POSSIBLE EFFECT OF R-N REACTIONS ON K-N SCATTERING

be shown that with either choice of the K parity the
largest cos® terms arising in the Born approxima-
tion in the low-energy region are of the form do
=~ [kSkxF?G?/ (w*m*) ] cos®, where F represents either
the #NN, wAZ, or 722 (pseudoscalar) interaction con-
stant, while G represents either the KAN or KZN inter-
action constant. If the K interactions are scalar, G2 is
of the order of 0.4 rather than 4, so these Born terms
are small.® Since the crossing terms in the dispersion
relations for 74 ¥ production are nof expected to be
particularly large, it is hard to see how a #4Y pro-
duction amplitude that is small in tte Born approxima-
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tion can actually be large Thus, these large cos?d terms
are difficult to explain in the scalar theory.

It is concluded that the processes K+N — K+N
and K+N — 7+ may influence P-wave K—N scat-
tering appreciably through the crossing term in the
K— N dispersion relations. The experimental and theo-
retical understanding of these processes is insufficient
to determine the parity of the K. However, if the K is
pseudoscalar, and if the /=1, Py K— N amplitudes are
large, the existing K— N data are in general agreement
with the predictions of approximate P-wave dispersion
relations.
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The depolarization of negative u mesons is discussed in terms of the processes occurring in the formation of
u-mesonic atoms and the subsequent cascade to the ground state. The initial distribution of x mesons in
capturing states of carbon is deduced. The depolarization due to the capture process is derived in a fashion
free of essentially all approximations. The only assumption involved is that the scattering cross section is
such as to randomize the direction of motion prior to capture and this assumption is shown to be well
fulfilled. The effect of radiative transitions in producing depolarization is determined with all possible dipole
transitions taken into account. Only nuclei with zero spin are treated in detail. The Auger process is included
in a schematic fashion which is sufficient for the purpose in hand. It is shown that both radiative and Auger
transitions must be included in the discussion of the depolanza.tmn processes in the cascade. The theoretical
results are compared with experiment, and from the comparison it is concluded that the observed facts are

well accounted for.

I. INTRODUCTION

INCE the original experiments of Garwin, Lederman,
and Weinrich it has been known that the observed
asymmetry coefficients for the electron distribution in
muon decay are considerably smaller for the negative
p meson than for the positive u meson.! The current
formulation of weak interaction theory predicts that the
positive and negative u mesons are created with com-
plete and opposite polarization.? Further, the asym-
metry coefficient is proportional to the magnitude of the
polarization of the u mesons when they decay, as was
originally shown by Lee and Yang.? Consequently, the
observed asymmetry coefficients are presumably to be
interpreted in terms of a preferential depolarization of
the negative p mesons. Several authors have recognized
* Based, in part, on a dissertation submitted by R. A. Mann in
partial fulfillment of the requirements for the degree of Doctor of
Philosophy at the University of Alabama.
T Present address: Department of Physics, University of Ala-
bama, University, Alabama.

1 R. L. Garwin, L. M. Lederman, and M. Weinrich, Phys. Rev.
105, 1415 (1957).
1A current review of weak-interaction theory is given by E. J.
Konopinski, Annual Review of Nuclear Sczence (Annual Reviews,
Inc., Palo Alto, California, 1959), Vol. 9, p
sT. D. Lee and C. N. Yang, Phys Rev 105 1671 (1957).

that a mechanism for depolarization is provided by the
ability of negative u mesons to become captured into
bound states and thus form u-mesonic atoms.*® Al-
though the papers cited treat certain aspects of the
depolarization associated with the formation of u-
mesonic atoms, there has been no comprehensive treat-
ment of the problem, particularly as regards the depolar-
ization occurring in the capturing event resulting in the
formation of the u-mesonic atom. In the followlng we
present a quantitative account of the observed depolar-
ization of the negative u mesons. Since we attribute this
depolarization, in part, to the processes involved in the
formation of p-mesonic atoms we present first a dis-
cussion of the events occurring before the u-mesonic
atoms are formed.

For the purpose of discussion we schematically di-
vided the history of the u mesons into four stages and
consider qualitatively the depolarizing processes that
may occur at each stage. Stage one begins when the u
mesons are created in 7 decay. Thus, depending on the

4 M. E. Rose, Bull. Am. Phys. Soc. 4, 80 (1959). This work was
intended as a crude preliminary estimate of the part of the
depolarization arising from the cascade process; see below.

