
P H Y S I C A L R E V I E W V O L U M E 1 2 1 , N U M B E R 1 J A N U A R Y 1 , 1 9 6 1 

Renormalization Constants in Quantum Electrodynamics* 

PAUL C. DECELLESI 

The Johns Hopkins University, Baltimore, Maryland 
(Received June 10, 1960) 

The electron self-energy and wave-function renormalization constant are calculated with the use of the 
technique of dispersion relations. In order to do this, exact representations of these renormalization constants 
are obtained in terms of matrix elements of Heisenberg field operators. The matrix element {ey\\p\fy is 
studied in detail and its contribution to the renormalization constants determined. In retaining only the 
contributions due to (e|t£|0) and {ey\\p\0) an infinity of other matrix elements is ignored. A test of the 
validity of this approximation is discussed. Within the limits of the approximations, the self-energy and 
wave-function renormalization constants are shown to have a logarithmic, ultraviolet divergence. The 
wave-function renormalization constant also has an infrared divergence. 

I. INTRODUCTION 

THE technique of relativistic dispersion relations1 

has been applied with success in the study of 
many observable processes.2 It is also of interest to 
attempt to calculate unphysical quantities, such as 
renormalization constants, with the use of dispersion 
theory. It was shown in a previous paper that this 
method leads to correct results for the renormalization 
constants in the Lee model.3 This paper concerns an 
attempt to extend the analysis to the case of quantum 
electrodynamics. 

In the case of the Lee model it was shown that 
various matrix elements relevant to the calculation of 
the F-particle self-energy were equal to products of 
two types of factors: One was what one obtains from 
perturbation theory, and the other a cutoff function. 
If similar results are obtained in quantum electro­
dynamics, one might find that the electron self-energy 
and wave-function renormalization constant are finite, 
at least in some approximation. 

In order to pursue this point, we demonstrate that 
these constants can be expressed exactly in the Heisen­
berg representation in terms of matrix elements of the 
form (n \ \p | 0) where the index n enumerates a complete 
set of interacting states. We approximate these expres­
sions by retaining the contributions due to the one-
and two-particle states only. Then, for the calculation 
of the matrix element (ey|^|0), where (ey\ is the 
electron-photon scattering state, we use the technique 
of dispersion relations. That is, with the use of the 
reduction formula of Lehmann, Symanzik, and Zimmer-
mann4 and the analytic properties of (ey\\p\0) con­
sidered as a function of the total energy of the (ey\ 
state, we obtain an integral equation for (ey\\f/\0). We 
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are able to solve this integral equation because we 
retain only the contributions to Im(eY | \//10) due to the 
physical electron and electron-photon scattering states. 
This kind of approximation, namely, the retention of 
only a few intermediate states in the expansion of the 
absorptive part of the matrix element,6 has been used 
many times before. Unfortunately, as is shown below, 
this approximation destroys the gauge in variance which 
the full theory possesses.6 In this section devoted to 
conclusions we discuss a quantitative measure of the 
validity of this assumption. 

It is found that the electron self-energy and wave-
function renormalization constant contain ultraviolet 
logarithmic divergences. The wave-function renormal­
ization constant also has an infrared divergence. 

II. MASS AND WAVE-FUNCTION RENORMALIZATION 
CONSTANTS IN THE HEISENBERG 

REPRESENTATION 

In this section we write down representations of the 
electron mass and wave-function renormalization con­
stants in terms of an infinite sum of products of matrix 
elements. 

The self-energy may be written as follows7 : 

dm= j [(m-/c)Pl(^)+p2(/c2)]^2
// j pi(^2)^2, (1) 

where the spectral function pi and p2 are given by: 

(2x)» 
Pi(*)> 

4K2 
-Trwe-7Z<0|lH«X»|#|0> 

= £ P I W ( « 2 ) , (2) 

6 R. Blankenbecler, M. Goldberger, and F. Halpern, Nuclear 
Phys. 12, 629 (1959). 

6 R. G. Sachs has pointed out that this deficiency attends the 
use of this type of approximation in other applications as well. 
(Private communication from G. Feldman.) 

