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A general form is established for the energy momentum tensor for plane waves propagating in a homo-
geneous medium, the field equations of which are derivable from a quadratic Lagrangian function. Energy
density and momentum density are proportional to frequency and the wave vector, the coefficient of propor-
tionality being ‘““action density.” Energy flow and momentum flow are related to energy density and momen-
tum density by the group velocity. The relation between momentum density and the wave vector is valid
even in a nonlinear system. For a wave packet, one finds that the total energy is related to frequency and
the total momentum to the wave vector by the total action of the packet, in close analogy with corresponding

relations of quantum mechanics.

N a recent article in this journal, Post! has established
a simple formula [Eq. (1) of that article] for the
energy-momentum tensor of plane acoustic waves. This
formula is, as it stands, misleading: The Lagrangian
density, which appears in the formula, is nonzero only
if the field equations are nonlinear, whereas the assump-
tion of linearity is employed frequently in Post’s
derivation.

When corrected, the formula given by Post is valid
for any propagating medium of which the field equations
are derivable from a quadratic Lagrangian density, as
has already been noted and used elsewhere.? We shall
derive this formula and point out where the assumption
of linearity enters, showing that the momentum compo-
nents of the formula are valid even in a nonlinear
medium. It will be seen that introduction of the action
density enhances the beauty and significance of the
formula.

If we write (x#) or (x%x") for the coordinates of time
(x*=1) and space (x"=2x, 2%%%), ¢a(x) (@=1,2,---) for
the dynamical variables, and ¢, for d¢./dx*, the
action principle for a uniform stationary medium,

b [ S0, ®
leads to the following field equations,
w = (d/dx*) (9 L/ 0 a; ) = 0 L/ Oha. 2)
The canonical energy-momentum tensor
W =Tha; — £, (3)
satisfies the conservation equation
T b= 0. (4)

T®=energy density; T¢"=energy flux vector; 7,°=mo-
mentum density ; 7,*=momentum flux tensor.
We now consider a plane-wave solution of (2) for
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which all quantities are expressible as functions (in
general nonsinusoidal) of 4 of period 2w, where

0=k +k=wi-+ka™+x. (5

The phase parameter « enables us to ascribe an action

_density 27J° to the wave function, where

18

Jo= (1/27{')de T00¢ o/ = (m(dpo/ )}y, (6)

the angular brackets indicating an average taken over
space (or time). We see immediately from (3), (5), and
(6) that the average momentum density is given by
<Tr0>av= TO%,. (7)
The corresponding energy-frequency relation is less
simple. (3), (5), and (6) now give
To=Jou— g. (8)

We see from (2) that
6<£>3V= (d/dt)<7ra05¢a>av' (9)

d¢po comprises two parts: 84, a change of functional
form, and a part due to the dependence of w on ampli-
tude:

0= 07¢ o+ 0w 10¢pe/ Ok.

Since 8¢ and d¢./dk are still of frequency w, (9) and
(10) give

(10)

5<£>av:JO5w7 (11)
so that (8) gives
T ) ay=wdJ". (12)
Hence in nonlinear theory
JO
()= [ aGoix. (13)

0

In linear theory, w is independent of J° It then
follows from (11) that (£).,,=0 if {£),y=0 in the
unperturbed medium, and from (13) that

<T00>av: J%. (14}



ENERGY-MOMENTUM

In linear theory (assuming the system has not a
nondenumerably infinite number of degrees of freedom)
we may go further by setting up a wave packet? of the

form
Ga(a7 ) =D (k) A (x"—ut) exp(if)+c.c., (15)

where #"=—09w/dk, is the group velocity, and the
amplitude 4 (x) may be regarded as arbitrary provided
it varies sufficiently slowly. For such wave packets,
the “local” averages of quadratic functions of the field
variables are expressible in the following form:

(T (") )av=| 4 |2T00(kr)’ etc. (16)

We now obtain from (7) and (14) relations analogous
to familiar relations of quantum mechanics,

P,=Jk, E=Jo, 17

where P,, E, and J are integrals over the packet of
T.% T¢, and J°. We may also deduce from (4) and
(16) that

<T07>av= <T00>avu77 <T'rs>a.v= <Tro>av7'ts; (18)

thus demonstrating the equivalence of the group
velocity, “energy velocity,” and “momentum velocity.”
Hence, on compiling (7), (14), and (18), we obtain the
following formula for the energy-momentum tensor of
a plane wave in a linear system:

<T00>5V: ]Ow’ <T0T>av= Jowuc
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<Tr0>av= ]Okry <Trs>av= Tkt ( )
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Permissible transformations of the field variables are
conventionally restricted to the form*

®#v= uy+fuwi 13

where f,»7 is a function of the field variables anti-
symmetric in »,o; this term does not contribute to
{©,ay, so that the form (19) is preserved.

The equation of conservation of angular momentum,
applied to a classical (spinless) system, leads to the
requirement that the energy-momentum tensor be
symmetric,? but we see from (19) that in an anisotropic
medium the energy-momentum tensor of a linear
system is asymmetric. Of possible resolutions of this
paradox, the following should not be overlooked: If
the system is strictly nonlinear so that the Lagrangian
function is not purely quadratic and contains in
particular a cubic contribution, and if the unperturbed
state is not stress-free, one may find that the energy-
momentum tensor formed from the quadratic part of
the Lagrangian function is not identical with the
quadratic part of the energy-momentum tensor formed
from the exact Lagrangian function. Of these two
tensors, it is the former which is given by (19) but
the latter to which physical arguments concerning
symmetry apply. This explains, in particular, the
asymmetry of the energy-momentum tensor derived
elsewhere® for small-amplitude disturbances of an elec-
trodynamic system.
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