5 1. M. Schmuskevitch, Nuclear Phys. 11, 419 (1959).
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kinetic energy of the = meson, the u mesons initially
have energies of the order of several Mev to 100 Mev.
Further they may be created within the region of an
accelerator fringing field. The depolarization of Dirac
particles by a magnetic field has been treated by Case.?
We take the depolarizing effect of the fringing field to be
negligible in accordance with his result; since, there are
excellent reasons to believe that the u mesons are normal
Dirac particles.” The effect of the kinetic energy of the
« meson on the u polarization has been treated by Jensen
and Qverds.8 The effect is dependent on the geometry of
each experiment and should normally be small; it does
not distinguish between positive and negative u mesons.
Thus, at the end of stage one the u mesons are removed
from the accelerator region and the two species have
equal and opposite polarizations.

Stage two consists of the slowing-down process. This
1s essentially ionization by which the u mesons lose most
of their kinetic energy and small-angle elastic scattering
which also contributes to energy loss in the laboratory
frame. The end of stage two occurs when the p mesons
have energies of the order of a few kev. The difference in
the scattering of positive and negative y mesons in the
energy range of stage two is negligible. The depolariza-
tion of Dirac particles due to such small angle scattering
and the cumulative effects of multiple scattering have
been discussed in the literature and found to be quite
small.®1® Thus at the end of stage two the u mesons have
energies of order 10 kev and the magnitudes of the
polarization of the two charge species are equal. The
time taken for the muons to reach the end of stage two
is of the order of 10~ sec, and the additional time for the
negative muons to reach the ground state of a u-mesonic
atom is much less.! Thus, essentially none of the muons
will have decayed till the end of stage four.

Stage three begins with the u mesons having energies
of several kev so that ionization losses are negligible but
elastic scattering is still an important process. At such
low energies the scattering is spin independent and so
neither species is depolarized by this mechanism. Never-
theless, as we show in Sec. 3 below, this scattering is im-
portant in determining the final polarization of the
negative u mesons. Stage three ends with the negative u
mesons being captured to form p-mesonic atoms and
with the positive u mesons either forming muonium or
undergoing some other reaction of a chemical nature.?
Thus at the end of stage three the negative u mesons

6 K. M. Case, Phys. Rev. 106, 173 (1957). Aside from the evi-
dence for spin %, there is the measurement of the magnetic
moment.

7R. L. Garwin, D. P. Hutchinson, S. Penman, and G. Shapiro,
Phys. Rev. 118, 271 (1960). The value of the meson magnetic
moment is relevant to the Dirac nature of the muon. See also their
remarks concerning the asymmetry coefficient for positive muons.

8S. H. P. Jensen and H. Qverds, Kgl. Norske Videnskab.
Selskabs, Forh. 31, 34 (1958).

9 L. Wolfenstein, Phys. Rev. 75, 1664 (1949).

10 B, Miihlschlegel and H. Koppe, Z. Physik 150, 496 (1958).

11K, Fermi and E. Teller, Phys. Rev. 72, 399 (1947).

12V, W. Hughes, D. W. McColm, K. Ziock, and R. Prepost,
Phys. Rev. Letters 5, 63 (1960).
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have been captured into excited bound states and there-
fore may be preferentially depolarized.

Stage four is not defined for the positive u mesons; for
the negative u mesons stage four consists of the various
transitions that occur in the cascade from the highly
excited capturing state to the ground state of the
wu-mesonic atom. Additional depolarization occurs in this
cascade. The end of stage four occurs when the y-meson
decays. We have no reason to consider the competition
of nuclear capture.

When the u mesons, either positive or negative, decay,
and if the entire electron spectrum is observed, the
angular distribution of the decay electrons is given by

I1(8)=1+a cosf, (1)
where the asymmetry coefficient, @, is

and @ is the angle between the electron direction and the
original meson beam direction, which we shall take to be
the axis of quantization. |P] is the magnitude of the
w-meson polarization just before decay and is the
quantity that we determine., Garwin, Lederman, and
Weinrich report that the magnitude of the asymmetry
coefficient observed for positive p mesons stopping in
carbon is 0.3324-0.03, and for negative u mesons stopping
in carbon they find |e|~0.05. We mention other ex-
perimental data in connection with our final results; the
point here is that the positive u mesons retain essentially
complete polarization when stopped in carbon. We are
not concerned with the fact that the low-energy inter-
actions of positive u mesons cause considerable depolar-
ization in some materials.®* Such interactions would
occur at meson energies lower than those of interest in
the formation of u-mesonic atoms and as we have
pointed out above there is no preferential depolarization
of either species of meson before the mesonic atoms are
formed. Thus, we take the negative u mesons to have
complete polarization until they undergo the capture
process. The first step in determining the depolarization
due to the formation of u-mesonic atoms is to deduce the
initial distribution of the u mesons among the bound
states of the capturing atom. ,