7 H. Lehmann has proven these relations for the ir—N system, 
Nuovo cimento 11, 343 (1954). The extension of his results to 
quantum electrodynamics is straightforward and has been carried 
out in detail by the author in his doctoral thesis, Johns Hopkins 
University (unpublished). It should be noted that Eq. (1) above 
is valid only in a gauge in which (0\All(x)\0)=Q. The Gupta-
Bleuler gauge is one such gauge. 
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and 
(2TT)3 

P 2 ( K 2 ) = T r £ <0|^|nX»|^|0>= E P2
w(«2). (3) 

We use the caret notation to indicate the scalar product 
of a vector with a gamma matrix K=Kfiyfl. All the 
quantities entering these expressions are renormalized. 
The \p is the Heisenberg field operator of the electron. 
The index n enumerates a complete set of Heisenberg 
state vectors. We choose these to be "out" states, for 
convenience. Any other complete set would be adequate. 

From Eq. (2) and Eq. (3) we see that matrix elements 
of the form (n\$\0) are the ones of interest in the 
discussion of 8m. The matrix elements (0\\//\n) can be 
obtained readily in terms of (n\\J/\0). 

Finally, we note that the wave-function renormal-
ization constant is given as follows: 

zrx= f PI(/C2)&2. (4) 
° 

III. CALCULATION OF THE SPECTRAL FUNCTIONS 

We retain only two intermediate states in the sums 
in Eq. (2) and Eq. (3). The validity of this approxi­
mation will be discussed later. For the present we 
merely note that this approximation along with a 
subsequent perturbation theory calculation of the 
matrix elements involved reproduces the usual results 
of the lowest order perturbation theory calculation of 
8m. 

The contributions to the p* from the intermediate 
state of a single electron p/1} are simply 

PICD = 5(K«-W»), (5) 

and 
P2(1)(K2) = 0, (6) 

where the superscript refers to the single-electron 
intermediate state and we have used the fact that 

<e|^|0>= (m/p0^u(p)e~^x, (7) 

for our choice of normalization. 
The contributions to the pi due to the interacting 

electron-photon state p/2), are obtained as follows. 
From Eqs. (2) and (3), it follows that 

Pi®~(0\f\ey)(ey\$\0). (») 

Therefore, we need to calculate the matrix element 
L=(ey\$\0) in order to find the p/2). To do this we 
use dispersion relation techniques. We introduce six 
form factors, Fi(%), in connection with L in such a way 
that 

— )*(p){Fi(Z)lke>y-k-6l 
pooo/ 

+F*(&2P't+F,(&U-yk-p}, (9) 

where p and k are the electron and photon momenta, 
respectively, and 

Z=(p+k)\ (10) 

Note that (ey|#|0) is not gauge invariant, hence the 
presence of F$ in Eq. (9). 

In the next section we shall demonstrate that the Fi 
obey dispersion relations of the type 

1 /•00ImF<(-£') 
Fi($=- — -d£. (11) 

T J oo £ +£—ie 

It is necessary to assume that the Fi satisfy unsub-
tracted dispersion relations. In fact, we shall show that 
our Fi do so. 

IV. CALCULATION OF THE FORM FACTORS Fi 

In the first part of this section we use the reduction 
formula of Lehmann, Symanzik, and Zimmermann4 to 
obtain an integral representation of Im(^7|^|0). Upon 
combining the definition of the Fi in Eq. (9), the 
integral representation of lm(ey | \p 10), and the disper­
sion relations for the Fi, we obtain a set of coupled 
integral equations for the Fi. We solve the integral 
equations for the Fi(g) of particular interest. 

A. Integral Representation for L 

Using the reduction formula of Lehmann, Symanzik, 
and Zimmermann, we write the matrix element L, 

L= \dxerik*etn(e\TAt(x)$\0), (12) 
(2co)* J 

where we employ the convention that an omitted 
argument means the function is to be evaluated at the 
zero of its argument, and T denotes the time-ordered 
product of A^x) and \f/. With the use of the equal-time 
commutation relations 

[^JU(^),^>0=o=[AM(^),^>o=o-0, (13) 

and Eq. (12), we obtain L: 

i = - A " fdx^*°e,>(e\TMx)f\0), (14) 
(2co)* •/ 

where J^(x) is the electromagnetic current, 

J»(x)^-UA»(x). (15) 

A convenient form of the T product is 

TA,(x)i=lA»(x)d~ld{x)+M^), (16) 

where 6{x) is the unit step function, 

0(*) = *[l+«(*o)]. (17) 

The term ^J^x) does not contribute to the integral in 
Eq. (14). Thus we can write L as the Fourier transform 
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of a retarded commutator, 

