[—%(%2+y2)l, 

which, by transforming to polar coordinates, may easily be seen to be equal to w. In the limit of large rr we have 

I dy I dxexp[-%(x2+y2)l(l+ry)e-rv~ I dy e~ry(l+ry) J dxexp(-~ix2) 

/•°° rx 2 r00 

= 1 <foexp(-fx2) I e-rv(l+ry)dy^-\ dx exp(--frO = 2(27r)V>. (A7) 
JQ J0 fj 

Combining the above results, we obtain Eqs. (49) and (51). 

12 H. B. Dwight, Tables of Integrals (The Macmillan Company, New York, 1934), Eq. (592). 