II. INITIAL DISTRIBUTION OF u MESONS
IN BOUND STATES

The negative p mesons are captured by the process of
Auger capture. This means that a y-meson incident on
an atom ejects an atomic electron and becomes bound.
One may show that the alternate possibility of radiative
capture has a cross section too small to be competitive
with Auger capture. Our procedure is to determine first
the partial cross sections for Auger capture into the
u-mesonic states z, , 7; where » is the principle quantum
number, / the orbital angular momentum, and j the
total angular momentum. Since we find these partial

18D, H. Wilkinson, Nuovo cimento 6, 516 (1957).
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cross sections to be quite large and to fluctuate rapidly
with the incident meson energy, the cross sections alone
are not sufficient to determine the distribution in initial
states. To determine the distribution we must introduce
a mechanism for slowing down the x mesons and con-
sider the capture rate as a function of the incident meson
energy. This is discussed in detail below.

To determine the partial cross sections we proceed as
follows. We take the incident u meson and the ejected
electron to be plane waves; the initial electron wave
function is that appropriate for the K shell of a hydro-
gen-like atom ; the final meson wave function is that of a
w meson in the bound hydrogen-like state #, I, j. We
define

¢=¢(8) free¢(ﬂ)bound, (3&)
1//=1//(I-'v) freelp(e)bound- (3b)

Dropping the designations “free” and “bound” which
will be self-evident, we have

¢>(e) =47 Z 1:121/12m2*(i€2) YZ;)mg(fz)].lg(kQTz)X-}”, (43.)
la,mg

¢ (u)= ZC(lz] Mm—7, 7)Y i,mr (P)Rn,1(r)X;7,  (4h)
VW) =L [r QLADTiVno(P) julbrXy,  (5a)
¥ (e) . R(r2) (5b)

= XyTe,

‘ (4m)} o
Then the cross section is

2
i ) [ ] o (—= ¢] aodt),  (©
27l'ae Y12

where v, is the ejected electron velocity, »; is the incident
meson velocity, and @, is the electron Bohr radius. The
occurrence of Z/r, arises from the fact that the zero-
order wave functions are eigenfunctions of different
Hamiltonians. In Eq. (6) there is an implicit sum over
all unobserved quantities and the factor two has been
inserted to account for the two K-shell electrons. The
notation and conventions used for the spherical har-
monics and the Clebsch-Gordan coefficients are those of
Rose.”* We define

by=nkia,/Z, (7a)
bo=koa./Z, (7b)
bo=mna,/2a., (7c)
x=2Zr/na,, (7d)
y=27ry/a., (7e)

where @, is the meson Bohr radius with »2,=207m, and
a. is the electron Bohr radius.

% M. E. Rose, Elementary Theory of Angular Momentum (John
Wiley & Sons, New York, 1957).
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The partial cross section is then evaluated as
o 3 (2L+1)(25+1)
7ra£ 2b1 ) (207) (214-1)(21:4-1)
X[C(ilad; 00) P[I—ZFb10 2.

The quantities F and [ are radial integrals and are

(n—l—1)(n+D)lr} 1 (bl)l( 1 )l+2
" } 1452\ 2/ \peti

©)

=1
1 n§—1< 4 (21+k+2)
Xr(z+%) i (n—l—1—k) k!

—BhiI+E; —4b), (%)

X( ) oF1(—3k—13,
bitd

- " (b)Y LK)+ Kale) Y, (9b)

where K; and K, are defined below. The quantities
occurring in (9b) are

(n—1—1)!
LRGN

where L, 2"(x) is the associated Laguerre polynomial,
and

3
X(x)=——2{ } iwiLo, PH(),  (10a)

bozx
K, (x) =a—l2hy— a1 f yirtevji(byy)dy, (10b)
0

0

Kg(x)=x2+l2bo’2f yl2e=Y f15(bay)dy. (10c)
box
Energy conservation requires
b= (4m, b2/ men2)+ (m,/men?)—1. (11)
2x100 ‘ ’ |
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F16. 1. Some partial cross sections for Auger capture
of u mesons by carbon.
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The integrals in (9b) may be done analytically; how-
ever, the results involve multiple sums and for computa-
tional purposes it was found desirable to do the inte-
grations numerically. It was found that the term ZF in
(8) is predominant for Z>2 and that the significant
contributions to the capture cross section occur for
s-wave electron emission (/,=0); we use these facts in
all that follows. Representative partial cross sections are
shown in Fig. 1.