L = -?— fdxe-^e,(e\ZJ,(x)^26(x)\0}. (18) 

B. Proof of the Dispersion Relations^for Fi 

We now show that L, or, more precisely, the Fi, 
satisfy dispersion relations. This is most easily seen 
by choosing a coordinate system in which the electron 
is at rest. Because | k | =co we may write L 

L= I (foexpRcote)--n-x)l 
(2a>y> J 

X**(e\LMx)Mty(*), (19) 
where 

n=k/co. ' (20) 

By virtue of the assumption of microscopic causality,8 

[ / M ( * ) , £ ] = 0 , (21) 

for spacelike %» (i.e., in our metric, for #2>0), and we 
are concerned with times such that | #01 > n • x, and 
because XQ is restricted to positive values by the 9(x), 
we see that X(co) defines a function which is analytic 
in the upper half of the complex a> plane. We can 
therefore write a dispersion relation for L, or better, 
for the functions F^ as follows: 

P A U L C . D E C E L L E S 

pendent. Consider the following integral I: 

I=fdx e~^6(x)d,(e | [ /M(*) ,£ | 10). (24) 

Fi(-m2 
1 r 

-2ma))=~ I 
7T J—< 

' ImFit—nft—lmu') 
-du>'. (22) 

co — co — le 

This may be written in terms of the invariant £= (p+k)2 

as 
1 / . " Im/^ -£ ' )<*£ ' 

(23) 
7T J ^ O r 

in order that this integral exist, it is sufficient that 
I m / ^ ( - $ 0 = O [ t t 0 - 1 - , l *>°> as U ' | - > ^ . If the 
functions Fi were such that this integral did not exist, 
we might have to write a subtracted dispersion relation. 
Clearly, however, when calculating the renormalization 
constants of the electron, we cannot claim knowledge 
of these functions at any point. I t is therefore crucial 
that our functions satisfy the unsubtracted dispersion 
relations of Eq. (23). In fact, the Fi which we eventually 
calculate do satisfy the convergence requirements 
demanded of them by Eq. (23). 

C. Consequences of the Conserved Current 

We shall now invoke current conservation, that is, 
dnJn—0, in order to show that not all the Fi are inde-

Evidently 1=0 by current conservation. Integrating / 
by parts, we find 

I-~ ^ dx(e\lJ,{x)^\0)d,{e~^e{x)), (25) 

where a vanishing surface term of the form 

trik*e(x)(e | [ /„(*) ,£! 10) \B(VT) (26) 

has been omitted. B(VT) is the boundary of space-
time.9 

I t follows from Eq. (25) that 

kA dx e-ik*0{x)(e\iJ ^x)^®) 

= - fdxe-^dixoXeltJtWJJlO). (27) 

From the equal time commutation relation 

[^W,fr-o=-^(^(x), (28) 
and Eq. (27), we find 

ikAdx e-ik*B(x){e| [/„(*),£]10) = -eu(p){m/p,)K (29) 

Comparing (29) with (18) and (9), and upon replacing 
eM by kn in (18), we obtain 

and 
(30) 

(31) 

These are exact results; they do not depend on 
perturbation theory. In view of what is proved below, 
Eq. (30) has a special significance, which we shall 
discuss in the concluding section. 

We now proceed to calculate ImZ, approximately, 
in order that we may determine the ImFi. Having 
obtained the ImFi, we shall calculate Fi with the aid 
of Eq. (23). 

D. Contribution to ImL Due to the Pole Term 

Expanding the commutator in Eq. (18), we write 
fo rZ 

8 For a discussion of the principle of microscopic causality, see 
references 1, 2, and also N. N. Bogoliubov and D. V. Shirkov, 
Introduction to the Theory of Quantized Fields (Interscience 
Publishers, New York, 1959), p. 198 ff. 