It should be emphasized at this point that the evalua-
tion of the cross sections need not be made with great
accuracy. The numerical results, it will be seen, serve
two purposes. First, they are used to show that the
scattering is so large by the time capture occurs that the
directions of motion are almost completely randomized
before capture. Second, the cross sections are used, as
will be explained in the following paragraph, to deter-
mine the relative populations of initial states from which
the subsequent cascade begins.

To obtain the relative populations of states into which
capture occurs we must consider the competition be-
tween slowing down and Auger capture. Each state nlj
is characterized by a capture cross section and the
efficacy of this partial capture process is determined by
the number of mesons surviving in the unbound state
at each energy. For slowing down we consider the elastic
scattering, as previously mentioned. Then we must
consider a problem somewhat like resonance escape in
that we have a number of resonance-like cross section
peaks for capture and the question to be answered is:
After all mesons are captured, how many will disappear
from the initial state into each #lj state?

We therefore consider the capture rate as a function
of the meson energy. If N(E) is the number of free u
mesons at energy, E, then removal of mesons from
energy E occurs by the energy loss process.

dN(E) dN(E) d

dE  dx dE

(12)

where dx is the path increment. Here fluctuations in
energy loss are neglected. Of course, the stopping power
is

dE/dx= —{(AEmsor(E), (13)

where #, is the number of scattering centers per unit
volume, (AE) is the average energy loss in a collision
between a u meson and scattering atom (mass M) at
energy E and or(E) is the total cross section for the
scattering event. The energy loss at scattering angle 6 is

AE=kE(1—cosf), (14a)
where

k=2m, M) (M +m,) (14b)

and we find (AE) as the average of (14a) over the
scattering angles. Thus,

(AE)=«Eot:(E)/or(E), (15)
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where o1.(E) is the transport cross section. Further we

have that
dN/dx=—n,N(E)oa(E), (16)

where o4 (E) is the cross section for Auger capture at
energy E summed over all %, /, j. We now have

dN(E) 3 N(E)oa(E)

(7
dE  kEor(E)’
which is integrated as
1 pfoga(E) dE
N(E)=N(Eo) eXp[—— f —]; E>E. (18)
KYEp UTI-(E) E

At this point it is necessary to consider specific
capturing atoms as the integration of (18) must be done
numerically. Carbon was selected as the capturing
element since there is more experimental data available
for carbon and also because there is no complication due
to a hyperfine interaction. The transport cross section
for u mesons incident on carbon atoms was calculated
using hydrogen-like wave functions to obtain the elec-
tron form factor. Contributions of all six electrons in C
were taken into account.

The integration of (18) was done using an electronic
computer. A suitable upper limit, Eo, was determined by
trial such that very few u mesons were captured above
this energy. After the number of x mesons captured in
cach energy interval was found the relative number
going into each state #, ] was determined by finding the
quantities

z dEl Unz(El)
No(E)=n, f o
Ey dE’/dx
Bo JE! o’A(E") ‘
Xexp[—-nsf -————] (19)
» dE"/dx

To obtain the initial distribution, this quantity is then
evaluated at the final energy where N(E)<1. The
initial distribution of u mesons captured into states #, /
of carbon atoms is given in Table I. The two states j
belonging to a state / are populated according to their
statistical weights. It was found unnecessary to consider
states for which %> 16. The u mesons are captured when
their kinetic energy is around 8 kev, very few are
captured when this energy is above 12 kev and essen-
tially none remain free after their energy is reduced to
2.5 kev.

From Fig. 2, one notes that the states =7 capture
the most mesons. This is in strong contrast to the
conjecture that n~14 is the state into which most
capture occurs.!%*¢ There is a preference for the circular

15 G, R, Burbidge and A, H. de Borde, Phys. Rev. 87, 189
E19g3g ; see also A. H. de Borde, Proc. Phys. Soc. (London) A67, 57
1954).

16 M. Demuer, Nuclear Phys. 1, 516 (1956).
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TasLE I. Initial distribution of x mesons among the states of u-mesonic carbon. The table lists the number of mesons,
in 10 000, captured into the atomic state #, } in carbon.

Circular
n—l 1 2 3 4 5 6 7 8 9 10 1 12 13 14 15 16
n
1 1
2 35 13
3 232 38 21
4 499 54 101 12
5 525 256 82 87 15
6 338 449 134 102 64 16
7 151 401 302 98 93 48 15
8 50 227 346 204 82 77 38 13
9 13 91 236 273 145 70 62 31 11
10 3 27 110 215 212 108 59 49 26 9
11 6 37 113 186 165 84 50 40 21 7
12 1 10 42 107 157 130 67 41 32 17 6
13 2 12 44 97 132 104 54 35 27 14 5
14 oo 3 13 42 87 110 85 44 29 22 12 4
15 cee 1 3 14 40 77 93 69 37 25 19 10 3
16 oo 1 4 14 37 67 79 58 31 21 16 9 3
Total 1847 1563 1381 1152 965 798 661 538 417 289 175 98 57 30 12 3

Total number shown: 9986

orbits as may be seen from the bottom line of Table 1.
This result has also been conjectured in the literature
but the reason for the preference for maximum / is not
as simple as the statement that these states have largest
statistical weight would imply.

III. THE DEPOLARIZATION DUE TO CAPTURE

We now determine the depolarization of the u mesons
which occurs in the Auger capture. The solution of this
problem depends on the physical situation that prevails
at the instant that the p meson is captured; specifically,
the depolarization on capture depends on the amount of
scattering the mesons have suffered before capture. The
procedure is as follows.

Since the p mesons have low energy when they are
captured, we can represent the polarization P vector by

P=(y,00)/ W ¥). (20)

As we have indicated previously the u mesons can be
taken to be completely polarized along the initial beam
direction which we take to be the axis of quantization.
Thus the quantity we determine is the expectation value
of o, after capture. Since we finally determine the
polarization in the 1s state and since

{ooy={j=/J, Jj=1l+4, (21a)
o)==/ (G+1), j=I-1%, (21b)

we choose to calculate in terms of (4,)/4. Then
(Ja)/ 3= 22m m pop(m)/ 2 m pop(m), (22)

where the (unnormalized) population of the states,
pop(m) is taken as

pop(m) = f |H 2, (23)

where d© is the angle element for the ejected electron.
If the previous formulation is used; then Hy; is the
matrix element in Eq. (6) and 7, takes the single value,
2,1n Eq. (5a). Then if one considers only the ejection of

s wave electrons,
(Ga/i=1/2]

in the initial capturing state. This represents a case
where the u mesons are captured from a beam. Presently;
we show that this is not the proper description of the
mesons when they are captured.’”

We now show, that if the u mesons have random
directions when they are captured then one may obtain
a description of the depolarization due to capture inde-
pendent of the physical model. Retaining the definitions
(3), we use

Iﬁ(p,) =4gXym Z il eXp(iﬁh) Yll,ml*(iel)

l1,my

(24)

X Yiy,mi(?1) fu(kyry), (25a)
Y(e)=2 C(ls3js; ms—s, 73)
X Yl3,m3—13(7:2)X§73R3(72), (25b)

¢ (6) = 477')(%"2 Z il €Xp (i&lz’)flz (kzrz)
l2,ma
X le,m2*(k2) le,mz(fg), (ZSC)
o) =2 CUzj; m—71, 1)V imr(P1)Ru(ri)Xy", (25d)

where all of the radial wave functions may be defined to
be the correct radial functions; for example, one might

17 Incidently, the value 1/2j is easily understood from con-
servation of the 2 component of angular momentum for the total
u—esystem and the fact that the electron, and therefore the muon,
does not change its z projection of angular momentum in a process
where the interaction is spin-independent.
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approximate the f; by Coulomb wave functions with
appropriate phase factors. The interaction will be

1Y)\,M)\*(TA2) Y)\,M)\(fl)F)\(fl,rg), (26)

where the Fy are determined by the decomposition of
the total Hamiltonian to extract the perturbation. One
notes that in (25a) the incident meson has direction £;;
when we deal with mesons having random direction
with respect to the axis of quantization then %; is to be
averaged over after the squares of the matrix elements
have been formed. Thus we define

Q=X (¢,Viutd) |2dQ(k)dQ(ky) (1/47),  (27)

with the stipulation that the sum is over all unobserved
quantities. Thus, there is no sum over m. Then Q is
found to be

Q=[@m)* X [CUaj; m—r, 7)C(Us5 fs; ma—1s5, )
XC (LN ; 00)C (IN'T; 00)C (LN ; m, m— 7—my)
XCUNT;m, m—1—my)CUNo ; ma— 3, my—mg+13)
XC(IsNly; ms— 13, ma—ms~+73)C (IsNl2; 00)
(25+1) (2ll+1)l*,
(24+1) (2i4+1)

where the sum is over Iy, I, \, N, m1, ma, w3, and 75, and
where

XC(lg)\’lz ) 00) I, (28)

0.125
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./ 1
/ \
g \
0.075% // \
3 / ]
e [ ]
/
0.050 . /
J \
7 \
0.025 .\\
\...__ §
\.
o _
16 12 8 4 (o]

I'16. 2. Distribution in states, #, of x mesons captured
by carbon atoms.
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[-‘—‘f f 7’127’22dfld1’2F)\ (1’1,1’2)R,‘ (7’1)
0 0
X Ro(r) fro* (kors) fr1(kury),

and the prime on J* means that \ is replaced by \ in the
definition of 7. The standard techniques of Racah
algebra may be used to perform the sums over the
magnetic quantum numbers.” This leads to A=\’ and

O (o) Ll 5. PFDCIED
= (4r 37y m—7, 1) _
7 i (241) (2 1)

XLC N ; 00)C (12, 00) | 7.