" -<e\fM*)\0)}6(x). (32) 
9 At this point we note that the Lehmann, Zimmermann, and 

Symanzik formalism consistently employs the wave packet 
notion to ensure the vanishing of similar surface terms. We 
follow their methods, and though we write exp (ikx) in expressions 
like (26), it should be understood that a wave packet is meant. 
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Introducing a sum over a complete set of intermediate I t follows from Eqs. (40) and (9) that the pole term 
positive-energy states, we obtain contributions to the Fi are 

L= fdx(rikxe»'E{(e\Jll\n)(n\$\0) 
(2a>)* J n 

ImFi<,)(f) = ImF4
(l)(£) = ImF6 (1)(f)= -ewd^+m2), (41) 

and 

M$\n)(*\J*(x)\fy}0(x). (33) ImF2
(1) = ImF3

(1) = ImF6
(1) - 0. (42) 

Using translational invariance we are able to rewrite These expressions, when used in connection with the 
(33) as follows: 

L=-
(2u) J dx <r**% Y,{(e| J»| n)(n\ \[/\ 0)e-i(p-*'»: 

n 

~{e\$\n){n\J ^fye-^^Btx). (34) 

Using Eq. (17) in Eq. (34) and the time reversal 
invariance of the theory, it can be shown10 that 

(2TT)4 

I m L - - L eMJAn)(n\$\®W+p--pn), (35) 
2(2co)* n 

where we have explicitly used the assumption that the 
intermediate states have positive energy. 

dispersion relation Eq. (23), reproduce lowest order 
perturbation theory. 

E. Contribution to ImL Due to the Interacting 
Electron-Photon State 

We now consider the contribution to Eq. (35) due 
to the \ey) intermediate state, ImL(2). With the use of 
the reduction formula it can be shown that 

ImL<»=- £ | - < O W X « V I * | 0 > , (43) 
2 spin pol J J (2TT) 6 

where (ey\e'yr) is the Compton scattering amplitude. 
In the following we shall consider only the contri- N o t e ? however, that k-e^O and &'-eV0. In order to 

butions to the sum in Eq. (35) corresponding to the p r 0ceed we need information about this scattering 
single-electron state \e) and the electron-photon scat- amplitude. 
termg state | ey). ^ ^ p o r }ack 0f anything better, we shall use the first 

ion to ImL due to the single- j$( 

electron state \e), ImL(1). 

(2TT)4 r d*pf 

Consider the contribution to ImL due to the single- B o r n approximation for the Compton scattering ampli­
tude. Using usual perturbation theory12 we find that 

ImL^=~ - z + f — 
)s spin J (2lr)3 2(2a>)* spin J (2-ir)3 

X<e|/„|e')(e'|>A|0}540+£-£') 

= 7 ^ - « M E (e\J,\e')(e'{t\0)S(Po+"-p«'), (36) 
(2co)2 spin 

with the condition 
p'=P+k. (37) 

We now make use of the usual representation11 of 
(e\J,\e'), 

/ m2 \ 2 

(e\J»\e')^-i( -) u(p)tgi(q*)y» 

+ £ 2 ( < ? V M ^ W ) , (38) 
where ([v—p.—pJ^ and 

gi(g2hAa^=ey^ g2(q2)icrfiVgv\q^=0. (39) 

By virtue of the 8 function in Eq. (36), we need know 
only the g*(0). Using Eqs. (38) and (39) in Eq. (36), 
we find for ImZ(1) 

^2(2TT)4 I i(p+k)-m 
(ey \ efy') — —f — ~ u (p) \ e • y e • y 

2(pQpo'uuf)^ 

i{pf-~k) — m 
-e -y-

2K! 
-e-7 

- 2 K 

u{pfmp+k-pf-k'), (44) 

where 

and 
K=-p-k=-p'-k', (45) 

(46) 

Writing the quantity ( e V | ^ | 0 ) in terms of form 
factors Fi, as before, in Eq. (9) and using Eq. (44) in 
Eq. (43), we obtain for ImL(2) 

e2 / m \» r r m 
ImL^ = ( 1 E I \ffltffflk' 

4(27r) 2 \2pQ(j0/ spin pol J J po'tx)' 

[ f i(p+k) — m i(pf—k) — m ~] 
X{u(p)\e-y e'-y+e'-y ey\ 

I L -2K 2K! J 
m \ * 

>. 2wpo / 
( m 

) i*v&(p)ln 
2coi 

( m—tp\ 
-Wpo'-po-a). 