(29)

(30)
Thus pop(m) «Q, and when we form (j3)/j we obtain
() Twm[Cjim—r, )]
i TalCWBjim—r,nF

and all other quantities have cancelled. Performing the
sums in (31) yields

(1)

Gy o
—(=—1i(G+D)+i-10+1)] (32)
J o3
We take 7= 43 and obtain the results's
G/ 7=3(1+1/75); j=1+3, (33a)
(Ja/7=—%; Jj=I—3. (33b)

Thus, if the u mesons have random direction, the
polarization after capture is determined by (33). We
explicitly point out that the results, (33), are inde-
pendent of any assumptions concerning radial wave
functions, that they apply to the ejection of an electron
from any initial state and that they apply to the capture
of the meson in any state .. We must now justify the
assumption of random direction for the mesons.

The quantity of interest is the average value of the
projection of the mesons momentum direction after
some scattering from its original direction. Thus we
determine (kz-kmo), where kg, is the unit propagation
vector in the original beam direction and kg is the
corresponding vector for the direction of the meson
when it has energy E. We define

k.(E')
s=cosf=- , (34a)
k. (E)
b (E'—AE)
s'=cosf/ =———, (34b)
k. (E)

where AE is the energy loss suffered in the collision
occurring at energy £’ and k.(E) is the z component of
kr. Now As is

As=s"—s=cos® cosf+sin® sinf cosgp—cosh, (35)

18 Of course, these results can be obtained by simple considera-
tions of vector coupling and the three-dimensionality of space.
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where O is the scattering angle for the collision E' — E’
—AE. We average over scattering events to obtain

é@w, f o (6) Asdg,

Ax

(36)

where 7, is the number of scattering centers per unit
volume, ¢(6) is the differential scattering cross section,
and dQ is again the angle element. Substituting (35) in
(36) and noticing that there is no contribution from the
second term on the right of (35) yields

d(s)/dx= —nys)oTy, (37)

where ot s again the transport cross section. Integra-
tion of (37) yields

(s)=exp( — 10, f | tmdx), (38)
0
and we now use Eqs. (13) and (14) to find
1 pBodE
el [ )
which integrates immediately to give
(ks kmoy= (E/Eo)~. (40)

In (40), Eq is taken to be the same as E, in (18) for the
purpose of comparing the rate at which the muons lose
their “memory” of their initial direction with the
capture rate. The comparison is shown in Fig. 3. From
this data we conclude that the u mesons have very
nearly random direction when they are captured. Thus
the depolarization on capture is obtained by using the
simple results of Eq. (33). We now see that the cross
sections play a subordinate role in the calculation in
that they serve only to determine the initial distribution
of bound states but not the polarization in these states.
The final results are relatively insensitive to the initial
distribution as will be readily understood from the
following.

IV. DEPOLARIZATION IN THE CASCADE

We have determined the distribution of the u mesons
among the capturing states and the depolarization due
to capture. We now discuss the depolarization that
occurs in the cascade of transitions by which the u
mesons reach the ground state of the u-mesonic atom.
The first step in such a discussion is the determination
of the depolarization in a specific transition. This is done
as follows.

We consider a radiative transition from an initial
state n’, I/, j’ to a final state », I, 7 and define p.,, as the
meson population of a state m belonging to j and
pm as the population of a state #’ belonging to j/. The
transition probability from state m’ to m is

Nwm=2_p| .0 V-Aranio ™) %0(E),  (41)
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where V is the current operator and Ay is the vector
potential for the radiation field,"

Any=02m)r X iLQ2L+1)Dyp"(0,60,0)
LM
X[Ary(mag)+iPAry(el)],

where DrpZ(¢,0,0) is a rotation matrix element. For our
purpose we consider only electric multipole radiation
(eventually L=1 only) and we need only retain the
factors in (41) that depend on the magnetic quantum
numbers. Using the properties of the rotation matrices,
the Wigner-Eckart theorem, and integrating over the
final photon direction, we find

(42)

Awm s [C(§'Lj; m', m—m') . (43)
Now the population of state m is given by
Pu=2_m PmNw'm, (44a)
and p, may be expanded as
pw =220 a.C(j'nj’; m0), (44b)

with the restriction that #<2jmin’<1.
The ratio of the meson polarizations in the transition
j'— 7 is given by

P Tnnmpn/jTntn
P Y m’j’m’/jl P 2% o

and by use of (44) and the Racah algebra, this may be
evaluated as

PN +i(+) - LEAD
2j(7/+1) '

(45)

(46)

I
Since we are concerned with electric dipole transitions,
L=1, and we have for the three possible transitions,
Aj=0, +1,

P/P'=1; Aj=—1, (47a)
P/P'=1-1/(j(j+1)); Aj=0, (47b)
P/P'=1—1/7; Aj=+1. (470
1.00 = T T |
ﬁ 1 { D
RELATIVE NUMBER OF FREE MESONS
\ AT ENERGY £
0.75 i
\\ l
0.50 —
S \\ |
025 \Y&-/&,‘SERGY £
\I\
O‘I.O 0.98 0.96 0.94 0.92 0.90 0.88
E/E,

I'16. 3. Comparison of capture rate and memory of initial direction
for x mesons in carbon.
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Further, if we take L=0, Aj=0, (46) yields
P/P'=1. (48)

This will be relevant for the ordinary Auger processes.

At this point we discuss the cascade under the as-
sumption that only radiative transitions occur (except
for the 2s — 1s transition). The purpose in making this
restriction is to emphasize the need for considering the
ordinary p Auger transitions and this is done in subse-
quent paragraphs. It will be noted that in reference 4
only radiative transitions were taken into account. We
use the distribution given in Table I and the initial
polarization in these states as determined by Eqgs. (33)
together with Egs. (47) and the known theory of
radiative transitions.” The relative number of 4 mesons
making each possible transition was determined (with
the cascade originating in each possible initial state) and
the final polarizations in the 2s and 1s states were de-
termined. The treatment of the mesons which go to 2s
states is deferred for later discussion. We emphasize
that the appropriate values of all the radial integrals in
the radiative transitions as well as all the Al==+1
transitions and all possibilities for Az were included. In
obtaining the final polarizations each possible cascade
was given a weight appropriate to its over-all branching
ratio and an average over the entire ensemble of starting
points of the cascade was taken using the populations
calculated previously as weight factors. The computa-
tion was done with an electronic computer. Some
typical transitions are shown in Fig. 4. A study of this
figure is quite informative since one may show that
when the states are arranged in this fashion the only
possible transitions are those straight down or to the
left.

1 For computing the branching ratios in the radiative cascade
we use the formulation for the radiative lifetime as given by M. E.
Rose, Multipole Fields (John Wiley & Sons, New York, 1955),
Chap. 6. The expression, given by H. A. Bethe and E. E. Salpeter,
Quantum Mechanics of One- and Two-Electron Atoms (Academic
Press, New York, 1957), p. 262, is used to evaluate the radial
integrals. The details of this and all the other calculations men-
tioned in this paper are given by R. A. Mann, Oak Ridge National
Laboratory Report ORNL-2990 (unpublished).

R. A. MANN AND M. E.

F1c. 4. Some states
involved in the cascade,
showing typical branch-
ing.

We note that the Eq. (46) is not restricted to radiative
transitions since (46) is determined by (42) which is a
consequence of the Wigner-Eckart theorem. If we as-
sume that the 2s — 1s transition proceeds through an
ordinary Auger process we see by Eq. (48), that this
last step of the cascade does not cause further depolar-
ization.”® Then the final polarization in the 1s state of
p-mesonic carbon is P=0.24 and therefore the asym-
metry coefficient would be |e|=0.08, if only radiative
transitions occur. However, it is known that Auger
transitions compete with the radiative transitions and
dominate the cascade in its initial stages. We include
these as follows.

It has been shown by Burbidge and de Borde that the
Auger transitions obey dipole selection rules to a good
approximation and that they favor An= —1.15 This is
to be contrasted with the radiative transitions where
|Az|=maximum is preferred. Further, Demuer has
shown that the branching ratios for the dipole Auger
transitions with An= —1 are the same as those for the
equivalent radiative transitions.'® We use the results of
Burbidge and de Borde for the Auger to radiative
branching as given by Rainwater.? From this one may
determine at what state # the Auger transitions cease to
be predominant. This branching ratio varies extremely
rapidly with the principal quantum number so that it is
a fairly good approximation to assume that only Auger
transitions occur when # is larger than some critical
value and only radiative transitions occur thereafter.
Thus, for carbon the final Auger transition is taken as
the transition starting from the state with =4 into the
state #=3. Thus, the Auger transitions are taken into