2p0' / 
(40) 

Xu(p')u(p%ReF1i(rfiveli'kv'+ReF2ik'p' • e' 

+ReF*ik'k' • e ' + R e F ^ ' • e'+ReFb2p' • c' 

+ReF<ie'>yk'-p'jp(p+k-p'-k') \. (47) 

10 For the details of this proof see the author's doctoral thesis, 
Johns Hopkins University (unpublished). 

11 G. Salzman, Phys. Rev. 99, 973 (1953). 

12 J. M. Jauch and F. Rohrlich, Theory of Photons and Electrons 
(Addison-Wesley Publishing Company, Reading, Massachusetts, 
1955). 

file:///ffltffflk'


308 P A U L C. D E C E L L E S 

Recall that we intend to use the final ImF* in the 
dispersion relations Eq. (23) in order to calculate the 
Fi themselves. With these new Fi we shall calculate the 
self-energy. Since perturbation theory gives correct 
results in quantum electrodynamics for processes taking 
place at low energies, our calculated Fi must agree 
with the results of perturbation theory for small | £ |. 
Of greatest importance to us, however, is the high-
energy behavior of the Fi. We hope that the Fi which 
we calculate will vanish more rapidly as — £—> °°, 
than do the results of perturbation theory, for it is 
only in this case that we can hope to get finite renormal-
ization constants. 

The integrals in Eq. (47) may be evaluated in a 
straightforward way in the barycentrie system of the 
\ey) state (p=0) . The results of the integration are 
too lengthy to reproduce completely here and thus we 
shall simply state their salient features in the following. 

F. Application of the Dispersion Relations 

Adding the Im/<V2) to the contribution due to the 
pole term ImFia\ we find in our approximation that 
the Fi satisfy the following equations. 

Ft(Q=MQ 

+- ("I T. ki3{-n ReFy(-f) /(?+*-«e)"kf, 
7T J w

2 L 7=1 / J 

(48) 

(49) 

(50) 

where the /t-(£) are given as follows: 

fi=f^=f^-e/a+m^ 

/ 2 = / a = /e = 0. 

and the ^*y( —f) are known functions. 
We now summarize a few important properties of 

the ha. The most significant property is that 

hu(^0 (51) 

for all i. Especially note that ^44=0 and therefore, 
according to Eq. (48) 

Fi(0 = -
£+m2 

+- f \ £ hj ReFy(-f) / (r+£~^)W, (52) 

where the right-hand side of Eq. (52) does not depend 
on an integral over ReF4. That is, Eq. (52) is not an 
integral equation for F4. I t would seem that the right-
hand side of (52) does depend on Re^ 4 through Re.Fi, 
Rei^, etc. However, the fact that hu=0 for all i makes 
certain that this is not the case. These facts follow as 
a direct consequence of Eq. (47) when the sum over 
the polarization of e has been completed. 

On the other hand, consider Fx. We obtain from 
Eq. (48) the following integral equation for Fi 

£+m2 

+- f f £ M-$0 Reî -SO / (*'+*-«)k', 
7T Jm> L J=l / J 

(53) 
where hu~0 and hn^O. 

There is also an integral equation for F^ if we desire 
to use it. Since we know F*>(£) exactly [see Eq. (30)], 
we do not need to solve the equation. Actually, we have 
a rare opportunity of seeing how good is the approxi­
mation of retaining only two intermediate states in the 
sum in (35) by calculating F 5 from the integral equation 
and comparing the result with the exact result Eq. (30). 
We shall return to this point later. 

We are primarily concerned with determining the 
high-energy behavior of the Fi. In view of this and the 
fact that the integrals in the dispersion relations Eq. 
(23) get their major contribution when £'=•— f we 
retain only the leading terms in the h$j as — £' —» <*>. 
In this way we obtain the following integral equation 
for Fb 

e 1 r™ {<*/%*) RzFh{-g) 
*.({) = + - I ~!—t —^d?, 

%+tn2 Wm2 £ +£—ie 
- £ » m 2 . (54) 

This is an integral equation of the Carleman type.13 

Its solution is 

^ ( 0 = ( ) , (55) 
£+w 2 \£+m 2 / 

where a is the fine structure constant a=e2/47r. 
We now turn to Eq. (53), the integral equation for 

Fi. We employ the exact result for 2?5 in the right-hand 
side of (53). In this way we obtain the equation 

FiiQ-
S--\-nfi 

+-
r - C l - l n ( r / ^ ) ] R e ^ ( - ^ ) 

8T2 jm* r + * - * « 

-£»m 2 . (56) 

The solution of Eq. (56) in the limit of large |£j is 

Fi(Q-
£+ni2\£+ 

( m2 \ 

t+m2) 
expQtan-Ka/Sir)]. (57) 

13 F. G. Tricomi, Integral Equations (Interscience Publishers, 
New York, 1957), p. 185. Cf. also, R. Omnes, Nuovo cimento 8. 
316 (1958). 