% We could treat the 2s — 1s transitions in the manner described
by M. A. Ruderman, Phys. Rev. 118, 1632 (1960). This would
introduce unnecessary complications since we find that only 1.6%,
of the u mesons enter the 2s state when we consider pure radiative
transitions. When we also include the Auger transition, as will be
explained in the text, then for the case of carbon only 5.49%, of the
w mesons enter the 2s state. In this connection we point out that
since we have treated the Auger transitions in a schematic fashion,
our results should be very insensitive to any new features brought
to light by resolution of the questions raised by the data of M. B.
Stearns and M. Stearns, Phys. Rev. 105, 1573 (1957).

2 J. Rainwater, Annual Review of Nuclear Science (Annual
Reviews, Inc., Palo Alto, California, 1957), Vol. 7, p. 1.
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account by instructing the computer program for
radiative transitions to allow only An= —1 for # greater
than some integer (3 in the case of carbon). This will
result in a greater depolarization than was found in the
purely radiative cascade because fewer states are by-
passed.

By use of the procedure just outlined we find that the
final polarization of the u mesons in the 1s state of
u-mesonic carbon is

P=0.133. (49)

V. DISCUSSION OF THE RESULTS

From the results of the last section we obtain a
computed asymmetry coefficient for the decay of nega-
tive u mesons in carbon:

| P|/3=|a|=0.044. (50)

Two experimental values have been reported in the
literature; these are |a|=0.054=£0.006 and |¢|=0.04
+0.005.2-2* Tt is clear that our calculated value is in
good agreement with the measured results. There is, of
course, some uncertainty connected with the schematic
treatment of the Auger-radiative branching ratio. For
example, if we had taken the final # to be 4 instead of 3,
- we would have obtained P=0.153 corresponding to
|a] =0.051 which is also consistent with the observa-
“tions. A rough estimate of the uncertainty in the
theoretical result is that the spread in the calculated
values corresponds almost precisely to the spread in
measured values. It is, of course, possible to make the
calculations more accurately but it appears pointless to
do so until better experimental results are available. All
the machinery for improving the theoretical results is
available and this can be done quite straightforwardly.
Our primary purpose in this paper has been to obtain an
understanding of the depolarization mechanisms with

2 R. Prepost, V. W. Hughes, S. Penman, D. McColm, and K.
Ziock, Bull. Am. Phys. Soc. 5, 75 (1960).

% A. E. Ignatenko, L. B. Egorov, B. Khalupa, and D. Chultem,
J. Exptl. Theoret. Phys. U.S.S.R. 35, 1131 (1959) [translation:
Soviet Phys.-JETP 35(8), 792 (1959)].

% A third value, |a¢|=0.045 was communicated from the floor
at the 1960 Washington meeting of the American Physical Society.
We have been unable to ascertain any further information re-
garding this matter.
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spin-zero nuclei in the capturing atoms, and from the
comparison given above it is fair to say that this has
been achieved.

If we turn our attention to other atoms, we must first
recognize that when the nucleus has a spin the depolar-
ization will be much more severe. First, the random
magnetic field associated with the hyperfine coupling
will produce a “loss of memory” so far as the direction
of the u-meson spin is concerned and some depolar-
ization will occur in every intermediate state in the
cascade. The lifetime in these intermediate states is,
moreover, usually large compared with the period of the
hyperfine precession. Second, the hyperfine coupling
will produce a small splitting of the ground state and in
some of the substates of the hyperfine multiplet a strong
depolarization of the p meson will occur. For instance,
when the nuclear spin is 7 the states in which , the 2
component of the total angular momentum, F, is zero
will be characterized by vanishing u-meson polarization.
Consequently, the final asymmetry factor is expected to
be much smaller in these cases than one would deduce
from a consideration of the mechanisms discussed above.
Excluding the effect of collisions which could induce
transitions between states in the hyperfine multiplet, it
is estimated that the polarization for nuclear spin % is
reduced by a factor 3 because of these hyperfine effects.*
If we adopt this factor 3 for the odd-mass isotopes of
Cd, for example, and assume the same distribution over
the initial states of the cascade as was found for C, we
can obtain an estimate for the expected asymmetry
coefficient for that element. Since the Auger transitions
should play a negligible role for Z=48, we use our result
P=0.24 for the purely radiative cascade. This has to be
multiplied by 0.75 to take into account the odd-mass
isotopes with a total abundance of about 25%,. Conse-
quently, we would obtain |e| =20.06. The reported value
is |a| =0.0552£0.012.28 This agreement is very satis-
factory.
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