Re.Fi
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Thus, the pole term has been damped by the inclusion 
of the | ey) intermediate state.14 

We now consider Eq. (52) for F4. As was remarked 
before, this is not an integral equation. If we use our 
calculated F\ and exact F$ on the right-hand side of 
(52), we can simply integrate to obtain the result that 

Ft(8 = -e/(Z+m>)+A(8, (58) 

where A (£) is such that 

lim |£M(£) = 0. (59) 

We have omitted F2 and F$ from the integral on the 
right-hand side of Eq. (52). Including these terms does 
not change the result that JF4=0(£ _ 1 ) . 

We summarize the results of the last part of this 
section as follows. We found that our dispersion theory 
approach gives a value for F^^ ~[f/{^+m2)"Jjn2/{^ 
+m2)]a/87r which disagrees with the exact result 
— e/(f+m2). Also, the solution of the integral equation 
for Fi approaches zero as | £ | —> °°, faster than the 
result of perturbation theory indicates. Finally, and 
most important, we saw that JP4=0(£_1) for |£|^>m2. 

It is worth stressing that the result that Eq. (52) 
determining F± is not an integral equation does not 
depend on the high-energy limit argument we made in 
connection with the solution of Eq. (48) for F&. Rather, 
it is a rigorous result of the complete system of equations 
(48) that F 4 = 0 ( r 1 ) as - £ - > «>. 

V. CALCULATION OF THE RENORMALIZATION 
CONSTANTS 5m AND Z2 

In this section we determine the self-energy and 
wave-function renormalization constant for the electron 
in terms of the i^-(f). 

Let us first observe that from Eqs. (1), (2), and (3) 
it follows that 

8m=Z2 f [(m-/c)pi(fc2)+p2(/c
2)]^2 

J0 

(2TT)3 r™l ™ 

=z2 I TKK-YE<O|*|»X»I*|O> 
4 t/0 I K2 Pn^n 

- T r £ <0|*|»><»|*|0>}. (61) 

From Eqs. (5) and (6) we see that the single-electron 
state \e) contributes nothing to the sums in Eq. (61). 

In the following we neglect F2 and Fz relative to Fh 

F4, and F&. That is, we do not consider the effect of 
the F2 and F$ on the self-energy. If we retained the 
terms involving these functions in the expression Eq. 
(61) for the self-energy, their contributions would be 
proportional to eA at least. The contributions to Eq. 

14Bogoliubov has obtained a similar expression for electron 
Green's function in the low-energy limit using the Bloch-Nordsieck 
model. Bogoliubov and Shirkov, reference 8. 

(60) from Fh F^ and F5, on the other hand, are pro­
portional to e2. 

From the definitions of the Fiy Eq. (9), we see that 

Tr E '<O|iH«Y><*y|0|O> 

- f f 
2TT)6 J J 

d*pd*k 
{FA*Fs2mp-k 

and 

(2TT) 6 J J p0o) 

+FfFatnp-k- iFzlHni^ip+k-K), (62) 

m m \ p c d3pd3k 
Tr E -iK'y(0\t\ey)(ey\ + \0)= I 

P+k=K K2 K2 (2?r)6 J J poCx) 

Xi-lFilHip-ky-AReiFxF&ik-p)2 

+ 4 Re(FAFs*)p-k(p-k-ni2) 

- \F,\Hm2(k'P~m2)}5'(p+k-K). (63) 

Upon performing the integrations in Eqs. (62) and (63) 
and combining the results with Eq. (61), we find for 
the self-energy 

m n 
dm=Z2 I {- | iM-a) | 2 (m 2 - t f ) 3 

167T2 J 

-Re[Fi(-a)FB*(-a)] ( f» 2 -a) 8 

-Re£F4(-a)F^(-a)'](m2-ay 
da 

+ \Fb(-a)\22m2(m2-a)2}—. (64) 

This equation, along with Eqs. (30), (57), and (58), 
forms the basis of our quantitative discussion of the 
self-energy. 

We now consider how the pole terms alone affect the 
self-energy if they are not damped as in (57). That is, 
we see now what our method of calculation gives when 
we go to the limit of no interaction in the | ey) state, 
which corresponds to the transition to lowest order 
perturbation theory. In this limit 

F1(-a) = F^-a) = F5(-a)=-e/(m2-a)J (65) 

and we find for the self-energy 

am 
dm~Z2-

4ir 

= Z2-
4x 

J 2 \a a2/ 

hi — 
l J-* a 

(66) 

(67) 

Introducing a cutoff at the high momentum limit 
{a~M2)} we write 

dm=Z2(am/2ir){3 l n ( M / w ) - | } . (68) 
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To make a comparison with the lowest order pertur­
bation theory, we should set Z 2 = l . Note that our 
answer differs by an additive constant from that which 
one obtains using perturbation theory in the usual way. 
The latter yields10 

dm= (am/2T){3 l n ( M / w ) + i } . (69) 

The difference arises because of the way the cutoff has 
been inserted. We observe that the dominant (infinite) 
term is the same in the results of both our analysis and 
that of usual perturbation theory. 

Let us consider how the Fi which we have calculated 
affect the self-energy when they are used in Eq. (64). 
According to (57) 

z*00 da 
I | / ? l | 2 ( w 2 „ a ) 3 „ < o 0 < (70) 

Also, because of (30), 

z*00 da 
Re(FiF 5 *)(w 2 -a ) 3 —< oo. (71) 

According to Eq. (30) 

/•°° da 
I \Fh\

2{m2-~a)2— <oo. (72) 
Jm2 & 

However , since F 4 = 0 ( f ~ 1 ) for large | £ | according to 

E q . (58), we see t h a t 

/»°° da 
I Re ( / W ) (m2 - aY— diverges. (73) 

Introducing a cutoff as before, we see that 

dm= (am/2ir) l n ( M / w ) + a finite constant. (74) 

Our calculation of the F{ leads to a self-energy which 
is only slightly different from Eq. (68). 

In calculating the Z2
_ 1 we use Eq. (2) to find that 

m 16TT /m2-K2\[ /m2—K2\2 

«"w-os(^r)|-|ft|,(—) 
( m2~-K2\2 

/ 

( m2-K2\ /m2+K2\ 

— ) ( — ) 

( m2+K2\ } 

~T/I* (75) 

Using Eqs. (57), (58), and (30) in (75), we obtain 

for Z2~
l 

1 r°°da 

Z2~^l+ I — {(a -w*) 8 | F i | 2 

167r2 Jm
2 a2 

+ (a-ni2)3 R e ( / W ) - R e ( F 4 F 5 * ) ( m 2 + a ) ( m 2 - a ) 2 

+2m2\Fb\
2(m2~a)(m2+a)}. (76) 

Following the same procedure as in the discussion of 
dm, we find that 

Z2-1 = l - — HM/m)- - l n X + C , (77) 
2TT IT 

where C is a finite constant having no special signifi­
cance. As before, M is the high-momentum cutoff. The 
constant X is a low-momentum cutoff, the use of which 
serves to avoid an infrared catastrophe. We wish to 
make the following observations about Eq. (77). The 
ultraviolet divergence in Eq. (77) is opposite in sign, 
but similar in origin to the ultraviolet divergence in 
the perturbation calculation of Z<rl. The infrared 
divergence is of exactly the same form in Eq. (77) as it 
is in perturbation theory. There is one significant 
difference, however. Since our calculation of F§ is 
exact, the statement that Z<rl contains an infrared 
divergence is also exact; it is independent of both 
perturbation theory and our specific approximations 
concerning the intermediate-state sum. 

VI. CONCLUSIONS 

We have shown that the use of the dispersion relation 
technique as applied to quantum electrodynamics does 
not eliminate the divergences which occur in the 
perturbation theory results for the electron self-energy 
and wave-function renormalization constant. In arriv­
ing at this result, we have made use of two approxi­
mations: (A) We retained only two terms in the sum 
over intermediate states in Eq. (35); (B) we used the 
first Born approximation for the matrix element 
(ey | e'yf). We shall now discuss these two approxi­
mations. 

First of all, we retain only two intermediate states in 
Eq. (35), because we cannot calculate the matrix 
elements involving an w-particle state where n>2. 
However, we have the benefit of the experience in 
meson theory where similar approximations have led 
to reasonable agreement with data from low-energy 
experiments. Also, one might argue that ^-particle 
intermediate states contribute to the amplitude terms 
of the order of en when calculated in perturbation 
theory, and although the expansion in intermediate 
states is not an expansion in e, we should still make 
use of such information to give us the order of magni­
tude of such contributions. These statements tend to 
make plausible the validity of approximation A, but 
they stand in need of support of a more rigorous 
nature. The remarks in the text about F5(f) are of such 
a nature. From Eqs, (30) and (55) we see that the 
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approximation A has led to an F§(£) in apparently 
good agreement with the exact F5. On the other hand, 
the lowest order perturbation theory approximation 
reproduces F5 exactly. Yet one would rather not say 
that therefore perturbation theory is more accurate 
than dispersion theory plus approximation A. It is at 
least satisfying that approximation A does not lead to 
an answer in gross disagreement with the exact result. 
However, note that although the disagreement between 
Eqs. (30) and (55) is slight, it is precisely such a slight 
difference, which, if it occurred in the case of F*, could 
have led to a finite result for both 8m and Z<rl. The 
main conclusion to be drawn from this may be that 
with the use of approximation A} the dispersion relation 
technique is unreliable in the calculation of high-energy 
effects. 

Within the framework of our approximations 

e / m2 \«/87r 

F^) = ( ) for \i\»m\ 

SINCE the discovery of antinucleons, the interesting 
possibility that antimatter may have gravitational 

mass opposite in sign to its inertial mass has been 
widely discussed.1-3 Although such a possibility would 
necessarily involve major modifications in present 
theoretical ideas,2 it is generally regarded as something 
to be settled by experiment. 

Schifl4 has recently put forth considerable evidence 

* Much of this work was performed while the author was at the 
Lawrence Radiation Laboratory of the University of^California, 
Berkeley, California. 

f Supported in part by the U. S. Atomic Energy Commission 
and in part by the Research Committee of the University of 
Wisconsin with funds provided by the Wisconsin Alumni Research 
Foundation. 

1 P. Morrison and T. Gold, Essays on Gravity (Gravity Research 
Foundation, New Boston, New Hampshire, 1957), p. 45. 

2 P. Morrison, Am. J. Phys. 26, 358 (1958). 
3 D . Matz and F. A. Kaempffer, Bull. Am. Phys. Soc. 3, 317 

(1959). 
4 L. I. Schiff, Phys. Rev. Letters 1, 254 (1958); for a more 

complete account, see Proc. Nat. Acad. Sci. 45, 69 (1959). 

Yet it is an exact consequence of the gauge invariance 
of electrodynamics that F&= —e/(^+m2). Therefore, 
our method of choosing relevant intermediate states in 
Eq. (33) has destroyed this symmetry of the full theory. 
Unfortunately, we do not see what finite set of inter­
mediate states would be sufficient to maintain the 
gauge invariance of the theory in the approximation. 

If we were optimistic about these difficulties we 
should note that the 8m is infinite because we have 
used approximation B. It is easy to convince oneself 
that a slight modification of the Compton scattering 
amplitude at high energies would be sufficient to 
produce an integral equation for F4 and thus a possible 
damping of the pole term in Eq. (52) as — £—» <*>. 
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against the antigravity idea, by showing that negative 
gravitational mass of the positrons in the virtual pairs 
of the Coulomb field of the nucleus would very likely 
(i.e., barring fortuitous cancellations) produce an 
observable effect in the Eotvos experiment.5 The 
argument is necessarily somewhat indirect, since the 
antiparticles are virtual rather than real. In any case, 
it is useful to extend the proof to other types of particles. 

We consider here the effect of gravity on the K2°, 
and show that it affords a direct measurement of the 
difference between the gravitational mass of a particular 
particle, the K°, and the gravitational mass of its 
antiparticle, the K°. We conclude that this difference is 
zero, to an accuracy of a few X10~-10MK. This is in 
disagreement with the antigravity hypothesis, and 
instead affords an extremely precise check, in a new 
context, of the equivalence principle of Einstein. 

BR. V. Eotvos, D. Pekar, and E. Fekete, Ann. Physik 68, 11 
(1922). 
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K2° and the Equivalence Principle*! 
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It is shown that the existence of the long-lived neutral K meson, and the absence of its decay into two 
pions, establishes that the gravitational masses of the K° and K° are equal to a few parts in 10~10 of the K 
inertial mass. This is of interest since the K° is the antiparticle of the K°, and is not identical with the K°. 
The gravitational mass of such a nonidentical antiparticle has never been directly measured. 

Also, the KQ has opposite strangeness to the K°. Thus the argument rules out any linear dependence of the 
gravitational mass on the strangeness quantum number, a point on which all previous experiments say 
nothing. 

These observations are in accord with, and serve as a confirmation of, the equivalence principle of Einstein. 


